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Abstract

We give explicit combinatorial product formulas for the polynomials en-
coding the dimensions of the spaces of extensions of (g, p)-generalized Verma
modules, in the cases when (g,p) corresponds to an indecomposable classic
Hermitian symmetric pair. The formulas imply that these dimensions are
combinatorial invariants. We discuss also how these polynomials, defined by
Shelton, are related to the parabolic R-polynomials introduced by Deodhar.

1 Introduction

Let g be a complex, semisimple Lie algebra with Cartan subalgebra h and let b be a
Borel subalgebra of g with nilradical n and Levi component h.Let p be a parabolic
subalgebra of g containing b with nilradical v C n and Levi component m O h. So we
have Levi decompositions b = h&n and p = m@Gu. The problem of computing the u-
cohomology of irreducible highest weight (g, p)-modules is completely solved by the
Kazhdan-Lusztig conjectures ([7]). On the other hand, the “Extension Problem”,
namely the problem of computing the u-cohomology of the (g, p)-generalized Verma
modules, is as yet unsolved in general, and there are not even conjectures for the
form of the answer. If p = b, the modules in question are the Verma modules (see
[9]), and there was a conjecture that solved the problem, known as the Gabber-
Joseph conjecture (see, e.g., [14] or [8]) but this was disproved by Boe in [2]. In
the cases when (g, p) corresponds to an indecomposable Hermitian symmetric pair
(see, e.g., [9, §4]), Shelton gives a solution to this problem. His answer is in terms
of a recursion relations for the polynomials encoding the dimensions of the spaces

of extensions between generalized Verma modules [17].
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In this paper we solve these recursion relations, in the cases when (g, p) is an inde-
composable classic Hermitian symmetric pair (see Table at the end of §2). Our main
results are explicit combinatorial product formulas for these polynomials. These for-
mulas can be stated in two different ways, one in terms of Weyl group elements and
one in terms of partitions or shifted partitions. Moreover, these formulas imply that
these polynomials are combinatorial invariants.

The organization of the paper is as follows. In the next section we collect some
definitions and results that are needed in the rest of the work. In §3 we study the case
of the symmetric pair (A,_1, Ai—1 X A,_i_1), in §4 the case of (C,, A,_1), in §5 the
case of (D, A,_1), and in §6 the remaining cases (B,, B,—1) and (D,, D,_1). In the
first three cases we give two statements of these results, one in terms of permutations
or signed permutations and one in terms of partitions or shifted partitions. In §7
we derive some consequences of our results and in particular we prove that these
polynomials are combinatorial invariants, and we discuss how they are related to
the parabolic R-polynomials introduced in [12], and the pleasant “symmetry” that
follows with the Gabber-Joseph conjecture [14].

2 Notation, Definitions, and Preliminaries

In this section we give some definitions, notation and results that will be used in the
rest of this work. Welet P:={1,2,3,...}, N:=P U{0}, and Z be the set of integers;
for a € N we let [a] :={1,2,...,a} (where [0] := ) and [+n] :=[—n,n]\ {0}. The
cardinality of a set A will be denoted by |A|. For any sequence (ay,...,a,) € Z",
we let Ni(ay,...,a,) == {1 € [n] : a; < 0}|. Let S, be the set of all bijections
o :[n] = [n]. If o € S, then we write 0 = 0y...0, to mean that o(i) = oy,
fori =1,...,n. If 0 € S, then we will also write ¢ in disjoint cycle form (see,
e.g., [18], p.17) and we will usually omit to write the 1-cycles of o. For example,
if o = 64175823 then we also write 0 = (2,4,7)(1,6,8,3). Given o,7 € S,, we let
or := o o7 (composition of functions) so that, for example, (1,2)(2,3) = (1,2,3).
We follow Chapter 3 of [18] for poset notation and terminology. In particular, given
a poset (P, <) and u,v € P we let [u,v] :== {2z € P: u < z < v} and call this
an interval of P. If P has a minimal element, denoted 0, then we call a subset of
the form [O,U], for u € P, a lower interval of P. Given any ) C P we will always
consider () as a poset with the partial ordering induced by P and call Q) a subposet
of P. We say that z € P is join-irreducible if it covers at most one element of P.
Given two posets P and ) we write P = () to mean that they are isomorphic as
posets.

We follow §7.2 of [19] for any undefined notation and terminology concerning

partitions. By an (integer) partition we mean a sequence of positive integers A =
(M, ..., Ax) such that Ay > Xy > ... > Ay and we write |A| = 3> A;. The number



of parts of A is the length of A, denoted I(X). We identify a partition A with its
diagram,
{(G,5)eP?: 1 <i<k, 1<5< N

If we replace the dots (z,7) by juxtaposed squares, we obtain the Young diagram
of A, and we draw it rotated counterclockwise by 7 radians. So, for example, the
diagram of (5,4,2,1) is illustrated in Figure 1.

Figure 1.

We call the elements of P?, and hence of X, cells. Expressions such as “to the
left of”, or “directly above”, always refer to these rotated diagrams. We denote by
P the set of all integer partitions. For any u, A € P we define g C X if and only
if p; < A; for all i. If we identify a partition with its (Young) diagram, then the
partial order C is given simply by containment of diagrams. It is well known, and
not hard to see, that this makes P into a lattice, usually called Young’s lattice (see,
e.g., [19, §7.2]). Given n € P and ¢ € [n — 1] we let

P(n,i):={pecP: uC(n—it

Given A = (A1,..., Ax) € P we let d(X) be the length of the Durfee square of A, so

d(A) :== max {1 € [k]: \; > i}. (1)
Let p, A € P, u € A We then call A\ o a skew partition. Note that, in poset the-

oretic language, partitions (respectively, skew-partitions) are the finite order ideals
(respectively, finite convex subsets) of P2 Given two skew partitions p,v C P* we

write p &~ v if p is a translate of v. Given a skew partition v C P? its conjugate is

/

v :={(j,9) € P* : (i,5) € v}.

We follow [15] for general Coxeter groups notation in particular, given a Coxeter
system (W, S) and o € W we denote by [(o) the length of o in W, with respect to S,
and we let D(o):={s € S: l(os) <l(o)}. We denote by e the identity of W, and
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we let T := {osoc™': 0 € W, s € S} be the set of reflections of W. Given J C S we
let W; be the parabolic subgroup generated by J and

W’7.={oceW:l(so)>I(c) for all s € J}.

Note that W? = W. The quotient W7 is a poset and it’s partially ordered by
(strong) Bruhat order. Recall (see, e.g., [15, §5.9]) that this means that = < y
if and only if there exist r € N and ty,...,¢{, € T such that ¢,...¢;x = y and
[(t;...trx) > l(tiy ... tyx) for e = 1,...,r. In this order, e is the minimal element
and, if W is finite, wy and wY denote the unique maximal elements in W7 and W

respectively. Given u,v € W7, u < v, we let

[w,v]” == {zeW’': u<2<v},
and consider [u,v]? as a poset with the partial ordering induced by W7,

In the remainder of this section, we recall a result of Shelton, for which we need
some notation from [13] and [17]. Let g be a complex, semisimple Lie algebra with
Cartan subalgebra h and let b be a Borel subalgebra of ¢ with nilradical n and
Levi component h. Let p be a parabolic subalgebra of g with nilradical v and Levi
component m. Let W and W; be the Weyl groups of ¢ and m, respectively. Let
A, A(m) be the root systems of g and m, with positive systems At and A*(m),
determined by n. Let 2p be the sum of the positive roots in g and fix a A*-
antidominant integral weight A € h*. For any p € h* we denote by M(u) the
g-Verma module with highest weight g — p. Then L(x) and N(u) denote the unique
irreducible quotient and the maximal m-locally finite quotient of M (), respectively.
If p is AT(m)-dominant regular and integral, then N(u) is the (g, p)-generalized
Verma module of highest weight y — p. For u € W and w € WY we denote by
M, the module M(ulX) and by N, the module N(w9wA). All Ext* groups will
be computed in O,,, the usual Bernstein-Gelfand-Gelfand category of g-modules
relative to the pair (g,p) (see, e.g., [1]). The following result is due to Shelton,
and we refer the reader to [17] for its proof. He defines for any v and v in W7, a

polynomial £, ,(q) by:

Euo(g) = Y (=1)O710 g dim(Ext" (N, V), (2)

k>0

and proves that,

Theorem 2.1 Suppose that (g,p) corresponds to an indecomposable Hermilian sym-
melric pair. Then for all u,v € W

1) Fuu(q) =0 if u Lo

il) Fuu(q)=1;



iii) if u < v and s € D(u) with us € WY then

Buss(q) if s € D(v) and vs € W7;
Eu(q) = (q—1)Eus(q) if s € D(v) and us £ vs;
s (0= G Pus(q) + Busws(q) if u<us <wvs <y
qFus(q) if vs & w.

In this paper we solve these recurrence relations in the cases when (g,p) is an
indecomposable classic Hermitian symmetric pair (see Table below). Our main
results are explicit product formulas for these polynomials. Moreover, these formulas

imply that the polynomials are combinatorial invariants.

Table. The indecomposable classic Hermitian Symmetric pairs (g, p).

(9,p) g [m, m]
SU(r,s) Ay A4 X A4
SO(2n—1,2) B,  Bua
Sp(2n,R) C, A,
SO(2n —2,2) D, D
SO*(2n) D, A,

3 The case (A,_1,A;—1 X Ay_i1)

In this section, we give an explicit product formula for the polynomials £, ,(q) in
the case of the pair (A,_1, Ai—1 X A,_i—1). We give two different formulations of this
result, one in terms of permutations and one in terms of partitions. Throughout
this section we fix n € P and ¢ € [n — 1], and we let W := S,,, s, := (1,0 + 1) for
i=1,...,n—1,5:={s1,..., 8,1}, and J := S\ {s;}. It is well known that (5,,9)
is a Coxeter system of type A,_; and that the following characterization holds (see,

e.g., [15]).
Proposition 3.1 Letv € S,. Then
Dw)={s; € S:v(i) >v(E+1)}.

For symmetric groups, the parabolic subgroups of 5,,, are called Young subgroups.
In the case of maximal parabolic subgroups (i.e. J = S\ {s;}) their quotients take

this particularly simple form:
W ={weW:w'(l)<...<w (@) and w'(i+1)<...<w ' (n)}
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Given v € WY we associate to v the partition

Aw) = (v7'(@) —4,...,07(2) — 2,071 (1) = 1). (3)

The following is well known (see, [4, Proposition 2.8]).

Proposition 3.2 The map A defined by (3) is a bijection between W7 and P(n,1).
Furthermore u < v in W7 if and only if A(u) C A(v), and l(v) = |A(v)| for all
u,v € W,

We will find it sometimes convenient to identify a partition A € P(n,1) with
a lattice path, with (1,1) and (1,—1) steps. This path is the union of the lower
boundary of the diagram of the skew-partition (n —)*\ A and the upper boundary
of the partition A. Note that it starts at (0,0) and ends at (n,2: —n) (equivalently,
it has n steps and exactly ¢ are (1,1)-steps). We call a (1,1)-step (respectively,
(1, —1)-step) an up-step (respectively, down-step). Given j € [n — 1] we say that A
has a peak at j if the j-th step of A is up and its (54 1)-th step is down. For example,
if we take the partition of Figure 1, A = (5,4,2,1) € P(9,4) then the associated
path is the one shown in Figure 2 and it has peaks at 1,3,6, and 8. Note that this
identification between partitions and paths depends on n and 7. For example, the
same partition (5,4,2,1) corresponds to the path in Figure 3 if n = 12 and ¢ = 5.

Since n and ¢ are fixed throughout this section, this will cause no confusion.

AV VN

Figure 2: the lattice path corresponding to (5,4,2,1) if n =9 and 1 = 4.

Figure 3: the lattice path corresponding to (5,4,2,1) if n = 12 and ¢« = 5.
The following elementary lemma is known, (see, [4, Lemma 2.9]).

Lemma 3.3 Lelv e WY, and j € [n —1]. Then s; € D(v) if and only if A(v) has
a peak at n — j.

Note that the k-th step of A(v) is an up step if and only if
ke {n+1—v_1(i),n+1—v_l(i—l),...,n—l—l—v_l(l)}.
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Let u,v € W7, u < wv. For j € [n] we let, following [4],
wi(w0) = [{r e ([ r <} = Hrev (@) r<i}l ()
For example, if n =9, 1 = 4, u = 123564789, and v = 516278394 then
(a1(u,v),...,a9(u,v))=(0,1,1,2,1,1,2,1,1). (5)

Note that it follows easily from Proposition 3.2 that a;(u,v) > 0for j = 1,...
if and only if u < v, and that a;(u,v) > 0if 7 € v='([¢]) \ v '([i]) and u < v. Also
note that, if u € W7 and j € [n], then

NI R R N ERral(O)}
ety <y ={ Wb e

This may be used to obtain a more explicit formula for a;(u,v), if desired.

We can now state and prove the main result of this section.

Theorem 3.4 Let u,v € W7, u <wv. Then

Buolg) =g T (1= g7t (6)
jev=H (ED\u=([e])
Proof. Let, for brevity, D;(u,v) := v=([¢]) \ v~ *([7]). We proceed by induction
on l(w]) — I(u). If l(w]) — I(u) = 0, we have w] = v = u and the result is
trivially true. So suppose that [(wg) — I(u) > 0 and let s = (k,k + 1) be such that
s & D(u) and us € W7. Note that, since u € W7, this implies that k& € u='([:]) and
k41 ¢ u'([i]). We have four cases to consider.

a) s ¢ D(v), and vs € W7

Since v € W7 this implies that k& € v™!([z]) and k£ + 1 & v~!([s]), moreover us,vs €
W7 and so, D;(us,vs) = D;(u,v) and a;(us,vs) = a;(u,v) for all j € [n] since
(us)™'([:]) is obtained from w~'([i]) by replacing k& by k + 1, and similarly for v.
Hence, by Theorem 2.1 and our induction hypothesis,

Eu,v(Q) - Eus,vs
ql(vs)—l(us) H (1 _ q—?aj(us,vs)—l—l)

J€D;(us,vs)

ql(u)—l(u) H (1 _ q—ZaJ(u,v)-I—l)
JE€D;(u,v)

3

as desired.



b) s € D(v), and us £ vs.

Since v € W7 this implies that k& & v='([i]), k + 1 € v™'([i]), and vs € W’. So we
have that D;(us,v) = D;(u,v)\ {k+ 1}, and

a;(us,v) = a;(u,v) = a;(us,vs) (7)
for all j € [n]\ {k+ 1}, and
apy1(us,vs) = apgq(u,v) — 2. (8)

Since us £ vs by (8) and the note before the statement of this theorem, we conclude

that agt1(u,v) = 1. Hence, by Theorem 2.1 and the induction hypothesis,

Euw(q) = (¢—1)Eusu(q)
— (q . 1)ql(U)—l(u)—1 H (1 . q—QaJ(us,U)+1)
J€D; (u,v)\{k+1}

(q - 1)ql(v)_l(U)_1 —2a;(u,w)+1
= (1 — q—2&k+1(uﬂ))+1) H (1 —q ( ) )
jeDi(u7U)

— ql(v)—l(u) H (1 . q—2a](u,v)+1)’
JED;(u,v)

as desired.
c) s € D(v), and us < vs

Since v € W7 this implies that & € v=1([i]), k + 1 € v=!([s]), and vs € W’. So we
have that
Di(us7v) = Di(uvv) \ {k + 1}7
Di(us,vs) = (Di(u,v) \ {k + 1}) U {k},
a;(us,v) = aj(us,vs) = a;(u,v) for all j € [n]\{k+1}, ar1(us,vs) = apy1(u,v)—2
and ag41(u,v) = ag(u,v)+ 1. Hence, by Theorem 2.1 and our induction hypothesis,

Euv“(q) = (q - q_l)Eus,U(Q) + Eus,us(Q)
— (q _ q—l)ql(v)—l(u)—l H (1 _ q—2a](us,v)+1)
J€D; (uv)\{k+1}
T ql(U)—l(u)—Q H (1 . q—2aj(us,vs)+1)
J€(Di(uv)\{k+1})u{k}
— (q . q—l)ql(u)—l(u)—l H (1 B q_2a](u7v)+1)
J€D; (u,v)\{k+1}
+ ql(v)—l(u)—?(l - q—2ak(u,v)+1) H (1 - q—QaJ(u,U)+1)
J€D; (u,v)\{k+1}
—2ak(u,v)+1)

_ ql(v)—l(u)—Q (¢ —q H (1- q—QaJ(u,U)-}-l)
(1 _ q—2ak+1(u,v)—|—1) jeDi(u)

— ql(v)—l(u) H (1 . q—ZaJ(u,v)—I—l)7
J€D;i(u,v)




and the result again follows.
d) vsg WY,

Then s ¢ D(v) and we have two cases. In the first one, we have k. k + 1 € v™!([i])
and this implies that D;(us,v) = (D;(u,v)\ {k+ 1}) U{k} and a;(us,v) = a;(u,v)
for j € [n]\{k+1}, ars1(u,v) = ar(us,v). Hence, by Theorem 2.1 and the induction
hypothesis,

Eu,U(Q) — uns,v(Q)

g )= I (1 — g 2miuse) 1)
JEDi(un)\(+1HULk)

o)1) (1 . q—Zak(us,v)—}—l)

= q — (1 _ q—QaJ(u,u)-}—l)
(1 —q 2ak+1(u,v)+1) jeDli_([uw)

— ql(v)—l(u) H (1 . q—2a](u,v)—|—1)'
JED;(u,v)

In the second case we have, k,k + 1 ¢ v™!([s]), hence D;(us,v) = D;(u,v) and
a;(us,v) = a;(u,v) for 5 € [n] \ {k + 1}. Hence, by Theorem 2.1 and induction
hypothesis,

Eu,U(Q) — uns,v(Q)
ql(u)—l(u) H (1 - q—2a](us,v)+1)

JED;(uw)
— ql(u)—l(u) H (1 q—2a](u,v)+1)’
JED;(uw)
and the result again follows.
This completes the induction step and hence the proof. O

Because W is isomorphic, as a poset, to a lower interval in Young’s lattice (by
Proposition 3.2), it is natural to rephrase Theorem 3.4 in the language of partitions
rather than in that of permutations.

Let u, A € P(n,i), with g C A. Think of 4 and X as paths as explained above.
Then, by Proposition 3.2, the path X lies (weakly) above the path . Let 1 <75 <n
and consider the j-th step of A (from the left). Following [4], we say that such a
step 1s allowable with respect to p if it is an up-step and the j-th step of p is a
down-step. For example, if n = 9,1 =4, A =(5,4,2,1), and g = (2,0,0,0) then the
J-th step of X is allowable with respect to p exactly if j € {1,3,6} (see Figure 4).
Now let a;(p, A) be the vertical distance (divided by two, since it is always even)
between the (right end of the) j-th step of A and the (right end of the) j-th step of
p. We then have the following result, and we refer the reader to [4, Proposition 3.3]

for its proof.



Proposition 3.5 Let u,v € W7, u <wv. Then
aj(u, ) = dnp1-5(A(u), A(v))

for j =1,...,n. Furthermore n +1 — j € v~ ([i])\ u=([z]) if and only if the j-th
step of A(v) is allowable with respect to A(u).

We can now rephrase Theorem 3.4 in terms of partitions.

Corollary 3.6 Let u,v € WY, u <wv. Then

Buolq) = M1 — g0 004 (9)
J

where ;1 = A(u), A = A(v) and j runs over all the allowable steps of A with respect
to . In particular, F,,(q) depends only on A(v)\ A(u). O

In the case of a lower interval, the formula (9) takes up a particularly simple
form. The proof of the next result is analogous to the one of [4, Corollary 3.5] and

we leave it to the reader.

Corollary 3.7 Let v € WY. Then
d(p) 4
Eeo(q) = ¢* (1 = 7,
7=1

where (1 = A(v) and d(p) is the length of the Durfee square of p. O

We close this section with an example, to illustrate Theorem 3.4 and Corollary
3.6. We use the various calculations made in §2 and §3. Let u = 123564789 and
v = 516278394 in Sf\{(4’5)}, we have Dy(u,v) = {4,7,9}. From (5) and (6), it follows
that

Euu(q)=q" (1= ¢ )1 =q7)(1—q7"). (10)
Observe that we have A(v) = (5,4,2,1) = A and A(u) = (2,0,0,0) = p. The
diagram of the skew-partition A(v) \ A(u) is drawn in Figure 4. The allowable are
indicated by arrows and a;(u, A) = 1, as(p, A) = 2, ae(p, A) = 2.

Figure 4.
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4 The case (C,, A,_1)

A partition (A1, Ag, ..., Ax) is strict if Ay > Ay > ... > Ap. We denote by P; the set
of all (integer) strict partitions. Let

H:={(i,j) € P?:i < j}

with the ordering induced by the product ordering on P%. We call the finite order
ideals of H shifted partitions. Denote by I the set of all finite order ideals of H.
Note that Z is partially ordered by set inclusion. It is well known that this makes Z
into a distributive lattice. We identify a shifted partition with its diagram

{(,j))eP*: 1 <i<ki<j<A—1+i},

and as in §3 we draw it rotated counterclockwise by 7 radians. So for example the
diagram of (7,6,5,4,2) is illustrated in Figure 5.

Figure 5.

Let
P:={AeP: DNV

Note that there are inclusion preserving bijections between strict partitions, shifted

partitions and partitions in P, given by:
A, A2, d) & {(,7) eP? i1 < i <kt <5< N—14i} & (A, Ao+l Aptk—1).

For this reason, we will freely identify these objects. Note, however, that only the

bijection between strict partitions and shifted partitions preserves size. In fact, if
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X, p, € Pand v € P, with p C v C A, then it does not necessarily follow that v € P.

Therefore the subposet
{veP:uCv A}

of P is not isomorphic to the subposet
{veI:pCrvCaA}
of 7.

Our purpose in this section is to obtain an explicit product formula for the F-
polynomials in the case of the pair (C,,, A,_1). Therefore, let S? be the group of all
the bijections of the set [+n] in itself such that

for all @ € [£n], with composition as group operation. If w € SZ then, following
[6], we write w = [ay,...,a,] to mean that w(i) = a;, for i = 1,...,n, and call this
the window notation of w. Because of this notation the group SP? is often called the
group of all signed permutations on [n]. Since the elements of SP are permutations
of [+n] we can also write them in disjoint cycle form; as in §2, we multiply elements
“from the right”. We identify S, as a subgroup of SZ in the natural way. For the
rest of this section, we fix n € P and we let W := SB_ s, := (4,4 + 1)(—i — 1, =)
fori=1,...,n—1, 50 := (1,=1), S := {s0,81,...,8,-1} and J := S\ {so}. It
is well known that (SZ,S) is a Coxeter system of type B, and that the following

characterization holds (see, e.g., [6]).
Proposition 4.1 Let v € SB. Then
Dw)={s; € S:v(i)>v(+1)},
where v(0) := 0.
From Proposition 4.1 we have that
W ={veW v (1) <v(2) <...<v ' (n)}.

Therefore, given v # e, v € W, there is a unique k € [n] (in fact, & = N;(v)) such
that
v_l(k) <0< v_l(k +1) (11)

and we associate to v the shifted partition
Ap(0) = (o7 (1)~ (@), .., —0 () (12)
Let

I(n):={X €Z: X (n,n—1,...,2,1)},

the following is known:
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Proposition 4.2 The map Ag defined by (12) is a bijection between W7 and I(n).
Furthermore u < v in WY if and only if Ag(u) C Ag(v) and I(v) = |Ag(v)| for all
u,v € W7,

As before it is convenient to identify a shifted partition A € j(n) with a lattice
path with (1,1) and (1, —1) steps starting at (0,0) and having n steps. We have the
obvious bijection between the peaks of A as a path and the upper peaks of A as a
partition. Note that, as in Proposition 3.2, this bijection depends on n, but for us
n is fixed and so there is no confusion. For example, the partition A = (7,6,5,4,2)

corresponds to the path in Figure 6.

Figure 6.

Lemma 4.3 Lelv e W7, and j € [n—1]. Then s; € D(v) if and only if Ag(v) has
a peak at n — j. Furthermore, s, € D(v) if and only if the last step of Ap(v) is up.

This result can be proved in a way similar to Lemma 3.3 (see also Lemma 5.3) and
is due to Brenti [5]. Note that i-th step of Ag(v) is an up step if and only if

ie{n+1+v ' (),n+1+0v7"(2),...,n+1+07 (k)] (13)

Proposition 4.4 Let v € W7, and i € [n]. Then the i-th step (from the left) of
Ag(v) (seen as a path) is an up-step if and only tf v(n +1—14) < 0.

Proof. We know that the i-th step of v € WY is an up step if and only if
n+1—ie{—v(1),-v"12),...,—v (k)}. (14)
But this, by the definition of k, happens if and only if v(n + 1 — i) < 0, as desired.

O

We are now ready to prove the main theorem of this section, which gives an
explicit product formula for the polynomials £, ,(q) in the case of the symmetric
pair (Cy, An—1). Asin the preceding section we give two different formulations of this

result, one in terms of signed permutations and one in terms of shifted partitions.
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Let u,v € WY, u < v. For j € [n] let, following [3],
bilu,v) = [{r > i+ v(r) < 0} = [{r > j: u(r) < 0} (15)
For example, if u = [4,5,—3,-2,6,7,—1] and v = [6, =5, 7, —4, —3,—2, —1], then
(bi(u,v), ..., br(u,v)) = (2,2,1,2,2,1,0). (16)

Note that it follows from Proposition 4.2 that b;(u,v) > 0 for j = 1,...,n if and
only if u < wv. Also, if u < v, then bj(u,v) > 0 when v(j) < 0 < u(j). We let

N(u,v):={r € [n]: u(r)v(r) <0}, (17)

and

D(u,v) :={r € N(u,v): (=1)"®" <0}, (18)

Theorem 4.5 Let u,v € W7, u <wv. Then

Eu,U(Q) = ql(u)—l(u) H (1 - q—bj(u,u))’ (19)
J€D(u,v)
where
~ 2b;(u,v)—1 ifu(y)>0
b; = ST ’ 2
i) { 9%,(u,v) + 1 ifu(j) < 0. (20)

Proof. We proceed by induction on I(wg) — I(u). If [(w) — I(u) = 0, we have

wj = v = u and the result is trivially true. So suppose that {(w]) — I(u) > 0 and

let s be such that s € D(u) and us € W.
Suppose first that s = (—i — 1, —i)(z,74 1) for some ¢ € [n — 1], then u(7) < u(i 4 1);
note that, since u € W, this implies that u(:) < 0 < u(z + 1). We have four cases

to consider.
a) s ¢ D(v), and vs € W7/

Since v € WY, this implies that v(:) < 0 < v(i + 1). Moreover us,vs € W’ and so,
N(us,vs) = N(u,v) and b;(us,vs) = b;(u,v) for all 5 € [n], so D(us,vs) = D(u,v)
and ]N)j(us,vs) = ZN)j(u,v) for all j € [n] \ {7,2 + 1}. Hence, by Theorem 2.1 and our
induction hypothesis,

Eu,v(Q) — Eus,vs(Q)

ql(vs)—l(us) H (1 . q—l;j (us,vs))
JE€D(us,vs)

= 0T T (1= g ),

J€D(u,v)
as desired.
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b) s € D(v), and us £ vs.

Then v(i) > 0 > v(s + 1), therefore N(us,v) = N(u,v)\ {¢,7 + 1}, bj(us,v) =
bi(u,v) = b;(us,vs) for all j € [n]\ {1+ 1}, and

bi(u,v) = biy1(u,v) — 1. (21)

Since us £ ws, it follows from the note before the statement of the theorem that
bivi(u,v) > 0 > bipi(us,vs). Also bip1(u,v) — bipi(us,vs) = 2, so bip1(u,v) =
1. This and (21) imply that ¢ ¢ D(u,v) and i + 1 € D(u,v). It follows that
D(us,v) = D(u,v) \ {i + 1}, bj(us,v) = bi(u,v) for all j € [n]\ {i,i + 1}, and
that bZ_H(u,U) = 2bj41(u,v) — 1 = 1. Hence, by Theorem 2.1 and the induction
hypothesis,

Euw(q) = (= 1)Eusu(q)
l(u)-1 H (1 - q—g](us,v))
JED(u,w)\{i+1}
q -1 ql(v)—l(u)—l i u
= ( >~. H (1_qu(7))

(1 - q_b“H(u’U)) J€D(u,v)
_ g0 T (1= g ey,

J€D(u,v)

c) s € D(v), and us < vs

Then, as above, v(i) > 0 > v(i+1), N(us,v) = N(u,v)\{z,1+1}, b;(us,v) = b;(u,v)
for all j € [n]\ {7+ 1}, and

bi(u,v) = biy1(u,v) — 1. (22)

It follows that D(us,v) = D(u,v) \ {¢,2 + 1} and b; i(us,v) = i)j(u,v), for all 5 €
[n] \ {¢,7 4+ 1}. On the other hand we have: N(us,vs) = N(u,v) and bj(us,vs) =
bi(u,v) for all j € [n ]\{z + 1}, and bz+1(us vs) = biy1(u,v) — 2. It follows that
D(us,vs) = D(u,v) and bj(us,vs) = b;(u,v) for all j € [n]\ {i,7+ 1}. Hence, by
Theorem 2.1 and the induction hypothesis,

Euo(@) = (4= q ") Eusu(q) + Euss(q)

— (q _ q )ql v)—l(u)—1 H (1 - q—b](us,v))
JE€D(u,w)\{z,i+1}
+ ql(u)—l(u)—? H (1 _ q—b](us,vs))' (23)

J€D(u,v)

From (22) we have that ¢+ € D(u,v) if and only if i + 1 & D(u,v), so we have two
cases. If 1 € D(u,v), then D(us,v) = D(u,v)\{i} and lw)i(us, vs) = 2b;(us,vs)—1 =
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2b;(u,v) —1= Bi(u,v) — 2 because u(1) < 0 < u(z + 1). Hence, by (23),

Euu(q) = (¢# =172 T (1 — ¢ ™)
JED(uw\ (i}

+ ql(u)—l(u)—Q(l . q—bi(us,vs)) H (1 . q—b](u,v))
J€D(u,w)\{i}
2 —5,‘ us,vs -
l(v)—l(u)—?(q —4q ~( )) H (1- q—bj(u,v))
(1 - q—bg(u,v)) J€D(u,v)
_ OO T (1= g by,

J€D(u,v)

= 49

Ifi+1 € D(u,v), then D(us,v) = D(u,v)\{i+1} and IN)H_l(us, vs) = 2b;y1(us,vs)+

1= (2bj41(u,v) — 1) =2 = b1 (u,v) — 2. Hence, by (23),

Eui(q) = (¢ =1)g@~"=2 I (1—q¢7)
J€D(uw)\{i+1}
+ ql(u)—l(u)—?(l _ q—l~>;‘+1(us,vs)) H (1 _ q—gj(u,u))
JED(u,w)\{i+1}

2 —gi 1{us,vs -
lo)—t(w)—2 (4" — @ o (us,v9)) I (- g P
(1 — g=bisr(u)) ieD(uw)
= -1 I - q—bj(uvv))’

J€D(u,v)

= 4q

and the result follows also in this case.
d) vsg WY,

Then s ¢ D(v) and we have two cases. In the first one, we have v(1) < v(i+1) < 0
and this implies that N(us,v) = (N(u,v)\ {t+1})U{i}, b;(us,v) = b;(u,v) for all
J € n]\{t+ 1}, bi(us,v) = bip1(u,v). It follows that

D(us,v) \ {i} = D(u,v) \ {i + 1},

i € D(us,v)ifand only ifi+1 € D(u,v), gj(us,v) = Ej(u,v) for all j € [n]\{s,i+1}
and Bi(us, v) = ZN)H_l(u, v). Hence, by Theorem 2.1 and the induction hypothesis, if
i € D(us,v), D(us,v) = D(u,v) and the thesis easily follows; otherwise if ¢ €

D(us,v) we have,

Eu,v (Q) - uns,v(Q)



because lw)i(us, v) = IN)H_l(u, v).

In the second, we have 0 < v(z) < v(z + 1) and this implies that N(us,v) =
(N(u, o)\ {e}H)U{i+1}, bj(us,v) = bj(u,v) forall j € [n]\{i+1}, biz1(us,v) = b;(u,v).
It follows that

Dlus, o)\ {i 41} = D(u,o)\ i,
i+1 € D(us,v)ifand only if ¢ € D(u,v), gj(us,v) = gj(u,v) for all j € [n]\{s,i+1}
and ZN)Z'_H(uS, v) = ZN)Z(u, v). Hence, by Theorem 2.1 and the induction hypothesis, if
i+ 1 & D(us,v), D(us,v) = D(u,v) and the thesis easily follows; otherwise if
i +1 € D(us,v) we have,

Eu,U(Q) - uns,v(Q) i
ql(u)—l(u) H (1 - q—b](us,v))

JED(us,v)
—bit1(us,w -
)10y (L= ¢ (us)) T (1— g,
(1 - q—bg(u,v)) J€D(u,v)

= q

since IN)Z'_H(us, v) = lw)z(u, v), the result again follows.
Suppose now that s = (—1,1) = so. Then u(l) > 0, and we observe that
us,vs € W7. We therefore have three cases to consider.

1) s & D(v).

Then vs € WY and v(1) > 0. Hence N(us,vs) = N(u,v), b;(us,vs) = b;(u,v) for
all j € [n] and so D(us,vs) = D(u,v) , 1 € D(u,v), l;j(us,vs) = Z;j(u,v), for all
J € [n]\ {1} and the result follows from Theorem 2.1 and the induction hypothesis.

2) s € D(v), and us £ vs.

Then v(1) < 0 so N(us,v) = N(u,v)\ {1}, bj(us,v) = b;(u,v) for all j € [n]\ {1}.
Therefore D(us,v) = D(u,v)\ {1} and l;j(us,v) = Z;j(u,v) for all j € [n]\ {1}.
Also, u < v and us £ vs, so by the remark before the statement of the theorem,

bi(u,v) =1 and hence Bl(u,v) = 1. Hence,

Euo(q) = (¢—1)Eus.(9) ]

— (q 1)ql(u)—l(u)—1 H (1 o q—b](u,v))
J€D(u,w)\{1}

= O T (1= g e,

J€D(u,v)
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3) s € D(v), and us < vs

Then v(1) <0, N(us,vs) = N(u,v), N(us,v) = N(u,v)\{1}, bj(us,vs) = bj(u,v) =
bi(us,v) for all j € [n]\ {1}, and by (us,vs) = by(u,v) —2 = by(us,v) — 1. It follows
that

D(us,v) = D(u,v)\ {1} = D(us,vs) \ {1}
and b;(us,vs) = b;(u,v) = b;(us,v) for all j € [n]\ {1}. Hence,

E%U(q) = (q - q_l)EuS,v Q) —I_ Eus,us(Q)
= (q — q_l)ql(v)_l(“)_l H (1 _ q—gj(us,u))
JE€D(u,w)\{1}
+ ¢/ =lw)=2 I - g tatusws)y, (24)
JE€D(us,vs)
Now we have two cases. If 1 € D(u,v), then 1 € D(us,vs) and IN)l(us,vs) =
I;l(u, v) — 2, so from (24),

Ew(q) = (=172 I (1— ¢
J€D(u,w)\{1}
+ ql(v)—l(u)—?(l o q—gl(us,vs)) H (1 - q—gj(u,v))
J€D(u,w)\{1}
(1 o q—bl(us,vs)—Z) -

H (1 - q—bj(u,v))‘

(1 - q—gl(u,v)) J€D(u,v)

I(v)=i(u)

= 4

If 1 ¢ D(u,v), then 1 & D(us,vs) and from (24) we have that

Euw(q) = (q2 _ 1)ql(’U)—l(u)—2 H (1 . q_bj(uv'U))

J€D(u,v)
+ ql(v)—l(u)—? H (1 o q—bj(u,v))
J€D(u,v)
= O (1= g )

J€D(u,v)

and the result follows. This completes the induction step and hence the proof. O

As in the previous section it is natural to rephrase Theorem 4.5 in the language
of shifted partitions. Let pu, A € j'(n), with ¢ C A. We think of y and A as paths as
explained at the beginning of this section. Then, by Proposition 4.2, the path A lies
(weakly) above the path p. Let 5 € [n] and consider the j-th step of A (from the left).
Following [5] we say that such a step is B-allowable with respect to p if the j-th step
of p is not parallel to it and a;(u, A) is odd. For example, if 4 = (7,4,3,0,0,0,0),
and A = (7,6,5,4,2,0,0) then the j-th step of A is B-allowable with respect to u
exactly if j € {2,5} (see Figure 7).
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Proposition 4.6 Let u,v € W7, u <wv. Then
bj(uv U) = an+1—j(AB(u)7AB(U))

forv =1,....,n. Furthermore n 4+ 1 — j € D(u,v) if and only if the j-th step of
Ag(v) is B-allowable with respect to Ap(u).

This result can be proved in a way similar to Proposition 3.5 and is due Brenti [5].

We can now rephrase Theorem 4.5 in terms of shifted partitions.

Corollary 4.7 Let u,v € W7, u <wv. Then

Euy — qlA\ul H g w\ (25)

where p = Ag(u), A = Ap(v), j runs over all the B-allowable steps of A with respect

to p, and
a0, N = 2a;(p, A) — 1 if the j-th step of u is down,
A= 2a;(p, A) + 1 if the j-th step of u is up.
In particular, F,,(q) depends only on Ag(v)\ Ag(u). O

In the case of a lower interval, the formulas (19) and (25) take up a particularly

simple form.

Corollary 4.8 Let v € WY, Then

LNl(;)+1J I-l(k)-}-lJ

Bol)=q TI (1=¢*) =g I (1—q7*),

J=1 7=1

where A = Ag(v).

Proof. We know from Theorem 4.5 that

Boo(q)=¢'@ I (1—g )y, (26)
JED(ev)
Clearly, N(e,v) = {r € [n] : v(r) < 0}, bi(e,v) = 2b;(e,v) — 1 for all j € [n].
But, b;(e,v) = [{r > 7 : wv(r) < 0}] for j € [n], and D(e,v) = {r € N(e,v) :
b.(e,v) is odd}. Hence,
[Nl(;)+1j
Feu(q) = ¢ (1—q7%9),
7=1
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as desired. From the definition we have that I[(Ag(v)) = Ni(v), so the second
equation follows. a

We close this section with an example. Let n = 7, v = [4,5,-3,-2,6,7, —1],
v=1[6,-57—4,—3,—2,—1] € (SB)7. We have N(u,v) = {2,3,5,6} and D(u,v) =
{3,6}. Since u(3) < 0 and u(6) > 0, from (20) and (19) it follows that

Euo(q) =¢"°(1—q¢) (1 —q¢7).
Observe that Ag(u) = (7,4,3,0,0,0,0) = g and Ag(v) = (7,6,5,4,2,0,0) = A.

The paths corresponding to Ag(v) and Ag(u) are drawn in Figure 7, and the B-
allowable steps are indicated by arrows. We have that as(p, A) = 1 and as(p, A) = 3.

Figure 7.

5 The case (D,, A, 1)

In this section we study the E-polynomials in the case of the pair (D,,, A,—1). Hence
we consider S, the subgroup of SP consisting of all the signed permutations having

an even number of negative entries in their window notation. More precisely

SP = {we SB: Ny(w(1),...,w(n)) =0 (mod2)}.
For the rest of this section, we fix n € P and we let W := SP s, := (s,4 +
D(—e—1,—¢)fori=1,...,n—1, s0:=(1,-2)(=1,2), S := {s0,81,..., 8,1} and

J = S\ {so}. It is well known that (S S) is a Coxeter system of type D, and
that the following characterization holds (see, e.g., [6]).

Proposition 5.1 Let v € SP. Then
Dw)={s; € S:v(i) >v(t+ 1)},
where v(0) := —v(2) and v(n + 1) := 0.
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As in §4 we have that W7 = {ve W : v} (1) < v™}(2) < ... < v7!(n)} and for
every v € W7 v # e, there is a unique k € [n] such that

v (k) <0 <v (k4 1) (27)
and we associate to v the shifted partition
Ap(v) = (—v ' (1) = 1,—v " (2) = 1,..., v~ (k) — 1). (28)
It’s not so hard to see that,

Proposition 5.2 The map Ap defined by (28) is a bijection between W and I(n —
1). Furthermore u < v in WY if and only if Ap(u) C Ap(v) and I(v) = |Ap(v)]| for
all u,v € W7, O

Let A be the subset of Z(n) consisting of all the shifted partition with an even

number of entries different to zero. More precisely,
A:={x= (A1, a,..., M) € j(n) : kiseven},

we call this set the even shifted partitions. Observe that Ag(W7) = A. Since,
for u,v € W', uw < v in (SB)7 if and only if u < v in (SP)7) we have an inclusion
preserving bijection between shifted partition in f(n — 1) and even shifted partitions
in j'(n) Thanks to this bijection we can identify A € j(n — 1) with the lattice path
associated to A € j(n) as explained in §4 after Proposition 4.2. We observe that
this lattice path starts at (0,0), ends after n steps, and has an even number of up
steps. For example, let v = [—4,5,—3,6, -2, —1] € (SP)7, then Ap(v) = (5,4,2,0),
Ap(v) = (6,5,3,1) and the lattice path associate to v is drawn in Figure 8.

/\/\/

Figure 8.

Lemma 5.3 Letv € WY, and j € [n—1]. Then s; € D(v) if and only if Ap(v) has
a peak at n — j. Furthermore, s, € D(v) if and only if the last two steps of Ap(v)

are up.

Proof. Let k defined by (27) and j € [n — 1], we have that s; € D(v) if and only
if v(5) > v(j +1). Since v € W this happens if and only if v(j) > 0 > v(j + 1).
Equivalently, this happens if and only if j € v™!([n]) and j + 1 ¢ v™'([r]). But
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Ap(v) (as a path) has a peak at n — j if and only if its (n — j)-th step is up and its
(n — 7 + 1)-th step is down. But the i-th step of Ap(v) is an up step if and only if

1e€{n+1+ v_l(l), n+1+ U_l(Q), oon+ 1+ v_l(k)}. (29)
Therefore Ap(v) has a peak at n — j if and only if
=i+ 1 (30)

for some i € [k], and

—j # v (i) (31)
for all 7 € [k]. Equivalently, ifand only if j € v~'([—k, —1]) and j+1 € v~ ([—k, —1]),
but by the definition of k, 1 & v=!([—k, —1]) if and only if ¢ & v~'([—n, —1]), which
is if and only if i € v=*([n]), for all 7 € [n]. The result follows.
Now let s, € D(v), this happens if and only if v(1) + v(2) < 0, this implies that
v(1) < v(2) < 0. Follows that v™'(k) = —1 and v™'(k — 1) = —2 and so that the
n-th and the n — 1-th steps of Ap(v) are up. O

The following is exactly the analogue of Proposition 4.4 for permutation in (SP)7.

Proposition 5.4 Let v € W7, and i € [n]. Then the i-th step (from the left) of
Ap(v) (seen as a path) is an up-step if and only if vin +1 —1) < 0. O

Now we are ready to prove the analogue of Theorem 4.5 for the permutations in
(SPY7. The formula is exactly the same but observe that the polynomials are not

always the same in fact the function length is different.

Theorem 5.5 Let u,v € W7, u <wv. Then

Eu,U(Q) = ql(u)—l(u) H (1 - q—b](u,u))’ (32)

J€D(u,v)
where ZN)j(u,v) is defined as in Theorem 4.5.

Proof. We proceed by induction on I(w]) — I(u). If [(wl) — I(u) = 0, we have
w] = v = u and the result is trivially true. So suppose that {(w]) — I(u) > 0 and
let s be such that s ¢ D(u) and us € W7. If s = (=i — 1, —1)(s,7 + 1) for some
i € [n — 1], then the proof is exactly the same as for Theorem 4.5. So suppose that
s = (—=1,2)(1,-2) = so, then we have u(1) + u(2) > 0. We observe that us € W~/
implies that 0 < wu(1) < u(2). Moreover we have that by(u,v) is even for every

u,v € W' and so 1 € D(u,v) . We have four cases to consider.

a) s ¢ D(v), and vs € W7,
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We have 0 < v(1) < v(2), then N(us,vs) = N(u,v) and b;(us,vs) = b;(u,v) for all
j € [n] and so D(us,vs) = D(u,v) and b;(us,vs) = b;(u,v) for all j € [n]\ {1,2}.
Hence, by Theorem 2.1 and our induction hypothesis,

Eu,v(Q) - Eus,vs(Q) i
4O [ (1= g P,
J€D(u,v)

b) s € D(v), and us £ vs.

Hence v(1) 4+ v(2) < 0, and v(1) < v(2) < 0. We have that N(us,v) = N(u,v)\
{1,2}, b;(us,v) = b;(u,v) for all 5 € [n]\ {1,2}. Reasoning as in Theorem 4.5 b),
bi(u,v) > by(u,v) > 0,50 by(u,v) > 2; ba(us,vs) > by(us,vs) so by(us,vs) < —2 and
bi(u,v) —by(us,vs) =4 so by(u,v) =2 and by(u,v) = 1. So D(us,v) = D(u,v)\ {2}
and l;j(us,v) = Z;j(u,v) for all j € [n]\ {1,2} and Bg(u,v) = 1. Hence, by Theorem
2.1 and the induction hypothesis,

Euo(q) = (¢—1)Eus.(9)
= (q—1)g'™!

c) s € D(v), and us < vs
We have v(1) 4+ v(2) < 0, and v(1) < v(2) < 0. So N(us,vs) = N(u,v), N(us,v) =

N(u,v) \ {1,2}, b;j(us,vs) = b;(u,v) = bj(us,v) for all j € [n]\ {1,2}, and
by(us,vs) = ba(u,v) — 2. It follows that

D(us,v) = D(u,v)\ {2}, D(us,vs) = D(u,v),

l;j(us,vs) = ZN)j(u,v) = Z;j(us,v) for all j € [n]\ {1,2}, and Bg(us,vs) = i)g(u,v) - 2.
Hence, by Theorem 2.1 and our induction hypothesis,

Eu,v(Q) = ((] - q_l)EuS,v(Q) + Eus,us(Q) ~
= (q _ q—l)ql(v)—l(u)—l H (1 _ q—b](u,v)) +
JE€D(u,w)\{2}
+ ql(v)—l(u)—Z(l - q—bg(us,vs)) H (1 - q—bj(u,v))
J€D(u,w)\{2}

(-1 — 4 I (1— g b
- q )s
(1 - q—bg(u,v)) J€D(u,v)

—by (us,vs)—?)

= 49

and the result follows.
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d) vsg W’

We have two cases. Suppose that v(1) > 0 and v(2) < 0. We have N(us,v) =
(N(u,0) UL} \ {2}, by(us,0) = by(us, o) for all j € [n]\ {1,2} and,

bi(u,v) = by(u,v), (33)

bi(us,v) = by(u,v) — 2. (34)

Since by(u,v) is even, (33) implies that 2 € D(u,v), and (34) implies that 1 ¢
D(us,v). It follows that D(u,v) = D(us,v) and l;j(us,v) = l;j(u,v) for all 5 €
[n] \ {1, 2}, so the thesis follows immediately by induction.

Suppose now that v(1) < 0 and v(2) > 0. Then N(us,v) = (N(u,v)U{2})\ {1},
bi(u,v) = b;(us,v) for all [n]\ {1,2} and

bi(u,v) = by(us,v) + 2. (35)

Since by(u,v) is even, (35) implies that 2 € D(us,v). It follows that D(u,v) =
D(us,v) and Ej(us,v) = Z;j(u,v) for all 5 € [n]\ {1,2}, so the thesis follows imme-
diately by induction. This completes the proof. O

As in the previous cases it is natural to rephrase Theorem 5.5 in the language
of shifted partitions. Let A\, u € A, with A C u. We think g and X as paths as

explained in §4. So using Proposition 4.6 we have that

Corollary 5.6 Let u,v € W7, u < wv, then

E..(q) = ¢TI — ¢ (36)
J

where p = Ap(u), A = Ap(v), 7 runs over all the B-allowable steps of A with respect
to u, and aj(u,v) is defined as in Corollary 4.7. In particular, E,.(q) depends only
on Ap(v)\ Ap(u). O

For lower intervals we obtain the following

Corollary 5.7 Let v € WY, Then

Ny (v) HA)
2

Eeu(q) = ¢ TT (1 — ¢ = M [ (1 — g7,
7=1

J=1

where A = Ap(v).

Proof. The results follows immediately from Corollary 4.8 | observing that Ni(v)

is even for every v € WY, O
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6 The cases (B,,B, ) and (D,, D, )

In this section we analyze the E-polynomials in the cases (B,,, B,—1) and (D,,, D,—1).
We start with the first one. We use the same notations as in §4, hence W = S5,

n

S = {s0,81,...,8,-1} and s, = (=1,1), but now we let .J := S\ {s,-1}, so as to
have Wy = B,_;. It follows that the quotient W7 is a totally ordered set, more

precisely is the chain
J _
WY =€, 801, s 81-18n-2 - - - 5150, Sp—1 « - - S180S1s -+« Sn_187-2 - - S18081 - - - Sp_1 }-

Proposition 6.1 Let (W, S) be a Coxeter system, J C S and u,v € W7 such that
u <wv. If [u,v]’ is a chain, then

Euu(q) = ¢ — ¢7).

Proof. We proceed by induction on I(wd) — I(u). If [(w]) — {(u) = 0 the result is
trivially true. So suppose that I(wg) —I(u) > 0 and let s ¢ D(u) and us € W7/. We
have four cases to consider.

a) s ¢ D(v), and vs € W7,

Then the result follows immediately by induction.

b) s € D(v), and us £ vs.

We know that [u,v]? is a chain, so us £ vs implies that us = v. It follows that
Ev(q) = (g = 1) Eusn(q) = q(1 —q7).

c) s € D(v), and us < vs.

We have
Eun(q) = (¢— ¢ )77 (1 = ¢71) 4+ ¢TI — g7
= ' (1 — g7h)g? = ¢TI — 7).
d) vs g W',
Then the result follows immediately by induction. O

By the comment preceding the proposition this settles the case (B,, B,_1).

Let’s examine the case (D, D,_1). Using the notations of §5 we let W = D,,,
S = {so,... 801} and so = (—1,2)(1,—2). Now we let J := S\ {s,_1}. The

quotient can be written in this form
W' ={weW :w'(-2)<w (1) <...<w(n-1)},

and its Bruhat order is drawn in Figure 9.
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Figure 9.
Moreover we know the unique reduced expression of each w € W, in fact the
n — 1 elements in the chain on the bottom are e,s,_1,...,8,_1---83, the n — 1
elements in the chain on the top are s,_;---828081,...,85_1 " 82808182 Sn_1,

and the remaining two elements are exactly s,,_1---s259 and s,_1 - - - $351. So every
i € [2,n — 1] identifies two elements in the quotient, u; := s,_1 -+ - ; in the chain
on the bottom, and v; := s,_1 -+~ 828081 - - - 8; in the chain on the top. Moreover we
define u,, := e.
Note that for all 7 € [2,n] and and for all j € [1,n — 1] we have Ip(u;) = n — i, and
ZD(U]‘) = n—l—] — 1.

We call (u,v) a equidistant pair if there exists ¢ € [2,n] such that v = u; and
V= V;_1.

The verification of the following observation is left to the reader.

Lemma 6.2 Let u,v € W7. If (u,v) is an equidistant pair then u='(5) = v=1(j)
forall j € [2,n —1]. O
Proposition 6.3 Let u,v € W’. Then

(¢~ —g)(1 = ¢7Y) if (u,v) is equidistant
Eunl@) =9 L=ty _ g1 ~

q (1—¢7" otherwise.
Proof. We have three cases to consider.
1) (u,v) = (us,v;), with s € [2,n],and j € [I,n — 1]\ {z — 1}.
If 7 >4, then w; = s,-1---8; and vj = $,1 -+ 528081 - - - 8;. Hence s;,_; € D(u;) and
u;si_1 = u;_1 € W7, while v;s; 1 € WY so we have Ey;v,(q) = qFy_, 2;(q). We have

1 — 2 steps like this to do, and one more step for s = sg, so at the end we have

Eui7vj (q) = qi_zEu%UJ (q) = qi_lEu2507UJ (q) (37)

Now [u250, v;]” is a chain with j steps and so by Proposition 6.1 it follows F,,, sow; (4) =
¢~'(g— 1) and so from (37) we are done.
If j <o —1, after (: — j — 2) steps in the diagram we have

B, (q) = ¢y, ,0,(0). (38)
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The next step is for s = s;41; $j41 € D(ujz2) and s;41 € D(v;), so by the first part

of the proof we have

E“J+27UJ (q) = Eu]+17UJ+1(q) = q2j+1(1 - q_l)'
and the result follows from (38).
2) (u,v) is an equidistant pair.

We proceed by induction on 7. If 1 = 2, then uy = s,_1--- sy and vy = s,_1 - - - $28051.
Hence so & D(us3), so € D(v1) and uzsg £ v150, 50 Fuyuy (q) = (¢ — 1) Fuyson (q). In
the second step, s := s; we have u35081 € v181 50 Fuy 0, (q) = (¢ — 1)*Euysysy o (9)
= (q — 1), since vy = u28051.
So suppose i > 2. Then s;_; & D(u;), u;s;1 = w;_y € W/ and v;_y5,_1 = v,y € W/
so since u;_, < v;_y we have

Euuwa(‘]) = ((] - q_l)Eue‘—uv@—l(Q) + Eul‘—l,vi—z (q)

By case 1), Eu_,u_,(q) = ql(“i—l)_l(“"—l)(l — ¢ ") and by induction, F,,_, ,_,(q) =
q'(vi-2)=Uui-1)(1 — ¢=1). The result follows.

3) [u,v]” is a chain.

The result follows by Proposition 6.1. This completes the proof. O

7 Consequences and further remarks

In this section we derive some consequences of our results. We start by proving that
the E-polynomials are combinatorial invariants, i.e. that they depend only on the
poset [u,v]”. To do this we need a purely order theoretic result on skew partitions,

that was first proved in [4, Lemma 5.5].

Lemma 7.1 Let p,v be two connected skew partitions that are isomorphic as posets.

Then either p~v orp =~ 1.
We can now prove the main result of this section.

Corollary 7.2 Let J C S, asin §3, §4, §5, and u,v € W7, 2,y € W’ be such that
[u,v]” = [z,y]7. Then
Eu,U(Q) = El‘7y(q)'

Proof. Now we prove this result in the case when W = S,,. By Proposition 3.2 we
have that [u,v]’ is isomorphic, as a poset, to the interval [A(u), A(v)] in Young’s

lattice. But it follows immediately from the definitions and well known results in
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the theory of partially ordered sets (see, e.g., [18, §3.4]) that the subposet of join-
irreducibles of [A(u), A(v)] is isomorphic to A(v) \ A(u), where the skew partition
A(v) \ A(u) is seen as a poset. Therefore, since [u,v]” = [z,y]”, we conclude that
A(v) \ Au) = A(y) \ A(z) (as poset), and the result follows from Lemma 7.1 and
Corollary 3.6.

Similarly, we can prove the result for the other cases, but we need to replace Propo-
sition 3.2, Corollary 3.6 and A for (C,,, A,—1) with Proposition 4.2, Corollary 4.7 and
Ag, and for (D,, A,—1) with Proposition 5.2, Corollary 5.6 and Ap, respectively. O
Note that in the case when W = §,, the proof of Corollary 7.2 applies whenever

[, v]® = [z, y]7 with K, H C S, |K| = |H| =S| - 1.

We conclude this section by discussing the connections mentioned at the end of

the introduction. In [14], Gabber and Joseph define for every u,v € W a polynomial

/

R, (q) = Y (=)=~ gkdim(Ext*(M,, M,))

k>0

and they conjectured (although this is not explicitly stated) that

/

R, .(q) = Ru.(q).

This conjecture is not true (see [2]), but the R and the R-polynomials are not so
different. In fact, Carlin shows that the R'-polynomials are monic of degree [(v)—I(u)
(see [8, Theorem 3.8]) as are the R-polynomials, and proves that the conjecture is
true in two cases: when /(v) —I(u) < 3 (see [8, Proposition 3.13]) and when (u,v) is
a Coxeter pair ([8, Proposition 3.11]). The F-polynomials play the same role as the
R'-polynomials in the generalized case, so it is natural to wonder about the analogous
question, i.e. if F,,(q) = Riv(q), where Riv(q) are the parabolic R-polynomials
(see e.g., [12]). This question also has a negative answer. In fact, for example, let
v=1_[3,4,1,2,5] € Sf\{(Q’S)}, then we have that Riv(q) =q*(1 —q¢ ") (1 —¢?), while
Eeo(q) =q'(1—q7")(1 —q7).

However, we can prove the analogous of the results of Carlin, for generalized Verma

modules. The first two results are very simple, and their proofs are immediate from

Theorems 3.4, 4.5 and 5.5.

Corollary 7.3 Letu,v € W/, u <wv. Then E,,(q) is a monic polynomial of degree

[(v) = I(u). O
Corollary 7.4 Let u,v € WY. Ifu < v then

dim(Ext' ™™™ (N, N,)) = 1.
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In [4] Brenti finds explicit formulas for the maximal parabolic R-polynomials

of the symmetric group and, in [5] for the group of signed permutations, when

J =5\ {so}. He proves the following

Theorem 7.5 Let u,v € S7, u<wv. Then

R (q) = gNO\AIT](1 — g AEACD)
J

where j runs over the allowable steps of A(v) with respect to A(u).
Theorem 7.6 Lel u,v € (SP), u<wv. Then

Riu(Q) = q|AB(U)\AB(u)| H(l - q_BJ(AB(“)vAB(U)))

J

where j runs over the B-allowable steps of Ag(v) with respect to Ag(u) and

- ] a;(Ag(u),Ag(v)) if the j-th step of Ag(u) is down,
bi(As(u), Ap(v)) = { a;(As(u),Ag(v)) + 1 if the j-th step of Ap(u) is up.

The author will prove in another paper that the formula in Theorem 7.6 can be

extended to the case W = SP, but we need to replace Ag by Ap.

Our and Brenti’s formulas are very similar, and it is easy to see that the following
results hold. The statements and proofs are given for W = 5,,, but the results are
also true for S and SP. We simply need to replace A by Ag and Ap, respectively.

We say that a skew partition is a border strip (also called a ribbon), if it contains

no 2 x 2 square of cells.

Proposition 7.7 Let u,v € W7 be such thal the skew partition A(v) \ A(u) is a
border strip. Then

Euo(q) = R ,(q).

O
So, in particular, we obtain the analog of Proposition 3.13 of [8].
Corollary 7.8 Let u,v € W7, Ifl(v) — I(u) < 3 then
dim(Ext*(N,, N,)) = r{(u,v)
where 1 (u,v) is the absolute value of the coefficient of ¢ in Riv(q). O

Let u,v € W7, we call (u,v) a generalized Coxeter pairif r{(u,v) = l(v) — (u).
The next result is the analogous of Proposition 3.11 of [8].
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Proposition 7.9 Let u,v € W7. If (u,v) is a generalized Coxeter pair then

dim(Ext*(N,, N,)) = 17 (u, v) = (Z)

fork=0,...,n, where n =1(v) — l(u).

Proof. If (u,v) is a generalized Coxeter pair then the only possibility is that
Riv(q) = ¢"(1 — ¢~")". This means that the skew partition A(v)\ A(u) is a border
strip, and so the result follows by Proposition 7.7. O

It seems that the situation is exactly analogous, hence we are led to think that,
as for the generalized Verma modules, there should exist a recursion formula also

for the ordinary ones. So, we close this paper with this proposal.
Problem: find a recursion formula for the R'-polynomials.
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