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Signature of a regular path

X := (Xt(1), . . . ,Xt(d)) : R→ Rd smooth path with d components

Signature of X :

Xts(i1, . . . , in) :=
∫ t

s
dXx1(i1)

∫ x1

s
dXx2(i2) . . .

∫ xn−1

s
dXxn(in).
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Solution of differential equations

dYt =
d∑

j=1
Vj(Yt)dXt(j)

Formal solution:

Yt = Ys +
∞∑

j=1

∑
1≤i1,...,ij≤d

[Vi1 · · ·Vij · Id](Ys) · Xts(i1, . . . , ij).

Euler scheme of rank N :
Replace with truncated series (j ≤ N)  

Yt = Φ(Xts(i1), . . . ,Xts(i1, . . . , iN);Ys)

Compose  Yt ' Φ(Xt, n−1
n t ; · · ·Φ(X 2t

n ,
t
n ; Φ(X t

n ,0;Y0) · · · ).
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Shuffle property

Xts(i1, . . . , in1)Xts(j1, . . . , jn2) =
∑

k∈Sh(i ,j)

Xts(k1, . . . , kn1+n2)

Sh=shuffles
Ex. Xts(i1, i2).Xts(j1) = Xts(i1, i2, j1) + Xts(i1, j1, i2) + Xts(j1, i1, i2).

Hopf algebraic interpretation.
Shd := {words with letters in 1, . . . , d} '{decorated trunk trees}
Product=shuffle product

Xts has shuffle property ⇐⇒ Xts character of Shd .
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Chen property

us t

Xts(i1, . . . , in) = Xtu(i1, . . . , in) + Xus(i1, . . . , in)

+
∑

k
Xtu(i1, . . . , ik)Xus(ik+1, . . . , in).

Hopf algebraic interpretation.
Coproduct of Shd : ∆((i1, . . . , in)) =

∑
k(i1, . . . , ik)⊗ (ik+1, . . . , in).

Xts has Chen property ⇐⇒ Xts = Xtu ∗ Xus .
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Tree extension

Hd Hopf algebra of rooted trees with decoration in {1, . . . , d}.

Definition. Πd : Hd → Shd Hopf algebra projection

q∨qq
1

32 7→ qqq 1
2
3

+ qqq 1
3
2

Write v � w if v is above w ( tree partial ordering)
Πd(T) =

∑ trunk trees with total ordering compatible with
transfered tree partial ordering

Definition (tree iterated integrals).
X̄ts := Xts ◦ Πd , character of Hd ; X̄ts = X̄tu ∗ X̄us .

J.U. () Renormalization of rough paths Madrid 2010 7 / 38



Rough paths

X : R→ Rd α-Hölder: |X (t)− X (s)| ≤ C |t − s|α (α ∈ (0, 1)).

Definition. ((J ts
X (i1)), . . . , (J ts

X (i1, . . . , iN))), N = b1/αc rough path
over X if:
(i) J ts

X (i1) = Xt(i1)− Xs(i1);
(ii) J ts

X enjoys Chen and shuffle properties;
(iii) Hölder regularity: |J ts

X (i1, . . . , ik)| ≤ C |t − s|kα.
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An example: fractional Brownian motion
Fix α ∈ (0, 1).
Definition. Centered Gaussian process (Bt)t∈R with covariance

EBsBt =
1
2
(
|s|2α + |t|2α − |t − s|2α

)
.
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−0.5
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2

Figure: Path of fractional Brownian motion, α = 0.3.

• α = 1
2 : usual Brownian motion

• E(Bt − Bs)2 = O(|t − s|2α)  (Kolmogorov) α−-Hölder paths.
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A rough path by approximation

• d ≥ 2 B = (Bt(1), . . . ,Bt(d)) with d independent components
Replace Bt by ultra-violet regularization Bε

t , ε > 0, ε→ 0

 Bts(i , i) always converges when ε→ 0

 if i1 6= i2, then Bts(i1, i2) converges (α > 1/4), diverges like
ε−

1
2 (1−4α) (α < 1/4).
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Towards Fourier expressions

Bts(1, 2) =: Areats :=
∫ t

s
B ′u1

(1)du1

∫ u1

s
B ′u2

(2)du2

= Areats(∂) + δGts

= Boundary term + Increment.
Two fundamental notions:
Formal integration:

∫ t eiξxdx := eiξt

iξ  skeleton integrals

Fourier projections, P+
1,2 et P−1,2:

P±1,2(f1 ⊗ f2)(x1, x2) =
∫ ∫

|ξ1|≶|ξ2|
dξ1 dξ2f̂1(ξ1)f̂2(ξ2)ei(x1ξ1+x2ξ2)
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Regularized area using Fubini

Clue: Give two different boundary/increment decompositions for
P+

1,2Areats and P−1,2Areats using Fubini:

P+
1,2Areats = P+

1,2

∫ t

s
B ′u1

(1)du1

∫ u1

s
B ′u2

(2)du2,

P−1,2Areats = P−1,2
∫ t

s
B ′u2

(2)du2

∫ t

u2
B ′u1

(1)du1.

Fourier normal ordering: Innermost (rightmost) integrals bear highest
Fourier components
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Regularized area : Boundary term

P+
1,2Areats(∂) := −P+

1,2

∫ t

s
B ′u1

(1)du1

∫ s
B ′u2

(2)du2

= −δ
[
u 7→

∫
dWξ1(1)|ξ1|−

1
2−αeiuξ1

∫
|ξ2|≥|ξ1|

dWξ2(2)|ξ2|−
1
2−αeisξ2

]
ts

Lemma. Let F (u) =
∫
R dWξeiuξa(ξ) with |a(ξ)|2 . |ξ|−1−2β: then

E|F (u1)− F (u2)|2 . |u1 − u2|2β.

Corollary (Kolmogorov-Centsov) F β−-Hölder.
One finds: Var a(ξ1) . |ξ1|−1−4α −→ P+

1,2Area(∂) 2α−-Hölder.
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Increment term G (skeleton integral)

P+
1,2Gt =

∫
dWξ1(1)

|ξ1|
1
2−α

ξ1 + ξ2
eitξ1 .

∫
|ξ2|≥|ξ1|

dWξ2(2)|ξ2|−
1
2−αeitξ2

∼
∫

dWζ1(1)eitζ1a(ζ1), a(ζ1) =
1
ζ1

∫
|ζ1−ζ2|≤|ζ2|

dWζ2(2)

ζ2
|ζ1−ζ2|

1
2−α|ζ2|

1
2−α

Vara(ζ1).
1
ζ2

1

∫
|ζ1−ζ2|1−2α|ζ2|−1−2αdζ2 . |ζ1|−1−4α (α > 1/4),∞ else!

1. Domain regularization :
R2

+ := {(ξ1, ξ2) : |ξ1| ≤ |ξ2|} R2
reg := {(ξ1, ξ2) ∈ R2

+ : |ξ1+ξ2| > Creg |ξ2|}.

2. Regularization by counterterm: a(ζ1) 7→ Ra(ζ1) := a(ζ1)− a(0).

Theorem: RP+
1,2Gt is 2α-Hölder FOR ALL α.
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Three fundamental theorems.

1. Existence theorem (Lyons-Victoir 2007). Let X α-Hölder. Then
there exists a rough path JX over X . Non-constructive proof:
non-canonical Hölder lifts of sections of principal bundles.
2. Approximation theorem (Lyons-Friz-Victoir). Let X α-Hölder and
JX rough path over X . Then there exists an approximation of X by
smooth X (ε) such that iterated integrals of X (ε) converge to JX .
Non-constructive proof: compacity type arguments to determine
existence of horizontal sub-Riemannian Carnot-Carathéodory
geodesics over universal nilpotent group.
3. "Black box" (Lyons-Friz-Victoir-Lejay-Tindel...) Let X α-Hölder
and JX rough path over X . Then one knows how to define integrals
along/solve differential equations driven by X – or rather JX . Explicit
numerical analysis constructions.
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Characters of Hd and Shd

Main question. Recall Πd : Hd → Shd canonical projection
χ character of Shd  χ ◦ Πd character of Hd .

How to go in the reverse direction ?
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Variations on H
H Hopf algebra of (non-decorated) rooted trees
Hho Hopf algebra of heap-ordered rooted trees:
Fho = ]n≥0Fho(n) heap-ordered forests with n vertices
If F ∈ Fho(n) then (i � j)⇒ (n ≥ i > j ≥ 1)
Ex. q 1 . qq 1

2 = q 1 qq 2
3 , qq 1

2 . q 1 = qq 1
2 q 3

∆( q∨qq
1

32 ) = q∨qq
1

32 ⊗ 1 + 1⊗ q∨qq
1

32 + 2 qq 1
2 ⊗ q 1 + q 1 ⊗ q 1 q 2 .

Equivalent notations.
I ts : ( path X : R→ Rd ) × ( decorated forest ) → R, or
( (signed) measure in Meas(Rn) ) × ( heap-ordered forest
F ∈ Fho(n) ), I tsX ((F, `)) = I tsµ(X ,`)

(F)

where µ(X ,`)(dx1, . . . , dxn) = ⊗n
i=1dXxi (`(i)).

The second definition extends to arbitrary measures,  I tsµ (F)
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Tree-order-preserving symmetries
F ∈ Fho(n) with n vertices
Definition.

SF := {σ ∈ Σn | (i � j)⇒ (σ−1(i) > σ−1(j))}
= {σ ∈ Σn | σ−1(F) ∈ Fho(n)}.

Example. F = qq 1
2 q 3

Sh((1, 2), (3)) = {σ = (1 2 3), (1 3 2), (3 1 2)}
 σ−1 = (1 2 3), (1 3 2), (2 3 1)
 σ−1(F) = qq 1

2 q 3 , qq 1
3 q 2 , qq 2

3 q 1 .

I ts depends only on the topology of F

 I tsµ(X ,`)
(F) = I tsµ(X ,`)◦σ(σ−1(F)). (2.1)
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Fourier normal ordering

µ ∈ Meas(Rn), standard example:
µ(X ,`)(dx1, . . . , dxn) = ⊗n

i=1dXxi (`(i)).
Fourier projections.

Pσµ = F−1
(
1|ξσ(1)|≤...≤|ξσ(n)|Fµ(ξ1, . . . , ξn)

)
.

µσ := (Pσµ) ◦ σ = P Id(µ ◦ σ) is Fourier normal-ordered

Measure-splitting decomposition:

µ =
∑
σ∈Σn

µσ ◦ σ.
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First definition of permutation graph Tσ

tn ∈ Fho(n) : trunk heap-ordered tree with n vertices
σ ∈ Σn  Tσ ∈ Hho(n) defined by

I tsµ (tn) = I tsµ◦σ(Tσ).

Example. σ = (231):

∫ t

s
dx`(1)

∫ x`(1)

s
dx`(2)

∫ x`(2)

s
dx`(3) (. . .) =

∫ t

s
dx`(2)

∫ x`(2)

s
dx`(3)

∫ t

x`(2)

dx`(1)(...)

= −
∫ t

s
dx1

∫ x1

s
dx2

∫ x1

s
dx3(...) +

∫ t

s
dx1

∫ x1

s
dx2 .

∫ t

s
dx3(...)

−→ (after permuting indices): Tσ = − q∨qq
1

23 + qq 1
2 q 3
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Second definition of permutation graph Tσ

Definition. FQSym Hopf algebra of free quasi-symmetric functions
FQSym = formal sums of permutations
Preliminary remark. Fix k ≤ n and σ ∈ Σn, then σ writes uniquely as
ζ−1 ◦ (σ1 ⊗ σ2) or (σ1 ⊗ σ2) ◦ ε, with ε, ζ ∈ Sh(k , n − k).
Product. σ1 ∈ Σk , σ2 ∈ Σn−k  

σ1.σ2 =
∑

ε∈Sh(k,n−k)

(σ1 ⊗ σ2) ◦ ε.

Example.
(123)(21) = (12354) + (12534) + (15234) + (51234) + (12543)

+(15243) + (51243) + (15423) + (51423) + (54123).

Coproduct. ∆(σ) =
∑n

k=0 σ
(k)
1 ⊗ σ

(k)
2 .

Example.
∆((231)) = 1⊗ (231) + Std(2)⊗ Std(31) + Std(23)⊗ Std(1) + (231)⊗ 1

= 1⊗ (231) + (1)⊗ (21) + (12)⊗ (1) + (231)⊗ 1.
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An explicit Hopf algebra isomorphism
Theorem (L. Foissy+J.U.)

1 Let Θ : Hho → FQSym, F ∈ Fho 7→
∑
σ∈SF σ. Then Θ is a Hopf

algebra isomorphism.
2 Tσ = Θ−1(σ−1).

Corollary.
1

ε−1(Tσ1 .Tσ2) =
∑

ζ∈Sh(k,n−k)

Tζ−1◦(σ1⊗σ2)◦ε;

2

∆(Tσ) =
∑

k

∑
σ=(σ1⊗σ2)◦ε

Tσ1 ⊗ Tσ2 .
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General rough path construction by Fourier normal
ordering
Theorem. Let φt

F : PFMeas(Rn)→ R, µ 7→ φt
µ(F)

(t ∈ R,F ∈ Fho(n)) linear and invariant under tree-order-preserving
symmetries, i.e.

φt
µ(F) = φt

µ◦σ(σ−1(F)), σ ∈ SF,

and such that:
• φt

dX(i)(t1)− φs
dX(i)(t1) = Xt(i)− Xs(i).

• φt
µ1

(T1)φt
µ2

(T2) = φt
µ1⊗µ2

(T1.T2).
Then:

1 χt
X ((tn, `)) :=

∑
σ∈Σn φ

t
µσ

(X ,`)
(Tσ) is a character of Shd .

2 J ts
X ((tn, `)) := χt

X ∗ (χs
X ◦ S)(tn, `) is a rough path over X .
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First elementary example.

Let φt
µ(tn) = 0 for every n ≥ 2.

Let X be an α-Hölder path (e.g. a path of (Bt(1), . . . ,Bt(d))).

Then J ts
X (i1, . . . , in), n ≤ b1/αc is nα-Hölder.

J.U. () Renormalization of rough paths Madrid 2010 26 / 38



Second example. Fourier domain regularization

Definition (skeleton integrals)

SkIt
µ(T) =

∫
dξ1 . . . dξn(Fµ)(ξ1, . . . , ξn) ·

∫ t ∫ x2−
. . .
∫ xn− ei〈x,ξ〉dx

where
∫ t eixξ = eitξ

iξ .
Computation:

SkIt
µ(T) =

∫
dξ1 . . . dξn(Fµ)(ξ1, . . . , ξn) · eit(ξ1+...+ξn)∏

i(ξi +
∑

j�i ξj)
.

 Integrate over subdomain of Rn
+ = {|ξ1| ≤ . . . ≤ |ξn|} where

denominator large, e.g. |ξi +
∑

j�i ξj | > C supj�i |ξj |.
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Third example. BPHZ renormalization for fBm.
Associate to a skeleton integral SkIB(T) a Feynman half-diagram and
a Feynman diagram.

Example. T = q∨qqq
1

42
3

ζ
1

ζ2

ζ3

ζ
4

0

0

ξ
1

ξ
2

ξ
3

ξ
4

ζ
4

ζ
4

ζ
1

ζ
1

0 0

0 0

ζ
3

ζ
3

ξ
2

ξ
3

ξ
4

ξ
1

ζ
2

ζ
2

Feynman rules  Diagram evaluation A
G

1
2 (T)

(ζ) or AG(T)(ζ1).

A
G

1
2 (T)

: 1/ζ, |ξ| 12−α; AG(T): 1/ζ, |ξ|1−2α

SkIt
B (T) :=

∫ ∏
v∈V (T)

dWξv (`(v))
eitζ1

ζ1
A

G
1
2 (T)

(ζ1, ξ) Var( . ) =

∫
dζ1

ζ2
1

AG(T)(ζ1).
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4

ζ
4

ξ
(11’)

ξ
(11’)

ξ
(24) ξ

(24)

ζ
1’

ζ
1

3

2
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0 0

ζ
3

ζ
3

ξ

ξ
4

ζ ζ
2

ξ
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ζ ζ
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ζ
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ζ
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BPHZ renormalization
Theorem.
Let

1

RA
G

1
2 (T)

(ζ1) :=
∑

F∈Fdiv (G(T))

∏
g∈F

(−τg )A
G

1
2 (T)

(ζ)

2

RSkIt
B(T) :=

∫ ∏
v∈V (T)

dWξv (`(v))
eitζ1

ζ1
RA

G
1
2 (T)

(ζ1, ξ)

Then
|Var(RSkIt

B −RSkIs
B)(T)| . |t − s|2|V (T)|α.
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Singular penalizations

Definition (stationary field associated to fBm).

φ1,2(t) =
∫ eitξ

|ξ|α+1/2dW1,2(ξ), E|Fφ1,2(ξ)|2 =
1

|ξ|1+2α .

Associated Gaussian measure: dµ(φ)
Idea: penalize trajectories with many small area bubbles by replacing
dµ(φ) with 1

Z(λ)
e− 1

2λ
2
∫
Lint (t)dt where λ� 1 and Lint quadratic in

the Lévy area, A.
"Trick": e− 1

2

∫
λ2A2

=
∫
eiλ
∫
Aσdµ(σ)

Associated Gaussian measure : dµ(σ), E|Fσ(ξ)|2 = 1
|ξ|1−4α
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Cultural note : field theory

Classical language in elementary particle physics and in statistical
physics.
Multi-scale Fourier analysis  integrating w.r. to highest Fourier
scales yields an effective theory at low frequency (=at large
distances) with renormalized parameters
Examples:
λ λj effective parameter for 2j . |ξ| . 2j+1;

1
|ξ|1−4α  1

|ξ|1−4α+bj , bj=effective mass of the σ-field
Other examples:
• Weakly self-avoiding paths or φ4 theory (D=4): free theory at large
distances (λj → 0 quand j → −∞)
• Quantum chromodynamics: free theory at small distances.
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(φ, ∂φ, σ)-model

Ultra-violet cut-off: |ξ| . 2ρ

Z (λ) =
∫

dµ→ρ(φ)dµ→ρ(σ)e−iλ
∫
P+(∂φ1(x)φ2(x))σ(x)dx

Renormalization: bj ≈ λ22ρ(1−4α) for every j
The interaction introduces a screening mass ≈∞
 by integration by parts:

〈|F(∂A±)(ξ)|2〉λ =
1
λ2 |ξ|

1−4α
[
1− |ξ|1−4α〈|(Fσ+)(ξ)|2〉λ

]
. (4.1)
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Perturbative "proof"
Feynman diagrams: formal expansion
e−iLint =

∑ (−iLint )n

n!
 Wick formula

Bubble:

−|ξ|1−4α · (−iλ)2

∫ Λ

|ξ1|<|ξ−ξ1|

dξ1

{(
E[|Fσ+(ξ)|2]

)2
E[|F(∂φ1)(ξ1)|2] E[|Fφ2(ξ − ξ1)|2]

}
= λ

2|ξ|4α−1

∫ Λ

|ξ1|<|ξ−ξ1|

dξ1|ξ1|
1−2α|ξ − ξ1|

−1−2α ∼Λ→∞ Kλ2(Λ/|ξ|)1−4α
, (4.2)

Bubble series: 1
|ξ|1−4α  1

|ξ|1−4α+b , b ≈ λ2Λ1−4α

1
λ2 |ξ|

1−4α
[

1−
1

1 + K ′λ2(Λ/|ξ|)1−4α

]
=

1
λ2 |ξ|

1−4α ·
K ′λ2(Λ/|ξ|)1−4α

1 + K ′λ2(Λ/|ξ|)1−4α

→Λ→∞
1
λ2 |ξ|

1−4α
. (4.3)

ξ ξ

ξ1

ξ− ξ
1

ξ
1

ξ−

ξ

ξ
1

ξ
1

ξ−

ξ

ξ
1

+
ξ

+   . . .
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Constructive proof (I)
Multi-scale vertical slicing ψ =

∑
j ψ

j , supp(Fψj) ⊂ [2j−1, 2j+1]
 Horizontal slicing : one degree of freedom per dyadic interval ∆j

of length 2−j

Cluster expansion: finite-order expansion within each interval ∆j , and
approximate decoupling of degrees of freedom  polymers P.

1

2 3 4

5 6

7

8

9

ρ

ρ−1

ρ−2

ρ−3

ρ−4

ρ−5
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Constructive proof (II)

Z→ρV (λ) =
∑

n

1
n!

∑
P1,...,Pn non−overlapping

FHV (P1) . . . FHV (Pn),

lnZ→ρV (λ) = |V |∑ρ
j=0 2j f j→ρ

V , where f j→ρ
V →|V |→∞ O(λ)

Renormalization: The local parts of diverging diagrams are resummed
into an exponential scale after scale ⇔ covariance renormalized by
the mass counterterm bj
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