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In this document we move from the one to the multi-dimensional h-
principle (the usual one). We state the Gromov theorem regarding ample
and open differential relation and we give the main ideas of its proof. We
then focus on closed differential relations and see, through the example of
isometric immersions, how to deal with some of them.

1 Ample differential relations

Let A C R", recall that we denote by IntConv(A,a) the interior of the
convex hull of the component of A to which a belongs. The subset A C R"
is said to be ample if for every a € A we have IntConv(A,a) = R™. In
particular, A = () is ample.

Let M and N be two manifolds. We denotes by J'(M, N) the 1-jet space

of maps from M to N. This space is a natural fiber bundle over M x N
L(T,M,T,N) — J'(M,N) 2+ M x N.

We denote by J the natural inclusion

J: CYM,N) — JYM,N)
f — '

Ample relations in J!(M, N). — Locally, we identify J'(M, N) with
JHUYV)=UxV x LR™R") =U xV x [[R",
i=1

where U and V are charts of M and N. We denote by (z,y,v1,...,v) an
element of J(U,V) and we set:

Jl(ua V)L = {(-1’7:1/,'[)1, '-'7’Um—1)}7



thus JY(U,V) = J' U, V)* x R™. We denote by p the projection over the
first factor and by Ry C JH(U, V) the image of R C JY(M, N) by our local
identification. In a diagram, we have

Ruy — J! (U7 V)
Lpt
JLU,v)*t.
Finally, if z € J*(U, V)1, we set RE = (p1)~1(2) "Ry y. Note that R is a
s
differential relation of the bundle J' (U, V) L= J1 (U, V)*.
Definition. — A differential relation R C J'(M, N) is ample if for every

local identification J'(U,V) and for every z € JY(U,V)*, the space R} is
ample in (p)71(2) ~ R".

Remark. — Obviously, this definition does not depend on the chosen chart
since we take them all...

Proposition. — The differential relation T of immersions from M™ to N™
is ample if n > m.

Proof. — Let us reprent locally JY{(M, N) by JL(U, V) =U xV x [[1~, R"™.
We have

(x,y,v1,...,Um) € Ryyy <= (v1,..., ) est libre dans R".
Let z = (z,y,v1, ..., Vm_1) € JL U, V)*.
o If (v1,...,v;,—1) are linearly independent then

Um € (pt)71(2) lies inside Ryry <= v & Vect(vi, .o, Um—1) =: 11
= U € R™\ 1L

Therefore R = Ry N (ph)~1(2) = R™ \ II. Since the codimension of I is
n— (m —1) > 2, it ensues that Rﬁ is ample.

o If (v1,...,0m,—1) are linearly dependent thenRj; = () and thus Rﬁ is
ample. O



2 H-principle for ample relations

Theorem (Gromov 69-73 [2]). — Let R C J'(M,N) be an open and
ample differential relation. Then R satisfies the parametric h-principle i. e.

J:Sol(R) — T'(R)
1s a weak homotopy equivalence.

One immediate consequence.— It ensues from the above proposition
and from this theorem that the parametric h-principle holds for the differ-
ential relation of immersions of M™ into N™ with n > m. A homotopic
computation shows that if M™ = S? and N = R3 then

mo(I(S?,R?)) = my(Gl4.(3,R)) = 0.

Thus there is only one class of immersions of the sphere inside the three
dimensional space and in particular, the sphere can be everted among im-
mersions (Smale’s paradox, [6]).

Guidelines of the proof.— We first work locally over a cubic chart C' =
[0,1]™ of M and an open V ~ R™ of N. A section 0 € Rggn C J1(C,R")
has the following expression

o:cr— (e, folc),vi(c),...,vm(c)) € Rogn.
Let us denote by p™ the projection
(C, Y, V1, ey V) — (C, Y, V1, eey Un—1)
then R = RogeN(pt™)~1(2) for every z = (b, y,v1, ..., Um—1) € JL(C,R™)Lm.

We set
otm . C — Jl(C,R”)J‘m

c > (¢ fo(c),vi(c), .., vm-1(c))
and we denote by E the pull-back bundle (p=, J1(C,R"), JL(C,R™)+m):
E — JYCO,R")
T Lptm
UJ'W
c 27— JYC,R")tm



J](C,Rn)

c -~ Jhc. rm) L

The pull-back bundle E

Let S™ C E be the pull-back of the relation R1m. The relation S™ is ob-
viously open and ample. Note also that v, : C — R"™ provides a section
of 8™ over C. We now use the C'*°-parametric Fundamental Lemma with

= [0, 1]™ as parameter space and with 8™ as differential relation. There

exists h : C' x [0, 1] €%, 8™ such that

B(.0) = h(. 1) = v, € T(S™), Vee O, hic,.) € QR (ST

and

9fo

VcEC’/hcsd (%m().

We set
Cm
Fi(c) == folciy vy &m—1,0) +/ h(ciy ..y Gm—1, 8, N1s)ds.
0

We then have .

|F1 — fol = O(E)

and even more,
1

1F1 = follerm = O(E)

where

0
I hes = wax(fllons 5 o, 12—

m—1

lco)

is the C'!' norm without the ||—||Co term. This last subtlety will help us
O,
at the next step. By the very definition of 8™ the section

9% )

ocm

— (¢, fo(c),v1(c), ..., vm—1(c),



lies inside the relation R¢gr». Since R re is open and Fj is C-close to fo,
even if it means to increase N1, we can assume that

c— (¢, Fi(c),v1(c)y...,vm—1(c), gfi(c))

is a section of Rcrn. We then repeat the same process with respect to the
next to last variable to obtain

0F 0F,

¢ (e, Fi(c),v1(c), ..., vm—2(c) (¢), E(C)) € Rorn.

’ Ocm—1
Noticing that Rogn is open and that F» and F) are (C1, ém1)-close, we
can assume that:

0F, 0F,

c— (¢, Fa(c),vi(c), ..., um—2(c) (o), %(c)) € Reorn,

and so on until the section is completly holonomic, that is, until a solution
F := F,, over C and C-close to f; is obtained:

IF = folloo = Oz + -+ 5-)

ollco = Nt

In order to build a solution globally defined over M™, we first perform a
cubic decomposition of the manifold and we then recursively apply the pre-
ceding process over every cube. Of course the real problem is the one of the
sticking of the solutions together. Precisely if C' is an open cube, K a com-
pact subset of C' and fj a solution over an open neighborhood Op(K) of K,
the point is to construct a solution f extending fo on C. To achieve this goal,
we need to modify every convex integrations Fi, ..., Fp,. Let A\; : C' — [0, 1]
be a compactly supported C*° function such that

1 ifeceOp(K) C Op(K)
A1(e) :{ .
0 ifceC\OpK).

where Op;(K) C Op(K) is an open neighborhood of K. Let F; be the
preceding solution over C' obtained from

o:cr— (e folc),vi(c),...,vm(c)) € Rogn.

We set
fi:=F1+ M (fo— F1).



Let j € {1,...,m}, we have

0 OF 0 oF oA
ofi _ 1+/\.<f0 1>+1

de, ~ dc; o, 9e,) T

86] aC] (fO_Fl)

oA
Since A1 is compactly supported, the a—l is bounded for every j € {1,...,m}.
Cj

In the one hand, since Fy and fo are (C', m)-close, it ensues that for every
j€{l,...m—1}, we have

If1 = Filler 7 = O(+)-

In the other hand, regarding the
ofi O0F

dey,  Ocm,

term, there is no reason why it could be small in general. But it is the

relevant term if we want
0
cr— (c —fl (c ))

oem,
oFy , | .
to be a solution of &™. Indeed, since 8™ is open and ¢ — a—( c) is a
Cm
solution of §™, it would be enough to have afl nd % CP-close together
Cm Cm

to conclude. The smallness of

dfi  oF

8Cm acm co

over Op(K). It turns out that we can always choose the family of loops h
globally with the extra constraint that, over Op(K), it is equal to the family

relies on the one of
dfo  OF

oc,, Ocm

0
of constant loops ﬁ i. e.
Cm,

dfo

Ve € Op(K), h(c,s) = e

P OF



Since

OF:
ac; (C) = h(cla <5 Cm—1,Cm, Nlcm)
dfo
= Gen
m
0 oF 0 OF:
the difference Ofo _9F vanishes over Op(K) and thus Oh _oh
oc,  Ocm 0crn  Ocm || o
is small. For more details see [7] p. 51-60. Note that there is no difficulty
to move from a h-principle to a parametric h-principle. O

Theorem (Gromov [2], [3]). — Let R C JY(M,N) be open and ample,
then R satisfies to the CV-dense h-principle .

This means that if P is a compact manifold seen as a parameter space
and if ¢ : P — T'(R), then for every e > 0 there exists a homotopy
oy 10,1] x P — T'(R) such that oy = ¢ and

o: P —» J(Sol(R)) C T(R)
p = jlfp'

Moreover max,cp ||gp — fpllco < €, where g, = bs(c) : P — C*°(M, N).

3 H-principle for closed relations

I consider here the only example with which I am familiar: the closed dif-
ferential relation of isometric immersion. Nevertheless, the study of this
example gives some idea of what is needed for solving more general closed
relations with a convex integration process. The two key points are the
following: we have to own a subsolution of the differential relation (here a
strictly short immersion) together with a control of the C! norm of the maps
resulting from the convex integration process. Let us see this more closely
with the celebrated C'!' embedding theorem of Nash and Kuiper.

Definition.— Let f : (M™,g) — E? be an embedding. If g > f*(-,-)pa,
i.e. A= g — f*(-,-)p¢ is a metric, then f is said to be strictly short. If
g = f*(-,")ga, the embedding f is said to be isometric.

Theorem (Nash 54 [5], Kuiper 55 [4]).— Let fo : (M™,g) — E?
(g > n) be a strictly short embedding then there exists a C' isometric em-



bedding f : (M™, g) — B9 which is C° close to fo.

A rough sketch of the proof.— To simplify the presentation, we assume
that M™ is compact. Let us denotes by R the isometric differential relation
and by (Jx)r an increasing sequence of positive numbers converging toward
1. We set:

gk = fo (s Y Ea + 0 A.

We have (gi)r T g. We then define a sequence of differential relation (Ry)x
by the following inequations

gk — 6D < fo () pa < gi + €A

with €, = M. The sequence (Ry)x is converging toward R (for the

Hausdorff distance) and the Rys are pairewise disjoint.

The embedding fj is strictly short for g;. The differential relation R; is not
ample (as all of the Rys) but, thanks to the fact that fy is strictly short
for g1 this obstacle can be circumvented. This will be explained in the next
document. In some sense, the shortness hypothesis ensures that the 1-jet de
fo lies inside some iterated convex hull extension of R;.

The 1-jet space J'(M,N) (green), the differential relations Ry, (yellow) and the
image of j1fo (blue).

By applying the Gromov machinery to fy, we then obtain a new embedding
f1 such that:

1) f1 is a solution of Ry i. e. fi(-,-)pa = 1
2) |11 = folleo = O(5;)

where V] € N* is a free parameter in the convex integration formula defining



fi1. By an appropriate choice of the family of loops h appearing in that
formula, it is possible to achieve the following control of the C' norm of f;

3) 1f1 = foller < CVér.

where C' is a universal constant (independent of N1, fo and (O)ken+)-

The map f1 is a solution of R1. The image of its 1-jet j1 f1 (red) lies inside Ry
(blue).

From 1) we deduce that f; is strictly short for go. We thus apply once again
the integration convex machinery to build a new map fo such that :

1) f2 is a solution of Ry i. e. f5(-,-)ga =~ g2

2) | fa = fillco = O(5y;)

3) [If2 = filler < CVo2 = 1.

The Gromov machinery is applied iteratively producing a sequence of maps f1, fo,
etc.

This builds a sequence of maps (f)r which is C? converging if the growth



of the (INy) is fast enough, and which is C! converging if
Z \/5k+1 — 0 < 4o00.
k

Raising the (Nj)xs costs nothing, and the choice of the sequence (0x) is a
free ingredient of the proof, we thus can assume that the sequence (f)x is
C'! converging toward a map f which is bound to be a solution of R, that
is, a C'! isometric immersion.

Much more details will be given in the next document. The following ref-
erences should be mentionned: [5], [4], [1] p. 189-197, [3] p. 201-207, [7] p.
194-199. O

References

[1] Y. ELIAHSBERG ET N. MISHACHEV, Introduction to the h-principle,
Graduate Studies in Mathematics, vol. 48, A. M. S., Providence, 2002.

[2] M. GroMOV, Conver integration of differential relations I, Izv. Akad.
Nauk SSSR 37 (1973), 329-343.

[3] M. GroMoOV, Partial Differential Relations, Springer-Verlag, 1986.

[4] N. KUIPER, On C'-isometric imbeddings I, II, Indag. Math. 17 (1955),
545-556, 683-689.

[5] F. NasH, Cl-isometric imbeddings, Ann. Math. 63 (1954), 384-396.

[6] S. SMALE, A classification of immersions of the two-sphere, Trans. of
the A. M. S. 90 (1958), 2817290.

[7] D. SPRING, Convex Integration Theory, Monographs in Mathematics,
Vol. 92, Birkh&user Verlag, 1998.

10



