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g-integers and g-factorials in combinatorics

Set q a formal parameter. Define [0], :=0 and [n], :==1+q+ - +q" !
n > 0. Therefore the following extend n and n!, respectively :

1_qn n 1_qi
[n]g = g and [n]!q::igﬁ

Classical combinatorial set P, : integer partitions A of weight ||, with
largest part < n and length < n. Then

#Pn = <2nn> and [2:1 = [[2n,]]!!2q: Z g™ e N[q]

AEPn

This g-binomial is also the number of vector subspaces of dimension nin a
vector space of dimension 2n over a finite field .
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g-integers and cyclotomic polynomials

For a positive integer b, recall the b-th cyclotomic polynomial :

on(q) == [] (q-e**/*) € z]q]

1<k<b
(k,b)=1

The role played by prime numbers for integers is now played by cyclotomic
polynomials :

mo=""T = T osl@)=n= [ 651

q b>2, b|n b>2,b|n

Recall ¢p(1) = 1 if b is divisible by at least two distinct primes, while
¢pe(1) = p for p prime and ¢ > 0. “Finer" arithmetics for g-analogs :

vo(n) = S v, ([1g)

>1
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Factorial ratios

Famous class of sequences in combinatorics, number theory, mathematical
physics, or geometry :

ern)!---(e,n)!
Qi) = (G (e 720

where e :=(e1,...,e,) € ZYy and f = (f1,...,f,) € Z¥,.

Using Landau step functions :
Ber(x) = leix] =D |fix]

their p-adic valuations :

Vo (Qer(m) = Y- Beyr (n/p)

>1

generalize the Legendre formula v,(n!) = Z ln/sz
>1
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Arithmetic properties of factorial ratios

Assume ;e = 3, fj.
(i) Landau (1900), Bober (2009) : integrality.

Vn >0, Qef(n) €7 << Vx € [0,1], Aef(x) >0

(i) Rodriguez-Villegas (2007), Beukers—Heckman (1989) : algebricity.

> Qe,r(n)x" is algebraic over Q(x) <= Vx € [0,1], Ac¢(x) € {0,1}
n=0

Example. For A, ¢(x) = [30x] + [x] — [15x] — [10x] — |6x] € {0, 1},
the following quotient is integral with an algebraic generating series (R-V :
degree 483840) :
(30n)!n!
(15n)!(10n)!(6n)!
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g-factorial ratios

Recall ]
Tl-¢ Ln/b]
[n]!q = 1 = H ¢b((7)
=1+ 9 p3s

Thus Warnaar-Zudilin (2011), ABDJ (2017) :

Qef(q; n):= [en]'q - - [evn]'q _ H ¢b(q)Ae,f("/b)

B [fln]lq[fwn]lq b>2
and assuming >, e =3 fj

Vn>0, Qer(g;n) € Zlq] <= Vx € [0,1], Acr(x) >0
Example. Aoy 1,1)(x) = [2x] —2|x] >0 on [0,1].
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Dwork map and Christol valuations of rising factorials

Pochhammer symbol : for a € Q, set (), == a(a+1)---(a+n—1), so
that (1), = nl.

Dwork maps (1973) : for a prime p satisfying v,(a) > 0, there exists a
unique rational number D,(a) whose denominator is not divisible by p and
such that pDp(a) —a € {0,...,p—1}.

Christol (1986), Delaygue—Rivoal-Roques (2017) :

wl(@)a) = 3 [ =E= - pffa) +1]

>1 p

Example. We have Ds(1/3) = 2/3, so that

vs((1/3)1) = vs((1/3)2) = vs((1/3)3) =0 and ws((1/3)s) =1,...

When a =1, we have D,(1) = 1 giving the Legendre formula.
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Generalized hypergeometric terms

For a :=(au,...,a,) and B := (B4, ..., Sw) with coordinates in Q \ Z<o :

L (al)n"'(av)n n
RCEN CY R S

Generalize Qe r(n) up to Q", as

o) (59,0

Set d, g the Icm of the denominators of all o, ;.

Christol (1986) : step functions £ g(a,-), forall a € {1,...,d g} coprime
to dn g, which replace the Landau functions A, r.
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Christol step functions

Set (x) == {x}if x ¢ Z, 1 else.
Christol orderon R : x <y <= ((x) < (y) or ({(x) = (y) and x > y))

Christol step functions defined for a € {1,...,d,g} coprime to dn g :

Capla,x) =#{ic{l,...,v} tac; I x}—#{je{l,...,w} : af; X x}

Example. For a = (1/9,4/9,5/9) and 8 = (1/3,1,1), we have d, g =9
and £a (1, x) > 0, £0.8(2,x) > 0 as their jumps are respectively given by

<-=-= jljlandjo §-< <2=<2

O]
oo\'—\
©H>
@\m
w\r\)
©| o

—~~

Christol (1986) : N-integrality instead of integrality.
Delaygue—Rivoal-Roques (2017), Beukers—Heckman (1989) : interlacing
criterion in terms of the step functions &, g(a, ).

~—
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N-integrality of generalized hypergeometric sequences

The sequence (R(n))n>0 is N-integral if there exists an integer N # 0 such
that N"R(n) € Z for all n > 1.

Theorem (Christol, 1986)

Let @ := (1,...,ay) and B :=(B1,...,Bw) be two vectors with
coordinates in Q \ Z<o. Then the two following assertions are equivalent.

(a) The hypergeometric sequence (Qq,5(n))n>0 is N-integral.
(b) Forall x e Rand a€ {1,...,dy g} coprime to du g, {a,a(a;x) > 0.

Classical example by Christol, for a = (1/9,4/9,5/9) and B8 = (1/3,1,1) :

(1/9)n(4/9)n(5/9)n

(1/3)a(1)7
Then dy g =9 and for the 6 values a € {1,...,9} coprime to 9, we have
£a,p(a,x) >0 for all x € R. Therefore it is N-integral.
Delaygue-Rivoal-Roques (2017) : smallest N (here N = 93).
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N-integrality and G-functions

The series f(x) = >_,50 anx" € Q[[x]] is globally bounded if its radius of
convergence is finite and positive, and (ap),>0 is N-integral.

If £ is moreover holonomic over Q, then it is a G-function.

Conjecture by Christol (1987) : all such G-functions are diagonals of
rational fractions. Bostan—Yurkevich (2022) : many recent examples.

When v < w and one of the f3; is 1, the generalized hypergeometric series
> n>0 Qu,g(n)x" are holonomic. Therefore they belong to this particular
subclass of G-functions if v = w (radius of convergence 1) and the
Christol criterion is satisfied.

Many of these are known to satisfy the Christol conjecture. But

1/9,4/9,5/9 \ _ <~ (1/9)(4/9)(5/9)s _,
3F2< 1/3,1 'X> S WG

is an example of G-function for which we do not know if it is a diagonal

of a rational fraction.
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Our three goals

@ Define appropriately g-analogs of the generalized hypergeometric
terms Qq.g(n) : they have to be different from (though related to)
the ones appearing in classical basic hypergeometric series, and will
be defined via the usual g-Pochhammer symbols (g"; g°)n.

e Find the ¢p-adic valuations of these (g"; ¢°), : we will need to extend
Dwork maps to all positive integers b, and be able to find a uniform
answer for any integers r, s, n.

@ Prove an effective criterion of g-integrality for our g-generalized
hypergeometric terms : a sequence (R(q; n))n>0 with values in Q(q)
is said to be g-integral if there exists N(q) € Z[q] \ {0} such that
N(q)"R(q; n) € Z[q] for all n > 1.

We will need generalizations of Christol step functions.
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g-analogs of rising factorials for rational numbers

Recall for n € Zq the g-Pochhammer symbol (a; q), := [17=0'(1 — aq’).
Given a = r/s € Q, note that

Q. r. S
lim 7((7 9)n = lim 7(‘7 1 9°)n =(a),
g1 (l—q)" q¢=1(1—g%)"
Which of these two choices is appropriate, the classical one or the second ?
Note that the second is obtained by setting g — g° in the first...
For ¢p-valuations and g-integrality, enough to consider for (r,s) € Z x Z* :

n—1

(@) =]][(1—q")eZlg ", q]
i=0

This is # 0 iff r/s ¢ Z<g or n < —r/s.

In combinatorics, for positive r, s, (g"; g°), ! is the generating series of
integer partitions with parts congruent to r mod s and largest part
<r+(n-1)s.
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¢p-valuations of g-Pochhammer symbols

Proposition (ABDJ, 2022)

Set b € Z~¢ and the multiplicative set Sp := {k € Z : gcd(k, b) = 1}. Let
o€ Sb_IZ, the localization of Z by Sp. Then there is a unique element
Dp(c) € S;'7Z such that bDp(a) —a € {0,...,b—1}.

Example. D4(1/3) =1/3

Theorem (ABDJ, 2022)

Let (r,s) € Z x Z*, a:=r/s, c :==ged(r,s,b), b := b/c, and s’ :=s/c.
Let n € Z>g be such that (¢"; g°), is non-zero. Then

cn [1-af
b

vs,((a"a%)n) = { — — Dy (a) + 1J

if gcd(s’, b’) =1 and 0 otherwise.
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Special cases

Our result holds for r,s non necessarily coprime (and any positive b), but
when ged(r,s) =1 and v,((r/s)n) > 0, it extends Christol’s result :

o((r/s)n) ;(M( _3))

For (r,s, b) = (2,6,8), we get ¢ = gcd(2,6,8) =2, s’ =3 and b’ = 4, so

Ves (6% @%)n) = f” - W — Dy (1/3) + 1J

8
n 2 3n+8
N {4+3J_L 12 J

while ¢g(q) = g* + 1 and (g% ¢°)n = (1= ¢*)(1 — ¢°) ... (1 — ¢***""°).
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g-hypergeometric sequences

Set (r3, si), (tj, uj) pairs of integers with s;, u; # 0 and
r:=((n,s1),...,(rv,s,)) and t:=((t1,uv1),...,(tw,tw))
Define the g-hypergeometric sequence :

(@%6%)n- (9" q%)n
(959" )+ (q™; g™ )n

Ort(g;n) = n>0

To study g-integrality : well-defined Vn > 0 when f3j := t;/u; ¢ Z<o, never

vanish when «; 1= rj/s; ¢ Z<o.

Suitable g-analogs :

lim (M) Ori(gin) = Qa,ﬂ(")
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A generalization of Christol step functions

Set aj = ri/sj, Bj = tj/uj, and dy ¢ lcm of all s;, uj. Set ¢; := ged(r;, s;, b)
and d; := gcd(tj, uj, b). Consider

Vp:={1<i<v:gc(s,b)=c} W,:={1<j<w: gcd(u;,b)=d}
For such i, j, there exist positive integers e;, f; with be; = ¢; mod s; and
bf; = d; mod u;.

Let b be the greatest divisor of b co~prime to dyt and let a be the unique
element of {1,...,d,+} satisfying ab=1 mod dy.

For b € {1,...,d+}, define the step function =, ¢(b, x) as

#{(i,k)GVbx{O,...,c,-—l} : M—Ll—aaﬂ jx}
—#{U,Z)Ebe{O,...,cij—l} : W—Ll—a,@’jj jx}.

If b is coprime to dy ¢, they are equal to Christol step functions

Capla,x)=#{ie{l,...,v} tac; < x}—#{je{l,...,w} : af; < x}
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An example : g-analog of Christol's one

Consider
oy (@.9°)n(a* %)n(4°; ¢°)n
Oreld2) = (a:9%)n(a;9)?2

We saw dy+ = 9. So the only new step functions to consider are the one
associated with b € {3,6,9}.

Forb:3,wehavea:E:13ndc1:CQZC3:1, di=dr=d3 =1.
Moreover V3 = () and W5 = {2,3} with f, = f3 = 1. So we get

Ze(3,x) = {( 0) € {2,3} x {0} : W—Ll—aﬁjjjx}
= —# 023} (F) -1 -5 =x}

Note that =,¢(3,1) < 0.
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An effective g-integrality criterion

Theorem (ABDJ, 2022)

Assume that Qr¢(q; n) is well-defined and non zero, and s1,...,s, are
positive. Then the two following assertions are equivalent.

(i) The sequence (Qrt(q; n))n>0 is g-integral.

(ii) For every b€ {1,...,dy+} and all x in R, we have =, ¢(b, x) > 0.

g-integrality implies N-integrality. Converse not always true : depends on
the behaviour of =, (b, -) for b not coprime to d .

Example. r =((1,9),(4,9),(5,9)) and t = ((1,3),(1,1),(1,1)). The
classical Christol functions satisfy the criterion for b coprime to 9.
Not for all b € {3,6,9}, as =,¢(3,1) < 0.

Thus (Qrt(g; n))n>0 is not g-integral.
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Back to Christol’s example

We saw our g-analog of Christol's example was not g-integral. But this

e (4:9°)n(q* 6°)n(a% 6°)n(@% a°)n
(a:9*)n(q; 9)}

(44 @)n(d*°; @)n(a>%; q)n

The g/%integrality of Qas(q;n) =
#(4:7) (a'7% a)n(a; 9)3

is

equivalent to the g-integrality of

Qe (% 1) — (9:9°)n(q* 4°)n(9% 4°)n
«, i -

(4% a°)n(a® ¢°)3
for a suitable choice of vectors r, t.
We prove (Qyt(g; n))n>0 not g-integral. The above trick fails : multiplying
Qri(q; ) by (4% a°)n/(g; a)n amounts to multiplying Qa.5(g; n) by

(q; q)n/(ql/g; ql/g),7 which does not correspond to any choice of
parameters o and 3.

= Qr,t(q; n)
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