COMBINATORIAL APPROACH TO ANDREWS-GORDON AND BRESSOUD TYPE
IDENTITIES
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ABSTRACT. We provide combinatorial tools inspired by work of Warnaar to give combinatorial interpreta-
tions of the sum sides of the Andrews—Gordon and Bressoud identities. More precisely, we give an explicit
weight- and length-preserving bijection between sets related to integer partitions, which provides these inter-
pretations. In passing, we discover the g-series version of an identity of Kursungoz, similar to the Bressoud
identity but with opposite parity conditions, which we prove combinatorially using the classical Bressoud
identity and our bijection. We also use this bijection to prove combinatorially many identities, some known
and other new, of the Andrews—Gordon and Bressoud type.

1. INTRODUCTION

For a non-negative integer n, an integer partition of n is a finite non-increasing sequence of positive
integers A = (A1,..., A\¢) whose sum is n; the integers \; are called the parts of A and ¢ is its length.

The Rogers—Ramanujan identities [25], stated here in the combinatorial version due to MacMahon [22]
and Schur [26], are the following.

Theorem 1.1 (Rogers—Ramanujan identities, partition version). Let ¢ = 1 or 2. For all non-negative
integers m, the number of partitions of n such that the difference between two consecutive parts is at least 2

and the part 1 appears at most i — 1 times is equal to the number of partitions of n into parts congruent to
+(2414) mod 5.

These identities are central in combinatorics and number theory, see the book [27] and references therein.
Moreover they appear naturally in many other fields: the representation theory of affine Lie algebras [19,
20, 21], statistical mechanics [5], algebraic geometry and arc spaces [9], knot theory [4], and others.

In 1961, Gordon [13] proved the following combinatorial result, which extends both Rogers-Ramanujan
partition identities.

Theorem 1.2 (Gordon’s identities). Let r and i be integers such that r > 2 and 1 < i <r. Let T;, be the
set of partitions A = (A1, A2, ..., \p) where Aj — Ajyr—1 > 2 for all j, and at most i — 1 of the parts \; are
equal to 1. Let &;, be the set of partitions whose parts are not congruent to 0,+£i mod (2r +1). Let n be a
non-negative integer, and let T; . (n) (respectively E; . (n)) denote the number of partitions of n which belong
to Tir (respectively &; ). Then we have

Tm(n) == Ei’r(n).

The Rogers—Ramanujan identities correspond to the cases r =i =2 and r = i + 1 = 2 in Theorem 1.2.
Recall some standard notations for ¢-series which can be found in [12]. Let ¢ be a fixed complex parameter
with |¢| < 1. The g-shifted factorial is defined for any complex parameter a by

(@ = @)= [T o) (@ = @iahe = e

where k is any integer. Since the base ¢ is often the same throughout this paper, it may be readily omitted
(in notation, writing (a)j instead of (a; q), etc.) which will not lead to any confusion. For brevity, write

(@1, am; @k = (ar)k -+ (@m) ks
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where k is an integer or infinity. In [3], Andrews expressed Gordon’s identities as g-series identities.

Theorem 1.3 (Andrews—Gordon identities). Let r > 2 and 1 <1i <71 be two integers. We have

sf+-~+si_1+si+-~+sr_1 2r+1 i 2r—i+1. 2r+1)
) b
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Just like the Rogers—Ramanujan identities, the Andrews—Gordon identities also arise in several fields, such
as representation theory [10, 23, 24, 30] or commutative algebra [1, 2], to name only a few.

One immediately sees that the generating function of the set &; , in Theorem 1.2 is given by the product
on the right-hand side of (1.1). However, showing that the left-hand side is the generating function of 7;
is not that simple. Originally, it was proved by Andrews [3] using recurrences. The first and only bijective
proof was given by Warnaar [29] in a more general context.

In [6], Bressoud proved the following result, which is considered to be the even moduli counterpart of
Gordon’s identities.

Theorem 1.4 (Bressoud’s identities). Let r and i be integers such that v > 2 and 1 < i < r. Let U;,
be the set of partitions X = (A1, Aa2,...,A\¢) where \j — XNjpp—1 > 2 for all j, N\j — Njyr—2 < 1 only if
Aj+ A1+ -+ Ajpr—2 =1 —1 mod 2, and at most i — 1 of the parts \; are equal to 1. Let F;, be the
set of partitions whose parts are not congruent to 0,+i mod (2r). Let n be a non-negative integer, and let
Ui r(n) (respectively F; -(n)) denote the number of partitions of n which belong to U; , (respectively F; ).
Then we have

Uiﬂ.(n) = Fiﬂ.(n).

The g¢-series counterpart of Theorem 1.4, also proved in [6], which is true for 1 <i <r, is

s34etsZ_ sitetseo1 2r—i. 27")
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Again, the right-hand side of (1.2) is clearly the generating function of the set F; .. We extend the definition
of F; . (n) to ¢ = r by setting F, .(n) to be the coeflicient of ¢" in the right-hand side of (1.2). On the other
hand, U, ,(n) is the number of partitions in U,.,., where U, , is defined as in Theorem 1.4.

Similarly to the Andrews—Gordon case, one can wonder whether there is a bijective proof that the left-
hand side of (1.2) is the generating function of the set U; .. As for the Andrews—Gordon identities, it was
originally proved via recurrences [6]. One of the goals of this paper is to provide such a bijective proof. To
do so, we use Warnaar’s point of view in [29], which describes partitions by their multiplicity sequences.
Actually, our main result is a general bijection between two sets related to partitions, from which we derive
many corollaries, among which the desired bijective proof.

To prove our main result, we extend the definition of integer partitions to allow parts equal to 0. Thus,
in the remainder of the paper, a partition denotes a finite non-increasing sequence of non-negative integers.
For such partitions, we consider the multiplicity (or frequency) sequence (fy)u>0, where f, is the number
of occurrences of the part w in the partition. Then a partition A can be described equivalently as the
finite sequence of non-negative integers (A1,...,As) of its parts, or as the infinite sequence of non-negative
integers (fy)u>0 of its multiplicities (where there are finitely many positive terms). For examples, in terms
of frequencies, the partition (4,4, 3,1,0) would be written as (1,1,0,1,2,0,...). Moreover, we associate with
a partition A the classical weight statistic

N =X+d+ o +de=> ufu.
u>0
For an integer r > 2, we define the following set of partitions:
A= {(fu)uso| fo <r—1and fy, + fur1 <7 —1for all u}. (1.3)
Let s1 > -+ > s.—1 > 0 be integers, and set s = co and s, = 0.
Definition 1.5. Denote by p(s1,...,Sr—1) = (fu)u>0 the partition such that for all j € {0,...,r — 1},

(fou, four1) = (4,0) for all sj11 < u < sj. (1.4)
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Note that p(s1,...,sr—1) € Ay, and that its multiplicity sequence (f,)u>0 has the form
(r—1,0,...,r—1,0,...,4,0,...,4,0,...,1,0,...,1,0,0,...).

Sr—1 pairs s;—8;4+1 pairs S1—sS2 pairs

Definition 1.6. Denote by P(s1,...,S-—1) the set of sequences A = (Ag, ..., As;—1) of non-negative integers
such that for all j € {1,...,7 — 1}, the sequence A9 := (X, _1,...,\s,,,) is a partition.

)NS5 41
Finally let
P = |_| {u(s1,- -y 8r—1)} X P(s1,- ., 8r1).

§1>->8,-120
The weight of an element (u(s1,...,5,_1),\) of P, is defined to be |u(s1,...,8.—1) + AP |4+ 4 NV,
Its length is defined to be the length of u(sy,...,s,.—1), .. 81+ -+ 8p_1.
Now we are ready to state the main result of this paper.

Theorem 1.7 (Bijection). For all r > 2, there is an explicit weight- and length-preserving bijection between
the sets P, and A,.

The precise description of this bijection is provided in Section 3. The first consequence of this result is
a simplification of Warnaar’s proof [29] of the connection between Theorem 1.2 and (1.1). It also yields
bijectively that the left-hand side of (1.2) is indeed the generating function of the set U; , from Bressoud’s
Theorem 1.4.

Corollary 1.8 (Sum sides of the Andrews—Gordon and Bressoud identities). For r and i integers such that
r>2and 1l <i<r, we have the following generating functions:

qs§+-~+si,1+si+-~+sr_1

T;,'r(n)qn = ’ (15)
ng 512“_;_120 (@s1-52 -+ (@sp_2-5,-1 (D)5,
and
qs§+-~+si_1+si+-~+sr_1
d Uirin)g" = > (1.6)

n>0 §1>>5,._1>0 (q)sl—sz et (q)ST—Q_Sr—l (q27 qz)sr—l .

It is natural to look for an identity similar to Bressoud’s but with opposite parity conditions. This
was done by Kursungdz in [18] and then arised again as so-called “ghost series” in [16]. However, while
Kursungoz had an expression for the generating function as a sum of products ((1.7) below), our expression
as a multisum is new.

Corollary 1.9 (Kursungéz identities, new multisum). Let r and i be integers such thatr > 2 and 1 < i <.
Let Z:{i,r be the set of partitions X = (A1, A2, ..., A\¢) where \j — XNjyr—1 > 2 for all j, A\j — Xjpr—2 < 1 only
if Aj +Ajg1 + -+ Ajpr—2 = ¢ mod 2, and at most i — 1 of the parts \; are equal to 1. For any non-
negative integer n, let U”(n) denote the number of partitions of n which belong to Z;[” Then, by setting
Fri1,(n)=F._1,(n) and Fy (n) =0, we have

Uir(n) + Ui r(n—1) = Foq o (n) + Fi_qy (0 — 1).

Moreover

(1+q) > <

§1> > 8n 1>0 (@Ds1—s2 -+ (Dsyn—s,—1(0%¢*)s,_,

ST dsy g tsitots, 242801

- - ((q2r’qi+1’q2r7i71;q2r)oo 4 q(q2r7qi71’q2r7i+1;qQT)OO) , (17)

and
S34ets_ +sitetSr_a+28,_1

N Omet= Y g

n>0 81> >8,._1>0 (q)sl—sz et (q)ST—Q_ST—l (q27 qz)sr—l .

(1.8)
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Note that by Theorem 1.4 and Corollary 1.9, we have for all non-negative integers n the equalities
Usr(n) + Uip(n = 1) = Upyr,0(n) + Uim1,r(n = 1).

Actually, by using (1.1) and (1.2) and studying the image of several subsets of A, by our bijection in
Theorem 1.7, we are able to derive combinatorially the following list of Andrews—Gordon and Bressoud type
identities.

Corollary 1.10 (Andrews-Gordon and Bressoud type identities). For any integer r > 2, we have

Z qs?+~~+si71—sl—~~—si i (g2r+1, qr—ith greizktl g2rdly
_ 0 ] , (1.9)
s1>>8,_1>0 (q)sl—sz e (q)ST—Q_Sr—l (q)sr—l k=0 (q)OO
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N O 1 P 1 P @ | —
1> >8,_1>0 §1—82 Sp—2—Sr—1 ) Sr—1 k=0 S
24s? —si——SitSe_ { —i+2k—1 ,r4+i—2k+1. 2r
q51+ +sy_1—s1 Si+Sr—1 (q2r7qr 1+2 .q iq )oo
N v T 7 P 27 P D ?) S
812“-257‘,120 q 81 —82 * q Spr—2—S8r_—1 q aq Spr—1 k=0 q oo
2 eee 2 p— —_——.e— 8 . —1 7
Z qsl+ +s5_1—81 57,(1 _ qsl) _ (q2r+17qr z, qr+z+1; q2r+1)OO (1 12)
$13->sr_130 (@Ds1—s -+ (Dsp2—s,1 (D5, (0)oo 7
2 2 g ..._g. . . —i i
Z q31+"'+3r—1 S1 81(1 _ qSH‘Si—l) _ 2((]2T, qr z7qr+z; qu)oo (1 13)
1> >8,_1>0 (q)sl_SQ e (q)sr—’.’_sr—l (q2; q2)8r71 (q)OO ,
2 2 . .
s{t+ o tsy_1—s1——8; 1— Si+S8r_1 2r r—i ,r+i. 2r
o (1—g¢ ) _(@7.¢ a7 ) (1.14)
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s,
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$1>>8r_1>0 (q)s1—52 e (q)Sr—Q_ST—l (q2; q2)57‘—1

2r r—i—1 ,r+i+1. 2r 2r r—i+1 ,r+i—1. 27
T D L U S AT )oo, (1.16)
(@)
where 0 < i < r —1 for (1.9)(1.11), 1 < i < r —1 for (1.12), (1.14), (1.15), and 2 < ¢ < r —1
for (1.13), (1.16).

Identities (1.9) and (1.10), together with (1.1) and (1.2), were proven by Bressoud in [8] as special cases of
a very general formula. In [11], we proved and generalized all formulas (1.1), (1.2), (1.7), and (1.9)—(1.11) by
using the Bailey lemma and lattice, and we explained why (1.7) and (1.11) are not consequences of Bressoud’s
general formula from [8]. In [2], a combinatorial conjecture of Afsharijoo arising from commutative algebra
related to arc spaces was solved by using formula (1.12), which is a direct consequence of (1.9). It is
also explained in [2] how one can derive (1.13) from (1.10). One could also deduce similarly (1.14)—(1.16)
from (1.10) and (1.11).

What we want to point out here is that our present approach yields all formulas in Corollary 1.10 in a
purely combinatorial way: indeed we prove that for all these formulas, both sides are generating functions
of explicit subsets of A, and P,, and our bijection from Theorem 1.7 then yields the identities.

Recall also that the open problem of giving a combinatorial interpretation for the left-hand side of the
aforementioned Bressoud general formula in [8] (when parameters have specific forms), known as Bressoud’s
conjecture, has been settled only recently by Kim [17] and He, Ji, and Zhao [14, 15]. The main combinatorial
tool they use is the so-called Gordon marking for partitions. Our method is different, as we do not use the
Gordon marking. Moreover, although we do not prove a result as general as the former Bressoud conjecture,
we manage to give combinatorial proofs of (1.7) and (1.11) which, as we already explained, are not special
cases of Bressoud’s result.




Finally, note that in [28] Stanton proved identities similar to the above ones, involving binomial coefficients
and one more integer parameter.

This paper is organized as follows. In Section 2, we give the combinatorial setup for our results by defining
several sets of partitions and computing their generating functions. In Section 3, we prove Theorem 1.7 by
giving the explicit bijection. Finally, in Section 4 we prove the three corollaries.

2. THE SETUP FOR OUR COMBINATORIAL APPROACH

In this section, we define two types of combinatorial objects related to partitions, provided with a
weight statistic. As will be seen, using either Gordon’s Theorem 1.2 or Bressoud’s Theorem 1.4, their
generating functions are respectively the right and left-hand sides for the identities we are interested in,
namely (1.1), (1.2), (1.7), and (1.9)—(1.16).

2.1. Combinatorial description of the right-hand (product or sum of products) sides. We first
need some general results making the connection between the two combinatorial descriptions of partitions (in
terms of parts and in terms of multiplicity sequences). Here we use the notations given in the introduction.

In the literature, the set 7;, of Theorem 1.2 is often described as the set of partitions (fy),>1 such that

flgif]w
forall u > 1, fy, + fus1 <r—1.

This formulation is in particular more convenient when dealing with representation theory [23] or Grobner
bases [1], and it will also be more suited to our combinatorial approach.

The following proposition states this type of correspondence between difference conditions on parts and
restrictions on frequencies more generally, including the cases of U; , and Z/?”

Proposition 2.1. Let d,m be positive integers. Let X = (A1,..., ) = (fu)u>0 be a partition.
(1) Foralll1 <k<{—m,
)\k - /\k+m >d
if and only if for all u >0,

fu+.fu+1+"‘+fu+d—1 <m.

(2) Let (P) be a property on integers. Then the following statements are equivalent:

forall1 <k <{l—m, Ap— Aggrm > d,
foralll<k<l—m+4+1, Mg — Agrm-1 <d—1= g+ -+ + Agpm—1 satisfies (P),

and

for allu>0, fu+ fuy1+-+ fuya—1 <m,
forallu>0, fu+-+ fura—r =m=>ufy, + -+ (w+d—1)furd—1 satisfies (P).

Proof. The first part is classical, and is simply a way to describe either in terms of frequencies or in terms
of differences between parts the following fact: “in each interval of integers of length d, there are at most m
parts of the partition”.

The second part follows from a similar reasoning. The first line of each statement is the same as in
(1), so they are equivalent. Then “for allu > 0, f, + -+ 4+ futda—1 = m” implies that “for all 1 < k <
—m—+1, \p — Mgrm—1 < d—17. And together with “for all u > 0, f, + fu+1 + -+ + fura—1 < m”, the
statement “for all 1 <k <l—m+1, Ay — Agpm—1 < d—17 implies “for all w >0, f,, + - + fura—1 = m".
Finally, “for all 1 <k <{l—m+ 1, \p + -+ + Agtm—1 satisfies (P)” and “for all u > 0,uf, + -+ (u+d —
1) fut+d—1 satisfies (P)” are just two different ways to say that the sum of any m consecutive parts of the
partition satisfies (P). O

Using Proposition 2.1, one can describe the sets 7; ,, U;, and Z/N{Z-,T from the introduction in terms of
frequencies. These formulations both for 7; , and U; , are widely used in the literature, see e.g. [7].
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Proposition 2.2. The set T, , described in Theorem 1.2 consists of partitions (fu)u>0 such that
fO = Oa
fir<i—1, (2.1)
forallu>1, fu+ fuy1 <r—1

The set U, , described in Theorem 1.4 consists of partitions (fy)u>0 such that

fO = 07

<i—1
hisi=1, (2.2)
forallu>1, f,+ fus1 <r—1,
forallu>1, fu+ furi=r—1=>ufy+@w+1)fur1=i—1 mod 2.

The set Z:{i,r described in Corollary 1.9 consists of partitions (fu)u>0 such that
fO = Oa
<i-—1
hisi=1, (2.3)

forallu>1, fu+ fus1 <r—1,
forallu>1, fu+ fupi=r—1=ufu+ (u+1)fus1 =% mod 2.

Proof. The description (2.1) follows from Proposition 2.1 (1) with d = 2, m = r — 1, while (2.2) (resp. (2.3))
follows from Proposition 2.1 (2) with d = 2, m = r — 1 and (P) the property of being congruent to ¢ — 1
mod 2 (resp. ¢ mod 2). O

We define several related sets of partitions in terms of their multiplicity sequences (fy)y>0, where now 0
parts are allowed.

Definition 2.3. Let r and i be integers such that r > 2 and 0 < i <r —1.

o Let A;, be the set of partition (fy)u>o0 such that fo <i and fy, + fuy1 <7 —1 for all u.
o Let B; , be the set of partitions (fu)u>0 of Air such that, for all u, fu, + fus1 =71 —1 only if

ufu+(u+1)fur1=r—1—4 mod 2.
o Let Bi,r be the set of partitions (fu)u>o0 of Air such that, for all j, fu+ fux1 =7 —1 only if
ufy + (u+1)fyuy1 =r—1¢ mod 2.
We choose the convention that A_y, = B_1, = B,LT =Tor =Uy, = Z:{o,r ={.

Note that from our combinatorial point of view, as parity conditions always come in pairs, the set Z;{i,r
(resp. Bim) arises in a natural way together with Uf; ,- (resp. B;,). This explains our discovery of Corollary 1.9
and (1.11).

Also observe that A,_; , = A, defined in (1.3), and that for all 0 < ¢ <r —1, A;_1, C A, Bi1r =
Ai1,N By, and Bi_1 p = Ai—1,,NB; . Similarly, T C Tig1,r, Uir = Ti g VU1, and Uy = Ty p VU411
The following results give a precise description of the relations between the sets of Definition 2.3 and the
sets T r, Ui r, LNlW.

Lemma 2.4. For all integers i,r such that r > 2 and 0 < i <1 —1, the map (fu)u>0 — (fu)u>1 defines a
weight-preserving bijection

(1) from A;, \ Ai—1,r to Tr—ir,

(2) from Bi,\ Bi_1, to Ui,

(3) from By, \ Bi_1, toUr—i—1,,
with inverse bijection given by (f1, fa,...) — (4, f1, fa,...).

Proof. As Y, ~oufu =2 ,>1 fu, the map (fu)u>o0 — (fu)u>1 is weight-preserving.
(1) For all (fu)u>o € Air \ Ai—1,, we have fo =i and fy, + fuy1 < r—1 for all u > 0. Therefore
fi<r—1-—dand f, + fuy1 <r—1for all u > 1, and by (2.1), the partition (f,),>1 belongs to
Tr—ir. Conversely, for all (f,)u>1 € Tr—ir, by setting fo = i, we obtain that (f,)u>0 € Air \ Ai—1,r-
6



(2) The proof is similar to (1), using (2.2) instead of (2.1).
(3) For all (fu)u>0 € Bm \ Bi—1,-, we have fo = 4, and f, + fuy1 < r — 1 with equality only if
ufy+ (u+1)fur1 =r—14 mod 2 for all w > 0. Thus f; # r—1—14, and for all (f,)u>0 € Bi’r\Bi,l,h
we have fi < 7 —2—1i, and f, + fup1 < r — 1 with equality only if uf, + (u+ 1)fuy1 = 7 — i
mod 2 for all w > 1. Hence, by (2.2), the partition (fy),>1 belongs to Uy_;_1,,. Conversely, for all
(fu)u>1 € Up—i—1,r, by setting fo = i, we obtain that (fy)u>0 € lgm \ Bi—1,-
U

The next result will be useful for proving Corollary 1.9.

Lemma 2.5. For all integers i, such thatr > 2 and 1 <i <r—1, the map (fu)u>o0 — (fo, 1—1, f2, f3,...)
defines a bijection from Uiy, \ Ui r to Ui r \Ui—1 -, which decreases the weight by 1.

Proof. Note that by (2.2) and (2.3), the set U;+1 \Z;lm consists of the partitions of ;41 such that f; =i,
while Z;{” \ U;_1, consists of the partitions of U, 11, such that f; =i — 1. Hence, by the uniqueness of the
multiplicity sequence, the map (fu)u>0 = (fo, f1 — 1, f2, f3,...) defines an injection from U;11 , \Z]” to
Uir \Ui—1,r. .

Conversely, let (fy)u>0 be a partition in U, , \ Uj—1,. It is therefore a partition of ;41 , such that
fi =i—1. In particular f; +2f; =i—1 mod 2, thus by definition of U;;1 ., we cannot have f; + fo =r—1.
Hence, f1+ fo < r—2. Then, by adding a part 1 to the partition, we obtain a new partition with multiplicity
sequence (fo, f1+1, f2, f3,...) in Z/fi+1,r 51~1ch that fi1 +1 =4. The map (fu)u>0 — (fo, f1 —1, fo, f3,...) thus
defines a surjection from Ut \ U; » to U;» \ Ui—1,, and we can conclude. a

Provided Theorems 1.2 and 1.4, and Lemmas 2.4 and 2.5, a natural combinatorial description emerges for
the right-hand sides of identities (1.1), (1.2), (1.7), and (1.9)—(1.16), in terms of generating functions of sets
related to A; ., Bi r, Bm, Tir,Uir, and Z;IZT Note that the right-hand sides of (2.4)—(2.6) correspond to the
ones of (1.1), (1.2), and (1.7), respectively. The right-hand sides of (2.7)—(2.14) are the ones of (1.9)—(1.16).

Proposition 2.6. For all integer r > 2, we have

2r+1 i 2r—it+l.  2r+1
LR S P E fori<is<r,  (24)
AETi,r o

2r 1 2r—i. 271
Z q|/\\: (q 1q7(qq) yq )oo fO’f‘lSigT, (25)
NeU; &

2r i+1 2r—i—1. 2r 2r i—1 2r—i+1. 2r

1+g ¥ qw:(q Y 1) ta(a™ g g 107 ) oo fri<i<r  (26)

(@)oo

i 2r+1  r—it+k i—k-+1. 2r+1
T gt gt L g2l

LSS (4 L 00 for0<i<r—1, (27

AEA; » k=0
i 2r r—i+2k r+i—2k. 2r
3 qW:Z(q 4 (’q‘)] 107 )ex foro<i<r—1, (2.8)
\EB; k=0 °

i 2r r—i+2k—1 ,r+i—2k+1. 27“)
) 7q

) qwzz(q 4 (q? oo for0<i<r—1, (29)

\eBi k=0
2r+1 r—i . r+i+1. 2r+1
Z q\,\| _ (¢ 4 a((;) ) )oo for0<i<r-—1, (2.10)
AeA; NAi—1,r o
2r . r—i ,r+i. 2r
S = (@".q (q()z 1¢%)oo fori<i<r—1, (2.11)
AEB; »\Bi—2,r >



r—i r4+i. 2r
3 PTG AT LS foro<i<r—1, (2.12)
XEB; N\Bi—1,r
i—1 r+i+1;q2r)oo

2r r—
a4 4
IAES

XEB; \Bi—1,r (q)oo
Z q|)\\ _ (q2r’ qr—i—l’ qr+i+1; q2r)oo + (q2r7 qr—i-&-l, qr—&-i—l; qQT)OO
(@)oo

foro<i<r-—1, (2.13)

for1<i<r-—1. (2.14)
XEB; \Bi_a,r
Proof. Identity (2.4) (resp. (2.5)) is a direct consequence of Theorem 1.2 (resp. Theorem 1.4) and (2.1)

(resp. (2.2)) in Proposition 2.2.
Moreover, for 1 <1 <7 —1, we have U;_1, C U, C Ust1,r, and

(1) > d¥=> ™+ > Mg Y M

AEUi AEU;, XU o \Ui—1,r AEU; —1,r
- Z g™+ Z M +q E g™ by Lemma 2.5
AEU;, NeUip1,o\Us,r ANeUi—1,r
A bY
= > g > M
AEU; 41 ,r AEU;i—1,r

Using (2.5), we obtain (2.6) for 1 <i < r — 1. Observe that U,,, = Uy, by (2.2) and (2.3), so that (2.6)
holds for i = r.
Formula (2.10) comes from Lemma 2.4 (1) and Theorem 1.2. Noting that

Air= |_| (Aickr \Aici—kr),
k=0
we deduce (2.7). Lemma 2.4 (2) and Theorem 1.4 yield (2.12). By Lemma 2.4 (3) and Theorem 1.4, we
derive (2.13). Using (2.12), (2.13), and the equality B;, \ Bi—2,» = (Bir \ l’;’i,lm) L (Biq,r \ Bi_a,), we
deduce (2.11).
To prove (2.8), first observe that

Li/2] R LG@=1)/2)
Bir = |_| Bi—okr \ Bi—ok—1, | U |_| Bi—ok—1,r \ Bicok—2,r
k=0 k=0
By (2.13), we have
Z q\)\| _ (qu7 qr—i+2k7 qr+i—2k; qQT)OO _ (qQT7 qr—i-‘rQ(i—k)7 qr+i—2(i—k); QQT)oo
NEBi_ak—1,-\Bi_2k_2,r (Q)oc (Q)oo
Hence, using (2.12), we deduce
Li/2] i ok i i -
A g (qQT7 qr z+2k’ qr+1, 2k; q2r)oo ? (qQT7 qr z+2k’ qr—Q—z 2k; q2r)<>o
PINEEDY @ + ) ©
MEB;, k=0 & k=i—|(i—1)/2] >

Since i = |i/2] + [i/2] = [i/2] + [ (i — 1)/2] + 1, the integers |i/2]| and ¢ — | (i — 1)/2] are consecutive
and (2.8) holds.
Next, by (2.8) we have

i1 » L ; e L
Z q|)\\ _ ZZ (q2r7 qr 1+1+2k7 qr—H 1 Zk; q2r)oo _ % (q2r) qr % 1—}-2k7 q7 +i+1 Qk; qQT)OO
AEBi—1,r k=0 (q)oo k=1 (Q)oc

therefore we derive (2.9) using Bi,,. = (Bi,r \ Bi—1,-) UB;_1, and (2.13).
Finally, writing B; , \Bi—2.» = (B »\Bi—1,-)U(Bi—1,-\Bi—2,r), and using (2.13) and (2.12), we derive (2.14).
U
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2.2. Combinatorial description of the left-hand (multisum) sides. Let r > 2 be an integer, let s >
- > s,_1 > 0 be integers, and set sp = 0o and s, = 0. On the multisum sides of (1.1), (1.2), (1.7), and (1.9)—

(1.16), the summands can all be factorized by g*ittsioi—si—=sr—1 which does not depend on i. Hence, for
generating all these multisum sides, we first need a partition whose weight is s2 +---+82 | —8; — -+ —5,_1:
this is p(s1,...,8,—1) from Definition 1.5. Indeed, for all j € {0,...,7 — 1} and all w € {s;41,...,s; — 1},
we have fo,, + foyt+1 = j. Therefore the number of parts of p(s1,...,8r-1) i

qu—r—lsr1+Zj —sjp1) =81+ + 51,

u>0
and its weight is
r—1 s;—1 r—1 s;—1 j r—1r—1 s;—1 r—1s,—1
A DI DITETED S SID SETED $) DI DIETES S SEN
u>0 Jj=lu=s;4+1 Jj=lu=sj4+1 k=1 k=1j=ku=s;jt11 k=1 u=0

which gives
(s, o 8r1)| =85+ 82— 81— — 8. (2.15)
We now define (r — 1)-tuples of partitions in order to explain the ¢g-Pochhammer symbols in the denomi-

nator of the multisum sides of our identities.

Definition 2.7. Recall from Definition 1.6 that P(s1,...,8-—1) is the set of sequences X = (Mg, ..., As;—1)
of non-negative integers such that for all j € {1,...,7—1}, the sequence (As,,,,...,As,—1) is non-decreasing.
Let |A| := Ao+ -+ As;—1 denote the weight of A. For all 0 < i <r — 1, we now define the following subsets
of P(S1y.+.y8r—1):
o Let Piy(S1,...,5—-1) be the subset of P(s1,...,S-—1) whose elements A = (Ao, ..., As,—1) satisfy:
Asio, >j—dforalll <j<r—1.

j+1

o Let R, (s1,...,8—1) be the subset of P; r(s1,...,S-—1) whose elements A = (Ao, ..., \s,—1) satisfy:
A0s- -+ As,_,—1 have the same parity asr — 1 —i.

o Let R ir(S1,...,8r—1) be the subset of P; . (s1,...,8r—1) whose elements A = (Ao, ..., \s;—1) satisfy:
A0s - -+ As,_,—1 have the same parity as r — i.

o Let Q; (S1,...,8-—1) be the subset of P(s1,...,sr—1) whose elements A = (Ao, ..., s;—1) satisfy:
A > j4+max{j —4,0} forall1<j<r-—1.

Sj41
° Lejt Sir(81,...,8r—1) be the subset of Q; »(s1,...,5,—1) whose elements A = (Ao, ..., As;—1) satisfy:
A0, As,._,—1 have the same parity as 1.
o Let S r(81y...,8r—1) be the subset of Q; r(S1,-..,5r—1) whose elements A = (Ao, ..., As;—1) Satisfy:
Ao, ,)\S _,—1 have the same parity as v — 1.
Finally, for Le{P,Q,R,R,S,S}, define
L:’L,T = |_| {N(817"~7s’r71)} X‘C’i,’r’(sla"°7srfl)7

s12>8p-120
and for all (p, A) € L, -, define its weight as |(p, A)| = |p] + |A].
Note that P, defined in the introduction is equal to Pr_1 .
The multisum sides of identities (1.1), (1.2), (1.7), and (1.9)—(1.16) can be written as generating functions
for sets expressed in terms of P; ., Qi », Rir, Rir, Si.r, and S; .. In particular, note that in the result below,

the right-hand sides of (2.16)—(2.18) correspond to the multisum sides of (1.1), (1.2), and (1.7), respectively.
The right-hand sides of (2.19)—(2.26) are the multisum sides of (1.9)—(1.16).

Proposition 2.8. For all integers r such that r > 2, we have

T genio Y q

(A EQs— 1.0 $1 > >se_ 130 (@Ds1—s2 - (Dsy_a—s,1 (@ s,y

Z g+ = Z

(1 A\)ESi_1 v $1>>8,_1>0 (q)81*82 cee (q>s'r'7275'r'71 (qQ; q2)8r71
9

ST st tsitetse—1

for1<i<r, (2.16)

qs§+-~~+s$,1+si+~~+sy-71

for1<i<r, (2.17)



st +si_ +sitotsro2+2s1

Z g = Z q

for1<i<r, (2.18)
(A)ESi 1 51> S8 130 (@Ds1—s2 -+ (Dspn—s,-1(0%¢*)s,_,

q5§+"'+53—17317”'75i
Z gl = Z foro<i<r-—1, (2.19)
(s N)EP; §12>22>28,-120 (q)slisz U (q)ST*ZiST*l (q)s7'71
()] it ; —
Z q = Z 5 for0<i<r—1, (2.20)
(BA)ER; 512> 802120 (Q)Sl‘sz "'(Q)“’“Q“""*l(q 1851
q = for0<i<r-—1, (2.21)
LANER; s z0 Doimes "'(Q)Sr—r‘”—l(q 10,
sT4ets?_ —s1— Si(1 — g%
Z g Ml = Z 4 (—gv) for1<i<r—1, (2.22)
(1, N)EP: w\Pi—1,r §12->8,-120 (Q)51752 o (q)Sr_Qisr_l(q)sr_l
2 2
Sitetsiog—s1i— =S (] gSitsiot
> JeN =3 q ( 1 ) for2<i<r—1, (2.23)
(1N ERG »\Ri—2,r §12>2-2>8,.-120 (q)slisz T (q>s,,.,275,,.,1 (q 4 >S"'71
2 2
STt dsE g —s1— =S (1 gSitSr—1
Z g = Z 4 ( g 5 ) for1<i<r-—1, (2.24)
(BA)ER; - \Ri—1 $12 280120 (@sr—sa -+ (@sr—2=sr-1(@%6%)s, s
51+ +9T 1—S1——Si(4Sr—1 __ S
3 =N = § 4 (g - ) for1<i<r—1, (2.25)
(AN ER: AR 1 5122502120 (@sr=sa o+ (@orams, 1 (@%56%)sr s
STpetst_j—s1——Sitse_1 1 — gSitsi—1
Z g A = Z g ( 5 q2 ) for2<i<r-—1. (2.26)
(N ER AR nseseze @Dams o (@srams, 1 (05675

Proof. Recall that for all integers k, [, m with k,I > 0 and m > 1, the generating function for partitions into k
non-zero parts > [ and congruent to ! mod m is given by ¢* /(¢™; ¢"™), and that zero parts do not contribute
to generating functions. By computing the generating functions for partitions A7) = (Xs;—1,-++5As,,,) such
that A = (Ao, ..., As;—1) belongs to P(s1, ..., s-—1) or its subsets from Definition 2.7, we deduce the following;:

Z N H qJ 8j—8j+1) ﬁ q(2J i)(sj—8j+1) qsl+"'+Si+25z‘+1+“'+28r—1
q = =
AE€Q; r(81,..38r—1) (9) 8T8+ j=i+1 (q)SJ Si+1 (q)sl—sz s (q)5r72_5r71 (Q)sra ’

m1n{z,r—2} r—2

J(sj—sj+1) (25—1)(s;—8j4+1) (2r—2—1i)s,—1
ORI | QA N

\ES; r(91 Sy 1) j=1 (Q)éj—5]+1 j=i+1 (q)bj Sj+1 (q2;q2)sT71

qsl+“'+5i+25i+1+"'+25r71

(D155 (Dsy_n—s,_1(a%6*)s,_,

N min{i,r—2} qJ(‘?j—%-H) r—2 q<2] i) (sj—5j+1) q(27"—1—i)8r—1
2 d= D G g e
>\€5i,r(51 ____ Sr-1) j=1 J i+ j=i+1 J I+ r—

q(51+"'+5i+23i+1+"'+257'71)+5r71

(Q)s1—52 (/) P — (q2' @),y ’

%

Z ql)\‘ — H H q ’L 5]75J+l) _ q5i+1+"'+5r71
! q)S] Sjt1 ( Sj—8j+1 (q)slfsQ .. (q)57,72787.71(q)51'71 s
ACPir(s1rmm8r—1) J=1 j=it1
min{i,r—2} —i)(s;—Sj+1) (r—1—i)s,—1
Z g = H X H qY q .
AER G, (8150 y8r—1) j=1 (q>sj—sj+1 iZit1 q)8]75J+1 (q g )s,,.,l
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q5i+1+"‘+5r—1

B (D152 (Dsy_n—s5,_1(q% @),y
min{i,r—2} r—2

D |

AER: (8150 y8r—1) j=1 (q)gj Si+1 j=i+1
q(5i+1+"'+5r72+5r71)+57‘71

)

q(] i) (sj—Sj+1) q(r_i)sr—l
X
(@)s;—s541 (4% 4)s,_,

B (Q)s1732 s (q)s7~727s7~71 (q2; q2)51'71 .
The proposition follows by summing these identities over all integers s; > -+ > s,._1 > 0 and using (2.15). O

The purpose of the next section is to build a weight- and length-preserving bijection between
,Prfl,r = Pr and Arfl,r = Ara

therefore proving Theorem 1.7. In Section 4, we will then show that, for all 0 <4 < r — 1, this bijection also
induces a bijection between

Qi,r and 7;_5_17“ Si,r and ui+1,7"7 Si,r and Z:li+1,r7 Pi,r and Ai,r, Ri,r and Bi,ra ﬁi,r and Biﬂn.
Then, thanks to Propositions 2.6 and 2.8, this will prove Corollaries 1.8-1.10.

3. PROOF OF THEOREM 1.7

In this section, we give the bijection between the sets P, and A,.. It is in the spirit of Warnaar’s bijective
proof providing the sum-side of the Andrews—Gordon identities [29], which implies (1.5). His idea is to see
a certain partition p as a minimal partition in 7;,, and then insert a (r — 1)-tuple (A(V) ... A1) of
partitions in p. The process is such that the weight of p is incremented after each step, p stays in 7; ., and
there is a total of [A(V| 4 .- 4+ X"~ steps.

For r given non-negative integers s; > --- > s._1 > s, = 0, we consider the minimal partition
w1(s1,...,8r—1) of Definition 1.5 which, as noted in the introduction, belongs to A,. We then insert (in
a sense that will be defined below) in u(sy,...,s,—1) a sequence (Ag,...,As;—1) € P(S1,...,8-1). Our

bijection has a total of s; steps instead of the A\g + - -- 4+ As, 1 steps of Warnaar’s, as we insert each part A;
at once, whereas Warnaar was doing it in \; separate steps.

In Section 3.1, we start with a very simple example, namely the case r = 2. In Sections 3.2 and 3.3,
we define maps A : P, — A, and T' : A, — P,, respectively, and show that they are well-defined (see
Corollaries 3.2, 3.10, 3.4, and 3.12) and weight- and length-preserving (see Corollaries 3.6 and 3.14). Then
in Sections 3.4 and 3.5, we show that I'o A and A o T are the identity maps on P, and A,., respectively (see
Propositions 3.17 and 3.19). This proves Theorem 1.7.

3.1. The case r = 2. This case is classical, as the Andrews—Gordon identities for = 2 correspond to the
famous Rogers—Ramanujan identities. The sum sides of their analytic expressions

n?4n
Z g and Z
n>0 n>0
are usually interpreted as a pair made of a partition and a staircase partition with only even (or only odd)
parts. Then it is classical to add the partition to the staircase, obtaining a partition in 77 o (resp. 72,2) if
the staircase partition has even (resp. odd) parts. As we consider partitions that may have parts 0 with
frequency fy, we have to slightly adapt the above method.

By the definition given in (1.3), the set Ay is made of partitions with frequencies 0 or 1, and no pair of
consecutive frequencies both equal to 1. Equivalently, by Proposition 2.1 (1), these are partitions whose con-
secutive parts are at distance at least 2. For example, the partition (9, 6,4,0) = (1,0,0,0,1,0,1,0,0,1,0,...)
belongs to As, its length is 4 and its weight is 19.

When r = 2, we only have one integer s; =: s in Definition 1.5, and the partition u(s) is the staircase
partition with only even parts from 2s — 2 to 0. For instance, when s = 4, we get u(4) = (6,4,2,0) =
(1,0,1,0,1,0,1,0,0,...). By Definition 1.6, the set Py is made of pairs (u(s),\), where A = (Ao,..., A1)
is a non-decreasing sequence of s integers. For example, the pair (u(4), (0,2,2,3)) belongs to Pa, its length
is 4 (the length of u(4)) and its weight is 19.
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Our map A : P, — A, starts with an element (u(s),A) € Pa, and adds the integer As_; to the first
part 2s — 2 of the staircase, then the integer A;_5 to the second part 2s — 4 of the staircase, and so
on until adding the integer A\g to the last part O of the staircase. The resulting partition is therefore
(Ms—1+25—2,Xs_2+25—4,..., g+ 0) which belongs to Az, has length s and weight |A| + s? — s.

An example is depicted in Figure 1 for (u(4),(0,2,2,3)).

[ ] | [ 1]

((674727())7(0727273)) (9767470)
FIGURE 1. The maps in terms of parts.

To generalize this to P,, we need to describe this map, easily explained in terms of parts, in terms of
frequencies. We first have to identify the greatest index with non-zero frequency in u(s) = (f;);>0, namely
2s — 2, and shift fas_o from 1 to 0 while fos_o4a,_, is shifted from 0 to 1. We successively do the same
shifts for fos—4 using As_a, ..., fo using Ag. Figure 2 represents the same map for (u(4),(0,2,2,3)) as in
Figure 1, but in terms of frequencies, and with notation from Section 3.2.

0,223 Lol L],

Jfo fi fo f3 fa fs fo fr fs fo fro

insertion of 3 (g3 = 1,n3 = 10)

0,2,2) L [

fo fi fo fs Ja fs fo fr fs fo fio

insertion of 2 (go = 1,my = 7)

(0,2) L[] 1. [

Jo fi fo fs fa fs fo fr fs fo fro

insertion of 2 (g1 = 1,n1 = 5)

(0) [ LT L

Jfo fi fo fs fa fs fo fr fs fo fio

insertion of 0 (go = 1,n9 = 2)

-~ — -—  — e-— — w—

L] LT L

Jfo fi fo fs fa fs fo fr fs fo fio

FIGURE 2. The map A in terms of frequencies.

Our map I' : Ay — P, starts with a partition v = (v4,...,vs) € Az, and extracts from v, the part 0, then
from vg_; the part 2, and so on until extraction from v; of the part 2s — 2. The result is a pair made of yu(s)
and a non-decreasing sequence (vs — 0,51 —2,...,v1 — (28 —2)) of length s: this pair therefore belongs to

P, and has weight |v|. See Figure 1 for I'(9,6,4,0).

Again, to generalize this, we need to describe this process in terms of frequencies: we first have to identify
the smallest index with non-zero frequency in v = (f;),>0, namely vy, and shift f,, from 1 to 0 while fj is
shifted from 0 to 1 (or kept unchanged if v, = 0) and we keep track of the extracted vs. We successively do
the same shifts for f,. , and fo (keeping track of the extracted vs_1 —2), ..., f,, and fas_o (keeping track
of the extracted 4 — (2s — 2)). Figure 3 represents the same map for (9,6,4,0) as in Figure 1, but in terms
of frequencies and with notation from the upcoming Section 3.3.
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L] LT L

fo v fo fs fo fs fo fr fs fo fio

extraction of 0 (hg = 1,mp = 2, k9 = 0)

) [ L T

fo fi fo f3 fa fs fo fo fs fo fro

extraction of 2 (hy = 1,my =5,k = 2)

0.2) L] (1, [

fo fi fo fs fa fs fo fo fs fo fro

extraction of 2 (hy = 1,my =T, ky = 2)

(0,2,2) LI ]

fo fi fo f3 fa fs fo fr fs fo fro

extraction of 3 (hg = 1,m3 = 10, k3 = 3)

-~ .- .- — e —

0223 L

fo fi fo fs fa fs fo fr fs fo fro

FIGURE 3. The map I in terms of frequencies.

3.2. The map A: P, —» A,.. Let s1 >--- > s,_1 > s, = 0 be integers, set sg = co.

For every non-negative integer u, define g, to be the unique integer in {0,...,r — 1} such that s4, 11 <
u < 84,. In other words, g, is the largest j such that s; is bigger than u. For instance g,, = 0, and we have
by convention gy, = 0. On the example given in Figure 4, we have g, =4, as s5 < u < $4.

u
e e e %X & & @&

0=sg S7 S¢ = Ss S4 = S3 S9 S1
FIGURE 4. An example when r = 8.

Let A= (Ao, ..., As,—1) € P(s1,...,8-—1). The principle of our bijection A is to insert the parts of A one
by one in u(si,...,s,—1), while preserving the length of u(s1,...,s,—1) (see the detailed properties of the
bijection in Propositions 3.1, 3.3, and 3.5).

Let 0(s1) = (0;31)) be the multiplicity sequence of j(sy,...,s,_1), and construct the sequences () =
j=0

(9](-“)) 0 recursively in decreasing order according to u € {0,...,s1 — 1}.
J>
Recall from Definition 1.5 that for all 0 < j <r —1,
(051,651 ) = (,0)  forall s <k <s;. (3.1)
Suppose that the sequence 6+ is built. Let
t
nei=mind f>2ut2: Y [gu - (0](.““) + 65-71*11))} > A g (3.2)
j=2u+2

We will prove in Proposition 3.1 that n,, is well-defined for all uw € {0,...,s; — 1}.
Now construct the sequence (*) by modifying 0tV as follows:

0\ =0t if 0 < j < 2uor j > n, (fixed), (3.3)
05“) = 0;1"2'1) if2u<j<ng,—2 (shifted twice to the left), (3.4)
95;?—1 = Gu — 97(:1—2 = 95:5111) + A
Ny —1
_ Z {gu - (0§“+1) + Gﬁtl)ﬂ (modified and moved to the right). (3.5)
j=2u+2
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Figure 5 gives an illustration of how the multiplicities are modified from step u + 1 to step u.

B fixed when not in {2u,...,n, — 1} I I I I I I l Step u + 1
B shifted twice to the left when in {2u+2,...,n, — 1}
B modified and moved to the right

from (2u,2u+ 1) to (ny, —2,n, — 1) Step u

FI1GURE 5. Effects of A on the multiplicity sequence from step v + 1 to step u.

Finally, define v to be the partition with frequency sequence (9;0)
that these frequencies are indeed non-negative), and set
Alp(sty .-y 8r—1),A) =1
Ezample 1. For r = 4, (s1, 82,83) = (4,2,2) and (Mg, A1, A2, A3) = (5,6, 1,3), we have
0@ = (3,0,3,0,1,0,1,0,0,...).
At step 3, we obtain g3 = 1, and n3 = 10,
0 =(3,0,3,0,1,0,0,0,0,1,0,...).
At step 2, we obtain go = 1, and no = 6,
0® =(3,0,3,0,0,1,0,0,0,1,0,...).
At step 1, we obtain gy = 3, and n; = 6,
0 =(3,0,0,1,1,2,0,0,0,1,0,...).
e At step 0, we obtain gy = 3, and ng = 3,
0 =(0,1,2,1,1,2,0,0,0,1,0,...).
Hence, A(u(4,2,2),(5,6,1,3)) = v with multiplicity sequence (0,1,2,1,1,2,0,0,0,1,0,...).

)j>0 (we show in Proposition 3.3 (2)

The following property proves that A is well-defined.
Proposition 3.1. For allu € {0,...,s1 — 1}, 0](-u+1) =0 for j large enough, and n, is well-defined.

Proof. This follows from a simple backward induction on u. By the definition of #(1), oj(,sl) =0 for j > 2s;.

Now assume the proposition is true for v + 1 and show it for u. As plutd)

some integer ¢ > 2u+ 2 such that Z;:2u+2 [gu _ (GJ(‘UH) + 9571-1{1))} > Ay (indeed for all uw € {0,...,s; —1},

= 0 for j large enough, there is

gu > 0), and n,, is well-defined. Finally, using (3.3), we deduce that 9§-u) = 0 for j large enough. (Il
Corollary 3.2. The map A is well-defined.
Now to show that the image of A is in A,., we first need some additional key properties.

Proposition 3.3. For allu € {0,...,s1}, the following holds:
(1) Foralll <j < 2u, 9§u) = 9§Sl).
(2) Forall j >0, 6 > 0.
(3) For all j > 2u, g, > 05" + 654,
Proof. (1) This is clear by backward induction on w, using (3.3).
(2) This is again proved by backward induction on w. For u = s1, by definition 9551) >0 for all j > 0.

Now assume that 9§u+1) >0 for all j > 0 and show that QJ(-U) >0 for all j > 0.
14



o If j ¢ {n, — 1,n, — 2}, then it is immediate by (3.3) and (3.4).
e If j =n, — 1, then by (3.5),

Ny —1

u u+1 u+1 u+1
o0 =0 o= > [gu— (00 6]
j=2u+2

By definition of n,, the last sum is at most \,, with equality only if A\, = 0 and n,, = 2u + 2.
Hence

0y, >0\t > 0. (3.6)

e If j =n, — 2, then by (3.5),
Ny —1
Ko as S o (6 )
j=2u+2
u - u+1 u+1
S AREPYRD S P (s e n | B
j=2u+2

By definition of n,,, the last sum is at least A,. Hence
6%, > 9l > . (3.7)
(3) Let us do a last backward induction on w. For u = s, by the definition of 9(51), 9§51) =0 for j > 2s;.
Hence gs, = 0> 0(51) + Qgi:l)
Now assume that g,11 > 0(u+1) + 9(u+1) for all j > 2u+ 2, and show that g, > 6, () 4 0; u) for all
j > 2u.
o If j > n, > 2u—+ 2, then by (3.3),

0! () 4 93+1 9§u+1 + 9(u+1 < Gui1 < G-
If 2u < j < my — 3, then by (3.4),
G(U) + o(u)l = 951:51) + 95‘1:3:1) < Gut1 < Gu-
e If j =n, — 1, then by (3.7) and (3.3),
0+ 60 = g, — 0, 00 < g, — 0UHD 49D < g,
e If j =n, — 2, then by (3.5),

9(u L+ 9(71)_1 = gu.

Lz

o If j = n, — 3, then by (3.4) and (3.6),
u+1 u
951 —3+9n —2_9’£Lt1)+0( 2—071. —1+9n -2 = Yu-

Corollary 3.4. The image of A is in A,.
Proof. By Proposition 3.3 (2) with u = 0, the integers 0§0) are non-negative for j > 0, so A(u(s1,...,8-1), A)
is a partition. By deﬁnition of gy, we know that 0 < gg < r — 1. Thus by Proposition 3.3 (3) with u = 0,

we have 9(0) +0 +1 < r—1for all j > 0. Hence for all s; > -+ > s,._1 and A € P(s1,...,8—1),
A(p(s1,...,8-—1),A) belongs to A,. O

Finally, we state a few additional properties to show that A is weight- and length-preserving.
Proposition 3.5. For allu € {0,...,s1 — 1}, the following holds:
(1) (65, .05,57) = (90,0,
(2) the length of 0 equals the length of 0“1 j.e. >is0? (u) =20 9§u+1),

(3) the weight of 6 is \, more than the weight of 6“1 i.e. > js0d 0§u) =X+ 5507 9;"“).
15



Proof. (1) By Proposition 3.3 (1), for all 1 < j < 2u + 2, 9(-"+1) = 9§-81). In particular, by (3.1),

(051 05Dy = (55,051 1) = (94, 0).

2u+1
(2) We have
2u—1 Ny —3
SO =30+ N 0 g+ >0 (by (3.5))
>0 =0 j=2u >
2u—1 Ny—1
= Z H(UH + Z H(uH +gu + Z Q(UH (by (3.3) and (3.4))
j=2u+2 J>Ng,
= Z pluty (by Proposition 3.5 (1)).
7>0
(3) We have
2u—1 nu—3
Sje = Z;e + 350 g (e —2) 00+ 68 (by (3.5))
>0 j=2u J2n.
2u—1 MNy—1
= Z 0+ ST (-2 0 g (na —2) + 08,
j=2u+2
+ 3 ety (by (3.3) and (3.4))
J2n
2u—1 Moy —1
=308 ST 0 2w g, + A+ 05T
7=0 Jj=2u+2
+ 3 ety (by (3.5))
J>ny
=X\, + Zj . 9§-u+1) (by Proposition 3.5 (1)).
Jj=0
]

Corollary 3.6. A preserves the weight and the length, i.e., for all s1 > -+ > 8.1 and X € P(s1,...,87-1),
|A(/‘(817 ) 87“*1)7 >‘)| = |)‘| + |/~L(51’ ) 87“*1)‘ = |(:u(517 ) srfl)v )‘)|7
and the length of A(u(s1,...,8.—1),A) is equal to the length of u(s1,...,8.—1).

Proof. This is a direct consequence of Proposition 3.5 (2) and (3). O

3.3. The map I' : A, — P,. Let v € A,, and let n(® = (n}o)) be its multiplicity sequence. The idea
j=0

here is to retrieve from v a pair (p, k) in P.. We construct the sequences nW = (n§u)) recursively in
j=0
increasing order for u as follows. Suppose that the sequence 7(*) has been constructed.

Define h, := max {77]( w4 nj(u) 1] > 2u}, and

My = min {j > 2u+2: 9" + 1) = hy } (3.8)

We will prove in Proposition 3.9 that h, and m, are well-defined for all v > 0.
Now construct 71 as follows:

nj(u'H) ](u) if0<j<2uorj>m, (fixed), (3.9)
(.“'H) = 77§7)2 if2u+2<j <my (shifted twice to the right), (3.10)
(nézﬂ), néﬁi} ) = (hy,0) (modified and moved to the left). (3.11)

16



Moreover we define
Moy —3
K=ty — 5+ Y [hu - (n}“) + nﬁ“ﬁl)] . (3.12)
Jj=2u
Figure 6 gives an illustration of how the multiplicities are modified from step u to step u + 1.

B fixed when not in {2u,..., my, — 1} Step u
B shifted twice to the right when in {2u,...,m, — 3}
B modified and moved to the left
from (m,, —2,m, — 1) to (2u,2u + 1) Step u + 1

F1GURE 6. Effects of ' on the multiplicity sequence from step u to step v + 1.

Remark 3.7. For all non-negative integers u, j, we have n§u) > 0. This follows directly from the fact that
n(© is the frequency sequence of a partition, and inductively from equations (3.9)-(3.11).

Remark 3.8. Note that if h, = 0 for some u, then by Remark 3.7 and (3.8)-(3.11), n(*) = n) for all v > u.
We will show in Corollary 3.10 that such a u always exist.

Let U be the smallest u such that h, = 0. We stop the recursive process of building n(*) at u = U, and
define the image of v by I" as follows. Let u be the partition with multiplicity sequence (n§U)>j>0, let k be
the sequence (Ko, -..,ky—1) (or the empty sequence if U = 0), and set

T'(v) := (, k).
Ezxample 2. For r = 4, let v be the partition with multiplicity sequence
7n® =(0,1,2,1,1,2,0,0,0,1,0,...).
e At step 0, we obtain hg = 3, mg = 3,
M = (3.0,0,1,1,2,0,0,0,1,0,...),
and kg = 5.
e At step 1, we obtain h, = 3, my = 6,
n® =(3,0,3,0,0,1,0,0,0,1,0,...),
and k1 = 6.
o At step 2, we obtain hy = 1, my = 6,
n® =(3,0,3,0,1,0,0,0,0,1,0,...),
and ko = 1.
e At step 3, we obtain hy = 1, mz = 10,
" = (3,0,3,0,1,0,1,0,0,0,0,...),

and k3 = 3.
e At step 4, we obtain hy = 0, so we stop the process.

Therefore, I'(v) = (u(4, 2, 2), (5,6, 1, 3)).
First check that I is well-defined, using the following propositions.

Proposition 3.9. Let L be the largest part of the partition v. Then for all non-negative integers u, the
quantities h,, and m, are well-defined, and for all j > L+ 1, nj(,“) =0.
17



Proof. This follows by induction on u. As (77J('0))j20 is the multiplicity sequence of the partition v, by

definition of L, for all j > L + 1, nj(»o) = 0. Hence hg and mg are well-defined.
Now assume the proposition is true for v > 0 and show it for u + 1. We distinguish two cases:

e If m, = 2u+ 2 = L + 2, then by (3.11), néﬁi? = n(Lu:ll) = 0, and by (3.9), for all j > L + 2,

(u+1) _ 0
1 =u.
o Otherwise, by (3.8), m, € {2u+2,..., L+ 1}. Then by (3.9), for all j > L +1, """ = 0.
Hence for all j > L+ 1, 7]§u+1) = 0. Thus hy41, and therefore m,, 1, is well-defined. O

Corollary 3.10. The map I is well-defined. In particular, h, = 0 for u large enough and U is well-defined.

Proof. Thanks to Proposition 3.9, h,, and m, are well-defined. It remains to show that there exists u such
that h, = 0, so that U is well-defined and the process stops. From Proposition 3.9, for all j > L+1, n§u) =0.
Thus for all u > (L +1)/2, h, = 0. |

Now to show that the image of I' is in P,., we need some additional properties.

Proposition 3.11. For allu € {0,...,U — 1}, the following holds:
(1) We have 0 < hyyq < hy <7 —1.
(2) We have K, > 0.
(3) If hy = hyy1, then myy1 > My + 2 and Kyq1 > K.
Proof. (1) By Remark 3.7, h,, > 0 for all w > 0. By definition of A, 7]](40) + 77§(—)|r)1 <r—1forall j >0,so
ho <1 — 1. Hence, the only thing remaining to show is that for all u € {0,...,U — 1}, hyq1 < hy.
By definition of h,,, it is enough to show that néuﬂ) + 77;1—;1) < hy for all j > 2u + 2. We consider
the three following cases.

o If 2u+2 < j < my — 1, then by (3.10), n\" " + 5l = 5", + n{*), and by (3.8), we derive

u+1 u+1
I U (3.13)
e If j > m,, then by (3.9) and the definition of h,,
u+1 u+1 u u
77](‘ * )"‘77]('-:1_ ) :773(' )+773(‘+)1 < hy.

o If j = my, —1, then m,, > 2u+3 and by (3.10) and (3.9), we have n'*") 4putt) = pl) 4 pl).

Now we prove that

o s <)y (3.14)
Tndeed, if we had 7" _, > 7" _ |, then it would yield 5 _, + 5 _, > 5 _, 49" _ = p,
(W) (w)

by (3.8), therefore by definition of h, we would get n,,” 5 +n,,” 5 = hy, contradicting the
minimality in (3.8). Therefore

S ol < <™~y (by (3.8)),

thus (3.13) is still satisfied.

(2) From the definition of h,, we know that h, > 77:(,:1) and h, > 77§u) + 77;1)1 for all j > 2u. The result
follows immediately.

(3) Suppose that hy, = hyy1. In the proof of Proposition 3.11 (1), we showed that (3.13) is satisfied for
all 2u + 2 < j < m,,. Therefore, by (3.8), my,4+1 > m, + 2. Now prove the second part:

mu+173
furr = ho = 4+ S b= (0 1Y) (by (3.10) and (3.12))
Jj=2u+2
Moy —1
> hy — 7751:) + Z [hu - (77](’U+1) + 77§T1_1))} (as My g1 > My + 2)
j=2u-+2
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> =)+ Y [ = (0" + 1) | = s (by (3.10)).

O

Corollary 3.12. The image of " is in P.. More precisely, T'(v) € {u(s1,...,8-—-1)} X P(s1,...,8r—1), where
forallje{1,...,7},
sj ==min{u >0: h, <j—1}

Proof. By Remark 3.7, nU) is a sequence of non-negative integers. Since hy = 0, néU) =0 for all j > 2U by
definition. From Proposition 3.11 (1), we know that h, < —1 for all u, so the s;’s are well-defined.

Now check that nY) = pu(sy,...,s._1). Let u € {0,...,U — 1}. By definition of the s;’s, we have
U=s1>--->s,=0,andforall 1 <j<r-—1,

hy =37 sj41 <u<s;. (3.15)
By (3.9), for all j < 2u + 2, n(uH) = nJ(-Ufl) = n](.U). Hence
U u+1 u+1
<néu%n§ull> (s ™ m5i)) = (h, 0), (3.16)

where the second equality follows from (3.11). Therefore by (3.15),

(5 5 1) = (5,0) for all 541 < u < s,

which is exactly the multiplicity sequence of u(sy,..., sy—1) from Definition 1.5.

Moreover, by (3.15) and Proposition 3.11 (2) and (3), we know that (ks,,,,...,#s;~1) is a non-decreasing
sequence of non-negative integers for all 1 < 57 < r — 1. Hence k£ € P(s1,...,8-—1). Thus I'(v) €
{p(s1,- - y8r—1)} X P(s1,--+,80—-1) C Pp. O

Finally, we need two last properties to show that I' is weight- and length-preserving.
Proposition 3.13. For allu € {0,...,U — 1}, the following holds:
(1) the length of n™) equals the length of n“+V), i.e. 250 17](“+1) 22i>0 nj(u),

(2) the weight of n(*TY) is k., less than the weight of 0., i.e. > js0d 77J(u+1) —Ku+ 500 ng(u)
Proof. (1) We have
2u—1 my—1
(ut1 u) (u
LTS SR ST b oy 39 (510
3>0 Jj=2u+2 J>my,
2u—1 Moy —3
-2 URE SRS DI AR D DR (by (38))
j=2u J>my,
_ u)
—Z”j :
j=0
(2) We have
2u—1 My —1
1
St = Z Jont 2w b+ 0 G S et (by (3.9)-(3.11))
j>0 J=2u+2 JZmy
2u—1 My —3
Zjnju+2uh+23+2 +Zj77j")
j=2u J>2may
Moy —3
=35+ DT Gl 2w by — s+ (my = 20— 1)y — ) (by (3.12))
=0 Jzma,
S +ZJ n(u) (by (3.8)).
7>0

(]
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Corollary 3.14. T" preserves the weight and the length, i.e., for allv € A,
@) = [k, &) = v,
and the length of u is equal to the length of v.
Proof. By Proposition 3.13 (2),
P = |ul + |6l = D] + |x| = —=|s] + || + [x] = |v],

so the weight is preserved. Moreover Proposition 3.13 (1) implies that the length of v is the same as the
length of u, as by definition its multiplicity sequence is (). O

3.4. T'o A is the identity on P, . Our goal in this section is to show that I" o A is the identity map on
Pr. Let (u(s1,...,8--1),A\) € Py, and apply A to it, using the notations from Section 3.2. Then apply T’
with the notations from Section 3.3. We will show that we recover (u(s1,...,$r—1),), and the following
proposition will play a key role in doing that.

Proposition 3.15. For allu € {0,...,s1}, we have
Ju = max{ﬁ(u) + Q(u) 17 > 2u}, (3.17)
Ny = min{j > 2u+2: 9(u2—|—0] 1= 0uls (3.18)
with the convention that ng, = 2s1 + 2.
To prove this result, we need the following lemma.

Lemma 3.16. For all u € {0,...,s1 — 1}, we have g, > gut1. Moreover g, = gyt1 implies that n, <
Ny+1 — 2.

Proof. The fact that g, > g,+1 is immediate by definition of g,.
Now assume that g, = gu41 and show that n, < n,41 — 2. By Proposition 3.5 (1), we know that

9;‘;11) = 0. Thus

Mgyt1—2 Ny41—3
u+1) u+1) u+1) u+1)
> [gu (9” +ol )}:(nuﬂ—z—zu) o, 2 Y gty
Jj=2u+2 Jj=2u+2
Nyut1—1
= (Nyt1 — 4 —2u)gyy1 + 9,(::} 1—2 Z 9§u+2) (by (3.4) and the first equality of (3.5))
j=2u+4
= A\yt1 (by (3.5))
> Ay (because g, = gy+1 and by definition of P,.).
Hence, by (3.2), we obtain that n, < n,4; — 2. a

We are now ready to prove Proposition 3.15.

Proof of Proposition 3.15. By Proposition 3.1, we already know that for all u, the set {9( w4 93+1 D g >
2u} has a maximal element. Moreover, from the first equality of (3.5), g, = 95:1),2 + 95;1)71, and from
Proposition 3.3 (3), for all j > 2u, g, > 9(“ + 9J+1 Hence (3.17) is proved.

It only remains to show (3.18), i.e. that for all u € {0,...,s1}, for all 2u < j < n, — 3, gy, > 95-“ 9;11
Let us do it by backward induction on u. For u = s1, ns; = 2s1 + 2, so there is nothing to prove. Now
assume the property holds for u + 1 and show it for w.

If n, = 2u + 2, there is nothing to prove. If n, > 2u 4 3, we distinguish two cases:
e If j = n, — 3, from (3.5) and the sentence before (3.6), we have H(U) L > 0T By (3.4), we deduce

N, —1
95:—3 + 95:)—2 = Gw(zutll + 9(u —2 < en 1 +0 1?) 2 = Gu-

o If 2u < j < n, — 4, we distinguish two cases (we know from Lemma 3.16 that g, > gu+1)-
20



- If Ju > Jut1, then by (3 4)

0 40 = 0D 40D < g,41 < gu,

where the first inequality follows from Proposition 3.3 (3).
— If g = gur1, then again by (3.4),

u u+1) u+1)
0 ol =0t gt < g4y = gu,

where the inequality follows from the induction hypothesis, as 2u+2 < j+2 < n,—2 < nyy1—4
by Lemma 3.16.
|

Proposition 3.17. The map T'oA is the identity map on P,.. In other words, for all (u(s1,...,8r—1),A) € Py,
we have

D(A(p(s1, -y 8r—1), A)) = (815« Sp1)y A).
Proof. Let (u(s1,...,8:-1),\) € P.. Using the notations of Sections 3.2 and 3.3 and applying first A and
then T, we first observe that (°) = §(°). Then by definition of hy and Proposition 3.15, we get ho = go.

e If gy = 0, then s; = 0, and the process I stops at U = 0. In that case, v = u(0,...,0) = A =), and
T(A((0,...,0),0)) = (u(0,...,0),0).

e If go > 0, then s; > 0. In that case, mg = ng by (3.8) and Proposition 3.15. Therefore, 77 0
for all j > ng by (3.3) and (3.9), n{") = 6'") for all 2 < j < ng by (3.4) and (3.10), and 75" = ho =
go = 9( ) and 77(1) 9&1 =0 by Proposition 3.5 (1) and (3.11), hence nM =0 Moreover kg = Ao
by (3. 5) and (3.12).

In the same way, we show that () = ) implies h, = g, by definition of h, and Proposition 3.15. If
gu > 0, then u < s, (D = D and k, = \,. Otherwise, g, = 0, u = s, and I stops at U = s;.
Therefore, D'(A(p(s1,- -+, $r—1),A)) = (u(s1,- -, 8r—1), A). O

3.5. Aol is the identity on A, . Finally we show that I o A is the identity map on P,.. Let v € A,., and
apply I to it, using the notations from Section 3.3. Then apply A with the notations from Section 3.2. We
will show that we recover v. To do this, we first state a preliminary result.

Proposition 3.18. Let u be an integer in {0,...,U — 1}. We have

t
M, =min t > 2u+2: Z {hu—( (uH)—i— J( )):|2K3u
j=2u+2

Proof. Let

u+1 1
@t =Ky + Z [ —(7}J+)+77](u+))}.
j=2u+2

We want to show that
m, = min{t > 2u+2: ¢(t) > 0}.
First we treat the case m, = 2u + 2. By the definitions of h, and m,,, we know that ngz) + né:i)_irl = hy

and n2u+1 + n£u+2 < h,,. Thus
1 u
p(2u+2) = =y + by — (n5i}) + 05ty

= hu = (W54 + 1) (by (3.9), (3.12) and (3.11))
>0,

Now turn to the case m, > 2u + 3. Note that, for all j > 2u + 3, nJ(»uH) + 77](75{1) < hut1 < hy, where
the first inequality follows from the definition of h,41 and the second from Proposition 3.11 (1). Thus the
function ¢ is non-decreasing on {2u + 2,2u + 3,...}. Hence, we only have to show that p(m, — 1) < 0 and

p(my) > 0.
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First, we have

Moy —1
(p(mu — 1 = —Ky + Z |:h u+1) + (u+1)>:|
Jj=2u+2
Moy —3
= =k b=k =SV + Y = () 0lh)] oy 30)),
j=2u
which by (3.11), (3.12) and (3.8) yields
i = 1) =)y = ). (3.19)
By (3.14), this implies ¢(m, — 1) < 0.

Second, we have

plma) = lmy = 1) + o — (0 + )
(u) (u)

Me—1 nmu

= hu =1
>0

The proposition is proved.

Proposition 3.19. The map AoT

AT(v)) =v.

(by (3.19), (3.9), and (3.10))
(by (3.8)).

is the identity map on A,.. In other words, for all v € A,., we have

Proof. Let v € A,. Using the notations of Sections 3.2 and 3.3 and applying first I" and then A, we first
observe that #(1) = n(51) as by Corollary 3.12 we have U = s;. Therefore by the definitions of gs, and U,

we obtain hy, =0 = g,, .

o If 57 =0, then v = k = 0 and A(T'(0))) = A(u(0,...,
e If s; > 0, we prove by backward induction on 0 < u < s7 that o) = 77(“).

0 <u < sy, 00D =t By (3.16), we have

u+1 u+1
(ne 0 m8Y) = (has0) =

and g, = hy by (3.15). Hence, by Proposition 3.18 and (3.2), n, = m,. Therefore, 9 u)
(u) for all 2u < j

j > my by (3.3) and (3.9), 61 =
by (3.5) and (3.12), and finally 9(
Thus in particular #(©) = 7©) ie. A(I'(v )) =v.

()

0),0) = 0.

Assume that for some

(s,

(u)
n; for all

(u)

<my, —2 by (3.4) and (3.10), 0“‘11 = M1

_y =1’ _ by (3.5) and (3.11). Hence, §) = n().

O

4. PROOF OF COROLLARIES 1.8-1.10

To prove our corollaries, we need to show that our maps A and I' send the desired subsets of P, from
Definition 2.7 and the ones of A, from Proposition 2.2 and Definition 2.3 to the appropriate images.

4.1. Maps induced by A. We start with a preliminary result.

Proposition 4.1. Let 0 < i <r —1. Let (u(s1,...
from Section 3.2. Then the followz'ng holds.

587‘71);

A) € P,, and apply A to it, using the notations

(1) For allu € {0,...,s1 — 1}, (ny — 2)0%_, + (ny, — 1)), = A\, mod 2.
(2) If X\ € Pir(s1,.. .,sr,l), then for all u € {0,...,s1}, 9§u) <i.
(3) If x€ Qir(s1,...,8r—1), then for allu € {0,...,s1}, 957;) =0 and ng)_i_l <.

Proof. (1) Let w € {0,...,s1 —1}. By (3.5), we have
(N — 2)07(:1?—2 + (N — 1)97(zu)—1 = (N — 2)gu + Hn -1
= (nu —2)gu + agui)
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Ny —2

= —2ug, + Ay + 05 2 ST
j=2u+2

=N, + Ggﬂ_ll) mod 2,
and we conclude by using Proposition 3.5 (1).
(2) Assume that A € P; -(s1,...,8.—1). We prove the result by backward induction on u € {0,...,s1}.
First, by (3.1), Héill) =0 < 4. Now assume that F)gﬁ;;) < 4, and show that Héz) < 1.
o If n, > 2u+2, then, by (3.4), 65 = 651Y < i,

e If n, = 2u+2, then, by (3.5) and Proposition 3.5 (1), we get 0;? = gu— 98;111) — Ay =
Recall that by definition of g,,, we have sg, 411 < u < s4,. Thus by Definition 2.7, A, > X

gu — i. Therefore Héz) =gy — A < 0.

(3) Similarly, assume that A € Q; ,(s1,...,8—1). We prove again the result by backward induction on
u € {0,...,s1}. First, by (3.1), 9;‘:) = Géz,lllrl =0 <i. Now assume that 9;::12) =0 and 0;‘;? <1,

and show that 9;7;) =0 and 951;)4-1 < 4. We distinguish three cases.
e If n, > 2u+ 3, then by (3.4), 65 = 65"%Y) = 0 and 65, , = 63“1Y) <.
e If n, = 2u + 3, then, by (3.4), 65 = 65“+Y) = 0, and

Ohr = 292 — X — 20555 — 06l by (3.5)
=20, — A\ by Proposition 3.5 (1).

Again, as sg, 11 < u < sg,, we derive by Definition 2.7 that A\, > A, ., > g, +max{g, —1,0}.
Therefore,

951;:_1 =29y — Ay < gy — max{g, — 7,0} = min{g,,i} <.
o If n, = 2u + 2, then by (3.5), 0&) = gu — Ay and (‘)éz)ﬂ = Gu — 9;2). As above, A, >
gu + max{g, — i,0}, thus by Proposition 3.5 (1),

Gu — géZilz) - oéqiill) = Gu S )\u - max{gu - ia O}a
which by (3.2) implies that n,, = 2u+2 only if g, < i and A\, = g,,. Therefore 9%) =gu—Ay =0
and Oéz)ﬂ =gy < 1.
a

We can now show that the images by A of the subsets of P,. from Definition 2.7 are included in the desired
subsets of A, from Proposition 2.2 and Definition 2.3.

Corollary 4.2. For all v and © integers such that r > 2 and 0 < i <r — 1, we have
(1) A(Pir) C Ay

(2) A(Qiyr) C Tit1,s
(3) A(Rz,r) C Bi,'m
(4) A(R;,) C B,
(5) A(Sj,r) - Z/!i+1,r;
(6) A(Si) CUiv1r

Proof. Let (pu(s1,...,8r—1),A) € Pr, let v = (f;);j>0 denote its image by A, and use the notations from
Section 3.2. Recall that f; = 950) for all 7 > 0.
(1) If (u(s15-.-58r—1),A) € Py, we have f; + fj11 < r —1 for all j because v € A,. Moreover, using
Proposition 4.1 (2) with « = 0, we obtain fy = 0(()0) < i, therefore v € A, ;.
(2) If (u(s1,.--,80-1),A) € Qi, similarly we obtain fo = 0 and 9§0) < i by Proposition 4.1 (3) with
u = 0. Therefore v € Ti11r.

For the proof of (3)-(6), we distinguish two cases depending on the value of s,._1.
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o If 5,1 =0, then by definition g, < r — 2 for all w € {0,...,s1}. This implies by Proposition 3.15
that 9(u +ol +1 < r—1for all j > 2u. In particular for v = 0, this gives f; + fj11 < r -1
for all j > 0. Hence the additional conditions of the type “f; + fj+1 = r — 1 only if ...” in the

sets B r, Bz,r, Uis1,r, Uz+1 » are void and there is nothing else to prove than A(P;,) C A;, and
A(Q;r) C Tit1,r, which we just did.
o If 5,_; > 0, we need to examine for which integers j we have f; + fj41 = r — 1, or equivalently

00 469 =r 1. (4.1)
First, by definition of g,,, we know that g, <r—2foru>s,_1,andgo=¢g1 = =g¢s,_,—1 =7—1.
Thus by Lemma 3.16, (n, 2u)f[’01_1 is a non-decreasing sequence of non-negative integers, and
by (3.17), we know that 0(u) + Gﬁ)l <r—2forall j > 2u unless u € {0,...,s,_1 — 1}. Therefore,
by (3.3), for all j > ng 1 > 25,1,
07 + 0% = =0T T =0 e < -2,

Hence (4.1) may only be satisfied if j < ns,_,_1.

For all w € {0,...,s8,—1 — 1}, by (3.3), we have 0§-0) = 9§-u) for all j > n,_1, with the convention
that n_y = 0. Thus for n,_1 < j <mn, — 3,

0) , 90 _ gw)
0, + 0,/ =0" +9+1 < gy =71-—1,
where the inequality follows from (3.18). Hence (4.1) may only be satisfied if
jeE{ny—2,n, —1:0<u<s._1}.
For j =n, — 2 > n,_1, we obtain
er(z(i)—z + 9533—1 = 9;?72 + 95?)71 =gu=1—1,

where the second equality follows from (3.5). Hence (4.1) is satisfied for all j € {n, —2:0<u <
Srfl}.
Now if (4.1) is satisfied for j = n, — 1, as we know that it is also satisfied for j = n, — 2, we

derive 65, O) = GT(LO _o=r—1-— 97(33_ . Therefore,
(= 1) -0 41 00 = (0, —2) - 00 5+ (n, = 1)-0%_, =\, mod 2,
by Proposition 4.1 (1). Thus, for all j > 0,
fitfipi=r—-1=3ue{0,....8,.1—1}, j- fi+(G+1) fjz1 =X, mod2. (4.2)

If (pu(s1,.-.,8r-1),A) belongs to R; , (resp. 7:\5,1-,7«), we have v € A, ,, because R;, and ﬁim are
subsets of P; .. Using (4.2), we deduce that v € B;, (resp. B;,), and (3) and (4) are proved.

Similarly, if (x(s1,...,8r—1),A) belongs to S; ;- (resp. Sm), we have v € Tit1,,, because S, , and
Si,r are subsets of Q, ,. Using (4.2), we deduce that v € U; 41, (resp. Z:{HLT), and (5) and (6) are
proved.

O

4.2. Maps induced by I'. Again we start with a preliminary result.

Proposition 4.3. Let 0 < i <r—1. Letv € A,, and apply T to it, using the notations from Section 3.3.
Then the following holds.

(1) For allu € {0,...,U —1}, (my —2) - 775;;3_2 +(my —1) -7 =k, mod 2.

(2) If v € A; ., then for alluw € {0,...,U}, 772u <i

(3) If v € Tiz1,r, then for allu € {0,...,U}, néz) =0 and néZl_l <.
Proof. (1) Let w e {0,...,U — 1}. By (3.8) and (3.12), we have

(Mo —=2) - 0%y + (my = 1) - 08 = (my = Dby =1,
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Moy —3
= (M — Dhy — 1) 5+ R by = > [h ( )+nj+)1)}
Jj=2u
Moy —3
= 2uhy, + Ky + 2 Z n(")
j=2u
= Kk, mod 2.

(2) Assume that v € A, ,, then its multiplicity sequence (f;);>0 satisfies fo < i. We prove the result
by induction on u € {0,...,U}, and first observe that 7760) = fo < i. Now assume that 7757:) < i for
u < U, and show that néuﬂ) <i.
o If m, > 2u+ 2, then by (3.10), néﬁi? = néz) <.

o If m, = 2u + 2, then by (3.9), ngﬂ_;) = ngﬁl_Q By definition of h, and (3.8),

néu)—&-Q + néu)+1 < hy = U(u) + 7752)4-17

so that 7);1—5) <ni" <

(3) Similarly, assume that v € 7'+1 » with multiplicity sequence (f;);>0. We prove again the result by
induction on u € {0,...,U}, starting with n( ) = fo = 0 and 1]10) = f1 < i. Now assume that
néz) =0 and néz)ﬂ <1 for u < U, and show that néZi? =0 and néuﬂ) < ¢. We distinguish three
cases.

o If m, > 2u + 3, then by (3.10), 77%112) = néz) =0 and 7721&1? = néz)“ <i.
e If m, = 2u + 3, then by (3.10), ngﬁé) = 775;) = 0. Moreover by (3.9), néﬁi? = 77;?—&3 By

definition of h,, and (3.8),

néu)Jr2 + néuls < hy = WéZ)Jrl + Wéﬁlzo

+1
Hence, ngz +3) < néZL <1.

e If m, = 2u + 2, then by Remark 3.7, UéZ)H > 0. By definition of h,, and (3.8), we also have

ety S < by =08 0l

so that 0 < ngiﬁz < 8" = 0. Therefore né:j)“ =0, and then

ng’:)JrB < hy = ﬂéu)ﬂ <.

Finally by (3.9), nsi 2 = niihe = 0 and nfi 1) = ey <.

O

We can now show that the images by I' of the subsets of A, defined in Proposition 2.2 and Definition 2.3
are included in the desired subsets of P, from Definition 2.7.

Corollary 4.4. For all v and i integers such that r > 2 and 0 < i <r — 1, we have
(1) T(Air) C Py,

( ) F(T+1 ’r‘) - Qz N
(3) T(Bi,r) C Riy,
(4) T(Bi,y) C Riy,
(5) F( z+1 r) C Sz T
(6) F( i+1, T) - 81 e

Proof. Let v € A, let (u(s1,...,8—1), k) denote its image by I', and use the notations from Section 3.3.
(1) If v € A, first observe that for all 0 < u < U — 1, by (3.12) and by definition of h,,,

K = hy =5y + Z [h —( (“)+n§i)1>} > I, = 1y -

j=2u
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Asv € A; ., Proposition 4.3 (2) then implies £, > h, —i. By (3.15), forall 1 <j<r—1,h
Hence k,;,, > j —i. Thus k € P;(s1,...,5--1), so that I'(v) € P;,..
(2) Suppose now that v € T;11, and let u be such that 0 <u < U — 1.
e If m, > 2u+ 3, then

sj41 — J-

Ky = 2Ry — éz) — néZ)Jrl (by (3.12) and by definition of h,,)
= hy + hy néZ)Jrl (by Proposition 4.3 (3))
> hy, + max{h, — 4,0} (by Proposition 4.3 (3)).

o If my = 2u+ 2, then by (3.12), k, = hy — qu)- Thus by Proposition 4.3 (3), £y = hy. As
by (3.8) we have h, néZ) + néu)ﬂ, we derive using Proposition 4.3 (3) that h, < ¢, and
therefore again k,, > h, + max{h, —4,0}.

Using as before hg, , = j for all 1 < j <r — 1, the above discussion yields

Ks; 11 = J +max{j — 1,0},

so that k € Q; »(s1,...,8,—1) and therefore I'(v) € Q; ..
For the proof of (3)—(6), we distinguish two cases depending on the value of s,._1.

o If s,_1 =0, then {0,...,s,—1 — 1} is empty, so the parity conditions involved in the sets R;., 7~€i,r7
Sir, and Sz‘,r are void, and there is nothing else to prove than I'(A; ) C P; » and I'(Ti11,) C Qir,
which we just did.

e If s,_1 > 0, we need to examine the parity of x, for the integers u such that 0 < v < s,._7 — 1.
By (3.15) with j =r — 1,

h():hl:"'zhsrfl_lzT—l.

Therefore Proposition 3.11 (3) yields m, + 2 < my4q for all 0 < u < s,_; — 1. By repeatedly

using (3.9), this implies in particular 7)( utl) - ](0) for all j > m, and all these integers u. As

My, 2> My—1 + 2, this yields 77(0) = nfnzﬂ, 771(ni 1= ’7§n)71, and

777(712—2 + nfni—l = 777(:;3_2 + n(u)_l =hy=r—1,

where the second equality follows from (3.8). Therefore for j = m, — 2, we derive

G 4 G 1) = ma = 2) o o (= 1))y
= (mu = 2) 1)y o (ma = 1) )y
=K, mod 2 (by Proposition 4.3 (1)).

Finally, for u € {0,...,s.—1 — 1},

Ky =7J- nj(o) +(G+1)- 775821 mod 2 for some j satisfying 77§0) + 77](?21 =r—1 (4.3)

If v belongs to B;, (resp. Bi,r)a then I'(v) € P, because B;, and Bi,r are subsets of A, .
Using (4.3), we derive ['(v) € R;, (resp. I'(v) € R;), which proves (3) and (4).
Similarly, if v belongs to U1, (resp. Z:{i—i-l,r)a then I'(v) € Q; ., because Uj4+1,, and Z;IHM are
subsets of T;;1,,. Using (4.3), we derive I'(v) € S;, (resp. T'(v) € S; ), which proves (5) and (6).
O

4.3. Proof of Corollary 1.8. Using the bijection between Q;_1, and 7;, induced in Corollaries 4.2 (2)
and 4.4 (2) by our maps A and I', we obtain for 1 <14 <7r:

Zﬂm(n)qn — Z q|(ﬁ’«,)\)"
n>0 (N €EQi—1,r
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and this gives the desired (1.5) by (2.16). Similarly, using the bijection between S;_1 , and U; , induced in
Corollaries 4.2 (5) and 4.4 (5) by our maps A and T', we get for 1 <4 <r:

Z U,L’,,,(’[’L)qn = Z qI(N7A)‘7
n=>0 (1N ESi—1,r
and this gives the desired (1.6) by (2.17).

4.4. Proof of Corollary 1.9. Using the bijection between 34_1770 and di,r induced in Corollaries 4.2 (6)
and 4.4 (6) by our maps A and I', we obtain for 1 <14 <7r:

Z Uim(n)qn Z q|(#v)\)‘7
n>0 (WA)ESi—1,r

and this gives (1.8) by (2.18). We derive (1.7) from (1.8) and (2.6). The first part of Corollary 1.9 is then
immediate by extracting coefficients in the following identity, obtained from (1.7) and (1.8):

~ 1 ) L . .
(1 + q) Z Ui,r(n)q” _ W ((q2r’qz+17q2r i 1;q2T)oo + q(q2r7qz 1,q2r z+1;q2r)oo) )
n>0 o0

4.5. Proof of Corollary 1.10. Formulas (1.9)-(1.16) are derived by using the generating functions in (2.7)~
(2.14) and (2.19)—(2.26), together with the bijections between P;, and A;,, R;, and B;,, and R;, and

B, r, induced in Corollary 4.2 (1), (3), (4) and Corollary 4.4 (1), (3), (4) by the maps A and T.
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