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An Elementary Example

Exercice.— Let f: [0,1] — R®
t ~— (0,0,1)
. c’ 3
Find f : [0,1] — R® such that :

i) Vtel0,1], |cos(f(t),e3)l <e
i) |f — follgo < 6

where e > 0 and § > 0 are given.
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Exercice.— Let f: [0,1] — R®
t ~— (0,0,1)
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i) Vtel0,1], |cos(f(t),e3)l <e
i) |f — follgo < 6
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R is the differential relation of our problem.
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The map f must be C° near of f, :
Introductory
Examples fO’

The average of ' for each < loop > of f is fi(t) :

1 ! /
Long(/)/,f (u)du = £(t)

(I = the preimage of one loop by f).
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A more general problem

Problem.— Let R C R® be a path-connected subset (=our
differential relation) and f; : [0, 1] L R3bea map such

vt e [0,1], fy(t) € Conv(R).

Find £ : [0,1] -5 B3 such that :

i) vte[0.1], F(t)eRr
i) NIf —follo < 6

with § > 0 given.
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How to build a solution ?

DA



One-
Dimensional
Convex
Integration

V.Borrelli

Bibliography

Introductory
Examples

Fundamental
Lemma

CO—Density

How to build a solution ?

DA



One-
Dimensional
Convex
Integration

V.Borrelli

Bibliography

Introductory
Examples

Fundamental
Lemma

CO-Density

How to build a solution ?




One-
Dimensional

Convex Construction of the solution :

Integration

VBorreli step 1
E— Choose a continuous family of loops

Examples” h: [0,1] — C°R/Z,R)
Fundamental u — hu

Lemma

CO-Density

such that
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Construction of the solution :
step 2

Then set

t
f() := £,(0) +/0 huo({Nu})du

where N € N* and {Nu} is the fractional part of Nu.

f(u):=hy({Nu})
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Construction of the solution :
step 2

Then set

t
£(t) := £,(0) +/0 huo({Nu})du

where N € N* and {Nu} is the fractional part of Nu.

We say that f is obtained from f, by a convex integration.

f(u):=hy({Nu})
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Notation.— Let R ¢ R” and o € R. We denote by
IntConv(R, o) the interior of the convex hull of the
connected component of R to which ¢ belongs.

Definition.— A (continuous) loop g : [0,1] — R",
9(0) = g(1), strictly surrounds z € R" if

IntConv(g([0,1])) D {z}.
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Fundamental Fundamental Lemma.— Let R C R" be an open set,c € R

Lemma

and z € IntConv(R, o) There exists a loop h : [0, 1] R
with base point o that strictly surrounds z and such that :

zZ= /01 h(s)ds.
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Remark.— A priori h € Q,(R), but it is obvious that we can
choose h among "round-trips" i.e the space :

QAR(R) = {he Q,(R)| Vs e[0,1] h(s) = h(1 —s)}.

The point is that the above space is contractible. For every
u € [0, 1] we then denote by h, : [0,1] — R the map
defined by

[ h(s) if se[0,5]U[1—4]
h“(s)_{h(u) if secl41-4Y] ;

This homotopy induces a deformation retract of Q2% (R) to
the constant map

5: [0,1] — R
S — O.
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Parametric version of the Fundamental Lemma. - Let
E =[a,b] x R" = [a, b] be a trivial bundle and R C E be
an open set. Leto € '(R) and z € T(E) such that :

Vp € [a,b], z(p) € IntConv(Rp,o(p))

where R, := n~'(p) N'R. Then, there exists
h:[a,b] x [0,1] <5 R such that :

h(.,0) = h(.,1) = o € T°(R),

vp € [a,b], h(p,.) € QG (Rp)
and 1
vp<labl. z(p) = | h(p.s)ds.
0
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Observation.— The parametric lemma still holds if the
parameter space [a, b is replaced by a compact manifold P.
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The Convex Integration Process

Let R ¢ R” be a arc-connected subset, f € C>*(/,R") be a
map such that f}(/) C IntConv(R). We set

t
vtel, F(t):= fo(0)+/ h(s, Ns)ds
0
with N € N*.

Definition.— We say that F € C*>°(/,R") is a solution of R
obtained from fy by a convex integration process.

Obviously F'(t) = h(t, Nt) € R and thus F is a solution of
the differential relation R.
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One crucial property of the convex integration process is
that the solution F can be made arbitrarily close to the initial
map f.

Proposition (C%-density).— We have

1
IF — fllo < - <2uhuco 1o Hco)

where ||g|co = SUppep [|9(P)[Igs denotes the C° norm of a
function g : D — 3.
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Remark.— Even if f,(0) = fp(1), the map F obtained by a
convex integration from f, does not satisfy F(0) = F(1) in
general. This can be easily corrected by defining a new map
f with the formula

Vte [0,1] , f(t)=F(t)—t(F(1)— F(0)).
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Remark.— Even if f,(0) = fp(1), the map F obtained by a
convex integration from f, does not satisfy F(0) = F(1) in
general. This can be easily corrected by defining a new map
f with the formula

Vte [0,1] , f(t)=F(t)—t(F(1)— F(0)).

Proposition (C%-density).— We have

2
I~ hlloo < & (210 + 15710
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C° Density, N =3
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Multi Variables Setting

¢ In a multi-variable setting, the convex integration formula
takes the following natural form :

Cm
f(ct, ..., m) = fo(cy, ..., cm_1,0)+/ h(cy,...,Cm—1,S, Ns)ds
0

where (¢4, ...,cm) € [0, 1]™.

A corrugated plane
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e The CP-density property can be enhanced to a
C'™_density property where the notation C"™ means that
the closeness is measured with the following norm

O TR L
80 COy ey (':)Cm,~| co)-

CO-Density

Ifllrm = max([If]lco. [l 5
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e The C%-density property can be enhanced to a
C'™_density property where the notation C"™ means that
the closeness is measured with the following norm

TR L
80 COy ey aCm,~| co)-

CO-Density

Ifllgm = max([lf][co, |

Proposition (C'™-density).— We have

1
I~ tllen =0 ()
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