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té

C
la
u
d
e
B
er
n
ar
d
L
yo
n
1

h
t
t
p
:
/
/
m
a
t
h
.
u
n
i
v
-
l
y
o
n
1
.
f
r
/

„f
r
a
b
e
t
t
i
/
M
a
t
h
2
/

B
u
t
d
u
co

u
rs
:

G
ra
p
h
e
d
e
fo
n
ct
io
n

L
ig
n
es

d
e
n
iv
ea
u

T
ay
lo
r

E
xt
re
m
a

C
h
am

p
s
d
e
ve
ct
eu
rs

L
ig
n
es

d
e
ch
am

p



P
ro
gr
am

m
e
et

pl
an

de
s
co
ur
s

P
ar
ti
e
I
:
F
o
n
ct
io
n
s
d
e
p
lu
si
eu

re
s
va
ri
a
b
le
s

C
M

1
–

C
o
or
d
on

n
ée
s,
en
se
m
b
le
s
co
m
p
ac
ts

C
M

2
–

F
on

ct
io
n
s,
gr
ap
h
es
,
op

ér
at
io
n
s

C
M

3
–

D
ér
iv
ée
s
p
ar
ti
el
le
s,
gr
ad
ie
n
t,
d
iff
ér
en
ti
el
le

C
M

4
–

Ja
co
b
ie
n
n
e,

rè
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É
n
o
n
cé
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é
b
or
d

B
ou
le
s

‚D
an
s
R
3
,
on

ap
p
el
le

b
o
u
le

o
u
ve

rt
e

B
pa,

b
,c

qpr
q“

� px
,y

,z
q|

px
´

aq2
`

py
´

b
q2

`
pz

´
c

q2
ă

r2
(

b
o
u
le

fe
rm

ée
B

pa,
b
,c

qpr
q“

� px
,y

,z
q|

px
´

aq2
`

py
´

b
q2

`
pz

´
c

q2
ď

r2
(

b
o
rd

d
e
la

b
o
u
le

(=
sp
h
èr
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é
s’
il
co
n
ti
en
t
to
u
s
se
s
p
oi
n
ts

d
e
b
or
d
.

o
u
ve
rt

fe
rm

é
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ié
té
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à
p
lu
si
eu
rs

va
ri
ab
le
s

F
pR

n
,R

m
qm

u
n
i
d
e
l’
ad
d
it
io
n
et

d
u
pr
o
d
u
it
p
ar

sc
al
ai
re

es
t
u
n

es
p
ac
e
ve
ct
or
ie
l
su
r
R

d
e
d
im

en
si
on

in
fi
n
ie
.



C
om

p
os
it
io
n
de

fo
nc
ti
on
s

D
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éfi

n
it
io
n
–

P
ou

r
to
u
t
ve
ct
eu
r
� v

“
pv 1

,.
..
,v

n
qP

R
n
,
on

ap
p
el
le

d
ér
iv
ée

d
ir
ec
ti
o
n
n
el
le

d
e
f
d
a
n
s
la

d
ir
ec
ti
o
n
� v
la

fo
n
ct
io
n

B � v
f
:
D

ÝÑ
R
m

� x
ÞÝÑ

B � v
f

p� x
q“

v 1
Bf Bx

1
p� x

q`
¨¨¨

`
v n

Bf Bx
n
p� x

q

N
o
ta

–
D
ér
iv
ée
s
p
ar
ti
el
le
s
=

d
ér
iv
ée
s
d
ir
ec
ti
on

n
el
le
s
d
an
s
la

d
ir
ec
ti
on

d
es

ve
ct
eu
rs

� e i
“

p0,
..
.,
1,
..
.,
0q,

où
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iè
m
e
p
os
it
io
n
,

c’
es
t-
à-
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éo

rè
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où

a
Pr

0,
1s

f
es
t
d
iff
ér
en
ti
ab
le

su
r
D

“
D
O

p1q
=

d
is
q
u
e
u
n
it
ai
re

ou
ve
rt
,
et

ÝÑ ∇f
px
,y

q“
¨ ˝

´x
? 1

´x
2
´y

2

´y
? 1

´x
2
´y

2

˛ ‚
“

´1 a
px
,y

q.

P
ou

r
to
u
t
a

Ps0
,1

r,
ce

ve
ct
eu
r
es
t
or
th
og

on
al

au
ce
rc
le
L
a
pfq

au
p
oi
n
t

px
,y

qe
t
es
t
d
ir
ig
é
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dé
ri
vé
es

D
an
s
ce
tt
e
se
ct
io
n
:

‚
R
es
u
m
é
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éa
ir
es

d
f
:
D

ÝÑ
Lp

R
n
,R

q
d
f

“
Bf Bx

1
d
x 1

`
¨¨¨

`
Bf Bx

n
d
x n

‚J
a
co

b
ie
n
n
e

=
fo
n
ct
io
n
à
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cé

–
S
oi
t
f
:
R
2

ÝÑ
R

u
n
e
fo
n
ct
io
n
d
on

t
on

co
n
n
ai
t

Bf
px
,y

q
Bx

“
2x
y

et
Bf

px
,y

q
By

“
x
2

´
2y

.

P
ou

r
G

pu
,v

q“
f

pv
,u
v
2
q,

ca
lc
u
le
r

BG Bu
et

BG Bv
.

R
ép

o
n
se

–
S
i
on

p
os
e

h
pu
,v

q“
pv
,u
v
2
q“

px
,y

q,
c.

à
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âı
n
e:

Bf̃ Bu
pu,

v
q

“
Bf Bx

ph
pu,

v
qq

Bx Bu
pu,

v
q`

Bf By
ph

pu,
v

qq
By Bu

pu,
v

q
“

y
p u,

v
q2

¨0
`

2x
pu,

v
qy

pu,
v

qv
2

Bf̃ Bv
pu,

v
q

“
Bf Bx

ph
pu,

v
qq

Bx Bv
pu,

v
q`

Bf By
ph

pu,
v

qq
By Bv

pu,
v

q
“

y
pu,

v
q2

¨1
`

2x
pu,

v
qy

pu,
v

q2
u
v

E
xe
rc
ic
e
(s
ui
te
)

R
ép

o
n
se

(s
u
it
e)
–

E
n
al
te
rn
at
iv
e,

on
p
eu
t
p
as
se
r
p
ar

le
s
m
at
ri
ce
s
Ja
co
b
ie
n
n
es
.

P
u
is
q
u
e

J f
px,

y
q“

´
Bf

px
,y

q
Bx

Bf
p x
,y

q
By

¯
“

`
y
2

2x
y

˘ ,

on
a

J f̃
pu,

v
q

“
J f

ph
pu,

v
qq

¨J
h
pu,

v
q

“
`
y

pu,
v

q2
2x

pu,
v

qy
pu,

v
q˘ ¨ˆ

0
1

v
2

2u
v

˙

“
`
y
2

¨0
`

2x
y

¨v
2

y
2

¨1
`

2x
y

¨2
u
v

˘

“
`
2v

2
x

pu,
v

qy
pu,

v
q

y
pu,

v
q2

`
4u

v
x

pu,
v

qy
pu,

v
q˘



E
xe
rc
ic
e
(s
ui
te
)

3)
S
oi
t

γ
ptq

“
px

ptq
,y

ptq
qu

n
e
tr
aj
ec
to
ir
e
d
an
s
R
2

d
ép
en
d
an
te

d
u
p
ar
am

èt
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où

on
ca
lc
u
le

la
m
oy
en
n
e

µ
pf,

C
q.



E
xe
rc
ic
e

É
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cé

(s
u
it
e)

–

2)
T
ro
u
ve
r
le
s
fo
n
ct
io
n
s
f
te
lle
s
q
u
e

Δ
F

px
,y

q“
a
x
2
`y

2
.

R
ép

o
n
se

–
E
n
te
rm

es
d
e
f
,
l’
éq
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2è
m
e

or
d
re

n
on

h
om

og
èn
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ù

H
f
p0,

0q
“

ˆ
0

´1
´1

2

˙

A
in
si
:

x
´

1

y
´

1
“

1
´
x

`
y

´
xy

`
y
2

`
o

` ||p
x
,y

q||
2
˘ .



E
xe
rc
ic
e

É
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éo

rè
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où
ch
aq
u
e
te
rm

e
f

px i
,y

iq
δ2

re
pr
és
en
te

le
vo

lu
m
e

a
lg
éb
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éo

rè
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lé
p
ip
èd
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té
gr
al
es

tr
ip
le
s

E
xe

m
p
le

–
O
n
ve
u
t
ca
lc
u
le
r

¡ Ω

p1
´

2y
z

qd
x
d
y
d
z

où
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dé
fi
ni
ti
on

gé
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é
d
e
R
2
es
t

A
ir
e

pD
q“

ĳ D

d
x
d
y

x

y

D

P
ro
p
o
si
ti
o
n
–

S
i
D

es
t
la

p
or
ti
on

d
u
p
la
n
so
u
s
le

gr
ap
h
e
d
’u
n
e
fo
n
ct
io
n

f
:ra

,b
sÑ

R
p
os
it
iv
e,

c’
es
t-
à-
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té

vo
lu
m
iq
u
e)
,
ou

u
n
e
d
en
si
té
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à-
d
ir
e
si
R

ď
a
14

{5
.





C
ha
pi
tr
e
4

C
ha
m
ps

sc
al
ai
re
s
et

ch
am

ps
de

ve
ct
eu
rs

4.
1
–

C
h
am

p
s
et

fo
n
ct
io
n
s

4.
2
–

C
h
am

p
s
sc
al
ai
re
s

4.
3
–

C
h
am

p
s
d
e
ve
ct
eu
rs

4.
4
–

C
h
am

p
s
co
n
se
rv
at
if
s

4.
5
–

C
h
am

p
s
in
co
m
pr
es
si
b
le
s

4.
1
–
C
ha
m
ps

et
fo
nc
ti
on
s

D
an
s
ce
tt
e
se
ct
io
n
:

‚
R
ep
èr
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èr
es

‚
L
oi

d
e
tr
an
sf
or
m
at
io
n
d
’u
n
ch
am

p

‚
D
es
si
n
d
’u
n
ch
am

p



R
ep
èr
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èr
e

pO
,� e

V
,� e

P
qp

ou
r

re
pr
és
en
te
r
le

re
fe
re
n
ti
el

pV
,P

q.

L
oi
s
dé
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èr
es
,

le
s
ch
am

p
s
en

d
ép
en
d
en
t .

E
xe

m
p
le

–
O
n
ve
u
t
se

ra
n
ge
r
en

fi
le

in
d
ie
n
n
e
d
ev
an
t
la

p
or
te
:

x
=

gr
an
d
eu
r
q
u
i
d
éc
ri
t
ch
aq
u
e
p
er
so
n
n
e
d
e
ce
tt
e
sa
lle

P
px

q“
x 10

=
p
os
it
io
n
d
an
s
la

fi
le

à
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èt
re
s,
al
or
s
P

px
q“

x 10
es
t
en

m
èt
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à
va
le
u
rs

da
ns

R
m

D
efi

n
it
io
n
–

U
n
ch

a
m
p
d
e
R
n
à
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é
p
ou

r
d
éc
ri
re

� x
PR

n
.

A
in
si
,
u
n
ch
am

p
n
e
p
eu
t
êt
re

re
pr
es
en
té
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èr
e
p
o
u
r
le

g
ra
p
h
e

d
’u
n
e
fo
n
ct
io
n
ve
ct
or
ie
lle

R
m ‚

R
m ‚

R
m ‚ R

n

u
n
io
n
d
e
re
p
èr
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ré

p
ar

u
n
e
m
as
se

M
si
tu
ée

à
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té

d
ié
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é
à
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té
g
ra
le
s
d
’u
n

ch
am

p
ve
ct
or
ie
l

ÝÑ V
so
n
t

le
s

co
u
rb
es

γ
q
u
i

on
t

ÝÑ V
p� x

q
co
m
m
e
ve
ct
eu
r
ta
n
ge
n
t
en

to
u
t

p
oi
n
t
� x

Pγ
.

γ
ÝÑ V

‚S
i
γ
es
t
u
n
e
co

u
rb
e
p
ar
a
m
ét
ré
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èm

e
is
ol
é,
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é

ÝÑ rot
ÝÑ V

“
ÝÑ ∇

ˆ
ÝÑ V

(p
ro
d
u
it
ve
ct
or
ie
l,
en

F
ra
n
ce

^)
,
d
on

n
é
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té
e
es
t
co
n
st
an
t
(c
om

m
e
s’
il
ét
ai
t
co
n
tr
ai
n
t
d
an
s
u
n
tu
ya
u
):

ce
la

ar
ri
ve

si
d
iv

ÝÑ V
“

0.

E
xe

m
p
le

–
U
n
ch
am

p
d
e
gr
ad
ie
n
t

ÝÝ
Ñ

gr
ad

φ
es
t
so
lé
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té

I
q
u
i
p
as
se

d
an
s
u
n
fi
l
d
ro
it

p
la
cé
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ré

al
or
s,
on

sa
it
q
u
’u
n
p
ot
en
ti
el

sc
al
ai
re

φ
ex
is
te

su
r
to
u
t
so
u
s-
en
se
m
b
le

D
Ă

D
� B
si
m
p
le
m
en
t
co
n
n
ex
e,

p
ar

ex
em

p
le

su
r
D

“
R

3
pr
iv
é
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à
fa
ir
e
p
ou

r
av
oi
r
u
n
e
so
lu
ti
on

(p
lu
s
d
es

co
n
st
an

te
s)
.

E
xe
rc
ic
e:

le
ch
am

p
m
ag
né
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té
e
d
an
s
le

se
n
s

op
p
os
é.
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ré
es

E
xe

m
p
le
s
–

‚P
ar
a
b
o
le
:

x
“

y
,
z

“
x
2
et

x
Pr

0,
1s

γ
ptq

“
pt,

t,
t2

q
av
ec

t
Pr

0,
1s

9γp
tq

“
p1,

1,
2t

q“
� ı

`�


`
2t

� k
y

z

x

}9γ
ptq

}“
? 2

`
4t

2
‰

0
ùñ

γ
es
t
ré
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à
2,

co
m
m
e
u
n
p
la
n
,
u
n
d
is
q
u
e,

u
n
p
ar
ab

ol
öı
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té
e,

et
n
ot
ée

S
` ,

si
on

ch
oi
si
u
n

se
n
s
d
e
tr
av
er
sé
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hé
or
èm
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cé

–
C
al
cu
le
r
le

fl
u
x
d
u
ch
am

p
d
e
ve
ct
eu
rs

ÝÑ V
px
,y

,z
q“

x
2
� ı

`
y
2
� 

`
z
2
� k

à
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