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ABSTRACT. The classical Eulerian polynomials can be expanded in the basis t*~1(1 +
t)ynt1=2k (1 < k < |(n+ 1)/2]) with positive integral coefficients. This formula implies
both the symmetry and the unimodality of the Eulerian polynomials. In this paper, we
prove a g-analogue of this expansion for Carlitz’s g-Eulerian polynomials as well as a
similar formula for Chow-Gessel’s g-Eulerian polynomials of type B. We shall give some
applications of these two formulae, which involve two new sequences of polynomials in the
variable g with positive integral coefficients. An open problem is to give a combinatorial
interpretation for these polynomials.

1. INTRODUCTION

The Eulerian polynomials A,(t) ==Y 1, Anxt™* (see [FS70,Fo09,St97]) may be de-
fined by

Skt = ﬂflﬁ (n €N).

_ #\n+1
k>1 t)
It is well known (see [F'S70]) that there are nonnegative integers a,, ; such that

[(n+1)/2]
At)= D a4 (1.1)
k=1

For example, for n = 1,...,4, the identity reads
Alt) =1, A(t) =1+t As(t) =1+t +2t>, As(t) = (1+1)> +8t(1 +1).

In particular, this formula implies both the symmetry and the unimodality (see for instance
[Br08] for the definitions) of the Eulerian numbers (A, x)1<k<n for any fixed n. The
coefficients a,,j, defined by (1.1) satisfy the following recurrence relation:

an g = kan_15 +2(n 42 — 2k)an_15-1 (1.2)
forn >2and 1 <k < |(n+1)/2], witha;; = 1, and a,p = 0for k <Oork > [(n+1)/2].
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n\k|1 2 3 4 n\k| 0 1 2 3
1 11 1 |1
2 |1 2 |1 4
3 |1 2 3 |1 20
4 |1 8 4 |1 72 80
5 |1 22 16 5 |1 232 976
6 |1 52 136 6 |1 716 766 3904

Table 1. The first values of (a,x) and (b, x)

The classical Eulerian polynomials are the descent polynomials of the symmetric group
or Cozeter group of type A. Analogues of Eulerian polynomials for other Coxeter groups
were introduced and studied from a combinatorial point of view in the last three decades.
Recall that for instance the Eulerian polynomials of type B are defined by

S @k + 1)t = %. (1.3)

n>0

The type B version of (1.1) appeared quite recently (see [Pe07,5t08, Ch08]) and reads as
follows

Ln/2]

Bu(t) =Y byt (141", (1.4)
k=0

where b, are positive integers satisfying the recurrence relation
bog = 2k + 1)bp1p +4(n+ 1 —2k)bp—1 41, (1.5)

forn >2and 0 <k < |n/2], with b1 9 =1, and b, =0 for £k <0 or k > [n/2].

The numbers a,,j; and 4*kbn,k appear as A101280 and A008971 in The On-Line Ency-
clopedia of Integer Sequences : http://oeis.org.

The aim of this paper is to prove a g-analogue of (1.1) with a refinement of the triangle
(an) for Carlitz’s ¢-Eulerian polynomials [CaT75], and also a g-analogue of (1.4) with
a refinement of the triangle (b, ;) for Chow-Gessel’s ¢-Eulerian polynomials of type B
[CGOT7]. Note that some other extensions of (1.1) are discussed in [Br08, SW10,SZ10].

This paper is organized as follows: we derive in Section 2 a g-analogue of (1.1) using
Carlitz’s g-Eulerian polynomials and derive some results about the g-tangent number
Ton41(q) studied in [FH09]. In Section 3, we give a g-analogue of (1.4) using Chow-
Gessel’s ¢-Eulerian polynomials of type B, which yields new g-analogues of the secant
numbers. In Section 4, we apply our constructions to some conjectures on the unimodality
from [CGO7]. Finally, we will briefly give some concluding remarks in the fifth and last
section.
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2. A ¢-ANALOGUE FOR TYPE A

The ¢-binomial coefficient [Z]q is defined by

nl (G .
Mq (GG Dnr Zh=0

where (7;¢), = (1—2)(1—xzq)--- (1—2¢"!) and (z;¢)o = 1. Recall [Cab4] that Carlitz’s

g-Eulerian polynomials A, (t,q) := Z;i A1 (@)t* can be defined by
An(t,
S Ik + 1t = # (2.1)

where [n], =1+ q+---+¢" ' Tt is easy to see that A, x(q) satisfy the recurrence:
An,k(‘]) = [k]qAn—l,k(Q) + qk_l[n + 1- k]qAn—l,k—l(Q) (]— S k S n) (22)
The following is our g-analogue of (1.1).

Theorem 1. For any positive integer n, there are polynomials a,(q) € Nq] such that
the q-FEulerian polynomials A, (t,q) can be written as follows:

L(n+1)/2]

Ault,g) = > anr( @t (—tq" @)nir—an (2:3)
k=1

Moreover, the polynomials a, 1 (q) satisfy the following recurrence relation
k() = [Klgan-14(q) + (1 + ¢ n + 2 = 2k]4an-14-1(q) (2.4)

form >2and 1 < k < |(n+1)/2], with a11(q) = 1 and anx(q) = 0 for k < 0 or
k> |(n+1)/2].

Proof. Assume that a,;(q) are coeflicients satisfying (2.4). Then, by the ¢-binomial for-
mula (cf. [An98, Theorem 3.3)),

YN
i=o LJ 1q
we see that (2.3) is equivalent to:
n + ]. - 28 (k—8)8+(k_s)
An,k(Q) = Z E—s q 2 an,s(Q)' (26)
s>1 q
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Substituting (2.6) in (2.2), and using (2.4), we derive:

n+1_28 —s)s k—s o o
) { b s } g#5(%) ([slyan14(q) + (1 4+ 4" )¢ 0+ 2 — 26]gn1.41(q))
s>1 q

= S g () <[k]q [7;__258] q +ln+1-k, L{n__lz_‘j q) tn-1,5(q).

s>1

Extracting the coefficents of a,,—1 s(¢) we obtain:

247 e (73] e

n — 2s

= [k]q{k—sL+[n+1_k]q[k7i_12—ss}q’

Canceling the common factors we get:
n+1-2s,[s]l,+n—k—s+1],(1+¢")[k—s], = [k]jin—k—s+1],+[n+1—k] [k —s],.
The last identity is easy to verify, and this shows that (2.3) is satisfied. U

The first values of the coefficients a, 1(q) read as follows:

n\k |1 2 3
1|1
2 |1
311 q+q*
4 |1 2q(1 + q)?
5 |1 g(1+q)(3+5¢+3¢%) 2¢°(1+ q)*(1 + ¢*)
6 |1 g(14+q)*(4+5¢+4¢*) ¢*(1+q)*(1+¢*)(5+T7q+5¢%)

In [FHO09] Foata and Han defined a new sequence of ¢g-tangent numbers T5,11(q) by

Tonia(g) = (=1)"q3) Agn i1 (=g, ). (2.7)

We derive easily the following result from Theorem 1, which is the most difficult part
of the main result in [FH09, Theorem 1.1].

Corollary 2. The g-tangent number To,11(q) is a polynomial with positive integral coef-
ficients.

Proof. Let a;, ,.(q) = q *k+D/2q, (). Then (2.4) becomes

a5 k(@) = [Klgar, 1 4(q) + (14 ¢" 1) In+ 2 = 2k]4a;,_y 41 ()

with the same initial conditions as a,x(¢). This proves that a;, ,(q) is a polynomial in ¢
with nonnegative integral coefficients. Now we show that Th,,1(q) = a5, ,,,1(¢), which



TWO NEW TRIANGLES OF ¢-INTEGERS 5

is sufficient to conclude. Replacing n by 2n + 1, k by n+ 1, and t by —¢~" in (2.3), we
get

n+1
Asnia(—=q¢ " q) = Za2n+1,k(Q)(—C]—n)k_1(qk_n§ @)2n+2-26 = G2n415+1(0) (—q )",
k=1
since (¢ q)anso_ox = 0 for k =1,2,... n. The result follows then from (2.7). O

We can also derive straightforwardly the following result, which was proved in [FH09]
using combinatorics of the so-called doubloons.

Corollary 3. The quotient As,(t,q)/(1 + tq"™) is a polynomial in t and q with positive
integral coefficients.

Proof. Note that

n

Aon(t,0) =Y asm k(@1 (—16"; @)am 121

k=1
The result follows then from the fact that for k = 1,...,n, the coefficient (—tq¢"; q)on41-2k =
(1 +tg®)--- (1 +tg®> %) contains the factor 1 + tg". O

For any nonnegative integer n, set

fala) = %ZH <2n; 1) T (2.8)

k—n"
— l+gq
Using the doubloon model, Foata-Han [FH09] proved that
Ton+1(q —)" (=1 9),
dn(q) == : 21( ) — = S 2n+1) = fula)
I+ +¢)...(1+¢") (1—-q)

is a polynomial in N[g]. Actually we can prove the integrality of d,(¢) without using the
combinatorial device.

Proposition 4. We have d,(q) € Zlq|.

Proof. Let g,(q) = (=1)""(=1;¢)ni2. Then f,(q)g.(q) is clearly a polynomial in Z[q].
We must show that 1 is a zero of order 2n + 1 of the polynomial f,(q)g.(q) or

A’ (fu(@)gn(q))/dq"|g=1 =0 for p=0,...,2n.

By Leibniz’s rule it suffices to show that f}zp)(l) =0forp=0,...,2n.
For any k € Z and m € N, we define the Laurent polynomial P, ;(z) by the relation:

ey _ A\ 1 P
hy] (x)—(%> (1+2") = 1

Thus Pyy =1, P = —kz*!, and for m > 0, we have

Poiii(z) = (1+2") P, 1 (x) — k(m + 1)2" ' Py k().
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Therefore the P, ;, can, for m > 1, be written as follows:

m

lk—m

.23) = E Ay mT )
=1

where a; 7 = —k and for m > 1, oq 1 = (K — M)y m, Qg1 me1 = (M — k) m,
Apmi1 = (lk —m)agm + (lk — mk — 2k —m)oy—1m, 2<1<m.

This shows that for m > 1 and 1 < [ < m, the coefficient ¢;,, is a polynomial in the
variable k, with degree less than or equal to m. We deduce that P, (1) = > ", oy, is
also a polynomial in the variable k, with degree less than or equal to m, therefore we can
write for some rational coefficients a;(m) only depending on m:

m

(1) = Tl S o e

2m+1
Jj=0

Thus, differentiating (2.8) m times (m > 0) and then setting ¢ = 1, we get

2n+1 m
=3 () S
k=0 7=0

2n 2n+1 M, +
= a;(m)
=0

Now, applying 2n + 1 times the finite difference operator A (defined by Af(z) := f(x +
1) — f(z)) to the polynomial (n+ 1 —z)? (0 < j < 2n) and setting x = 0 we get

R CRE R I S (AR [T

k=0

which should vanish because (n + 1 — )7 is a polynomial in = of degree j < 2n +1. [

3. A g-ANALOGUE FOR TYPE B

A B,-analogue of Carlitz’s ¢g-Eulerian polynomials are introduced by Chow and Ges-
sel [CGO7]. These polynomials B(t,q) are defined by

%[% + 1t = —j 7;(2’5)’:1)1 . (3.1)

Let B(t,q) :== Y p_o Bux(q)t*. Then, the coefficients B, x(¢) satisfy the recurrence rela-
tion [CGO7, Prop. 3.2]:

Bui(q) = [2k +1]4Ba-1x(q) + ¢*'[2n — 2k + 1] Bn-14-1(q) 1<k<n (32
We have the following B,,-analogue of (2.3).
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Theorem 5. For any positive integer n, there are polynomials by, 1 (q) € Nlq| such that
the q-FEulerian polynomials of type B can be written as follows:

n [n/2]
Bu(t,q) =Y Bur(@)t* = bus(@t (=g ¢*)nsn. (3.3)
k=0 k=0

Moreover, the coefficients b, (q) satisfy the following recurrence relation:
bui(q) = 2k + Ugbn-14(0) + 1+ )1+ ¢ g n+1 = 2k]2b14-1(q)  (3.4)
forn>2and 0 < k < |n/2|, with b1o(q) =1, and b, x(q) =0 for k <0 ork > |n/2].

Proof. Assume that b, (q) are coefficients satisfying (3.4). Then, by applying (2.5) with
the substitution q < ¢*, we derive that (3.3) is equivalent to:

Bux(q) = n__zj qu’“zszbn,s(q)- (3.5)

s>0

Substituting (3.5) in (3.2), and using (3.4), we get:

> {n - 28} 2qk2‘82 ([25 + gbn-1.5(a) + (L + @)1+ ¢* )" n+ 1 = 2s]2bn-1,5-1(q))

$>0 k—s q
k2 _g2 n—1-—2s n—1-—2s
- % + 1 M4 1—2 bo1+(q).
> ([k+ el RS RS TN il I DTS
s>0 q a
Extracting the coefficents of b,,_1 s(¢) we obtain:
n — 2s n—2—2s
25 + 1 1 1+¢*NHn-1-2
{k—s]q2[8+ ]q+[k—s—1L2( ol oo
n—1—2s n—1—2s
=2k+1 2 1 -2k .
[ + ]q[ k,_s :|q2+[n+ ]q|:k—1—5:|q2

Canceling the common factors yields:
[n—2s]2[2s + 1], +[n—k — s]e2(1+q) (1 + ¢ [k — 5]

=2k + 1)yn — k — s + 2n+ 1 — 2k [k — 5]

The last identity is easy to verify, and this proves (3.3). O
For n =1,...,4, equation (3.3) reads:
Bi(t,q) = 1+ qt;
By(t,q) = (—tq:q*)2 + (q+2¢° + ¢°)t;
Bs(t,q) = (—tg;*)s + (2q + 5¢° + 6¢° + 5g" + 2¢°)t(1 + t¢’);
By(t,q) = (—tq; ¢*)a + (3¢ + 9¢> + 15¢° + 18¢* + 15¢° + 9¢° + 3¢")t(—tq*; ¢*)2
+(2¢" + 7¢° + 11¢° + 13¢" + 14¢° + 13¢° + 11¢"° + 7¢"" + 2¢"*)t2.

Y
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Theorem 5 implies immediately the following result, of which the first was derived
in [FH10’, Theorem 1.1 (d)] with more work.

Corollary 6. Forn > 0, we have

Bopi1(—q "1, q) =0, (3.6)
q

B2n( —and Q) - (_1>nq_n(2n+1)b2n,n(Q)' (37)

Proof. By (3.3) we get
Bops1(—q 2", Z bans 1,6 (@) (=) (" @) ang1-26 = 0.
Substituting n by 2n and ¢t by —¢g=2"! in (3.3) yields

B2n(_q—2n 1 Z an k —2n l)k(q—2n+2k; q2)2n—2k
— (—1)”q_"(2"+1)b2n,n(q)- 0

The above result leads to define a g-analogue of By,(—1) = (—1)"4"Es, (where the
Ey,’s are the famous secant numbers) by

Ey,(q) = (=1)"q""V Bou(—¢7*"", q). (3.8)
Theorem 7. There is a polynomial G5, (q) € Z|q] such that G5,(1) = Es, and
By (@) =1+ a1+ )1 +¢") - 1+¢"") (1+q)" G3.(a).
Proof. Recall that E3,(q) = (—=1)"¢"" "V By, (—q¢~"!,¢). From (3.1) we derive

Bn(t> Q) _ (1 _ q)—n Z(l _ q2j+1)ntj

2
(tv q )n+1 >0
=00 ey () ey
7>0 =
k)1—tg*
k=0
Substituting n by 2n and setting t = —¢~2"~! we obtain

B (q) = (~1)rgrirtn CT 5@ ) i (Qn) (=)

(1 _ q)Qn — k 1 + q2k—2n—1 :
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E5,.(q)
) (T4+ N1+ )
(st = (2n (—q)*
(1 + q>n(1 _ q)2n Z < k’ > 1 + q2k—2n—1 :

k=0

Conla) = 1+g9(1+4

= (=1)"g "

For any nonnegative integer n, set

2 om (=)
0= (3 ) e 39)
—~ k)14+q
Let gi(q) = (=1)"¢ " " (—=¢; ¢*)nt1/(1 + @)™ Then f(q)g;(q) is clearly a polynomial in

*

Z[q]. We must show that 1 is a zero of order 2n of the polynomial f(q)g:(q) or

dp(f;(Q)QZ(Q))/dqn|q:1 =0 for p=0,...,2n—1.

By Leibniz’s rule it suffices to show that d?(f(q))/dg"|,=1 =0 for p=10,...,2n — 1. The
rest of the proof is almost the same as that of Proposition 4, and is left to the reader. [

Conjecture 8. All the coefficients of the polynomials G, (q) are positive.

Since G5, (1) = Es,, the above conjecture would yield a new refinement of the secant
number.

4. APPLICATION TO UNIMODAL PROBLEMS

A sequence {ao,...,aq} is unimodal if there exists an index 0 < j < d such that
a; < apq fori=1,...,j—1and a; > ;4 fori = j,...,d. Chow and Gessel [CGOT7]
studied a kind of unimodality property of the ¢-Eulerian numbers assuming that ¢ is
a real number. In this section, we derive some unimodal properties of the sequence
(Ank(q))1<k<n and (B, x(q))1<k<n from our previous results. From Theorem 1, we are

able to deduce the following corollary, which provides a further support to Conjecture 4.8
in [CGOT7].

Proposition 9. Let n > 2 be an integer and j = |(n+1)/2]. Then fork=1,...,j—1,
we have An,k—i—l (Q) > An,k’(Q) qu > 1 and An,n—k-}—l(‘]) < An,n—k(Q) qu < 1.

Proof. We start from (2.6), which can be rewritten

k

n+1-—2s ) (ks

An,k<q>=2[ o }q“f 12, (g),
s=1 q
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for k = 1,...,n, where we assume a,(q) = 0 for s > j. Thus we can write for k =
1...j—1:

An,kz—i—l (Q) - An,k(Q) = an,k-}—l(Q)

k
n+1-—2s _ 1 =gkt
(k+1—s5)(k-+s)/2 1— "
- Z |:k= +1—s :| qq an,s(q> ( q 1 — qn-l—l—k—s ’

s=1

We know that the g-binomial coefficient is a polynomial in ¢ with nonnegative integer
coefficients, and from Theorem 1 that this is also true for a,s(q), s = 1,...,k + 1.
Therefore it is enough to show that the coefficient between brackets is nonegative for
1 < s <k < j—1. This coefficient can be rewritten as:

qn—i-l _ qk+s + qs _ qk+1
qn+1 _ qk+s ’

Assume first that ¢ > 1. Ask+s < 2j—2 < n—1 < n+1, the denominator of this fraction
is positive. Moreover, it is not difficult to see that under the conditions 1 < s <k < j—1,
and by using (n — 1)/2 < j < (n+ 1)/2, we have the following inequalities:

ntl _ ghts g gkl L

q
ntl 202 4 gd=l g

n+l qn—l + q(n—3)/2 o q(n+1)/2‘

(AVARAVARLY,
SIS

This last expression can be rewritten (¢"*1/2 —1)(¢"+1)/2 — ¢(»=3)/2) and is nonnegative,
which shows that A, x11(¢) > Ank(q) for k=1,...,5—1.

In the case 0 < ¢ < 1, we only need to use the well-known relation A, ,_r41(q) =
" V/2A, 1(1/q) for any k = 1,...,n, and the result is obvious from the case ¢ > 1. O

In the type B case, it is conjectured in [CGO7, Conjecture 4.6] that the sequence
(Bn.k(q))o<k<n is unimodal. By Theorem 5, we are able to confirm partially this conjecture.

Proposition 10. Let n > 2 be an integer and j = |n/2]. Then fork=1,...,5 — 1, we
have By, x+1(q) > Bnk(q) if ¢ > 1 and By, n—r(q) < Bpn—r-1(q) if ¢ < 1.

Proof. We start from (3.5), which can be rewritten
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for k = 0,...,n, where we assume b, s(q) = 0 for s > j. Thus we can write for k =
0,...,5—1:

Bn,k+1<q> - Bn,k(Q) = bn,kJrl(Q)

k
n—2s 2_ 2 1-— q2(k+1_8)
(k+1)“—s b 1— —2k—1 )
+ z; [k 1 3] K n,s(4) ( (R S

We know that the g-binomial coefficient is a polynomial in ¢ with nonnegative integer
coefficients, and from Theorem 5 that this is also true for b,4(q), s = 0,...,k + 1.
Therefore it is enough to show that the coefficient between brackets is nonegative for
0 < s <k <j—1. This coefficient can be rewritten as:

PP — @2 g2l 2kt

2 2k+2
qn_qk—l-s

Assume first that ¢ > 1. As k+ s <2j —2 < n —2 < n, the denominator of this fraction
is positive. Moreover, it is not difficult to see that under the conditions 0 < s < k < j—1,
and by using n/2 — 1 < j < n/2, we have the following inequalities:

e e S g

P — g 2

P — P — L

This last expression can be rewritten (¢*" — ¢" ')(1 — ¢~*) and is nonnegative, which
shows that By, j+1(q) > Bnx(q) for k=0,...,5 — L.

(AVAR VARV

2n

In the case 0 < ¢ < 1, we only need to use the well-known relation B, ,-x(q) =
g B, k(1/q) for any k =0, ..., n, and the result is obvious from the case ¢ > 1. d

5. AN OPEN PROBLEM ON THE COMBINATORIAL INTERPRETATIONS

By Theorems 1 and 5, the polynomials a,, ;(¢) and b, x(q) have positive integral coeffi-
cients. It is then natural to ask the following question.

Problem 11. What are the combinatorial interpretations for a,x(q) and b, x(q)?

We can give a combinatorial interpretation for the odd central terms asni1,+1(q) by
using the doubloon model. Recall [FH09] that a doubloon of order (2n+1) is defined to be
a permutation of the word 012 - - - (2n+1), represented as a 2 X (n+1)-matrix § = (Zg Z:)
Define

cmaj’ § := maj(ag - apby -+ by) — (n+ 1)des(ag - - anby, -+ by) + n?,

where “des” and “maj” are the usual number of descents and major index defined for
words. A doubloon 0 = (‘ZSZIIZ”) is said to be interlaced, if for every k = 1,2,...,n
the sequence (ag_1,ay,bg_1,br) or one of its three cyclic rearrangements is monotonic

increasing or decreasing. By Theorem 1.5 in [FH09] we have the following result.
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Proposition 12. The polynomial agp+1,41(q) is the generating function for the set of
interlaced doubloons of order 2n + 1 by the statistic cmaj’.

Another sequence of g-secant numbers is introduced in [FH10’] by

n n2 —zn
Esn(q) = (=1)"¢" Bau(—q7", q).
Unfortunately, it seems not easy to relate our coefficients b, ;(q) from Section 3 to the
doubloons of type B, even for the central cases.
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