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!"#$%&%'$ ( )*) +, -./0

n1/23.4 ā = (a1, ..., an)
.5
b̄ = (b1, ..., bn) 6784 6.4 L1459/:5/9.4

M1

.5
M2 ;85 < =< . &>?@ 4 AB34 475B4C;85 3.4 < =< .4 C;9</3.4 φ(x1, ..., xn)6. L D: ,E ,6 M1 |= φ(ā)

44B
M2 |= φ(b̄)F ,G , HB

ā
.45 /8 /23. 6 A/8. L1459/:5/9. M I 3 A.84.<J3. 6.4 C;9</3.4 φ(x̄)

475B4C7B5.4279 ā 4 A722.33. 3. &>?@ 6. ā D6784 MF .5 .45 8;5K tpM(ā) ;/ 4B<23.< .85 tp(ā)4 AB3 8 AL 7 274 6 A7<JBM/B5K , N.< 79O/;84 O/. 3. 5L2 . 6 A/8 n1/23. :;99.42;86 E /8.5PK;9B. :;<23Q5. 6784 3. 378M7M. L ∪ {x1, ..., xn}
,

R , S8 722.33. nT&>?@ D6784 3. 378M7M. LF /8. 5PK;9B. :;<23Q5. 6784 3. 378M7M.
L ∪ {x1, ..., xn}

,
U , S8 8;5. Sn 3 A.84.<J3. 6.4 n15L2 .4 .5 2;/9 5;/5. 5PK;9B. T 6784 3. 378M7M. L I;8 8;5. Sn(T )

3 A.84.<J3. 6.4 n15L2 .4 :;85.8785 T I : A.451E16B9. 3 A.84.<J3. 6.4
n15L2 .4 .0597B54 6. < ;6Q3.4 6. T , S8 8;5. S(T )

3 A/8B;8 6.4 Sn(T )
,

V @WXYZ[@ )
\ HB ā ∈ M ≺ N 73;94 3. 5L2 . 6. ā 6784 M .45 3. < =< . O/. 3. 5L2 . 6. ā 6784 N ,
\ ];/9 5;/5 T I Sn(T )

.45 /8 .427:. 5;2;3;MBO/. :;<27:5 .8 5785 O/. C.9< K 6. Sn ,^_@Y`%`@ ( )a ) H;B.85 M /8. L1459/:5/9. .5 p ∈ S(Th(M))
, b 3;94 p .45 9K73B4K 6784/8. .05.84B;8 K3K< .857B9. 6. M .5 5;/5. 2795B. c8B.4 6. p .45 9K73B4K 6784 M , Dd.4 n15L2 .4 6. Th(M)

:;99.42;86.85 6;8: 7/0 .84.<J3.4 < 70 B< 7/0 6. C;9</3.4 φ(x1, ..., xn)6. L 6;85 5;/5. 2795B. c8B. .45 9K73B4K. 6784 M ,F^_@Y`%`@ ( )( ) H;B5 p ∈ Sn(Th(M))
, H/22;4;84 O/. p 8 A7 O/ A/8 8;<J9. c8B 6. 9K713B475B;84 6784 5;/5.4 .05.84B;84 K3K< .857B9.4 6. M , e;859.9 O/. p 7 73;94 5;/5.4 4.49K73B475B;84 6784 M

, f86B:75B;8 g <;859.9 O/ AB3 .0 B45. /8. C;9</3. 6784 p O/B 8 A.45475B4C7B5. O/. 279 /8 8;<J9. c8B m 6 AK3K< .854 , hP;B4B9 /8. 5.33. C;9</3. φ 7i.: m<B8B< 73. .5 <;859.9 O/. φ B4;3. p 6784 3 A.427:. 5;2;3;MBO/. Sn(Th(M))
,
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!"#$%&%'$ ( )� ) H;B.85 M .5

N 6./0 L1459/:5/9.4 .5 ā .5 b̄ 6./0 /23.4 9.42 .:5Bi.< .856784 M .5
N
, S8 6B5 O/. ā .5 b̄ 4. :;99.42;86.85 279 i71.51i B.85 4 AB3 .0 B45. /8 i71.51i B.85 .859. M .5

N
:;85.8785 /8 B4;< ;92PB4< . 2795B.3 .8i;L785 ā 4/9 b̄ ,^_@Y`%`@ ( )� ) HB

ā ∈ M
.5
b̄ ∈ N

4. :;99.42;86.85 279 i71.51i B.85 73;94 ā .5 b̄ ;85< =<. 5L2. ,
V @WXYZ[@ ( )� ) -./0 /23.4

ā ∈ M
.5
b̄ ∈ N

O/B ;85 < =<. 5L2. B86/B4.85 /8 /8BO/.B4;<;92PB4< . I 6. 37 4;/41459/:5/9. .8M.869K 279 ā 4/9 37 4;/41459/:5/9. .8M.869K. 279
b̄ I O/B .8i;B. ā 4/9 b̄ , h.5 B4;< ;92PB4< . .45 6;8: /8 B4;<;92PB4< . 2795B.3 6. M 6784
N
O/B 6. 23/4 .45 K3K< .857B9. , S8 i.997 23/4 3;B8 O/. 4B 3.4 459/:5/9.4 M .5

N
475B4C;85/8. :;86B5B;8 4/223K< .857B9. 73;94 6./0 /23.4 O/B ;85 < =<. 5L2. 4. :;99.42 ;86.85 279i71.51i B.85 D6. M i.94 N F ,^_@W? �@ ( )� ) h;84B6K9;84 37 5PK;9B. 6. 37 9.375B;8 6 AKO/Bi73.8:. E E /8. B8c8B5K 6.:3744.4 5;/5.4 B8c8B.4 ,\ f3 L 7 /8 /8BO/. +15L2 . ,\ f3 L 7 59;B4 G15L2 .4 g 3. 5L2 . 6K5.9< B8K 279 x = y I :.3/ B 6K5.9< B8K 279 (x 6=

y) ∧ E(x, y)
.5 .8c8 :.3/B 6K5.9< B8K 279 ¬E(x, y)

,S8 2./5 9.< 79O/.9 O/. 5;/5 n15L2 . .45 9K73B4K 6784 5;/5 <;6Q3. 6. 37 5PK;9B. ,^_@W? �@ ( )� ) H;B5 L = {Pi : i ∈ ω} ;� 3.4 Pi 4;85 6.4 9.375B;84 /87B9.4 , h;84B6K9;84E 8;/i.7/ 37 5PK;9B. 6784 3. 378M7M. L O/B 6B5 O/. 3.4 Pi 4;85 6./0 E 6./0 6B4� ;B854.5 O/. :P7O/. Pi .45 B8c8B , f3 L 7 B:B /8. B8c8B5K 6. +15L2 .4 g 2 ;/9 :P7O/. i I 3. 5L2 .6K5.9< B8K 279 Pi(x) .5 3. 5L2 . 6K5.9< B8K 279 3 A.84.<J3. 6. C;9</3.4 {¬Pi(x) : i ∈ ω}
,h. 6.98B.9 5L2 . 8 A.45 274 9K73B4K 6784 :.957B84 <;6Q3.4 6. 37 5PK;9B. ,-. < 78BQ9. 23/4 MK8K973. ;8 :;84B6Q9. 3.4 5L2 .4 7/16.44/4 6 A/8 .84.<J3. 6. 27197< Q59.4 , b 2795B9 6. < 7B85.8785 2 ;/9 5;/5 .84.<J3. A I ;8 8;5.97 L(A)

3. 378M7M.
L ∪ {a : a ∈ A}

,
!"#$%&%'$ ( )� ) H;B5 M /8. L1459/:5/9. .5 A ⊂ M

/8 .84.<J3. 6. 2797<Q59.4 ,+, H;B5 ā /8 /23. 6. M , d. 5L2 . 6. ā 4/9 A D6784 MF .45 3 A.84.<J3. tp(ā/A) :=
{φ(x̄) ∈ L(A) : M |= φ(ā)}

,
G , S8 722.33. n15L2 . 4/9 A /8 K3K< .85 6. Sn(Th(M, A))

, H AB3 8 AL 7 274 6 A7<JBM/B5K;8 8;5. Sn(A)
3 A.84.<J3. 6.4 n15L2 .4 4/9 A .5

S(A)
3 A/8B;8 6.4 Sn(A)

,
R , H;B.85 ā .5 b̄ 6./0 /23.4 6. M

, S8 6B5 O/. ā .5 b̄ 4. :;99.42 ;86.85 279 i71.51i B.85 7/16.44/4 6. A 4 AB3 .0 B45. /8 i71.51i B.85 6. M i.94 .33.1< =<. :;85.8785 /8B4;<;92PB4. 2795B.3 O/B c0. 2;B85 279 2;B85 A .5 .8i;B. ā 4/9 b̄ , N .< 79O/;84 O/.6784 :. :74 ā .5 b̄ ;85 < =< . 5L2. 4/9 A Di;B9 .0; R ,	F ,^_@W? �@ ( )*
 ) -784 37 5PK;9B. 6.4 ;969.4 6.84.4 4784 .059K< B5K I /8 +15L2 . 4/9 A:;99.42;86 E 37 :;/2/9. O/ AB3 6K5.9< B8. 4/9 A , �8 2795B:/3B.9 3.4 +15L2 .4 4/9 Q
:;99.412;86.85 7/0 K3K< .854 6. R ∪ {−∞,+∞}
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^_@W? �@ ( )**) -784 37 5PK;9B. 6 A/8 :;924 73MKJ9BO/.< .85 :3;4 K /8 +15L2 . p 4/9 /84;/41:;924 k .45 6K5.9< B8K\ 4;B5 279 3. 2 ;3L8�<. < B8B< 73 4/9 k 6 A/8. 9K73B475B;8 6. p D5L2 .4 6.4 K3K< .85473MKJ9BO/.4 4/9 kF I\ 4;B5 279 3 A.84.<J3. {P (x) 6= 0 : P ∈ k[X]} D5L2 . 6.4 K3K< .854 59784:.867854 4/9
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(⇐)

.45 KiB6.85 ,
(⇒) g :;8459/B4;84 /8. :P7$8. 6 A.05.84B;84 K3K< .857B9.4

M0 ≺ M1 ≺ .... ≺ Mn ≺ ....5 /8. :P7$8.
σ0 ⊂ σ1 ⊂ ... ⊂ σn ⊂ ...

6 AB4;<;92PB4< .4 2795B.34 K3K< .857B9.4 σi : Mi → Mi

5.33. O/.
M0 = M I σ0

.453 A/8BO/. B4;<;92PB4< . 6. 37 4;/41459/:5/9. .8M.869K 279 A∪ {ā}
4/9 37 4;/41459/:5/9..8M.869K 279 A∪{b̄}

O/B c0.
A
2;B85 279 2 ;B85 .5 .8i;B. ā 4/9 b̄ .5 5.33. O/. 2;/9 5;/5

i < ω I 3. 6;< 7B8. 6. σ2i+1

:;85B.85 M2i
.5 3 AB< 7M. 6. σ2i+2

:;85B.85 M2i+1

, ];/9 :.37;8 /5B3B4. 3. 3.<<. 4/Bi785 g%@WW@ ( )*( ) ��
M

��� 
� �
L����
 ��
�� ��

σ : M → M
��� 
� �� �� ��� � ��� � ������
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N � M
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������ ��� �������

τ : N → N 	� 	�� ��� �
M �
� � ����! �

σ
�

# �� ���������� � b44;:B;84 E :P7O/. m ∈ M
/8. 8;/i.33. :;845785. m′ .5 < ;859;84O/.

Σ := Th(M,M) ∪ {φ(m̄′, σ(n̄)) : M |= φ(m̄, n̄)
.5
n̄ ∈ dom(σ)}.45 :;84B45785 , ];/9 :.37 :;84B6K9;84 .8 /8. 2795B. c8B.

Σ0 := θ(m̄) ∪ {φ(m̄′
i, σ(n̄i)) : i ∈ I}.b3;94M |= ∃(x̄i)i∈I∧i∈Iφ(x̄i, σ(n̄i))

:79M |= ∃(x̄i)i∈I∧i∈Iφ(x̄i, n̄i)
.5
σ
.45 K3K< .857B9. ,S8 2 ./5 6;8: B85.929K5K 3.4 m′ 6784 M 5.3 O/.

(M,M,M ′) |= Σ0

, ]79 :;<27:B5K B3.0 B45. 6;8: /8 <;6Q3. N 6. Σ I O/B .45 6. 23/4 /8. .05.84B;8 K3K< .857B9. 6. M
,h;84B6K9;84 τ : N → N

37 C;8:5B;8 O/B E m ∈ M 744; :B. m′ ∈ N
, b 3;94 τ 29;3;8M. σ.5 .45 /8 B4;<;92PB4< . 2795B.3 g 2 ;/9 5;/5 m̄ ∈ M I

N |= φ(m̄)
44B

M |= φ(m̄)
44B

N |= φ(τ(m̄)).
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N.i.8;84 E 37 :;8459/:5B;8 6. 8;4 :P7$8.4 g 7/0 K572 .4 27B9.4 ;8 29;3;8M. σ2i.5 7/0 K572 .4 B<27B9.4 σ−1

2i+1

, d.4 :P7$8.4 :;8459/B5.4 I ;8 iK9Bc. O/. ∪i∈ωσi
.45 /87/5;<;92PB4< . 6. ∪i∈ωMi

O/B c0.
A
2;B85 279 2 ;B85 .5 .8i;B. ā 4/9 b̄ ,� Y'?'�%& %'$ ( )*� ) � ���
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N
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A
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(⇒)

B<<K6B75 ,
(⇐)

H;B5 φ(x̄, m̄)
/8. C;9</3. E 2797< Q59.4 m̄ 6784 M 6Kc8B44785 D .5 4;B5 p =

tp(m̄/A)
, � K9Bc;84 5;/5 6 A7J;96 O/.

p(c̄1) ∪ p(c̄2) ` ∀x̄(φ(x̄, c̄1) ↔ φ(x̄, c̄2))

6784 3. 378M7M. L(A)∪{c̄1, c̄2} ;� c̄1 .5 c̄2 4;85 6./0 /23.4 6. 8;/i.33.4 :;845785.4 , H;B5 N/8. L(A)1459/:5/9. :;85.8785 n̄1

.5
n̄2

9K73B4785 p , �8 2795B:/3B.9 Th(N ) = Th(M, A)
,S8 2 ./5 6;8: 4/22;4.9 O/. 37 9.459B:5B;8 N ′ 6. N 7/ 378M7M. L .45 /8. .05.84B;8K3K< .857B9. 6. M , b 3;94 6784 N ′ I tp(n̄1/A) = tp(n̄2/A) = tp(m̄/A)

, �8 /5B3B4785 R ,+G I;8 .8 6K6/B5 O/. 6784 N ′ I {ā ∈ N : N ′ |= φ(ā, n̄1)} = D = {ā ∈ N : N ′ |= φ(ā, n̄2)}:79 D .45 B8i79B785 279 5;/5 7/5;<;92PB4< . c0785 A 2;B85 279 2;B85 ,]79 :;<27:B5K B3 .0 B45. θ(ȳ) ∈ p Dθ ∈ L(A)F 5.3 O/.
` θ(c̄1) ∧ θ(c̄2) → ∀x̄(φ(x̄, c̄1) ↔ φ(x̄, c̄2)).S8 .8 6K6/B5 O/. D .45 6Kc8B 279 ∃ȳ(θ(ȳ) ∧ φ(x̄, ȳ))
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/8 .84.<J3. 6. 2797<Q59.4 .5 ā /8/23. 6. M ,
+ ,
ā
.45 �"#$%��X� �@ 4/9

A
4B 3 A.84.<J3. {ā}

9K6/B5 E 3 A/23. ā .45 6Kc8B447J3. E2797<Q59. 6784 A ,G ,
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� Y'?'�%& %'$ ( )*� ) � �
ā
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# �� ���������� � + 4. 6K6/B5 B<<K6B75.< .85 6. 37 ]9;2 ;4B5B;8 R ,+U ,G g 4B 3. 5L2 . 6. ā 4/9 A .45 73MKJ9BO/. I :.37 4BM8Bc. O/ AB3 .0 B45. /8. C;9</3. φ ∈ pO/B 8 A.45 475B4C7B5. O/. 279 /8 8;<J9. c8B 6 AK3K< .854 Di;B9 �0.9:B:. R ,RF , -;8: ā .4573MKJ9BO/. 4/9 A :79 ā 475B4C7B5 φ ,
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ā
.45 73MKJ9BO/. 4/9 A I 73;94 3 A;9JB5. 6. ā .45 KiB6.<<.85 c8B , �8 /5B3B4785 37]9;2 ;4B5B;8 R ,+G I ;8 .8 6K6/B5 O/. 3. 5L2 . 6. ā 4/9 A 7 /8 8;<J9. c8B 6. 9K73B475B;84 ,

S8 8;5. dcl(A)
37 :3�5/9. 6Kc8B447J3. 6. A I : A.451E16B9. 3 A.84.<J3. 6.4 K3K< .8546. M 6Kc8B447J3.4 4/9 A .5 ;8 8;5. acl(A)

37 :3�5/9. 73MKJ9BO/. 6. A I : A.451E16B9.3 A.84.<J3. 6.4 K3K< .854 6. M 73MKJ9BO/. 4/9 A ,^_@Y`%`@ ( )*� ) e;859.9 3.4 29;29BK5K4 4/Bi785.4 6. 37 :3�5/9. 73MKJ9BO/. , H;B.85 M I
A ⊂M

.5
B ⊂M

,+ ,
acl(acl(A)) = acl(A) ⊃ AG , HB
A ⊂ B 73;94 acl(A) ⊂ acl(B)

,
R , HB

a ∈ acl(A) 73;94 B3 .0 B45. /8. 2795B. c8B. A0 ⊂ A
5.33. O/.

a ∈ acl(A0)
,N.< 79O/.9 O/. 37 :3�5/9. 6Kc8B447J3. 7 3.4 < =<.4 29;29BK5K4 ,

� �� ������� ���
!"#$%&%'$ ( )*� ) �8. 459/:5/9. M

.45
κT�X&[Y"@ 4B 2;/9 5;/5. 2795B. A ⊂ M

5.33.O/.
|A| < κ I M 9K73B4. 5;/5 5L2 . 6. S1(A)

,
^_@Y`%`@ ( )*� ) HB

M
.45

κ1475/9K. .5 |A| < κ 73;94 M 9K73B4. 5;/5 5L2 . 6. S(A)
,

^_@Y`%`@ ( )a
 ) H;B.85 M /8. 459/:5/9. ω1475/9K. I N /8. .05.84B;8 K3K< .857B9. 6.
M

.5
(ni)i∈ω

/8. C7< B33. 6 AK3K< .854 6. N 73;94 B3 .0 B45. /8. C7< B33. (mi)i∈ω 6 AK3K< .8546. M 5.3 O/. 2;/9 5;/5 k ∈ ω I (m0, ..., mk)
.5

(n0, ..., nk) ;85 < =<. 5L2 . ,^_@W? �@ ( )a *) +, �;/5 ;969. 5;573 6.84. 4784 .059K< B5K .45 ω1475/9K ,G , �8 :;924 73MKJ9BO/.<.85 :3;4 .45 ω1475/9K 4B .5 4./3.< .85 4B B3 .45 6. 6.M9K 6.59784:.8678:. B8c8B ,� Y'?'�%& %'$ ( )aa ) 	�
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M0 = M ≺ M1 ≺ ... ≺ Mi ≺ ...5.33. O/. 2;/9 5;/5 i I Mi+1

9K73B4. 5;/4 3.4 5L2 .4 6784 S1(Mi)
, ];/9 :.37 :;84B6K9;84/8. K8/<K975B;8 (pj)j∈J 6.4 5L2 .4 6784 S1(Mi)

.5 3 A.84.<J3. 6 AK8;8:K4
Σ := ∪j∈Jpj(cj)

;� (cj)j∈J
.45 /8. C7< B33. 6. 8;/i.33.4 :;845785.4 , ]79 :;<27:B5K Σ

.45 :;84B45785 :795;/5. 2795B. c8B. 6. :P7O/. pj .45 9K73B4K. 6784 〈Mi,Mi〉
,b 3;94 3 A/8B;8 N := ∪Mi

.45 /8. .05.84B;8 K3K< .857B9. 6. M I ω1475/9K. , �8 .
 .54B
A
.45 /8. 2795B. c8B. 6. N I B3 .0 B45. i 5.3 O/. A ⊂ Mi

, H;B5 p /8 5L2. 6784 S1(A)
,f3 7 /8. 9K73B475B;8 a 6784 /8 .05.84B;8 K3K< .857B9. 6. Mi

, b 3;94 3. 5L2 . 6. a 4/9 Mi.45 9K73B4K 6784 Mi+1 I 6;8: p .45 9K73B4K 6784 N ,



G�
%@WW@ ( )a( ) � �����

M
�
N 	�
� ���
 ��
���

ω ����
���� ��
ā ∈ M

�
b̄ ∈ N 	�
� 
� �� �

� ���
ā

��
b̄

��� � �� � ��� � �� �� � �
�� ��� �� �� � � ������� ��	��� ��� 
� �����������
	�

M
����

N
�

# �� ���������� �
(⇐) 6K� E i/ ,

(⇒) ];/9 5;/4 /23.4 c̄ ∈ M I d̄ ∈ N
5.34 O/.

tp(c̄) = tp(d̄)
B3 .0 B45. /8 /8BO/.B4;<;92PB4< . 2795B.3 σc̄,d̄ DO/B .45 K3K< .857B9.F 6. 37 4;/41459/:5/9. .8M.869K. 279 c̄i.94 37 4;/41459/:5/9. .8M.869K. 279 d̄ O/B .8i;B. c̄ 4/9 d̄ , b 3;94 3 A.84.<J3. 6. :.4B4;<;92PB4< .4 2795B.34 C;9< . /8 i71.51i B.85 , �8 .
.5 4B c̄ ∈M I d̄ ∈ N

5.34 O/.
tp(c̄) =

tp(d̄)
.5 4B

c ∈ M 73;94 p = {φ(x, d̄) : M |= φ(c, c̄)}
.45 /8 5L2. 4/9 d̄ 9K73B4K 279 /8 d6784 N :79 N .45

ω1475/9K. , b 3;94 σcc̄,dd̄ 29;3;8M. σc̄,d̄ ,^_@Y`%`@ ( )a� ) �8. 5PK;9B. .45 :;<23Q5. 4B .5 4./3.< .85 4B 5;/4 4.4 < ;6Q3.4 ω1475/9K44. :;99.42;86.85 279 i71.51i B.85 ,^_@Y`%`@ ( )a� ) H;B5 T 37 5PK;9B. 6. 37 9.375B;8 6 AKO/Bi73.8:. E /8. B8c8B5K 6. :3744.4 ,+, H;B.85 M .5
N 6./0 <;6Q3.4 6. T K3K< .857B9.< .85 KO/Bi73.854 , e;859.9 O/.2;/9 5;/5 n ∈ N∗ IM .5

N ;85 ;/ JB.8 5;/4 6./0 3. < =<. 8;<J9. c8B 6. :3744.4E
n
K3K< .854 I ;/ JB.8 5;/4 6./0 /8. B8c8B5K 6. :3744.4 E n K3K< .854 ,G , H;B5 M /8 <;6Q3. ω1475/9K 6. T , e;859.9 O/. 4B M 7 6.4 :3744.4 c8B.4 79JB597B19.< .85 M9786.4 73;94 M 7 /8. B8c8B5K 6. :3744.4 B8c8B.4 ,R , -K5.9< B8.9 3 A.84.<J3. 6.4 5PK;9B.4 :;<23Q5.4 :;85.8785 T , DN.<79O/.9 O/ AB3 L.8 7 2ω

,FU , -K5.9< B8.9 :.33.4 O/B 4;85 ω1:75KM;9BO/.4 ,	 , -K5.9< B8.9 :.33.4 O/B 4;85 κ1:75KM;9BO/.4 2 ;/9 /8 D5;/5F :796B873 κ > ω
,

^_@Y`%`@ ( )a� ) S8 6B5 O/ A/8. 5PK;9B. :;<23Q5. T .45 W @$[@ 4B S(T )
.45 6K8;<J97J3. ,N.<79O/.9 O/. 4B M .45 459/:5/9. 6K8;<J97J3. ω1475/9K. 73;94 Th(M)

.45 < .8/. ,e;859.9 O/. 5;/5. 5PK;9B. :;<23Q5. I 6K8;<J97J3. .5 < .8/. 7 /8 <;6Q3. ω1475/9K6K8;<J97J3. , D];/9 :.37 I ;8 9.< 79O/.97 O/. 3. 8;<J9. 6. 5L2 .4 4/9 /8. 2795B. c8B..45 6K8;<J97J3. .5 O/. 3. 8;<J9. 6. 2795B.4 c8B.4 6 A/8 .84.<J3. 6K8;<J97J3. .456K8;<J97J3. ,F^_@Y`%`@ ( )a� ) �8 <;6Q3. M O/B .45
ω1475/9K .5 6K8;<J97J3. .45 �'Y&@W@$& �'TW'��$@ g 4B ā .5 b̄ 4;85 6./0 /23.4 6. M O/B ;85 < =<. 5L2. 73;94 B3 .0 B45. /8 7/5;1<;92PB4< . 6. M O/B .8i;B. ā 4/9 b̄ ,

� �� � ��� ���� ��� ��� ���������
�9Q4 4;/i.85 2;/9 <;859.9 O/ A/8. 5PK;9B. .45 :;<23Q5. ;8 /5B3B4. 37 < K5P;6. 6.i71.51i B.85 .859. 6./0 <;6Q3.4 ω1475/9K.4 , ];/9 :.37 ;8 C7B5 /8. PL2;5PQ4. 4/9 :. O/.6;Bi.85 =59. 3.4 5L2 .4 g ;8 :;84B6Q9. /8 .84.<J3. Φ 6. C;9</3.4 6. L .5 ;8 <;859. O/.6./0 /23.4 O/B 475B4C;85 3.4 < =<.4 C;9</3.4 6. Φ

4. :;99.42 ;86.85 279 i71.51i B.85 , S8<;859. 73;94 .8 C7B5 23/4 g



G�
��"'Y�W@ ( )a� ) � ���

T

� � �� ����� ��

Φ

� ��� �� �� � �� ��	� 	� � ���
��

φ(x̄) 	�
L��

x̄ = (x1, ..., xn)
��� �
 � 	�
�

n�
� �� �� ������ 	� � �	��� 	�
T

��� � �� � ��� �� 	��
�
 ��� ������ ��� �� � �� �� � ���
�� 	�

Φ
� � ��� � �
� ��
�� � ���
�

ψ(x̄) 	�
L

� �� ����

� � ��� ������ �� ������� �

φ(x̄) 	 ���� ���� 	�
Φ

�� � �
 �
T ` ∀x̄(φ(x̄) ↔ ψ(x̄))

�  ��
����� ���
� ��� ���	�����"
# �� ���������� � d APL2;5PQ4. 4BM8Bc. O/. 2;/9 5;/5 5L2 . p ∈ Sn(T ) I ;8 7 6784 Sn(T )

⋂

φ∈Φ

〈εpφ〉 = {p}

;� εpφ = φ
2;/9 φ ∈ p

.5
εpφ = ¬φ

2;/9 φ /∈ p
, Df:B 〈εpφ〉 6K4BM8. 3 A;/i.95 6. Sn(T )

,FH;B5 ψ(x̄)
/8. C;9</3. 6. L , ]79 :;<27:B5K I 2 ;/9 5;/5 p ∈ 〈ψ〉 I B3 .0 B45. /8. 2795B.c8B. Φψ,p 6. Φ
5.33. O/.

∩φ∈Φψ,p
〈εpφ〉 ⊂ 〈ψ〉

, -;8: 2;/9 5;/5 p ∈ 〈ψ〉 I
{p} ⊂ 〈φψ,p〉 ⊂ 〈ψ〉

;� φψ,p = ∧φ∈Φψ,p
εpφ

, -;8: 〈ψ〉 = ∪p∈〈ψ〉〈φψ,p〉
, ]79 :;<27:B5K I ;8 .8 .0597B5 /8 4;/419.:;/i9.< .85 c8B , f3 .0 B45. 6;8: p1, ..., pk ∈ 〈ψ〉
5.3 O/.

T ` ∀x̄(ψ(x̄) ↔ (∨i∈{1,...,n}φψ,pi(x̄))).

!"#$%&%'$ ( )a� ) �8. 5PK;9B. T " �%W %$@ �@� Z[X$&@[Y� 4B 3.4 29;29BK5K4 KO/Bi73.85.44/Bi785.4 4;85 iK9BcK.4 g\ ];/9 5;/5 n > 0
.5 5;/5. C;9</3. ψ(x̄) ;� x̄ = (x1, ..., xn)

B3 .0 B45. /8. C;9</3.
φ(x̄)

4784 O/785./9 5.33. O/. T ` ∀x̄(φ(x̄) ↔ ψ(x̄))
,

\ ];/9 5;/5 n > 0 I 3.4 5L2 .4 6. Sn(T )
4;85 6K5.9< B8K 279 3.4 C;9</3.4 75;< BO/.4 ,^_@W? �@ ( )(
 ) H;B5 K /8 :;924 , S8 .029B< . 37 5PK;9B. T 6.4 K1.427:.4 i.:5;9B.34B8c8B4 6784 3. 378M7M. LK := {0,+,−, λk : k ∈ K} ;� 2;/9 5;/5 k ∈ K I λk .45 /8.C;8:5B;8 /87B9. O/B .45 B85.929K5K 6784 /8 K1.427:. i.:5;9B.3 279 37 </35B2 3B:75B;8 279

k
, b 3;94 T .45 :;<23Q5. .5 K3B< B8. 3.4 O/785./94 g 4;B.85 V1

.5
V2 6./0 .427:.4 i.:5;9B.346. 6B< .84B;8 B8c8B .5 :;84B6K9;84 F 37 C7< B33. 6.4 B4;<;92PB4< .4 2795B.34 7L785 2 ;/96;< 7B8. /8 4;/41.427:. i.:5;9B.3 6. 6B< .84B;8 c8B. , b 3;94 F .45 8;8 iB6. .5 ;8 iK9Bc.C7:B3.< .85 O/. F

.45 /8 i71.51i B.85 .859. V1

.5
V2

, -;8: T .45 :;<23Q5. , -. 23/4 TK3B< B8. 3.4 O/785./94 :79 4B ā ∈ V1

.5
b̄ ∈ V2

475B4C;85 3.4 < =< .4 KO/75B;84 3B8K7B9.4 73;943.4 4;/41.427:.4 i.:5;9B.34 .8M.869K4 279 ā .5 9.42 .:5Bi.< .85 279 b̄ 4;85 B4;< ;92P.4 ,V@WXYZ[@ ) d7 5PK;9B. 6.4 M9;/2.4 7J K3B.84 6Bi B4BJ 3.4 4784 5;94B;8 8;8 59Bi B7/0 �:;919.42 ;86� E 37 5PK;9B. 6.4 Q1. ,i , B8c8B4 g ;8 6Kc8B5 6784 /8 M9;/2 . 6Bi B4BJ 3. 4784 5;94B;8
λp/q

279 px = qy
O/B .45 /8. C;9</3. 4784 O/785./9 , S8 .8 6K6/B5 O/. :.55. 5PK;9B.K3B< B8. .33. 7/44B 3.4 O/785./94 ,^_@Y`%`@ ( )( *) d7 5PK;9B. 6.4 ;969.4 5;57/0 6.84.4 4784 .059K< B5K K3B< B8. 3.4 O/7815./94 ,



R�
^_@Y`%`@ ( )(a ) H;B.85M .5

N 6./0 <;6Q3.4 6 A/8. 5PK;9B. T O/B K3B< B8. 3.4 O/785./94 ,HB
M ⊂ N 73;94 M ≺ N

, �8. 5PK;9B. O/B iK9Bc. :.55. 29;29BK5K .45 6B5. W'�� �@T`'W? ��&@ ,
� Y'?'�%& %'$ ( )(( ) �� �� ����� 	�� ���� � �! �����
 �� ��� ��� ��� �� � �� �
����
�� �
# �� ���������� � H;B.85 K1

.5
K2 6./0 :;924 73MKJ9BO/.<.85 :3;4 .5 ā ∈ K1

.5
b̄ ∈ K26./0 /23.4 475B4C7B4785 3.4 < =<.4 C;9</3.4 75;< BO/.4 , -784 :. :74 K1

.5
K2 ;85 < =< .:797:5K9B45BO/. :79 2 ;/9 5;/5 p I 1 + · · ·+ 1

︸ ︷︷ ︸

p

= 0
.45 /8. C;9</3. 75;< BO/. , -. 23/4 ā .5

b̄
475B4C;85 3.4 < =< .4 KO/75B;84 2;3L8;< B73.4 4/9 3. :;924 29.< B.9 I 6;8: B34 .8M.869.856./0 4;/41:;924 k1

.5
k2

B4;<;92P.4 , S8 2./5 4/22;4K O/. K1

.5
K2

4;85 6. 6.M9K6. 59784:.8678:. B8c8B D;/ ω1475/9KF , S8 7 i/ Di;B9 .0.<23. +,�F O/ AB3 .0 B45. 73;94 /8i71.51i B.85 6. K1

4/9
K2

:;85.8785 3 AB4;<;92PB4< . 6. k1

4/9
k2

O/B .8i;B. ā 4/9 b̄ ,-;8: ā .5 b̄ ;85 < =<. 5L2. ,%@WW@ ( )(� ) � ���
S
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��" � � ���� ������ 	��� 
� ���� �
k
� � �

S
� 
� � ��
���� 	��� 
� � �� �������

K 	�
k
�

� � 
� � ��
���� 	��� ��
�� �� ������� �! �����
 �� ��� ��� � 	�
k
�

# �� ���������� � S8 2./5 i;B9 S :;<<. /8. C;9</3. 4784 O/785./9 φ(x1, ..., xn, b1, ..., bm)6784 3. 378M7M. 6.4 788.7/0 ;� 3.4 xi :;99.42;86.85 7/0 B8:;88/.4 .5 3.4 bi 4;85 3.4:;.� :B.854 6784 3. :;924 k , b 3;94 B3 .0 B45. ā ∈ K
5.3 O/.

K |= φ(ā, b̄)
, h;84B6K9;84 /8..05.84B;8 K1 6. K 73MKJ9BO/.<.85 :3;4. , h;<<. φ .45 4784 O/785./9 I K1 |= φ(ā, b̄)

,H;B5 /8. 7/59. .05.84B;8 K2 6. k 73MKJ9BO/.<.85 :3;4. , b 3;94 3.4 :3�5/9.4 73MKJ9BO/.4 k̄16. k 6784 K1

.5
k̄2 6. k 6784 K2

4;85 B4;< ;92P.4 7/16.44/4 6. k , h;<<. 37 5PK;9B. 6.4:;924 73MKJ9BO/.< .85 :3;4 K3B< B8. 3.4 O/785./94 I k̄1 ≺ K1

.5
k̄2 ≺ K2

.5 6;8: :;<<.
K1 |= ∃x̄φ(x̄, b̄) ;8 7 k̄1 |= ∃x̄φ(x̄, b̄) I k̄2 |= ∃x̄φ(x̄, b̄)

.5
K2 |= ∃x̄φ(x̄, b̄)

,
��"'Y�W@ ( )(� ���"'Y�W@ �@� �"Y'� �@ � %�� @Y& � ) � ���

K

� ���� � �! �����
 ��� ��� ����

I

� �	�� 	�

K[X1, ..., Xn]
��
P ∈ K[X1, ..., Xn]

� �
�� ����� �
� � �
� ��
�
ā ∈ Kn � ��

Q(ā) = 0
� �
� ��
�

Q ∈ I
����

P (ā) = 0
� � ��� � �� ����

m
�� �
 �

Pm ∈ I
�

# �� ���������� � H/22;4;84 O/. 2 ;/9 5;/5 m I Pm /∈ I
.5 4;B5 J 3 AB6K73 < 70B< 73 :;85.18785 I <7B4 7/:/8 6.4 Pm , S8 iK9Bc. C7:B3.< .85 O/. J .45 29.< B.9 , H;B5 L 3. :;9246. C97:5B;84 6. K[X1, ..., Xn]/J

, b 3;94 L :;85B.85 K , H;B5 Q1, ..., Qr 6.4 MK8K975./946. J , b 3;94 37 4L45Q< . S := {Q1 = 0, ..., Qr = 0, P 6= 0} 7 /8. 4;3/5B;8 6784 L .5
6;8: 6 A729Q4 3. 3.<<. 29K:K6.85 /8. 4;3/5B;8 6784 K I < 7B4 :.55. 4;3/5B;8 :;859.6B53 APL2 ;5PQ4. ,^_@Y`%`@ ( )(� ) � K9Bc.9 I .8 /5B3B4785 3 AK3B< B875B;8 6.4 O/785Bc:75./94 I O/. g+, -784 /8 ;969. 5;573 6.84. 4784 .059K< B5K acl(A) = A

2;/9 5;/5 A ,G , -784 /8 .427:. i.:5;9B.3 37 :3�5/9. 73MKJ9BO/. 6. A .45 KM73. 7/ 4;/41.427:.i.:5;9B.3 .8M.869K 279 A ,R , -784 /8 :;924 73MKJ9BO/.< .85 :3;4 37 :3�5/9. 73MKJ9BO/. :;99.42 ;86 E 37 8;5B;8:3744BO/. 6784 3. 4.84 6 A/8 :;924 ,


