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Dirichlet series

The Dirichlet series associated to the character x is defined for Re(s) > 1 by :

Ly(s) = 32 X0

ns
n>1

For the trivial character x = 1, L1 = ( is the Riemann zeta function

At even integers 2m > 2 : if Bop, € Q are the Bernoulli numbers, then
2m

¢(2m) = (—1)m—122m—152mh

transcendantal numbers (Lindemann)
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Arithmetic properties of zeta values at odd positive integers

Apéry (1979) : ((3) ¢ Q

Rivoal, Ball-Rivoal (2000) : there are among the values {(2m + 1) infinitely
many irrational numbers

Zudilin (2004) : at least one of the values ((5), {(7),¢(9),{(11) is an irrational
number

Rivoal (2002) : at least one of the values ¢(5),¢(7),...,¢(21) is an irrational
number

Krattenthaler-Rivoal (2007) : by using limit cases of a basic hypergeometric
series transformation formula due to Andrews, resolution of the so-called
denominators conjecture, which implies that at least one of the values
¢(5),¢(7),...,¢(19) is an irrational number
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g-zeta values at positive integers

For s € N* and |q| < 1, Kaneko-Kurokawa-Wakayama (2003) defined :

k
ST ST Sl i

k>1 dlk k>1

We have for s € N* \ {1} :
lim (1 = q)°Ca(s) = (s = 1)!¢(s)

For s = 2m, we have :
Bom
Co(2m) = 222 (1~ Ean(9))

where E»m(q) are Eisenstein series and Bap, are still Bernoulli numbers
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Values at even positive integers

By the structure of the space of modular forms on SL2(Z), it is well-known
that for m> 2 :

Eam(@) = Y casEa(q)’Es(q)", cop€Q

4a+6b=2m

Theorem (Nesterenko, 1996)

For q € C such that 0 < |q| < 1, at least three of the numbers q, Ex(q), Ea(q),
and E¢(q) are algebraically independant over Q

Consequence : for m > 1 and ¢ algebraic, (4(2m) is a transcendantal number

and the role played by 7 for ((2m) seems here to be played by Ei(q) and Eg(q)
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Values at odd positive integers (1)

Borwein (1992) : (¢(1) is an irrational number for some values of g

Postelmans-Van Assche (2007) : linear independance of 1, (4(1), and (4(2) for
q integer, |q| > 1

Consequence of an older result of Tachiya (2004)

Bundschuh-Vn (2005) and independently Zudilin (2006) : linear independance
measures for these numbers
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Values at odd positive integers (2)

By using basic hypergeometric series and a linear independance criterion due to
Nesterenko (1985), Krattenthaler-Rivoal-Zudilin (2006) proved that for
1/q € Z\ {—1;1} and a positive even integer A :

dimg (Q + Q¢4(3) + -+ + Q¢g(A — 1)) > f(A),

where

4rA+ A —4r?

f(A) = r11€a§< f(r, A) and f(r,A) = W

1<r<A/2

Consequences : for 1/q € Z\ {—1;1},

at least one of the values (4(3),(q(5), (4(7), (q(9), (4(11) is an irrational
number (when A =12, we have f(12) > 1)

there are among the values (4(2m + 1) infinitely many irrational numbers

s
hen A — oo, h f(A)~ ———— VA
(when 00, we have f(A) Werny )
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Refinement of the lower bound

Theorem (J-Mosaki, 2009)
For1/q € Z\ {—1;1} and a positive even integer A :
dimg (Q+Q¢g(3) + -+ + QG(A - 1)) > g(A),

where

4rA + A — 42
(2% +2)A-2% +8r2

g(A) = max g(riA) and g(r;A) =

1<r<A/2

The estimation g(2;10) > 1,001... implies :

Corollary

For1/q € Z\ {—1;1}, at least one of the values (4(3), (4(5), (q(7),(q(9) is an
irrational number
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Other results

We have more precisely :

£(10) < 1 < g(10) = g(10;2) ~ 1,001 (1)
£(38) < g(38) < 2 < £(40) < g(40) (2)
f(86) < 3 < g(86) (3)

From (1), we get the corollary

From (2), K-R-Z and we get : for 1/q € Z \ {—1;1}, there exist two odd
integers j1 and j, such that 3 < ji < j» < 39 and the numbers 1, (4(j1), and
Cq(j2) are linearly independant over Q

From (3), we get : for 1/q € Z\ {—1;1}, there exist three odd integers j1, j
and j3 such that 3 < ji < j>» < jz <85 and the numbers 1, (;(j1), ¢4(j2), and
Cq(j3) are linearly independant over Q

Fischler-Zudilin (2010) : new proof and refinement of Nesterenko’s linear
independance criterion, which implies that there exist four odd integers
1<ip<in<i<isgsuchthat ip <9, ih <37, ir <83, i3 <145 and the
numbers 1, (4(io), Cq(i1), Cq(i2) and (4(i3) are linearly independant over Q
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Nesterenko's criterion

Here is a formulation of a special case that we will need

Proposition (Nesterenko's linear independance criterion, 1985)

Let N > 2 be an integer and va, ..., vy be real numbers. Assume that there
exist N integer sequences (pj,n)n>0 and real numbers oy and a with az > 0
such that :

1
i lim —|0g|p1nV1+ 4 pnaVN| = —aa,

1
i) for all j € {1, ..., N}, we have limsup = log |pj,n| < .

n—-+o0
Then : o
dimg (Qu1 + -+ + Quy) > 1+ —

Q2
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A basic hypergeometric series
Recall the g-rising factorial :

1, n=0,

(a; q)n = (a)” = {(1 _ a)(l _ aq) . (1 — aq”fl), n=12,...

and for practical reasons : (a, b), := (a)n(b)n

Consider, for positive integers A and r with A—2r > 0 and A even, the series :

& . A—2r 2y (@770 ) K(A—2r)n/2+kA/2—k
S(@):=(q)a > (1—q )W
k>1 q )n+1

In terms of very-well poised basic hypergeometric series : with a = g2,

& _ _(m+1)((A=2r)n/2+A/2—1) n+2rn+2 A—2r (q> qn+m+2)m
Sn(q) = (1-q )(a)

q n o T TTNA
(gm+? )fy\+1

/ a, q\/777q\/55 qrn+17“.,qm+1 A—-2r)n/2+A/2—1
X asatns| 2Tl qeeaimia, [ girtonas @ @Y
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Linear forms in odd g-zeta values

By partial fraction expansion, we get the linear forms :

50(a) = Pon(@) + 3 Brnl@)Cali) where Pya(a) € Q(a)
s

We prove that : D,(q)P;j..(q) € Z H Vvj € {0,3,5,...,A—1}
where D,(q) = (A— 1)1 g "7 g, (1/9)", a = —A/8 — r?/2, and
d"(q) = |cm(q— 17~~'7qn - 1)

The asymptotics of 5,(q), Da(q), and P; .(q), together with Nesterenko’s
criterion, gives back Krattenthaler-Rivoal-Zudilin's result

We need to prove a g-denominators conjecture :
Theorem (J-Mosaki, 2009)
We have D,(q)P;..(q) € Z {%] vj€{0,3,5,...,A—1}

where Dn(q) = (A — ]_)| q\_un2+ﬁn+"fj dn(l/q)A—l
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Bailey's lemma

(cn, Bn) is a Bailey pair related to a if

n+k

n e
=S 2y
B =2 (@) u(ad) n=9

Lemma (Bailey, 1950)
If (an, Bn) is a Bailey pair related to a, then so is (ay, 3;), where

;o (b, ¢)n n
e W“"q/ pelen

n

(b, c)k(aq/bc)n—« .
Z (@)n_r(3a/b,23q/)n (ag/bc)" Br

Iterating : Bailey chain (Andrews, 1984) :
(amﬂ") — (a:'l)/Bll‘l) — (agaﬂg) —
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Proving g-series identities

The unit Bailey pair :

e LA S

One iteration = (ag, 3;), which gives the finite summation :

1—ag* (a,b,c,q ") ag**"\* _ (aq,aq/bc),
1—a (qg,aq/b,aq/c,aq"), \  bc ~ (ag/b,aq/c),

k=0

Two iterations = (i, 31 ), which gives Watson'’s finite transformation :

1- aqzk (a, b7 c, d7 €, qin)k a2q2+n ‘
1-a (qa aq/ba aq/C7 aq/da aq/e7 aqn+1)k bcde

_ (a9,aq/de)n < (ag/bc,d,e,q” ")« .
(aq/d7 QQ/e)n k=0 (q7 aq/b7 aq/c, deqin/a)k

k=0

Six parameters finite extension of the famous Rogers-Ramanujan identities
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Andrews’ formula

Iterating m + 1 times Bailey's lemma, Andrews (1975, 1986) proves that for
integers m>0and n >0 :

n

1- aqzk (37 b17C1>~"7bm+17Cm+17q7n)k
1-a (q7 aq/b17 aq/C17 RN aq/bm+la aq/cmﬂ, aqn+1)k

k
am+1qm+1+n
>< e —
bici...bmi1Cmi1

a’1+“‘+lm71

k=0

gl tim

(b2ca)t .- (bmCo)'m 2

_ (29, 2q/bm+1Cmi1)n 3

~ (ag/bmi1,a9/cmy1)n 0<h < <im<n

(g=™"), ﬁ (biy1, civ1); (aq/bici)i—i_y
(bmy1cmirg=N/a), =1 (ag/bi,aq/ci);  (Q)y—1;_4
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Using Andrews’ formula to prove the g-denominators conjecture

We have to prove that :

n

1 da(1/q)"* | d*° n—2j 2 1
1—qg* (EA/_qu dup—s Z(l —q" Tu)e(v) €L [Q; *}

j=

By Andrews’ formula :

and with an arithmetical study :

o Gy ()], 2w ]
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[llustration for s = A

Set p = 1/q, the sum zn:(lf "2)e;(1) is for (A, r) = (0,0) :

=k
n ooy —n]-_ n—k+1
> -q")g =1 -pp
: —-p
Jj=k
for (A,r) =(2,0) :

n

2(1 — ") gl [ﬂ = (1 - pF)p Hr—ktD) {Z] [Z : ﬂ

Jj=k q
2n—j :
n—j n K
:1—
N ] H (1-p)
q q

n—1[1-1 2n—k—1
k—1 k,n—k,n—k—1|"~
P P

and for (A, r) =(2,1) :

n+j
n

Z(l n—2j q] +j nj—n(n+1)/2

q

n—+ k

n—k
k2 —kn—k—n(n—1)/2 Z(*l)lpl(2k+/71)/2 P
p

/=0

xp
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Dirichlet’s beta function

For the non trivial character modulo 4 defined by xa(2n+1) = (—1)" and
x4(2n) = 0, we have Dirichlet's beta function :

oo 1 k
56 = L) =3 i iy

At odd integers 2m+1 > 1 : let Exp, € Q be Euler numbers, then

_ (=D"Em _2mi

= 5 2(2m)] transcendantal numbers (Lindemann)

B(2m+1)
Rivoal-Zudilin (2003) :
- there are among the values 3(2m) infinitely many irrational numbers
- at least one of the values 3(2), 8(4),...,3(12) is an irrational number

—_ k . .
Catalan’s constant G = 5(2) =3, ﬁ irrational number 7
Still open despite the resolution of a denominators conjecture by :

- Rivoal (2006), Padé approximants
- Rivoal-Krattenthaler (2008), special cases of Andrews’ formula
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g-analogues of Dirichlet series at positive integers
We can define for |g| < 1 and Re(s) > 1: L, (s, q) Zq st 'x(k/d)

k>1 dlk

satisfying Ji_r;nl(l —q)°Ly(s,q) = (s — 1)L (s)

For x4, we define (J-Mosaki, 2010) :

k

Ba(s) = Laa(s,q) = > > xalk/d)d* *q" =Dk~ 1+q2k

k>1 d|k k>1

One can rewrite 84(1) = (71,4 — 1)/4, where 74 is the g-analogue of 7
considered by Bundschuh-Zudilin (2007), who found an upper bound for its
irrationality exponant

The theta function 6(q) := >, q"2 gives, through Jacobi's triple product
identity and Ramanujan’s Wy summation :

Zrz(n)q =6%(q *1+4Zq ZX4(k/d)

n>0 k>1 dlk

where rz(n) is the number of ways to write n as a sum of two squares



her Dirichl

Historical background Refinements for g-zeta values at odd positive integers E: ion to
000000 0000000000 00®0000

series

Values at odd positive integers

Therefore we have : 8,(1) = (6°(q) — 1)/4 weight 1 modular form on ';(4)

2iTz

Fors>1land g=¢e

_oa_qys+r_ Eos (1,0)
ﬂq(Qs + 1) - ’( 1) 25(25 + 1) G2S+1 (42)

where Gz(;fl) is Eisenstein series of level 4
Thus for s > 0, 84(2s + 1) is a weight 25 + 1 modular form on I';(4)

Setting ¢s(q) := Bq(2s +1)/6*°3(q), and through Nesterenko's algebraic
independance theorem, we derive the transcendance of the values 34(2s + 1)
when g is algebraic
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Values at even positive integers

Theorem (J-Mosaki, 2010)
For1/q € Z\ {—1;1} and any odd integer A > 3, we have the lower bound :

dimg (Q + QB4(2) + - + QB4(A — 1)) = h(A),

where
a2
h(A) = max h(r;A) and h(r;A) := 3 4rA+ A 5 4r16 o
1< Sas (2 +2)A+8r — 5+ 5
™
h(A) satisfying h(A) ~ ———— VA when A — +oo.
(4) satisying h(A) ~ > —

Corollary
For1/q € Z\ {—1;1}, there are infinitely many irrational numbers among the

values B34(2), Bq(4), Bq(6).. .

Corollary

For1/q € Z\ {—1;1}, at least one of the values $4(2), 54(4),
Bq(6),. .., Bq(20) is an irrational number
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Another basic hypergeometric series

For an integer A, r € N* such that A—2r > 0 :

S (q (q)A 2rZ( 1 k+1 _ 2k+n—1)

k>1

(k=1/2)(A=20)n/244/2-1) (@~ )m(@*")m

X q
(gk—2/2 )?Jrl

Linear forms for n odd :

() = Poa(a®) + 3 Pro(a?)5a0)

jeven
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Arithmetics of cyclotomic polynomials
We prove that :

D”(q)pyn(qz) GZ |:%:| ng {0725477’471}7

where
Da(q) == (A= 1)1 """ o0 (1/G)* dan(1/0)" " An(1/q),
and
do(x) = H(bt x)=lem(x—1,...,x"—1)
2n—1
An(x) = H oe(x
rodd
ea(x) = 62(x)"da(x) "2 . G2n(x)
recalling the cyclotomic polynomials ¢:(x) := H (x — 2 ™/t e Z]x]

kAt=1
k<t

series
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Asymptotics
We also prove :
1 1
lim = log|S(a)l = —r(A—2r)log|1/d,
n—+o00 2
1 1
limsup — log|Pr.a(q)] < S(A+4r*)log[1/q],
minpar |
. 1 A L, 12 4r 8
Jdim stegDa) = (5 B0+ Y+ S ) e/
Then we apply for odd n Nesterenko's criterion to :
A-1
Di(q) x Sa(q”) = Du(q) X Pon(q®) + D Da(q) x Pin(q®) x Ba(i),
j=2
jeven

with 1/g € Z\ {-1;1}
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