SAMPLING CONVEX BODIES: A RANDOM MATRIX APPROACH

GUILLAUME AUBRUN

ABsTRACT. We prove the following result: for any € > 0, only C(e)n sample points are enough to
obtain (1+e¢)-approximation of the inertia ellipsoid of an unconditional convex body in R™. Moreover,
for any p > 1, already pn sample points give isomorphic approximation of the inertia ellipsoid. The
proofs rely on an adaptation of the moments method from the Random Matrix Theory.

Warning: this version differs from the (to be) published one (the proof of the main theorem is
actually slightly simpler here).

1. INTRODUCTION AND THE MAIN RESULTS

Notation kept throughout the paper: The letters C, ¢, C’... denote absolute positive constants,
notably independent of the dimension. The value of such constants may change from line to line.
Similarly, C(¢) denotes a constant depending only on the parameter e. The canonical basis of R™ is
(é1,...,en), and the Euclidean norm and scalar product are denoted by |- | and (-,-). The operator
norm of a matrix is denoted by || - ||. For a real symmetric matrix A, we write Apnax(A) (respectively
Amin(A)) for the largest (respectively smallest) eigenvalue of A. A convex body is a convex compact
subset of R™ with non-empty interior. A convex body K is said to be unconditional if it is invariant
under sign flips of the coordinates: for any n = (n1,...,1,) € {—1,1}",

(1,...,2n) € K < (max1,...,0nxy,) € K.

We reserve the letters X, Y to denote an R™-valued random vector; Xi,..., Xy are i.i.d. copies of
X. If EX =0, X is said to be centered. The random vector X is said to be isotropic if it is centered
and for all y € R"

E(X,y)* = [y*.

This is equivalent to the inertia matriz EX ® X being is the identity matrix. We will consider the
special case when X is uniformly distributed on a convex body K. We will then say “inertia matrix
of K7, “K is isotropic'”... for “inertia matrix of X”, “X is isotropic”... . The inertia ellipsoid of K is
the unique ellipsoid with the same inertia matrix as K. For recent results on isotropic convex bodies,
a good reference is the survey [9]. Any random vector has an affine image which is isotropic, and this
image is unique up to orthogonal transformation. Thus, for affinely invariant problems we can restrict
ourselves to isotropic random vectors. If we do not know the law but only N samples of the random
vector X, we can only consider the empirical inertia matrix

N
1
AN (X) = ~ > Xi@ X
i=1
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IThis terminology slightly differs from [16, 9] where isotropic convex bodies are normalized to have volume 1.
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The matrices AV (X) tend almost surely to the identity matrix when N tends to infinity; a natural
question is to quantify this convergence. This problem was considered with algorithmic motivations by
Kannan, Lovasz and Simonovits [12] in the case when X is uniformly distributed on a convex body. It
was proved in [12] that || AN (X)—1d|| < e with probability larger than 1—e provided N > C(g)n?. This
was improved by Bourgain [6] to N > C(¢)nlog®n and later by Rudelson [20] to N > C(e)nlog?n.
Rudelson proved actually the following inequality, valid for a general random vector.

Theorem (Rudelson’s inequality). For any isotropic random vector X we have

(1) EHAN(X)—IdH <C1/10]%[n(E|X|IOgN)1/IogN

provided the right-hand side is smaller than 1.

If X is uniformly distributed on an isotropic convex body, then it satisfies

(2) (EIX))YP <Cyn for 2<p<cvn.

This estimate was proved by Bobkov and Nazarov [4] for unconditional convex bodies and recently
extended by Paouris [18] to general isotropic bodies. When plugged in Rudelson’s inequality, it yields
that if N > C(e)nlogn, we have ||AN(X) — Id|| < ¢ with probability larger than 1 — ¢ (see [10, 18]).
On the other hand, when X is isotropic we have E|X|? = n and consequently we must take N
larger than cnlogn to use Rudelson’s inequality. Note that this value N ~ nlogn is sharp for some
discrete examples. The simplest is given by the isotropic random vector Y uniformly distributed on
the (properly normalized) vertices of the cross-polytope

{£vner,...,tv/ne,}.

The matrix AV (Y) is then diagonal and its diagonal coefficients are distributed as

n
v
where p; denote the number of balls falling in the ¢th urn when we put randomly, uniformly and
independently N balls in n urns. This problem, known as the random allocation problem, is well-
studied and it is known (see [13], chapter 2.6) than we must take N > c(e)nlogn in order to get
max(p;) < (14 &) min(p;) with probability larger than 1.
We prove that for the class of unconditional convex bodies, it is possible to go below this bound of
nlogn and to take N proportional to n

D1y apn)a

Theorem 1. There are absolute constants C,c such that the following holds. Let 0 < e < 1. Let X
be uniformly distributed on an unconditional isotropic convex body in R™. Then for N > C’n/ €”, we
have with probability larger than 1 — exp(—cn'/?)

AN (X) —1d| < e
In other words, for every y in R™

N
(3) (1 —e)lyl* < Z Xi,y)? < (L+e)lyl”.

We can also obtain the isomorphic analogue of theorem 1, using as few sample points as possible
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Theorem 2. Let p > 1 and N > pn. Let X be uniformly distributed on an unconditional isotropic
convex body in R™. Then, with probability larger than 1 — 2exp(—c(p)n'/®) we have for every y in R

N
1 2 1 2 2
— P =S (X2 <O .
) " < % ;:1< y) (Pl

Question 1. Do both results extend to all isotropic convex bodies ?

Remark. With slight modifications of the proofs, one can prove the same results for all isotropic
random vectors with a law being log-concave and unconditional.

2. THE RANDOM MATRIX APPROACH: AUXILIARY RESULTS AND THE STRUCTURE OF THE PROOF

Our proof uses standard techniques from Random Matrix Theory (RMT). A part of the classical
random matrix theory deals with random vectors X with i.i.d. coordinates. Here is a reformulation of
a result of Bai and Yin [2]

Theorem (Bai-Yin). Let Z be a random variable with mean 0, variance 1 and finite fourth moment.
Let X" be a random vector on R™ whose coordinates are i.i.d. copies of Z. We consider a sequence
of integers (N,,) tending to infinity in such a way that the ratio n/N,, tends to a limit 8 € (0,1). Then,
almost surely,

lim Amax (ANn(X(n))) — (1+ /B,

n—oo

T A (AN" (X(”))) =(1- /P>

This theorem is restricted to random vectors with independent coordinates. Moreover, as often in
RMT, this is a limit-result. Therefore it may be hard to use to get a result in a fixed dimension. In
a few cases, quantified analogues (sometimes called localized) of limit-theorems from RMT have been
proved; see [14]. For Bai-Yin theorem, this has been done by S. Sodin in the special case of random
signs [21], but we still lack a quantified version for general entries. Bai and Yin proved their theorem
as a consequence of the following result

(4) lim sup HAN“ (x™) - (1 +ﬂ)IdH <2/ as.

n—oo

We follow an similar approach, except that we will rather estimate
(5) HAN" (XM - IdH .

When 8 <« 1, the quantities involved in (4) and (5) are comparable. This is no longer true when
becomes large (i.e. when matrices involved become close to being square matrices). Because of Apax,
it is even impossible to obtain from (5) any non-trivial information on Ay, when g is larger than
3-2v2~0.172.

In this framework, the expected norm of a self-adjoint random matrix A is usually bounded from
above by (EtrAF)!/* for even integer k (usually large, but not very large). We are led to some
combinatorial problems to estimate EtrA*. This is the so-called moments method initiated by Wigner.
The main advantage of considering (5) rather than (4) is that the combinatorics involved are simpler.
We prove the following proposition.
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Proposition 1. Let X be a random vector uniformly distributed on an unconditional convexr body in
R", and (X;) be i.i.d. copies of X. We write A for AN (X), the empirical inertia matriz of X with
N > n sample points. For k = n'/>, we have

(6) (BlA-1a|") """ <y /<,

where C is a universal constant.

We postpone the proof of proposition 1 to section 3. Then, the lower estimate in theorem 2 is
proved using the Laplace transform technique from [15] (see section 4).

Remark. A natural question is whether the Bai—Yin theorem can be extended to random wvectors
uniformly distributed on convexr bodies. This question needs sharper tools than the problem which is
treated here. The author obtained an affirmative answer for the case of the unit ball of £} [1].

We now show how proposition 1 implies the theorems

Proof of theorem 1. We write A = AN (X). Let N > 4C?n/e2, where C is the constant appearing in
proposition 1. By proposition 1, for k = n'/5 we have (E||A — Id||k)1/k < /2. Markov’s inequality

now implies that P(||A — Id|| > ¢) < 27F = exp(—en!/?). 0

Proof of theorem 2. We get as a consequence of proposition 1 a good estimate for the largest eigenvalue
of A using the inequality ||A|| < ||A—1Id|| +1 (or alternatively, using the moments method directly on
A instead of A —1d): for any N > n

P(|A] > C) < Cexp(—en'/?).

The smallest eigenvalue is automatically controlled by the following general proposition, proved in
section 4. O

Proposition 2. For every M > 0 and p > 1 there are constants ¢ = ¢(M, p) and k = (M, p) such
that, for every random vector X wuniformly distributed on an isotropic convex body and any N > pn,
the empirical inertia matriv A = AN (X) automatically satisfies

P (Amin(4) < ¢) <P (Amax(A) = M) + exp(—£n).

Remark. Usually in random matriz theory, it is substantially harder to deal with the smallest eigen-
value than with the largest, hence the above proposition may surprise. We emphasize that it this is
only an isomorphic result.

3. PROOF OF PROPOSITION 1: THE MOMENTS METHOD

Proof of proposition 1. We start with the following standard symmetrization lemma

Lemma 1. Let (X;) be i.i.d. copies of an isotropic random vector X. Let (g;) be i.i.d. copies of a
Bernoulli random wvariable (P(e = 1) = P(e = —1) = 1/2), independent from (X;). Then for any
k>1,

k k

N
1 k
E NZXi@)Xi—Id <2*E

i=1

| X
=) X;i®X;
P>
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Proof of lemma 1. Let (X!) be an independent copy of the sequence (X;), also independent from (g;).
We write respectively E, E’ and E. for expectations relative to (X;), (X/) and (g;).

1 & ’ 1 & 1 & ’
E|— X, ®X; —1d = E|—= X, ®oX; —E — X X,
1 ’
< EE'||— X;9X;, - X/ ®X]
N; ® i ®X]
1 & *
_ / X X L !/ !/
= EE'E. N@gl()(l@xl X! ® X))
1 ’
k
< 2FEE. N;@X@&
We used Jensen’s inequality to obtain the first inequality. O

Let k be an even integer (we will choose later k ~ n'/®). We write A for AN (X). Using lemma 1
and the moments method, we get

k
N
1
k k
E|A-1d|* < 2"Etr (N ;sm ®X¢>
2k
= mE Z Erp v Ery <X7’17XT2> ce <X7’k—17XTk><XTk)XT1>
T1y.-Tk
2k
= m Z (Egﬁ s E':Tk)(E<‘XT1 ) XT2> s <XTk—1 ) XTk><XTk ) XT1>)'
T1--Tk
The summation runs a priori on multi-indices (r1,...,7%) € {1,..., N}*¥. However, note that the
quantity Ee,, ...e,, equals 0 or 1, and that it equals 1 if and only if every i € {1,..., N} appears
an even (possibly 0) number of times among (rq,...,rg). Call such a multi-index paired; we actually
sum over paired multi-indices. We write X; = (z;1,. .., %) for the coordinates of X; in the canonical

basis, and expand the k scalar products as follows

n
<XTP’XTP+1> = 2 : LrpspLrpyisy:

sp=1

This yields

k
k 2
E”A — Id” < W g Eivrlslxrzsl TrogsoLrgsy ++ » LryspLrysyy
T yeens T} paired
150058

where the sum is taken over all indices ri,...,r; in {1,...,N} and s1,...,s; in {1,...,n}. We
now use unconditionality to show that most of these terms are actually 0. Since the random vectors
(X1,...,Xn) are independent, each expectation appearing in the sum can be factorized as the product
of N factors of the form

(7) | D N o
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for some integers aq,...,a,, where X = (x1,...,2,). Since the vector X is unconditional, it is
invariant under sign flips of coordinates, and this shows that the expectation (7) is zero if one of the
a; is odd. We are led to the following inequality (note that we changed the indexation)

k
E|A-1d|* < % > BTy s, Trysy -« Trog 1591 Trog o
[(r1,81),..,(r2k,82k )] V-graph

where a V-graph is a 2k-tuple of pairs (r4,s;) € {1,...,N} x {1,...,n} such that

(Vl) T2;4+1 = T24 (and T = Tgk),

(V2) s9; = s9;-1,

(V3) Each couple (r,s) € {1,...,N} x {1,...,n} appears an even (possibly 0) number of times

among [(1;, si)],

(V4) The number of occurences of each r € {1,..., N} among (r;) is a multiple of 4 (possibly 0).

Condition (V4) has to be satisfied since we restricted ourself to paired multi-indices. We associate
several parameters to a V-graph G = [(r1,51),. .., (r2k, S2x)], following the standard combinatorial
techniques of [8, 22]. Let r(G) = #{r;}, ¢(G) = #{s;} and £(G) = r(G) + ¢(G); ¢(G) is the number
of distinct indices appearing in G. Let also d(G) = #{(r4,s;)} be the number of distinct couples of
indices that appear in G. Let no(G) be the number of indices 7 such that the couple (r;, s;) appears
exactly 2 times in G and n4(G) be the number of indices ¢ such that the couple (r;, s;) appears 4 times
or more in G. We clearly have na(G) +ny(G) = 2k.

Lemma 2. If G =[(r1,81), ..., (rak, s21)] is a V-graph then
Exrlsl e Ty son S Ckkn+(G)

Proof. First, we use the fact that the vectors (X;) are independent to write the whole expectation as
a product of N factors of the form (7). Note that the sum of all exponents a; appearing in factors
(7) is exactly 2k, while the sum restricted to the exponents satisfying «; > 4 is exactly ny(G). We
use the following comparison theorem by Bobkov and Nazarov. Let Bf = {z € R" s.t. > |z;| < 1}
denote the unit ball of £7; the convex body a,, B} is isotropic for ., = \/(n +1)(n + 2)/2. It has been
proved in [4] that for some absolute constant C, if X = (x1,...,2,) is uniformly distributed on an
isotropic unconditional convex body, and if Y = (y1,...,yn) is uniformly distributed on CnB}, then
for any increasing functions f; : R™ — R

E[] fi(lz:)) <ET] £i(wil)-
i=1 i=1

On each factor (7), we use this result with f;(z) = 2% (recall that «; is necessarily even). The
resulting expectation for Y can then be estimated using sub-independence [3], a special property of
£3-balls asserting that for any increasing functions f; : RT—R

i=1 i=1

Now, by Borell’s lemma (see [5], or [17] p.135), there is an absolute constant C' such that ¥4(y;) < C,
which means that E|y;|? < (Cp)P. If «; > 4, we use the following bound

?L+<c>) i/ (D)

By < (Ey < (Cni(G))™ < (20k)™.

Using this method to bound separately all the factors of the form (7), we are led to
Etr s o Tropss, S (Ey%)nz(G)/z(QCk)n+(G)v
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and the lemma is proved. O

Applying lemma 2, we obtain the inequality

k
(8) E”A_Ide < (%) Z kn+(G)

G V-graph

We now state some bounds on the parameters associated to a V-graph.

Lemma 3. Let G = [(r1,51),. .., (rak, s2)] be a V-graph. Then

(a) d(G) <

(b) ()<d() I<k+1

(¢) 7(G) <k/2.

(d) nt(G) < 4(k—4G) +1).
Proof. Assertion (a) is an immediate consequence of property (V3). To prove (b), read the V-graph
from (r1, s1) to (reg, sax). Each of the d(QG) first occurences (r;, s;) of some couple of indices may bring
a new row index or a new column index, but not both (except for i = 1) because of properties (V1-V2).
This shows ¢(G) < d(G) + 1, and (b) follows from (a). Assertion (c) is an immediate consequence of
property (V3). For (d), note that d(G) < 3n2(G) + 1n4(G) (with equality iff no couple (r, s) appears
6 times or more). The result then follows from (b) and the equality n2(G) + ny(G) = 2k. O

We now need a bound on the number of V-graphs with given r and ¢. This can be done using
standard combinatorial techniques developed in [8, 22]. We present here a different approach, suggested
to us by S. Szarek, based on the facts that the combinatorics of V-graphs do not depend on the
specific entries of the random matrix, and that for Gaussian random matrices very precise information
is available.

Lemma 4. Let I C {1,...,N} and J C{1,...,n}, such that r +c < k+1, with r = #I and ¢ = #J.
Then the number of V-graphs G = [(r1,$1), .- ., (r2k, S2x)] such that {r;} C I and {s;} C J is bounded
from above by (Ck)*, for some absolute constant C.

Proof. We can assume that I = {1,...,r} and J = {1,...,c}. Let G, = (g;;) a random r x ¢
matrix with entries being independent N(0, 1) random variables. It is well-known (as a consequence
of Slepian’s lemma, see [7] chapter 2.3, or using a net argument) that for some absolute constant C,
E||G, .|| < C(J/r + /<) < C'VE. Moreover, the operator norm is a 1-Lipschitz function with respect
to the entries of the matrix (in the Hilbert—Schmidt metric), and standard concentration property of
the Gaussian measure (|7], chapter 2.2) implies that for any ¢ > 0

P(|Grcll = E|Grell +1) < exp(~1?/2).

This in turn implies that

E”Gr,c 2k

_ / KZE P (|G|l > Bt < (CVE)
0
Also, since tr(Gfﬂ’CGT,c)”C is the sum of 2kth powers of singular values of G, ., we have
Etr(Gi)ch)]C < min(r, C)EHGr,cH?k < (C'k)E.
On the other hand, the quantity Etr(GY CGT,C)’C itself can also be expanded as

Etr Gt Z Eg’r181 e gT‘QkSQki
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where the sum is taken over 2k-tuples of pairs (r;,s;) C I x J satisfying conditions (V1), (V2), (V3).
Notably, all V-graphs considered in the statement of the lemma enter this setting. Moreover, all terms
in the sum are positive, and even larger than 1 since ngj > 1 for p even integer. This shows that the

number of V-graphs with indices contained in I x J is bounded from above by Etr(Gﬁ,cGr,c)k, which
proves the lemma. O

Lemma 4 implies that the number of V-graphs G such that r(G) = r and ¢(G) = ¢ is bounded by
N\ (n k karr,c K karr, c1.k—0(G)
<7‘><C>(CI€) gCanW<CQNnk y
where we used the inequalities (f) < (Be/b)b, rct = (£/2) and k¥ /¢ < (ke)*—*. By lemma 3c, for
any V-graph G we have

(G :
NT(@)e@) NY®) if £(G)
= Nk/QnZ(G)fk/2 if f(G)
k(M k/2 1
< V(F) "

Gathering the V-graphs with the same ¢, we get as a consequence of inequality (8) and lemma 3d
that (setting m =1—1)

C k k+1 k2 1
E”A _ Id”k < <N) Z ]€4(k_l+1)kC§kk_lNk (%) Wa
=2

LI AN
< (ox) 2(F)
m=1
We now choose k to be the smallest even integer such that k > n'/5. We then use the inequality
n > (k% /n)F~™ < CF to finish the proof (note that the Lh.s. in (6) is an increasing function of k). O
4. PROOF OF PROPOSITION 2: THE ROLE OF LOG-CONCAVITY

Proof. The proof is similar to the proof of the main theorem in [15], but here the log-concavity makes
things much easier. We introduce the matrix I' defined by

X1

©) po L
VN :

XN

We have the equality A = I''T" ; we think of I" as an operator from £3 to £). We write spin(T) for the
smallest singular value of T, which equals \/Amin(A4). For € > 0 to be determined later, let A/ be a
e-net in S"~! with cardinality smaller that (3/¢)™ (existence of such a net is proved using volumetric

arguments, see Lemma 4.10 in [19]). Set also t = ev/M. Let Q be the event “||T'|| < v/M”. By the
standard approximation argument, the event

Qn{3zc S tst. Tz <t}

is contained in the event
QN {3z € N s.t. |Tz| < 2t}
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Consequently,
P(smin (D) <t) < P(Q°) + #N max P(Tz| < 21).
xeES"

For fixed z in the sphere S"~! and j between 1 and N, let f; be the random variable (X;,z). It is
well-known [11, 9] that when K is an isotropic convex body in R™, the (n — 1)-dimensional volume
of hyperplane sections is controlled: for any affine hyperplane H, we have vol,,_1(K N H) < C for a
universal constant C. Consequently, for any s > 0 we have P(|f;| < s) < Cs. Calculations are now
straightforward:

P(|Tz| < 2t)

N
P fF<4’N
=1

N
P(N=) f7/4?>0
i=1

N

N
Eexp | N — X:sz/%2
=1
= (cBexp(—f/4?)"
1
= N (/0 P(exp(—f7/4t%) > s)ds)
— N (/O P(fi < 2t«/10g(1/s))ds>

< o (th / 1 \/st’)]v
= (Ceymt)V.

N

N

And consequently

P(smin(T) <t) < P(||A| > M) + @ (Cey/mt)N.

thus for any p > 1, we can choose ¢ (and thus ¢) such that the conclusion of the proposition holds. O

Acknowledgement: I want to thank Alain Pajor, Olivier Guédon and Sasha Sodin for many
fruitful discussions, and Staszek Szarek for useful remarks on a preliminary version of this paper.
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