
� � � � �� �� �

� 	 
 � � ��� �  � � � 	 �� 
 � � �
� �� � � � � �
 � ��	 �� 


�� ����� !� �" �#$"��!% & '$  �%#!() � *#$+�)�$ �, �$  �%#!�� +�" ) #+(,�" - ,� �%#!() � +� �#)���� % � & "�" �!�) �(!�" �#$"%.'�$��" / �#))�$0#$" ��! %$#$��! �� �%#!() � .'� "�!� +%)#$ !% +�$" ,� ��!�1!���� "'�2�$ 34 /45 /
6 78 9 :;:<=> ?@ AB=;CDE F ?F <;E GH<IA=
JKLMNOPQ R ST UVMPWXYZ[L \S ] ^_`

Σ ab cbd ce fgc h ijb ^b kjd `cg la c `^a` d ^admcbd ce fgcn b_ hc Σ o ab e ^hpgcq r g^sd Σ o ab e ^hpgcqtuQNYZYQ R SR S v#$ !�! .'� , w%$#$�% "'�2�$ �" %.'�2�,�$ �'  �%#!() � +� �#)��x�� % y "#��$ 
Σ

'$ �$"�)z,� + w%$#$�%" � 
φ

'$� �#$"%.'�$�� +�
Σ

3
Σ ` φ

5 �,#!"
φ

�" �#$"%.'�$�� + w'$� ��! �� {$�� +�
Σ

/
tuQNYZYQ R S| S

}/ ~$�  �%#!�� .'� - � #'!  #' �$ ��!
n

- � '$ )#+(,� +� ��!+�$�,� % �,'" 1!�$+ .'�
n

- � '$ )#+(,� �${$� /
4 / �, $ w�� �" � ��" +�  �%#!�� +�$" ,� ,�$1�1�

Lord

+#$ ,�" )#+(,�" "#$ �!%��"%) �$ ,�" #!+!�" {$�" /
� / �, $ w�� �" � ��" +�  �%#!�� +�$" ,� ,�$1�1�

Lann

+#$ ,�" ) #+(,�" "#$ �!%��"%) �$ ,�" �#!�" {$�" /
��  �%#!() � +� �#)���� % " w���!�) �  #�#,#1�.'�) �$ +� ,� *�0#$ "'�2�$ � y $#'")'$�""#$" , w�$"�)z,�

T
+�"  �%#!��" �#)�,( �" +�$" ,� ,�$1�1�

L
+ w'$�  #� #,#1�� / � #' %$#$�%

φ
- #$ �""# ��� , w�$"�)z,�

〈φ〉
+�"  �%#!��" �#)�,( �" �#$ �$�$ 

φ
/ � ,#!" ,�"

〈φ〉
*#!) �$ '$� z�"� + w#'2�! " �#'! '$�  #� #,#1�� - ��! "�

φ1

� 
φ2

"#$ +�'� %$#$�%" -
〈φ1〉 ∩ 〈φ2〉 = 〈φ1 ∧ φ2〉

/ v'$� +� ��  �  #�#,#1�� -
T

�" '$ �"���� "%��!% y "�
T1

� 
T2"#$ +�'�  �%#!��" �#)�,( �" +�" �$� �" �,#!" �, �� �" � '$ %$#$�%

φ ∈ T1

 �, .'�
φ /∈ T2

/�#$�
〈φ〉

� 
〈¬φ〉

"#$ +�" 2#�"�$�1�" +�"� #�$ " !�"� �� �2�) �$ +�
T1

� 
T2

/ �� �"����
}�



}�
T

�" +� �,'"  # �,�) �$ +�"�#$ �$' - � w�" x&x+�!� �, �+)� '$� z�"� + w#'2�! " .'� "#$ *�!) %" y ,� �#)�,%) �$ ��!� +�
〈φ〉

�" 
〈¬φ〉

/ ��! �#$"%.'�$ -  #' � ��! �� �#$$��� +�
T�" "#� 2 �+� - "#� !%+'� � & '$ �#�$ /

JKLMNOPQ R S� UVMPWXYZ[L \S � icd�okc T hcd `� j^s_cd k^e� gp`cd hobd gc gob�o� c Lcd` k^e�ok`qtuQNYZYQ R S� S ��" +�'� %$#$�%" ��x+�""'" +'  �%#!() � +� �#)���� % "#$ %.'�2�,�$ " /
tuQNYZYQ R S� S ��" #'2�! "x*�!) %" +�

T
"#$ ,�" ��! ��" +� ,� *#!) �

〈φ〉
�#'!

φ
'$%$#$�% +�

T
/

	 �1�!+#$" ) ��$ �$�$ '$ �#!#,,��!� +'  �%#!() � +� �#)���� % �$  �!) �" + w�$x"�)z,�" +%{$�""�z,�" /
VMNM 

XZNQ R S� UVMPWXYZ[L \S ] ^_`

M ab c Lmd`sa k`asc c` (φi(x̄, m̄i))i∈I q ] _ � ^as `^a`c
�os`_c n b_c I0 hc I � _g c _d`c ā ∈ Mn

`cg la c � ^as `^a`
i ∈ I0 � M |= φi(ā, m̄i) og^sd_g c _d`c ab c c `cbd_^b jgje cb`o_sc N hc M c` ā ∈ Nn

`cg la c � ^as `^a`
i ∈ I �

N |= φi(ā, m̄i) q�b h ioa`scd `cse cd� d_ (Di)i∈I cd` ab c � oe _g gc hc �os`_cd hcMn hjn b_ddofgcd hobd M`cg la c `^a`c _b`csd ck`_^b n b_c hc �os`_cd hc kc``c � oe _g gc cd` b ^b �_hc hobd go d`sa k`asc
M og^sd kc``c � oe _g gc o ab c _b`csd ck`_^b b^b �_hc hobd ab c c `cbd_^b jgje cb`o_sc hc
M q
� je ^bd`so`_^b q �#� 

c̄
'$

n
x'�,� +� $#'2�,,� �#$" �$ � / �#$"�+%!#$" , w�$"�)z,� + w%$#$x�%"

Σ := Th(M,M) ∪ {φi(c̄, m̄i) : i ∈ I}+�$" ,� ,�$1�1�
L ∪ {m : m ∈ M} ∪ {c̄}

/ � ,#!" ��! ���# �("� - �#'!  #' � ��! �� {$��+�
Σ

- �, �� �" �
ā ∈ Mn

 �,,�
〈M,L,m, ā : m ∈ M〉

"#� )#+(,� +� ��  � ��! �� {$�� /�#$� ��! ,�  �%#!() � +� �#)���� %
Σ

�" �#$"�" �$ / �#� 
N

'$ )#+(,� +�
Σ

�,#!", w�$ �!�!% � �#$ +�" �#$" �$ �"
{m : m ∈ M}

*#!) � '$� "#'"x" !'� '!� %,%) �$ ��!� +�
N ′

- ,� " !'� '!� "'!
N

!%+'� � �' ,�$1�1�
L

/ ��  � "#'"x" !'� '!� �" �"#) #!��� &
M��!

N |= Th(M,M)
/ ��! '$ �"#) #!���") � - #$ ��' +#$� "'��#"�! .'�

M
�" '$�"#'"x" !'� '!� %,%) �$ ��!� +�

N ′ � , w�$ �!�!% � �#$
ā ∈ Nn

+�
c̄

+�$"
N

�)�,�.'� .'��#'!  #' 
i ∈ I

-
N ′ |= φi(ā, m̄i)

/
tuQPW 
Q R S� S

}/ �Q� Q�[ZQN� �M���[X��XN�� y �, �� �" � '$� �� �$"�#$ %,%) �$ ��!� +� ,� " !'� '!�
〈N, 0, 1,+, ·〉

�#$ �$�$ '$ �$ ��! 3$#$x" �$+�!+5 $#$ $', .'� �" +�2 �"�z ,� ��!  #'",�" �$ ��!" " �$+�!+" $#$ $'," 3,�" �$ ��!" +�
N∗5 /4 / �Q� NLQ 
� �M���[X��XN�� y �, �� �" � '$� �� �$"�#$ %,%) �$ ��!�

R′
+� ,� " !'� '!�

〈R, 0, 1,+,−, ·, <〉
�#$ �$�$ '$ !%�,

c
3$#$x" �$+�!+5 " !�� �) �$ �#"� �* .'� �" Z��� ZP Q�[ W Q[Z[ - � w�" x&x+�!�  �, .'� � #'!  #' !%�,

r
" �$+�!+ " !�� �) �$ �#"�x �* 3

r ∈ R
-
r > 0

5 -
0 < c < r

/ �$ � �,#!" �#'!  #' 
r′ ∈ R′ �MN�L 3 �, .' w�, �� �" �

r0 ∈ R
�2��

−r0 < r′ < r0
5 - �, �� �" � '$ '$�.'� !%�, " �$+�!+

r ∈ R
Z��� ZP Q�[WNM YKQ +�

r′
/ �$ ����,,�

r
,� WXN[ZQ �[X��XN� +�

r′
/
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I
'$ �$"�)z,� $#$ 2 �+� / ~$ �$"�)z,�

F
+� ��! ��" +�

I
�" '$

�
[NQ "'!
I

"� y
� I ∈ F

� 
∅ /∈ F

-
� "�

X, Y ∈ F
�,#!"

X ∩ Y ∈ F
-

� "�
X ∈ F

� 
X ⊂ Y

�,#!"
Y ∈ F

/~$ � 
[NX� 
[NQ �" '$ {, !� ) ���) �, � #'! , w�$�,'"�#$ /
tuQNYZYQ R ST� S ~$ {, !�

U
"'!

I
�" '$ ', !�{ , !� ""� � #'!  #' � ��! ��

A
+�
U

-
A

#'
I − A

�" +�$"
U

/
tuQNYZYQ R STTS 	#' {, !� "'!

I
�" �#$ �$' +�$" '$ ', !�{ , !� / 3�$ ' �,�"�!� ,� ,�))�+� 
#!$5 /

� , w��+� + w'$ ', !�{ , !� - #$ ��' �#$" !'�!� +� $#'2�,,�" " !'� '!�" & ��! �! + w'$�*�) �,,� +� " !'� '!�" +#$$%� y
� L�� Z[ ZM� R STR S �#� 

(Mi)i∈I

'$� *�) �,,� +�
L

x" !'� '!�" � 
U

'$ ', !�{ , !� "'!
I
/� w' , !��!#+'� ∏

i∈I Mi/U
�" ,� " !'� '!�

M
"'�2�$ � y

}/ ,� +#)��$� +�
M

�" ,� �!#+'� +�"
Mi

)#+',# ,� !�,� �#$ + w%.'�2�,�$�� "'�2�$ � y
(ai)i∈I ∼ (bi)i∈I

"� � "�',�) �$ "�
{i ∈ I : ai = bi} ∈ U.��  � !�,� �#$ �" +� ) �$�(!� %2 �+�$ � !%��� �2� � "�)% !�.'� / ��  !�$"� �2 � %+%�#',� +' *�� .'�

U
�" '$ {, !� y #$ �

{i ∈ I : ai = ci} ⊃ {i ∈ I : ai =
bi} ∩ {i ∈ I : bi = ci}

/ �$ $# �!�
[ai]i∈I

,� �,�""� )#+',#
U

+� , w'�,�
(ai)i∈I

/
4 / � #'!  #' � �#$" �$ �

c ∈ L
- #$ �#"�

cM := [cMi ]i∈I

/
� / � #'!  #' � *#$� �#$

n
x��!�

f
+�

L
- #$ � #"�

fM : ([a1

i ]i∈I , . . . , [a
n
i ]i∈I) 7→ [fMi(a1

i , . . . , a
n
i )]i∈I .

� / � #'!  #' � !�,� �#$
n
x��!�

R
+�

L
- #$ �#"�

RM := {([a1

i ]i∈I , . . . , [a
n
i ]i∈I) ∈Mn : {i ∈ I : (a1

i , . . . , a
n
i ) ∈ RMi} ∈ U}.tuQNYZYQ R ST| S  %!�{�! .'� ,�" *#$� �#$" � !�,� �#$" "#$ z��$" +%{$��" - � w�" x&x+�!�.' w�,,� $� +%� �$+�$ ��" +' ��#�� +�" !��!%"�$ �$ " / �# �! +� �,'" .'� ,� +%{$� �#$ +�

=M �#!!�"�#$+ & ,� 2!�� %1�,� % "'!
M

/
JKLMNOPQ R ST� UVNZ[ONQ �Q �M�\S ] ^_`

U ab ag`son g`sc das
I c` (Mi)i∈I ab c � oe _g gchc Lmd`sa k`ascd q ] _

m̄ = ([m1

i ]i∈I , ..., [m
n
i ]i∈I) cd` ab nma� gc hobd g ia g`so� s^ha_`

M :=∏
i∈I Mi/U c` φ(x̄) cd` ab c � ^seagc� og^sd

M |= φ(m̄) d_ c` d cagce cb` d_ {i ∈ I : Mi |= φ(m1

i , ..., m
n
i )} ∈ U.

�b �os`_kag_cs d_ θ cd` ab jb^b kj og^sd M cd` e ^hpgc hc kc` jb ^b kj d_ c` d ca gce cb` d__g c _d`c X ∈ U
`cg la c � ^as `^a`

i ∈ X � Mi cd` ab e ^hpgc hc θ q



}�
� je ^bd`so`_^b q �$ �#))�$�� ��! 2%!�{�! ��! �$+'� �#$ "'! ,� �#$" !'� �#$ +�"  �!) �".'� "�

t(x̄)
�" '$  �!) � �,#!"

tM(m̄) = [tMi(m1

i , ..., m
n
i )]i∈I .

��! +%{$� �#$ +� , w', !��!#+'� - � w�" %2�+�$ "�
t(x̄)

�" '$� �#$" �$ � #' '$� 2�!��z,� /
�#��$ 

t1(x̄), ..., tk(x̄)
+�"  �!) �" �#'! ,�".'�," ,� �!#�!�% % �" 2%!�{%� � 

f ∈ L
'$�*#$� �#$

k
x��!� / ��! ���# �("� +� !%�'!!�$�� - �#'!  #' 

j ∈ {1, ..., k}
-

tMj (m̄) = [tMi

j (m1

i , ..., m
n
i )]i∈I ,

� ��! +%{$� �#$ +� , w' , !��!#+'� -
(f(t1, ..., tn))

M(m̄) = fM(tM
1

(m̄), ..., tMn (m̄))

= [fMi(tMi

1
(m1

i , ..., m
n
i ), ..., tMi

n (m1

i , ..., m
n
i ))]i∈I

= [f(t1, ..., tn)Mi(m1

i , ..., m
n
i ))]i∈I .

�$ 2%!�{� ) ��$ �$�$ ,� �!� (!� +� �#" ��! �$+'� �#$ "'! ,� �#$" !'� �#$ +�" *#!)',�" /
��! +%{$� �#$ +� , w' , !��!#+'� � ��! �� .'� �!%�(+� ,� �!� (!� �" %2�+�$ � #'! ,�"*#!)',�" � #) �.'�" /

�'��#"#$" ,� �!� (!� 2%!�{% �#'! +�'� *#!)',�"
φ(x̄)

� 
ψ(x̄)

/ � ,#!"
M |= (φ∧ψ)(m̄)""�

X := {i ∈ I : Mi |= φ(m1

i , ..., m
n
i )} ∈ U

� 
Y := {i ∈ I : Mi |= ψ(m1

i , ..., m
n
i )} ∈ U

/�#))�
U

�" '$ {, !� -
X ∈ U

� 
Y ∈ U

�" %.'�2�,�$ &
X ∩Y ∈ U

/ � !
X ∩Y = {i ∈

I : Mi |= (φ ∧ ψ)(m1

i , ..., m
n
i )} ∈ U

- +#$� ,� �!� (!� �" �,#!" 2%!�{% � #'!
(φ ∧ ψ)

/
�$ � �'""�

M |= ¬φ(m̄)
""�
X /∈ U

/ �#))�
U

�" '$ ', !�{ , !�
X /∈ U

""�
I\X ∈ U

/
� !

I \X = {i ∈ I : Mi |= ¬φ(m1

i , ..., m
n
i )}

- +#$� ,� �!� (!� �" %1�,�) �$ 2%!�{% �#'!
¬φ

/
�'��#"#$" ) ��$ �$�$ ,� �!� (!� 2%!�{% �#'! '$� *#!)',�

φ(y, x̄)
/ �#� 

X := {i ∈ I :
Mi |= ∃yφ(y,m1

i , ..., m
n
i )}

/ � �
M |= ∃yφ(y, m̄)

�,#!" �, �� �" �
[m̄0

i ]i∈I ∈ M
 �, .'�

M |=
φ([m̄0

i ]i∈I , [m̄
1

i ]i∈I , ..., [m̄
n
i ]i∈I)

/ ��! ���# �("� -
Y := {i ∈ I : Mi |= φ(m0

i , m
1

i , ..., m
n
i )} ∈

U
/ �#$�

X ∈ U
��!

X ⊃ Y ∈ U
/ 	 %���!#.'�) �$ - "�

X ∈ U
- ��#�"�""#$" � #'!  #' 

i ∈ I
-
m0

i ∈ Mi

 �, .'� "�
Mi |= ∃yφ(y,m1

i , ..., m
n
i )

�,#!"
Mi |= φ(m0

i , m
1

i , ..., m
n
i )

/ � ,#!"
{i ∈ I : Mi |= φ(m0

i , m
1

i , ..., m
n
i )} = X

� +#$� - ��! ���# �("� -
M |= φ([m̄0

i ]i∈I , [m̄
1

i ]i∈I , ..., [m̄
n
i ]i∈I)

/�� �!� (!� �" +#$� �,#!" 2%!�{�! �#'! ,� *#!)',�
∃yφ

/
� je ^bd`so`_^b ha [KLMNOPQ �Q YMPWXYZ[L q �#$"�+%!#$"

Σ
'$ �$"�)z,� + w%$#$�% {x$�) �$ �#$"�" �$ � �#'!  #' � ��! �� {$��

i
+�

Σ
- "#� 

Mi

'$ )#+(,� +�
i
/ �#'" �,,#$")#$ !�! �$ ' �,�"�$ ,� �!� (!� +� �#" .' w'$ ', !��!#+'� +�"

Mi

�" ) #+(,� +�
Σ

/
�#� 

I
, w�$"�)z,� +�" ��! ��" {$��" +�

Σ
- � �#'!  #' 

i ∈ I
- "#� 

Ii := {j ∈ I : j ⊃ i}
/� ,#!"

F := {X ⊂ I : X ⊃ Ii
�#'! '$

i ∈ I}
�" '$ {, !� "'!

I
/ �$ ��� y

I{∅} = I ∈ F �
∅ /∈ F �

"�
X ⊃ Ii

� 
Y ⊃ Ij

�,#!"
X ∩ Y ⊃ Ii∪j �

"�
X ⊃ Ii

� 
X ⊂ Y

�,#!"
Y ⊃ Ii

/
�#� 

U
'$ ', !�{ , !� �#$ �$�$ 

F
� 

M
, w' , !��!#+'� ∏

i∈I Mi/U
/ � ,#!"

M
�" '$)#+(,� +�

Σ
y �$ �� � � #'!

θ ∈ Σ
-
Mi |= θ

�#'!  #' 
i ∈ I{θ}

- +#$� ��! ,� �!� (!� +�
�#"

M |= θ
/
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M1 c` M2 d ^b` hca Lmd`sa k`ascd jgje cb`o_sce cb` jla_�ogcb`cd�cg gcd ^b` ab c c `cbd_^b jgje cb`o_sc �k^eeabc � � _g c _d`c ab c Lmd`sa k`asc N
`cg gc la c

M1 c` M2 d c � g^b� cb` jgje cb`o_sce cb` hobd N q
� je ^bd`so`_^b q �$ � �' "'��#"�! .'�

M1∩M2 = ∅
/ �#$"�+%!#$" , w�$"�)z,� + w%$#$�%"

Σ := Th(M1,M1)∪Th(M2,M2)
+�$" ,� ,�$1�1�

L∪{m1 : m1 ∈M1}∪{m2 : m2 ∈M2}
/

	 �) �!.'#$" .'� ,�" ) #+(,�" +�
Σ

�#!!�"� #$+�$ �'� �� �$"�#$" %,%) �$ ��!�" �#) x)'$�" &
M1

� 
M2

/ �#'" �,,#$" +#$� )#$ !�! .'�
Σ

�" �#$"�" �$ / ��! �#)���� % - �,�" "'� "�$ +� ) #$ !�! .'�  #' *!�1) �$ {$� +�
Σ

�" �#$"�" �$ / ~$ *!�1) �$ {$� +�
Σ

�" %.'�2�,�$ & ,� �#$� #$� �#$ + w'$ %$#$�%
θ1(m̄1)

+�
Th(M1,M1)

� + w'$ %$#$�%
θ2(m̄2)

+�
Th(M2,M2)

/ � ,#!"
M1 |= ∃x̄θ2(x̄)

��!
M1

� 
M2

"#$ %,%) �$ ��!�) �$ %.'�2�,�$ � � 
M2 |= θ2(m̄2)

/ �#� 
m̄′

2
∈ M1

-  �, .'�
M1 |= θ2(m̄

′
2
)
/ � ,#!" �$ �$ �!�!%x �$ 

m̄2

��!
m̄′

2

+�$"
M1

- #$ *�� +�
〈M1, L, m̄1, m̄

′
2
〉

'$ )#+(,� +�
θ1(m̄1)∧θ2(m̄2)

/
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(Mi)i∈I cd` ab c � oe _g gc hc Lmd`sa k`ascd jgje cb`o_sce cb` jla_�omgcb`cd� kcd d`sa k`ascd ^b` ab c c `cbd_^b jgje cb`o_sc �k^eeabc �q
� je ^bd`so`_^b q �#$"�+%!#$" ��� , w�$"�)z,� + w%$#$�%"

Σ := ∪i∈ITh(Mi,Mi)
/ �$ � %!�$ ,� ,�))� �!%�%+�$ - �#'!  #' � ��! �� {$��

I0
+�

I
-
∪i∈I0Th(Mi,Mi)

�" �#$"�" �$ /
�$ +%+'� ��! �#)���� % .'�

Σ
�" �#$"�" �$ /

6 7	 �B=;CDE F ?F 
��F:BFIE ��; �FE � �B=;CIF>
κ
�<HA=�

�;CI�@F>
�QPPQ R ST� U���Q�KQZP ���M 
QP X�YQ��X�[ \S ] _

M cd` ab c Lmd`sa k`asc _bn b_cog^sd � ^as `^a` kosh_bog κ ≥ max{|L|, |M |}� _g c _d`c ab c c `cbd_^b jgje cb`o_sc N � Mhc kosh_bog κ q
� je ^bd`so`_^b q v#$ !#$" + w�z#!+ .' w�, �� �" � '$� �� �$"�#$ %,%) �$ ��!�

N0

+�
M

+���!+�$�, "'� %!��'! #' %1�, &
κ
/ �#'! ��,� �#$"�+%!#$"

(ci)i∈κ

+�" $#'2��'� "�)z#,�" +��#$" �$ �" � , w�$"�)z,� + w%$#$�%"
Σ := Th(M,M) ∪ {ci 6= cj : i 6= j}.

���.'� *!�1) �$ {$� +�
Σ

$� )�$ �#$$� .' w'$ $#)z!� {$� +� �#$" �$ �" - .'� � �'2�$ 
� !� �$ �!�!% %" ��! +�" %,%) �$ " +�" �$� " +�

M
��!

M
�" �${$� / �#$�

Σ
�" {$�) �$ �#$"�" �$ � +#$� �#$"�" �$ ��! �#)���� % / ~$ )#+(,�

N0

+�
Σ

�" �,#!" '$� �� �$"�#$%,%) �$ ��!� +�
M

+� ��!+�$�, "'� %!��'! #' %1�, &
κ

/ ��! ����$���) x��#,�) +�"��$+�$ -�, �� �" � '$� "#'"x" !'� '!� %,%) �$ ��!�
N

+�
N0

�#$ �$�$ 
M

� +� ��!+�$�,
κ

- .'� �" �,#!" '$� �� �$"�#$ %,%) �$ ��!� +�
M

/
� NMWM�Z[ ZM� R ST� S � q �o `� j^s_c hcd k^s� d og� jfs_la ce cb` kg^d hc kosok`js_d`_la c pn  j �

p ≥ 0� cd` k^e� gp`cq
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� q ] ^_`

φ ab jb^b kj hobd gc gob�o� c hcd obb coa q r g^sd φ cd` �so_ hobd `^a` k^s� dog� jfs_la ce cb` kg^d hc kosok`js_d`_la c bag gc d_ c` d ca gce cb` d_ φ cd` �so_ hobd `^a`
k^s� d og� jfs_la ce cb` kg^d hc kosok`js_d`_la c p > 0� � ^as `^a`

p � sce _cs doa� abb^e fsc n b_q
� je ^bd`so`_^b q }/ �#��$ 

k1

� 
k2

+�'� �#!�" �,1%z!�.'�)�$ �,#" +� ) �)� ��!��x %!�" �.'� / �#$"�+%!#$"
K1

� 
K2

+�" �� �$"�#$" %,%) �$ ��!�" $#$ +%$#)z!�z,�"!�"� �� �2�) �$ +�
k1

� 
k2 �

�,#!"
K1

� 
K2

"#$ +�'� �#!�" �,1%z!�.'�)�$ �,#"+� ) �)� ��!�� %!�" �.'� � +� +�1!% +�  !�$"��$+�$�� �${$� / ��! }/� - �," "� �#!!�"x�#$+�$ ��! 2�x� x2 ��$ � +#$� "#$ %,%) �$ ��!�) �$ %.'�2�,�$ " / ��! �#$"%.'�$ 
k1

� 
k2

"#$ %,%) �$ ��!�) �$ %.'�2�,�$ " /
4 / �#� 

φ
'$ %$#$�% � 

CAC0

,�  �%#!�� +�" �#!�" �,1%z!�.'�)�$ �,#" +� ��!��x %!�" �.'�
0
/ �#$"�+%!#$"

Σ = CAC0 ∪ {φ}
/ � �

φ
�" 2!�� +�$"  #' �#!�" �,x1%z!�.'�)�$ �,#" +� ��!�� %!�" �.'� �""�� 1!�$+� �,#!" ���.'� ��! �� {$�� +�

Σ
� '$ )#+(,� - ��! �,,� $� � �' �#$ �$�! .' w'$ $#)z!� {$� + w�� �#) �" +'  ���

1+...+1 6= 0
/ ��! �#)���� % -

Σ
� '$ )#+(,� .'� �" +#$� '$ �#!�" �,1%z!�.'�)�$ �,#" +� ��!�� %!�" �.'�

0
� +#$�

φ
�" 2!��� +�$"  #'" ,�" �#!�" �,1%z!�.'�)�$ �,#" +� ��!�� %!�" �.'� $',,� /

	 %���!#.'�) �$ - "�
φ

�" �#$"%.'�$�� +�
CAC0

�,#!" ��! �#)���� % - �, �" �#$"%x.'�$�� + w'$� ��! �� {$�� +�
CAC0

� #$ �#$�,' *���,�) �$ /

VM��Q�[ZM� S �� ��!+�$�, + w'$�  �%#!��
T

+�$" '$ ,�$1�1�
L

- $# %�
|T |

�" ��!�#$2�$ �#$ ,� ��!+�$�, +� , w�$"�)z,� +�" *#!)',�" +' ,�$1�1�
L

- � w�" x&x+�!�
|T | :=

max{ω, |L|}
/ �$ ��! ��',��! #$ +� .'�

T
�" +%$#)z!�z,� "�

|L| ≤ ω
/

JKLMNOPQ R ST� UJKLMNOPQ �Q ���Q�KQZP ���M 
QP \S ] _
T cd` ab c `� j^s_c la_ oab e ^hpgc _bn b_ og^sd � ^as `^a` kosh_bog κ ≥ |T |� T o ab e ^hpgc hc kosh_bog κ q

� je ^bd`so`_^b q ��! ����$���) x��#,�) �"��$+�$ � +�"��$+�$ - �, �� �" � '$� " !'�x '!�
N

+� ��!+�$�,
κ

%,%) �$ ��!�) �$ %.'�2�,�$ � &
M

/
� L�� Z[ZM� S ~$�  �%#!��

T
�" 

κ
x�� %1#!�.'� "�

T
� '$ '$�.'� )#+(,� & �"#) #!���") ��!(" +� ��!+�$�,

κ
/

� NMWM�Z[ ZM� R SR� S �bc `� j^s_c T la_ b io la c hcd e ^hpgcd _bn b_d c` la_ cd` κmko`j� ^s_la c
� ^as ab kosh_bog κ ≥ |T | cd` k^e� gp`cq
� je ^bd`so`_^b q �#� 

M
,� )#+(,� +�

T
+� ��!+�$�,

κ
/ 	#'� #'!" ��! ����$���) x��#,�)�"��$+�$ � +�"��$+�$ -  #' )#+(,� +�

T
�" %,%) �$ ��!�) �$ %.'�2�,�$ & '$� " !'�x '!� +� ��!+�$�,

κ
- +#$� &

M
/

tuQPW 
Q R SR TS � ��  �%#!�� +�" �$"�)z,�" �${$�" �" [M[X 
QPQ�[ YX[L�MNZ��Q3� /& /+ /
κ
x�� %1#!�.'� �#'!  #' ��!+�$�, �${$�5 /
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� ��  �%#!�� +�" #!+!�"  # �'� +�$"�" "�$" �� !%) � % �" 

ω
x�� %1#!�.'� 32#�! ��#}/4�5 / ��! �#$ !� ��  �  �%#!�� $ w�" ��"

κ
x�� %1#!�.'� � #'!  #' ��!+�$�,

κ > ω
/�#$"�+%!#$" ��! ���)�,� '$ #!+!�

I
 # �, +�$"� "�$" �� !%) � % +� ��!+�$�,

κ �, .'� � #'! ���.'� �#�$ +� �� #!+!� - �, � �
κ

�#�$ " �,'" 1!�$+ / � !#,#$1�#$"�� #!+!� ��! , w�$"�)z,� +�" !� �#$$�," / � ,#!" ,�" #!+!�"
I

� 
I _ Q

$� "#$ %2�+�))�$ ��" �"#)#!���" /
� �#� 

p ≥ 0
/ ��  �%#!�� +�" �#!�" �,1%z!�.'�) �$ �,#" +� ��!�� %!�" �.'�

p
�" �� %1#!�.'� �$  #' ��!+�$�, �${$� $#$x+%$#)z!�z,� / �$ ��� "�

K1

� 
K2

"#$ +�'� �#!�" �,1%z!�.'�)�$ �,#" +� ��!�� %!�" �.'�
p

� +� ��!+�$�,
κ > ω

- �,""#$  #'" +�'� +� +�1!% +�  !�$"��$+�$��
κ

� +#$� �"#)#!���" / ��! �#$ !� ��  � �%#!�� $ w�" ��"
ω

x�� %1#!�.'� y ,� �,� '!� �,1%z!�.'� +' �#!�" �!�) ��! � ,� �#!�"�,1%z!�.'�)�$ �,#" +� +�1!% +�  !�$"��$+�$��
1

$� "#$ ��" �"#)#!���" /
� ��  �%#!�� +�" 1!#'��" �z %,��$" +�2 �"�z ,�" "�$"  #!"�#$ $#$  !�2 ��'� �" %1�,�) �$ �� %1#!�.'� �$  #' ��!+�$�, �${$� $#$x+%$#)z!�z,� / �$ �� �  #' 1!#'� � �z%,��$+�2 �"�z ,� "�$"  #!"�#$ ��' � !� !�1�!+% �#))� '$

Q
x�"���� 2�� #!��, � '$ 1!#'���z %,��$ +�2 �"�z ,� "�$"  #!"�#$ +� ��!+�$�,

κ > ω
�'!� � #'! +�) �$"�#$

κ
�#))�

Q
x�"���� 2�� #!��, / ��! �#$ !� ��  �  �%#!�� $ w�" ��"

ω
x�� %1#!�.'� /

tuQNYZYQ R SRR S �% �!) �$�! ,�" ��!+�$�'�
κ

�#'! ,�".'�," ,�  �%#!�� +� ,� !�,� �#$+ w%.'�2�,�$�� & '$� �${$� % +� �,�""�"  #' �" �${$��" �" 
κ
x�� %1#!�.'� / v �)� .'�" �#$�#'! ,�  �%#!�� +� ,� !�,� �#$ + w%.'�2�,�$�� & +�'� �,�""�" �${$��" /

tuQNYZYQ R SR| S �#� 
L = {Pi : i ∈ ω}

#� ,�"
Pi

"#$ +�" !�,� �#$" '$��!�" / �#� 
T

,� �%#!�� +�$" ,� ,�$1�1�
L

.'� +� .'� ,�"
Pi

"#$ +�'� & +�'� +�"� #�$ " � .'� ���.'�
Pi

�" �${$� /
}/  %!�{�! .'�

T
$ w�" �� %1#!�.'� �$ �'�'$ ��!+�$�,

κ
/

4 / v#$ !�! .'�
T

�" �#)�,( � /
�#'!  �!) �$�! �� ����� !� $#'" �,,#$" %$#$��! ,�  �%#!() � +� v#!,�� .'� �" ,� � #�$ +� +%��! +� ,�  �%#!�� +� ,� " �z�,� % 3�"��#$+� $��""�$�� +� ,�  �%#!�� +�" )#+(,�"�5 /�� +%)#$" !� �#$ +� ��  �%#!() � $� "�!� ��" *�� � +�$" �� �#'!" - ) ��" #$ % '+��!� ,�"$# �#$" +� !�$1 +� v#!,�� � + w�$"�)z,�" *#! �) �$ ) �$�) �'� .'� "#$ ' �,�"%" +�$"��,,�x�� y

�XZ[ R SR� UJKLMNOPQ �Q � MN 
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