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Gauss' hypergeometric function
Gauss (end of 19th) : for a, b, c,z € C with |z| <1 and ¢ ¢ Z~, consider
k>0

(a)k :=a(a+1)---(a+ k —1) is the Pocchammer symbol (note (1), = k!)
Solution around 0 of the hypergeometric equation :

z(z—1)y" +((a+b+1)z—c)y' +aby =0 (1)
Second order Fuchsian equation with singularities 0,1, co
Setting 0 := z%, rewrite (1) as z(6 + a)(6 + b)y = 0(0 + ¢ — 1)y and setting
y = z'7°Y one gets

z@+a+1l—c)0+b+1—-c)Y =000—-c+1)Y

a+l—cb+1—c
;z
2—c
These two functions form a basis of solution for (1) if c ¢ Z

Other solution : z' € x 2 F;
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Generalization to order r

Thomae (end of 19th) : take b, = 1, then
at, ..., al)k (af')
fFf7 /
(i) = o e

is solution around 0 of

@+br—1)---(0+b —1)f =2z(0+a1) - (0+ a)f

Basis of solutions if the b; (including b, = 1) are distinct modulo 7Z :

1—b: aa+1—bi,....,a,+1—b; .
filz) =z ’r’1<b1+17b,-,...,\/,...,b,+1fb,-’z o lsisn

where V denotes deletion of the term with index i.
Note that in this notation f,(z) is the hypergeometric function we started with.

Beukers—Heckman (1989) : irreducibility, rigidity and monodromy of the
hypergeometric equation
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Heine's basic hypergeometric series

Gauss, Heine (end of 19th) : for a, b, ¢, g,z € C with |q|, |z| < 1 and ¢ # g%,

a€Z” { } (5 (bia)
2602 g2 Zan Dk

= (@ a)k(ci a)
(a;9)k := (1 —a)(1 — aq)--- (1 — ag"™!) is the g-Pocchammer symbol
Note that if a, b, c — g%, g, ¢ and g — 1, then 2¢1 — 2F1
Also note %Z(qz) — 0f(z) = zf'(z) when ¢ — 1
Define the dilatation operator Af(z) := f(qz)
Jackson (1910) : 2¢1 solution of
2(1— ab)(1 - bA)y = (1 - A)(L — cA/q)y (2)

Note that if a, b,c — g%, ", g%, divide by (1 — q)% and g — 1, then (2) — (1)

2(0+ a)(0 + b)y = 0(6 + c — 1)y
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A basis of solutions

Recall (2) z(1—aA)(1 —bA)y =(1—A)(1—-cA/q)y

Setting v := logc/logq (i.e. ¢° = c) and y = z277Y, (2) becomes
z(1 —aqA/c)(1 — bgA/c)Y = (1 —-A)1—-qgA/c)Y

Other solution for (2) around 0 : z' ™7 X 2¢1 {aq/;z,/bcq/c; q;z}

We have a basis of solution for (2) if ¢ ¢ ¢”
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Generalization to order r

Jackson (1910) : take b, = g, then

(a1; ) -+ (ar; q)k o
bi; @)k (briq)k

k>0 (

is solution around 0 of

(1—=56:1A/q)--- (1= bA/g)f =2z(1 —a1A)--- (1 — a,A)f
Basis of solutions if for i # j, the b;/b; (including b, = q) are not in g~ :

qai/bi,...,qar/b;

(g 7) = 1B .
fl(qyz) =z rPr-1 qbl/bi7~--7\/,~-~7qbr/bi'q72 ’

1<i<r

where f; := log b;/ log q
In this notation f.(gq; z) is the hypergeometric function we started with.

Roques (2011, 2014) : irreducibility and rigidity of the basic hypergeometric
equation
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Some definitions

Let K be a field of characteristic zero and A : K — K a fixed isomorphism. We
denote by Ko := {a € K|A(a) = a} the subfield of constants.

Definition

A K-vector space M is called a A-module (over K) if there is a bijective map
V : M — M such that

(i) V(my + m2) = V(my) + V(mz) for all my, mz € M,

(i) V(fm) = A(f)V(m) for all f € K and m € M.

We denote V by A again.

Definition
Let M, M’ be A-modules over K. A (bijective) K-linear map o : M — M’ is
called a A-(iso)morphism if

Aop=¢poA

The tensor product M ® M’ has a A-module structure via
Alme m') = A(m)® A(m')
The dual vector space M* has a A-module structure via

A(m")(m) := A(m" (A7 (m)))
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A characterization

Proposition

Let M,N be A-modules of finite rank r. Let m1, ..., m, be a basis of M and
my,...,m; its dual basis in M*.

Then the A-morphisms M* — N are in one-to-one correspondence with the
tensors Q € N ® M such that A(Q) = Q.

Moreover, ¢ is a A-isomorphism if and only if Q is non-degenerate, i.e. it can
not be written >_°_, n @ m; with mj € M,n; € N and s < r.

Proof.

If A(m,) = Z_/r':l A,-jmj, then A(m,*) = er':l B,-jmf, where (Bij)lgi,jgr is the
transposed inverse of (Ajj)i<ij<r-

To a A-morphism ¢ : M* — N, associate Q :=Y__, ¢(m;) @ m;.

To a tensor Q = 3__, ni ® m; with A(Q) = Q, associate the K-linear map
generated by m; — n;.

The tensor >/, nj ® m; is non-degenerate if and only if ni, ..., n, are linearly
independent. But this is equivalent to ¢ being an isomorphism.
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The Casoratian

Let IC be a field extension of K and suppose A extends to an isomorphism
A:K— K.

Suppose also that the field of fixed elements under A is still Kp.

Let hy,...,h, € K. Define the Casoratian matrix by
hy ha h,
A(hy) A(h2) . A(hy)
W(hs,... h) = _ .
A7) A7) ... ATH(h)
Lemma

We have that det(W (hs, ..., h.)) # 0 if and only if hy,. .., h, are linearly
independent over Ko.
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Module associated to a rth order operator

Consider the skew ring K[A, A™'] and an operator L € K[A, A™Y] of rank r :

Li=AA +A 1A+ ALA + Ao, with  Ag, A, #0

Let (L) := {uL|p € K[A, A7)} be the left ideal generated by L

Then K[A, A™"/(L) is again a A-module, the module associated to the
operator L. The action of A is given by left composition with A.

Theorem (Beukers—J, 2014)
The dual of K[A, A™]/(L) is A-isomorphic to K[A, A™]/(L*) where

L = AT A)A + A2 ANA T+ A A+ ATHA)

Proof. One has to find a non-degenerate
Q c (K[A, A7Y/(LY) ® (K[A, ATY]/(L)) satisfying A(Q) = Q



(Basic) Hypergeometric series Duality and A-modules Application to basic hypergeometric series
00000 000080 0000

The case r =2

For
L=AA*+BA+C and L*=A(C)A*+BA+A(A)
take
Q:=CA®1)-ATH(A(1®A)
Then

AQ) = A(C)(A*®@A) - AA®A%)
(-BA-ATHA)®A+A®(BA+C)
—ATNA)(1®A)+ C(AR1)

= Q

If f,g € K satisfy L(f) = L"(g) =0, then we have
Qg.f) = CA(g)f — AT (A)gA(f)

= (g,Ag)) (2— 7A;)1(A)> <A1(rf)) € Ko  constant
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Consequences for general r

Corollary

Suppose that f, g € K satisfy the equations L(f) =0 and L"(g) = 0. Then
Q(g, ) € Ko, the subfield of elements of K fixed under A, where Q(g, f) is

0 0 0 —~ATHA)
Ao A1 Ar_2 0 f
o 0 A(A) -+ A(A-3) 0 A(f)
(&...A )| . . : : :
0 0 A’_3(A1) 0 Ar—l(f)
0 0 o AT (Ag) 0

Denote the middle matrix by W € M,(K)

Corollary

If fi,...,f basis of solutions of L(f) =0 and gu,..., g basis of solutions of
L*(g) =0, denote by C € M,(Ko) the matrix (Q(gi, ;))1<i,j<r. Then

W(A,....£)C  W(g,....g) =

Proof. In W(g1,...,& ) VW(f,...,f) = C, the I-h-s is invertible



(Basic) Hypergeometric series Duality and A-modules Application to basic hyperg
00000 000000 @000

Dual of the basic hypergeometric equation

Recall the basic hypergeometric equation
(1-bA/q)--- (1= bA/q)f =2z(1 —a1A)--- (1 — a,A)f
where we have the default parameter b, = q.

By our theorem, the dual equation reads

(A—=bi/q)---(A—b/g)g =(A—a1) - (A—a)(z/q)g

After rearranging factors we obtain

ai---ar

————q ?z(1-qA/a)---(1—qB/a)g
by b1

(1-qA/by)---(1—qA/b)g =

So the dual equation is again a basic hypergeometric equation with parameters

al =q/a, b, =q°/bi and z—a1---a,q" 2z/(b1---b,_1)

ic series
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Basis of solutions

Suppose that none of the ratios b;/b; with i # j is an integer power of q.

Recall that a basis of solutions of the basic hypergeometric equation reads

o 1B qal/b;,...,qa,/b; . <
filq;z) =z ’¢’71{qb1/bi,...,\/,...,qb,/b,-'q’z ) 1<i

IN

r

Therefore a basis of solutions for the dual equation is given by

. L Bi—1 b,-/al,...,b,-/a, ) _21...3,2qr72
gl(qu) =2z r¢r71[qb;/bl,...,\/,...,qb;/br'q' by... b1

The ground field is now the field of rational functions K = Hq(z) where Hy is
the field Q extended with g and the a;, b;.

For the field IC containing the solutions of the difference equation we can take
the field Hy((z)) of Laurent series with coefficients in Hy extended with the
functions z' =%, where 8; = log(b;)/ log(q).



(Basic) Hypergeometric series Duality and A-modules Application to basic hyperg ic series
00000 000000 [e]e] e}

Duality relations

Proposition

For the basic hypergeometric equation and its dual, and the previous basis of
solutions, the matrix C is diagonal, with

1 r
Ci=——= | |(bi — b)
qbi~? ,11 ’
i#i

Theorem (Beukers—J, 2014)
Let (fi)1<i<r and (gj)1<j<r be the basis of solutions of the q-hypergeometric

equation and the dual equation. Let H, be the field generated over Q by the
ai, bj and q. Then, with C; as defined above

~ 1
> ?A"(f,-)A'(g,-) = (W Ywe Hy(z), for 0<kI<r—1
i—1
Moreover these rational fractions can be explicitly computed. In particular

ZCiAk(f,-)g,-:o, for k=0,1,...,r—2
i=1 i
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Special cases

For k =1 =0, r = 2 we obtain the relation (special case of Heine's
transformation)

201 [alt;laz; q, Z] 21 [q/a1, q/az; q. 7alazz:|

qz/bl b1
o qa1/b1,q32/b1. b1/al,b1/32. cdi1a2z
- 2¢1 [ qz/bl v q,Zz 2¢1 bl 1 q; bl )

where we explicitly set b = g.
Bailey (1933) : k =/ =0, r = 3 by using contour integration techniques
Sears (1951) and Shukla (1957) : k = r — 2,/ =0 and general r

For r = 2, we have
0 1
\U_l — ( _q2 102) ,
by by —a1a2qz

and for r = 3,
0 1 (bitba+b3)—qz(aztaz+as)
. 1—z (lfz)slfqz)
Y= 0 0 e

3

0 0

by bab3—ajazazq?z
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