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Partitions and Rogers—Ramanujan identities

A partition of a nonnegative integer n is a non-increasing sequence of
positive integers A = (A1, A2, ..., A7) such that Ay + Ao + -+ A\p = n.
The integers A\ are the parts.

Example. Partitions of 4 : (4), (3,1), (2,2), (2,1,1), and (1,1,1,1).

Theorem (Rogers—Ramanujan, MacMahon, 1916)

Let n be a nonnegative integer and set i € {1;2}. Denote by T ;(n) the
number of partitions of n such that the difference between two consecutive
parts is at least 2 and the part 1 appears at most i — 1 times. Let E; j(n)
be the number of partitions of n into parts not congruent to 0, £/ mod 5.
Then we have T, i(n) = Ep i(n).

Appear in combinatorics (Andrews, Bressoud, Warnaar,...), statistical
mechanics (Baxter,...), number theory (Ono, Zagier,...), representation
theory (Lepowski, Milne, Wilson,...), algebraic geometry (Mourtada,...),...
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Generating series

If P(n) is the number of partitions of n, then (Euler, 1750) :
1

> P =11 1=

n
n>0 n>1 aq

Theorem (Rogers—Ramanujan identites, analytic version)
We have

oo q 3

Z (l-¢q)--1-4g") ng(,(l—q5”+1)(1—q5”+4)
00 k2 +k 1
Li—g - - da—gma-—em
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A graded algebra of polynomials with countable number of

variables

Algebra of polynomials : R = K|[x;,i > 1] over K of characteristic 0.

Graduation by assigning to x; the weight /.
Then set Ry := K and R, the K-vector space with a basis given by the
monomials xj, - - - xj, (we can assume that iy > i > --- > j; > 0) such that
i1+ ---4i,=n. Then

R = @nZORn

Trivial bijection between monomials of weight n and partitions of n :
Xiy "+ Xi, =\ = (I'l,...,l'g)
Therefore the Hilbert—Poincaré series of R is

HPz(q) :== Z dimgR,q" = Z p(n)q"
n>0 n>0

Jouhet (ICJ, Lyon 1) Andrews—Gordon identities ANR Combiné 4/18



Algebraic interpretation of the Rogers—Ramanujan

identities

In 2011, Bruschek—Mourtada-Schepers studied the ring R /[x?] of global
sections of the space of arcs centered at a fat point.

Here [x2] = (x?, 2x1x2, 2x3 + 2x1x3, . . .) is the differential ideal generated
by {D¥(x?), k > 1} where D(x;) := xj41.

They proved that the leading ideal of J := (x, [x?]) with respect to the
“weighted reverse lexicographic order”(ideal generated by the leading
monomials of all the elements in J) is Jo = (x1, X2, xkxkr1; k > 1).

Remark : Jp is in general NOT generated by the leading monomials of a
system of generators of J. But a system of generators of J whose leading
monomials generate Jy is called a Grobner basis.

k2+k

S q
HPR/J( ) HPR/J ZT21 n:Z
° n>0 k> (1_q)(1_qk)
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Generalization : Gordon's identities

Theorem (Gordon, 1961)

Let r,i be integers with r > 2,1 </ < r. Denote by 7, ; the set of
partitions A = (A1,...,\;) where \; — \j,—1 > 2 for all j, and the part 1
appears at most i — 1 times. Let &, ; be the set of partitions into parts not
congruent to 0,4/ mod (2r + 1).

Let n be a nonnegative integer, and let T, ;(n) (respectively E; ;(n))
denote the number of partitions of n which belong to 7, ; (respectively
&ri). Then we have T, ;(n) = E; i(n).

The Rogers—Ramanujan identities correspond to the cases r =i =2 and
r =i+ 1= 2, respectively.

Bruschek—Mourtada—Schepers (2011) : define J := (x{, [x{]), then its
leading ideal with respect to the weighted reverse lexicographic order is

Joi=(x1, %) xgi1 k>1;5s=0,...,r—1)
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A conjecture arising from commutative algebra

Afsharijoo (2019) : predicted the leading ideal /,; of J = (x{, [x{]) with
respect to the weighted lexicographic order. Even for r =2 a Grobner
basis is not differentially finite (Afsharijoo—Mourtada, 2020).

For A :=(A1,..., A, 0,...), define N, ;(A) := |[{m]| pi,m(\) # 0}|, with
Ae if m=1,
pi,m(A) == Aé—Zj";‘llpf,ju) if2<m<i,

- o P
)\€+m—i—zjzllpi,j(/\) ifi<m<r-1

Conjecture (Afsharijoo, 2019)

Set r >2,1<i<randC,; the set of partitions A = (A1,..., A\¢) such
that at most / — 1 of the parts are equal to 1 and either N, ;(\) < r—1, or
N i(A) =r—1and £ < Zj;ll pij(A) — (r —i). Let n be a nonnegative
integer, and denote by C; ;(n) the number of partitions of n which belong
to C, ;. Then we have G, ;(n) = T, i(n) = E, i(n).
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Combinatorial results

Theorem (ADJM, 2022)

The above conjecture is true.

We define later two new sets of partitions B, ; and D, ; related to the
classical Durfee dissection used by Andrews to define his set A, ;.

Theorem (ADJM, 2022)

Set r > 2,1 < i< r.Let nbe anonnegative integer. Then we have

A,,,-(n) = B,’,-(n) = Cn,-(n) = Dn,-(n) = Tn,-(n) = E,v,-(n)

Actually it is almost immediate that B, ; = C, ;. We then prove (both
combinatorially and algebraically) that B, ; = D, ;. Finally we show that
Dy r—i and &, ,_; have the same generating series.

Theorem (ADJM, 2022)

Explicit bijection between partitions of nin D, ,_; and in A, ,_1.
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Analytic results

Recall (a)oo := [];50(1 — a¢’) and for any k € Z
(@) = (2 9)o

(eak ) (ar: -y am)i = (1) (am)x

Theorem (Andrews—Gordon identities, Andrews, 1974)

Let r > 2 and 1 < i < r be two integers. We have

n4 02 +ni+4n g (q2r+1, gi, g?r—i+1; g2r+1)

5 -

Mm>e>n,_1>0 (@m—n - (Dn,_3—n,_1(q)n, 4 (q)oo

.

Theorem (Bressoud, 1980, ADJM, 2021)
Let r>2and 0 < i <r—1 be two integers. We have

21..4n2  _—pi—ee—n: . ] g
ni+-+ni_;—m m(1<_ qnq (q2r+1’qr /7qr+4+1;q2r+1)oo

> ¢ -

> >n_1>0 (@m—n - (q)n, 4 (9)oo
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g-binomial coefficients

The g-binomial coefficient is defined as :

HECS
k q (q)k(q)n—k
Note that [Z]qu if Kk <0ork>n.

It is the generating function for partitions with largest part < k and
number of parts < n — k, or equivalently partitions whose Young diagram
fits inside a k x (n — k) rectangle.

Andrews—Gordon identities can be rewritten as :

$ qn%+"'+n$—1+"i+"'+"’l[ n } [ nr—2 ]
(@)m q q

> 130 n—n N2 — Nr_1

= Z Er,i(n)qn

n>0
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Andrews' vertical (i — 1)-Durfee dissection and A, ;

Durfee square : largest A=nxn
fitting in the top-left corner of . "

Vertical Durfee rectangle : largest
rectangle A’ = (n—1) x n.

Repeat the process until the row I
below a square/rectangle is empty. - {
Vertical (i — 1)-Durfee dissection : |

the first i — 1 are squares and all LT
the following ones are rectangles. g [

A, ;i : partitions A such that in their vertical (i — 1)-Durfee dissection, all
vertical Durfee rectangles below A!_; are empty, and such that the last
row of each non-empty Durfee rectangle is actually a part of .
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A (i — 1)-bottom dissection and B, ; equivalent to C, ;

Bottom square of
)\:()\1,...,)\@) . B:)\g X)\g.
Bottom rectangle : horizontal

rectangle B’ = Xy x (A, — 1).

Repeat the process until the row
above a square/rectangle is empty.

(i — 1)-bottom dissection : the first
i — 1 are bottom squares and all the
following ones are rectangles.

B)

my

F

I

il

B, ;i : partitions A such that in their (i — 1)-bottom dissection, all bottom

rectangles above B._; are empty.

By definition Cr’,' = Br,,'
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A new horizontal (r — i)-Durfee dissection and D, ;

Horizontal Durfee rectangle of A :
largest D' = k x (k — 1) fitting in
the top-left corner of .

Repeat the process until the row
above a square/rectangle is empty.

(r — i)-Durfee dissection : the first
r — i are horizontal rectangles and
all the following ones are squares.

D, : partitions such that in their (r — i)-Durfee dissection, all Durfee

squares below D,_1 are empty.
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D, is actually B, ;

Theorem (ADJM, 2022)

Let r > 2 and 1 </ < r be two integers. We have B, ; = D, ;.

d1
v B,
a4 7
b, By
., d, Dy
h!
3 , 5 th
2 ds D3 f
ul [P ] [P
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Sketch of proof

¥/ := partition to the right of the j-th Durfee square/rectangle.
h? (resp. h?) := height of the top of the j-th bottom (resp. Durfee)
square/rectangle starting from the bottom.

Proposition

Set A having exactly r — 1 non-empty Durfee squares. Consider also the

bottom dissection with only squares. Then for all 1 < j < r — 1, we have
hP < h? < hP,|. Moreover hP = hP iff =1, ... "/ have strictly less

than d,_1,...,d,_; parts, respectively.

We derive D, , \ Dy_1,-1 =B, \ Br—1,,—1 and by
Dr,r = (Dr,r \Drfl,rfl) U Drfl,rfl

conclude that D, , = B, ,.

Similarly for the case D, ;1 = B,1 and we use these for the general case
D, ;= Br i
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Generating series

Simplifying g-binomial coefficients :

P4t d?  —di— e —d;

Al — q _ q9r—i
g = (1—q%7)
AEZD,,,- C/12-~~szr—120 (q)d1—d2 s (q)dr—2_dr71(q)dr71
Equivalently
a2+ 4d? —di——d;
|/\‘ - q 1 r—1 B di
g = (1-q%)
)\EDZ,,,_,- d12~~~22d,_120 (D~ - - (9)d,—o—d,1(9)d,—,

Therefore it remains to prove that the R.H.S. is the generating function for
partitions in Andrews—Gordon theorem (with i — r — i) : the only way we
found was showing it is the one of &, ,_;, that is

(q2r—|—17 qr—i’ qr+i+1; q2r+1)oo
(9)s
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A formula of Bressoud

For all integers r > 0 and 0 < i < r — 1, we have (Bressoud, 1980) :

2 2 .
Mebn?_ | —np——n;

Se)= 3 9

n>-->n_1>0 (q)n1*n2 e (q)”r72*nr71(q)"r71

i 2r+1 —i+k i—k+1. 2r+1
(gt q" =itk gtk g2l

P (q)oo

Therefore So(q) is the GF of D, , and for i > 0 :

2r+1 r—i r+i+1l. J2r+1
Si(q)—si—l(Q):(q R R R

(@)
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A direct bijection between A, ,_; and D, ,_4

Fix a positive integer n. We give a bijection T between some set A" ,(n)
and A, ,_1(n). Then we prove that actually A”,(n) = D, ,_1(n).

Our bijection T leaves A,_1 ,_1(n) unchanged, where

A" (n) = Ar—1,r-1(n) U A’ (n)

and

Anr—l(n) = Ar—Lr—l(n) U Fr—l(n)

A

r

A

r

As
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