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Open quantum walks (OQW) are formulated as quantum Markov chains on graphs. It is shown that OQWs
are a very useful tool for the formulation of dissipative quantum computing algorithms and for dissipative
quantum state preparation. In particular, single qubit gates and the CNOT-gate are implemented as OQWSs
on fully connected graphs. Also, dissipative quantum state preparation of arbitrary single qubit states and
of all two-qubit Bell-states is demonstrated. Finally, the discrete time version of dissipative quantum

computing is shown to be more efficient if formulated in the language of OQWs.
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1. Introduction

Recently, the experimental realization of a quantum computer
has been the focus of extensive research [1]. One of the main
problems of the physical implementation of well-known quantum
algorithms [2] is the creation and manipulation of entanglement
between qubits. Any physical system is subject to interaction with
the environment, which inevitably leads to decoherence and dis-
sipation [3]. One way to compensate for this destructive environ-
mental influence in the unitary implementations of the quantum
algorithms is to introduce error-correcting codes [4]. However, this
approach treats the interaction with the environment as an effect
the influence of which needs to be minimized.

A paradigm shift in looking for alternative strategies to realize
quantum computers was induced with the theoretical prediction
that dissipation can be used to create complex entangled states [5]
and to perform universal quantum computation [6]. This funda-
mental change is based on the assumption that one can manip-
ulate the coupling of a system to an environment in such a way
that the system is driven towards a thermal state, which is the so-
lution of a particular quantum computing task [6] or a target state
in quantum state engineering [5,6]. The feasibility of this strategy
was demonstrated by implementing dissipative quantum state en-
gineering with ensembles of atoms [7] and trapped ions [8].

Quantum algorithms for universal quantum computing are con-
veniently formulated in the language of quantum walks [9]. For
example, a discrete time quantum walk implementation of the
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search algorithm on complex graphs has been shown to be more
efficient than other known implementations of this quantum al-
gorithm [10]. As for any other unitary implementation of quan-
tum computing the efficiency of the quantum walk based realiza-
tion decreases due to interaction with the environment. In view
of the appeal of dissipative quantum computing it seems natu-
ral to formulate a dissipative version of the quantum walk so
that algorithms for dissipative quantum computing and quantum
state engineering are implemented efficiently. In other words, if
dissipative quantum computing can make use of the interaction
with the environment for performing universal quantum compu-
tation, can one introduce a framework which will use dissipative
rather than unitary dynamics as a “driving force” of the quantum
walk?

During the last few years attempts were made to take into
account dissipation and decoherence in the description of quan-
tum walks [11]. In these approaches decoherence is treated as
an extra modification of the unitary quantum walk scheme, the
effect of which needs to be minimized and eliminated. In fact,
the general framework of quantum stochastic walks was pro-
posed [12], which incorporates unitary and non-unitary effects of
the quantum Markovian dynamics. In particular, by adding ex-
tra decoherence in experimental realizations of quantum walks,
the transition from quantum to classical random walks was ob-
served [13].

Recently, a formalism for discrete time open quantum walks
(OQW), which is exclusively based on the non-unitary dynam-
ics induced by the environment was introduced [14]. OQWs are
formulated in the language of quantum Markov chains [15] and
rest upon the implementation of appropriate completely positive
maps [3,16].
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Fig. 1. Schematic illustration of the formalism of the open quantum walk. (a) The
walk is realized on a graph with a set of vertices denoted by i, j,k € V. The op-
erators B{ describe transitions in the internal degree of freedom of the “walker”
jumping from node (i) to node (j). (b) The simplest non-trivial example of the
OQW on the finite graph is a walk on a two-node network. In this case the walk is
performed using four operators M{ (i, j =1,2). In particular, the transitions be-
tween node 1 and node 2 are induced by the operators M% = B; ® [1)(2| and
M; = B, ® |2)(1]; the operators describing changes in internal degrees of freedom
of the “walker”, if the “walker” does not jump, are M}: =G |i)i| (i=1,2).

2. Formalism

To review briefly the formalism of OQWs, we consider a ran-
dom walk on a set of nodes or vertices )V with oriented edges
{(, j); i,j €V} as illustrated in Fig. 1(a). The number of nodes
is considered to be finite or countable infinite. The space of states
corresponding to the dynamics on the graph specified by the set of
nodes V will be denoted by & =CV and has an orthonormal basis
(li))ijey- The internal degrees of freedom of the quantum walker,
e.g. the spin or n-energy levels, will be described by a separable
Hilbert space # attached to each node of the graph. More con-
cisely, any state of the quantum walker will be described on the
direct product of the Hilbert spaces H ® K.

To describe the dynamics of the quantum walker, for each edge
(i, j) we introduce a bounded operator Bg» € H. This operator de-
scribes the change in the internal degree of freedom of the walker
due to the shift from node j to node i. By imposing for each j
that,

itpi _
ZBj Bi=1, (1)
1

we make sure, that for each vertex of the graph j €V there is
a corresponding completely positive map on the positive opera-
tors of H: M(t) = ZiBi‘TBle' Since the operators B; act only
on H and do not perform transitions from node j to node i, an
operator Mlj € H ® K can be introduced in the following form
M; = Bz. ® |i)(j]. It is clear that, if the condition expressed in
Eq. (1) is satisfied, then Z,-,j M;TM; = 1. This latter condition de-
fines a completely positive map for density matrices on H ® IC,
ie.,

Mp) =" MipM 2)
i

The above map defines the discrete time open quantum walk
(OQW). For an arbitrary initial state the density matrix Zi,j Pij ®
[i)(j| will take a diagonal form after just one step of the open

quantum walk. By the direct insertion of an arbitrary initial condi-
tion in Eq. (2) we get

M(Zpk,m®|k><m|>= > Bi® i)l

k,m i,j,k,m
% (peam ® k) (m]) BY @ 1) |
= > BipkmB} ® [i)il6]k8).m

i,j,k,m
_ Z(Z ngj.jBZ-T> oI  (3)
i j

Hence, we will assume that the initial state of the system has
the form p = )"; pi ® li)(i], with Y ; Tr[p;] = 1. It is straightfor-
ward to give an explicit formula for the iteration of the OQW from
step n to step n+ 1: p"1 = M(pI") = 3, p" ™ @ |i) (i|, where
p,.["+” =3 ; BS.,OJ["]B'J.T. This iteration formula gives a clear physi-
cal meaning to the mapping M: the state of the system on site i
is determined by the conditional shift from all connected sites j,
which are defined by the explicit form of the operators B’j Also,

one can see that Tr[p" 1] =3, Tr[,oi[”ﬂ]] =1. Generic properties
of OQWs have been discussed in [14].

As a first illustration of the application of the formalism of open
quantum walks we consider the walk on a two-node graph (see
Fig. 1(b)). To be specific, the transition operators are M% =B ®
|1)(2| and M; = B ® |2)(1] and the operators describing changes
in internal degrees of freedom of the “walker”, if the “walker” does
not jump, are M}' =C; ®|i)(i] (i=1,2). In this case for each node
(i=1,2) we have

BIB;i+ClCi=1. 4)
The state p["l of the walker after n steps is given by
P! =pM @ 1)(11+ )" @ 12) 2, 5)

where the particular form of the p,.["] (i=1,2) is found by recur-
sion,

pi" =1 p" et + By ol BT,
P = oot 4 By pl BT, (6)

Next we consider an open quantum walk on the line. The sit-
uation is depicted in Fig. 2(a). For this simple one-dimensional
walk, the only non-zero transitions out of cell i are given by op-
erators of the form B;H =B and B}_l = C. Obviously, the oper-
ators B and C satisfy the condition BfB + CTC = I, as imposed
in Eq. (1). Assuming the initial state of the system to be local-
ized on site 0, i.e.,, po = p ® |0)(0|, after one step the system
will jump to sites £1 so that the new density matrix will be
oM =BpBT ® |1)(1] + CpCT ® |—1)(—1]|. The procedure can eas-
ily be iterated. In Figs. 2(b)-(e) we show the probability to find a
“walker” on a particular lattice site for different numbers of steps.
For this simulation we have chosen the transition matrices B and C
as follows,

B =sin@|—){—| + |+){+], C =cosO|—){—|, (7)

and cos® =4/5. One can see that already after 10 steps, there are
two distinctive behaviors of the “walker”. The first is a Gaussian
wave-packet moving slowly to the left and the second one is a
completely deterministic trapped state propagating to the right at
a speed of 1 in units of cells per time step. Interestingly, the state
of the “walker” in the “soliton like” part is given by %|+)(+|, while
in the other, Gaussian part is given by the pp|—)(—|, where, of
course |+) and |+) states are defined as |+) = (|0) & |1))/+/2 and
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(a) c c c ¢ in node 1. We choose B = = =
) ) B L . 1=+/PUcnor, C1 = /ql4, B2 = \/qUcnor
: Cj)?: W(P ﬂ-ﬁf and Cp = ,/pl4 and if the presence of both “walkers” is measured
Am in the node 2 then the OQW realized the CNOT-gate with proba-
B B bility p.

(b) (c) On the same two-node network we can also implement dissipa-
0.5 x 0.5 x tive state preparation (see Fig. 1(b)). To this end, we consider trivial
04 04 transition matrices on the node 1, i.e., By =C; = Iz/ﬁ and non-
03 03 unitary transition matrices on the node 2, i.e., By = /plyr (V) (@]
02 02 and G2 = /gy @) (¥ @| + [y D) (y D], where p and g are posi-
01 & 0.1 2 tive constants such that p+q =1, [V) = (cosa, sinae~#)T and
09150,100 —50 0. 50 100 150 0'07100 ) “ 0-‘ 50 100 |l//(2)> = (— sino, cosae_‘ﬁ)f. With this choice an arbitrary ini-
@ ) tial state will converge to a unique steady state, namely oy =
ot . 05 y [y Dy (D | ® |2)(2]. The probability of detecting the system in

04 Y the steady state after 2m steps of the walk is given by Pss ~
03 03 — P33 (0)/4™ — (p17(©) + pi7 (0)[min(1/4, )", where pf)(0)
02 02 are the elements of the initial density matrix of the system,

o1 01 P 0 = (i, ¥ D p )i, y D).

0.0k ‘ 0.0k ra s
=150-100 -50 0 50 100 150 2150-100 -50 0 50 100 150

Fig. 2. Open quantum walk on Z. (a) A schematic representation of the OQW on Z:
all transitions to the right are induced by the operator B;.“ = B, while all transi-

tions to the left are induced by the operator B::’l = C (see Eq. (7)); figures (b)-(e)
show the occupation probability distribution for the “walker” with the initial state
I>/2 ® |0)(0| and transition operators given by Eq. (7) after 10, 20, 50 and 100
steps, respectively. Two distinctive behaviors of the “walker” are observed: a Gaus-
sian wave-packet moving slowly to the left (dots) and a deterministic trapped state
propagating to the right at a speed of 1 in units of cells per time step (cross).

pn is the probability to find the “walker” on the site n. Even this
simple example demonstrates a remarkable dynamical richness of
OQW. Further examples of OQW on Z which show a behavior dis-
tinct from the classical random walk and the unitary quantum
walk can be found in [14].

3. OQW for dissipative quantum computing and state
engineering

To motivate the potential of the suggested approach for the
formulation of quantum algorithms for dissipative quantum com-
puting and quantum state engineering we consider the example of
an OQW on the two-node fully connected graph in Fig. 1(b). This
example, will show that it is possible to implement all single qubit
gates and the CNOT-gate in the language of the suggested formal-
ism. To be specific, in order to realize an X-gate with OQWs we
prepare the system in some initial state |1p) in node 1 and we will
read the result of the computation in the node 2 (see Fig. 1(b)).
If we choose B = ﬁx, C = \/ﬁlz, B, = ﬁX and C = \/5[2,
where p and q are positive constants such that p +q =1, then the
stationary state of this walk will have the following form pss =
qlvo) (Yol ® 1)(1] + pXIo) (Yol X & |2)(2]. Therefore, the OQW on
this graph realizes the X-gate with probability p upon read-out of
the presence of the “walker” in node 2. In a similar way, in or-
der to implement the CNOT-gate we initially place two “walkers”

e

Fig. 3. OQW preparation of the Bell-states of two-qubits. A generic OQW walk on a four-node graph is decomposed in two walks on two-nodes graphs:
11, ®|i)(i| the corresponding Bell-pairs are obtained by measuring the position of the

“down-up” walks. For an initial unpolarized state of two-qubits on any nodes pp =
walkers after performing the OQW.

B. Cﬂr L @D ;
/’\,-B—LJ
D.L) {D,R C
f‘{_’_:-)’\--/‘D

OQWs on more complex graphs allow the dissipative prepa-
ration of entangled multi-qubit states. With two “walkers” on
a four-node network (see Fig. 3) we can prepare all two-qubits
Bell-states. In this particular case, the OQW can be decomposed
in a combination of two walks on two independent two-node
networks. The first “walker” moves up and down, while the
second one moves left and right (see Fig. 3). We choose the
transition operators to be B, = %(1 — 712y), C; = %(I + Z123),
By = 1(I — X1X2) and Cx = 3(I + X1X2), where X; and Z; de-
note Pauli matrices acting on the corresponding qubit i (i =

2). Starting with “walkers” initially in an unpolarized state in
any node, i.e. pg = }114 ® |j){jl, the OQW will converge to a
state p = 3 1Y) (Y| ® |U, LU, LI + 16"}~ | ® |U, R)(U, Rl +
2V (W1 ®ID.L)(D, LI+ 5167)(¢*| ® |D. R)(D, R|. This means
that measuring the position of the “walkers” will determine corre-
sponding Bell-state of their internal degrees of freedom [17].

Another application of the OQWs is a description of a dissipa-
tively driven quantum bus between computational quantum reg-
isters. To this end we consider a chain of nodes (see Fig. 4(a)).
Initially, the first node of the chain is in the exited state, so that
Po = %12 ® [1)(1]. To be specific, we chose transition operators B
and C as follows, B = /ply V) (y@| and C = /gy @) (y@| +
[y Dy (D) 1t is very interesting to note that in this case the
state |y} propagates through the chain with velocity almost
equal to 1 (in units of cells per time step): the initial excita-
tion in node (1) is completely transferred to the last node (N)
in N + 2 steps. In Fig. 4(b) we consider a 100 node chain with
VP =4/5 [y =|+4), @) =|-) and show that the initial
excitation reaches the final node (100) in 102 steps. The high per-
formance of transport of excitations in the OQW formalism opens
up new avenues of research into the understanding of quantum
efficiency in open systems.

0QWs include the discrete time version of the dissipative quan-
tum computing (DQC) introduced by Verstraete et al. [6]. In the

B . B,
I \\ I Qj?\\ C\\ fﬁ)—\)‘
/ J \\ -7/.
B =

N ,
\ D R) ('+> ‘(')"'

K U/ )

“left-right” and
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Fig. 4. Efficient transport with open quantum walk. (a) A scheme of the chain of the
N nodes with neighbor-neighbor interaction. (b) Occupation probability distribution
as a function of time and lattice sites. The initial state of the walker is localized in
the first node and given by po = 11, ® |1)(1.
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Fig. 5. OQW formulation of dissipative quantum computing (DQC). The initial state
is prepared in the time register 0. After performing the OQW, the results of the
algorithm can be read-out from the time register N. The internal state of the “walk-
er” in the register T will be given by |yr) = Ut ---Uq|vo). The positive constants
w and A satisfy o + 1 =1.

original setup a linear chain of time registers is considered and the
initial state is prepared in the time register 0. A quantum com-
putation is performed by the dissipative evolution of the system
into its unique steady state p = TLH >l (el ® [t)(t] [6]. The
result of the quantum computation can be read-out by measuring
the state of the system in the last time register T which is given
by |Yr) =UrUr—1---UaUq|¥0o), where {Ut}thl is an appropriate
sequence of unitary operators [6]. The probability of a successful
read-out is 1/(T + 1). A discrete time version of DQC can be re-
alized as an OQW on a linear chain of time registers (Fig. 5) by
choosing the transition operators as it is shown in Fig. 5 and con-
stants w = A = 1/2. However, with the same number of steps in
the OQW formulation of DQC the probability of successful read-out
can be increased arbitrarily close to one. In order to understand
this dramatic improvement in efficiency we recall that in the orig-
inal DQC formulation the probability of read-out of the final state
is determined by the form of “jumping” operators between time
registers, i.e, Ly = U; ® [t)(t + 1| + UI ® |t + 1)(t|. The probabil-
ity to “jump” forward and backward in the time register is the
same. In the OQW formulation of the DQC we have the freedom of
choosing w > A which induces the steady state of the OQW with
probability of read-out of the final state between 1/(T + 1) and 1.

4. Conclusion

In conclusion, we have shown that the recently introduced
formalism of OQWs is a very useful tool for the formulation
of dissipative quantum computing algorithms and for dissipa-
tive quantum state preparation. OQWs are to dissipative quantum
computing what Hadamard quantum walks are to circuit based
quantum computing. In particular, we have shown OQW imple-
mentation of circuit and dissipative models of quantum computing.
Remarkably, the OQW discretization of dissipative quantum com-
puting increases the probability of successful implementation of
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the quantum algorithm with respect to the original formulation.
It is to be expected, that OQWs will lead to the optimal for-
mulation of certain classes of quantum algorithms. Furthermore,
we have indicated that OQW can be used to explain non-trivial
highly efficient transport phenomena not only in linear but also
in more complex topologies of the underlying graphs. This im-
plies that OQW as quantum walks which are driven by dissipation
and decoherence are one of the candidates for understanding the
remarkable transport efficiency in photosynthetic complexes [18].
We expect the potential of this framework to be soon revealed in
the realms of quantum computing and quantum biology.
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