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Abstract—The authors discuss how general regularization schemes, in particular, linear regulariza-
tion schemes and projection schemes, can be used to design tests for signal detection in statistical
inverse problems. It is shown that such tests can attain the minimax separation rates when the
regularization parameter is chosen appropriately. It is also shown how to modily these tests in order
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Moreover, the authors discuss how the so-called direct and indirect tests are related in terms of
interpolation properties.
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1. INTRODUCTION AND MOTIVATION

Statistical inverse problems have been intensively studied over the last years. Mainly, estimation of
indirectly observed signals was considered. On the other hand, there are only a few studies concerned
with signal detection, which is a problem of statistical testing. This is the core of the present paper.

1.1. The Model

Precisely, we consider a statistical problem in Hilbert space, where we are given two separable and

real Hilbert spaces H and K, with norms denoted by || - ||z, || - ||, respectively, along with a (compact)
linear operator T': H — K. Given the (unknown) element f € H we observe
Y =Tf+0&, (1.1)

where ¢ is a Gaussian white noise, and o is a positive noise level. A large amount of attention has been
payed to the estimation issue, where one wants to estimate the function f of interest, and to control the
associated error. We refer for instance to [9] for a review of existing methods in a deterministic setting (£
is a deterministic error satisfying ||¢||x < 1). In the statistical framework, the noise ¢ is not assumed to
be bounded. In this case, there is a slight abuse of notation in using (1.1). We assume in fact that for all
g € K, we can observe

Y,9) =(T, fg+ 7 9), (1.2)

where (-,-) denotes the scalar product in K. Details will be given in Section 2. In this context, we
mention [3] or [7] among others for a review of existing methodologies and related rates of convergence
for estimation under Gaussian white noise.
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GENERAL REGULARIZATION SCHEMES FOR SIGNAL DETECTION 177

1.2. Setup of (Nonparametric) Statistical Tests

Our aim is to test the null hypothesis that the (underlying true) signal f corresponds to a given
signal fy against a nonparametric alternative. More formally, we test

HO: f = f07 aga’inSt Hl,p: f_ fO € 57 ||f - fOHH > P, (13)

where & is a subset of H, and p > 0 a given radius. The subset £ can be understood as a smoothness
constraint on the remainder f — fp, while the quantity p measures the amount of signal, different from
fo, available in the observation. The setting (1.3) is known as a goodness-of-fit or a signal detection
(when fo = 0) testing problem. Clearly, since fy and hence T'fy are given, we can confine the analysis
to testing whether f = 0 (no signal) against the alternative Hy ,: f € £, || f||z > p, and we discuss this
simplified model from now on.

In the following, we will deal with level-« tests, i.e., measurable functions of the data with values in
{0,1}. By convention, we reject Hy if the test is equal to 1 and do not reject this hypothesis, otherwise.
We are interested in the optimal value of p (see (1.3)) for which a prescribed level for the error of the
second kind can be attained. More formally, given a fixed value of § € (0, 1) and a level-« test ®,, we
are interested in the radius p(®q, 5, ) defined as

p(Py, 5, E) :inf{p€R+: sup  P(®, =0) gﬁ}.
FEE Nflla>p
From this, the minimax separation radius p(«, 3, €) can be defined as the smallest radius over all possible
testing procedures, i.e.,

pla, 3,€) = argnqginp(%,ﬁ,r‘?),

and the minimum is over all level-« tests ®,. We stress that this minimax separation radius will depend
on the noise level o, and on spectral properties, both of the operator 7" which governs the equation (1.1),
and of the class £ describing the smoothness of the alternative.

1.3. State of the Art and Objective of the Study

In the direct case, i.e., when T = I, this problem has been widely investigated. We mention for
instance seminal investigations proposed in [12—14]. We refer also to [1] where a non-asymptotic
approach is proposed. Concerning testing in inverse problems, there exists, up to our knowledge, only a
few references, as, e.g.,[15] and [18]. In these contributions, a preliminary estimator f for the underlying
signal f is used. This estimator is based on a spectral cut-off scheme in[18], or on a refined version using
Pinsker’s filterin [15]. All these approaches are based on a truncation of the singular value decomposition
(svd).

By using such preliminary estimator the separation radius was upper and lower bounded under
various smoothness assumptions (see for instance [15] or [18]). However, the restriction to truncated
svd narrows the applicability of the test procedures, since a singular value decomposition is often hardly
available, for instance, when considering partial differential equations on domains with noisy boundary
data.

In order to motivate our subsequent discussion, we briefly recall the truncated svd approach. Suppose
that the operator T" has a singular value decomposition (s, uj,v;)jen+, where N* := N\{0}, (s7)jen-
denotes the eigenvalues of 7*T and (u;)jen= (resp. (vj);en+) an orthonormal set in H (resp. K). Then
forall z € H, Te = Y22, s;{(x,u;) g v;. In this context, the truncated svd consists in the choice of an
integer D and letting

7=1

1
s_ (Y, v)uj, Y e K. (1.4)

“M°

This reconstruction may be viewed from two perspectives. First, it uses discrete data (Y, v;), j =
1,..., D, and it represents the solution with respect to the finite system uq, ..., up. It thus corresponds
to a specific instance of projection schemes (parametrized through the dimensionality D), well studied
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in regularization theory. However, the choice of D may also be obtained from truncating the sequence
of singular numbers as D := #{j, s? > 7} with a truncation parameter 0 < 7 < [|T*T'||, || - || denoting
the operator norm. From this perspective, truncated svd may be regarded as a special instance of linear
regularization. A prominent example for the latter is Tikhonov regularization, in which case we let
f=fr=E@I+T*T)"'T*Y, Y € K, but several alternative regularization schemes are available in
the literature (see, e.g., [9]). Thus the question arises which requirements are to be put on projection
schemes and/or linear regularization in order to be used for inverse testing. We will highlight these
requirements in our subsequent discussion. For the time being we mention that attention must be paid
to the capability of the chosen reconstruction scheme to use the inherent solution smoothness in an
(order) optimal way. Within the recent theory of inverse problems the smoothness, which is inherent
in the class &, is measured relative to the operator T'. By doing so, a unified treatment of moderately,
severely and mildly ill-posed problems is possible. We take this paradigm here and consider the classes £
as source sets, see details in § 4. We shall establish results and conditions such that these alternative
testing procedures match the previous minimax bounds.

There is an interesting relation between testing based on the estimation of f (inverse test), and test
based on the estimation of T'f (direct test). Such discussion can already be found in [17]. However,
here we highlight that the relation between both problems can be seen as a result of interpolation
between smoothness spaces, the one which describes the signal f and the one which characterizes the
smoothness of T'f.

Finally, we shall establish an adaptive test, which is based on a given finite family R of non-adaptive
tests. It will be shown that this adaptive test does no longer use any a priori smoothness index. At the
same time it is, up to a log log factor, as good (in terms of the error of the second kind) as the best test
among the whole family R.

1.4. Outline

We first consider general linear reconstruction mappings f(Y) = R(Y), Y € K, in terms of an oper-
ator R (Sections 3.1—3.2). In order to control the errors of the first and second kind, such reconstruction
R needs to be a member of a parametrized family of mappings. Therefore, these families will be specified
as linear regularization (in Section 4.1), or projection schemes (in Section 4.2), respectively. In each
case, we derive the corresponding minimax separation radii.

Then we turn to discussing the relation between direct and inverse test problems in Section 5, and
we describe an adaptive test and its properties in Section 6.

2. THE STATISTICAL INVERSE PROBLEM MODEL
2.1. Notation and Assumptions

First we will specify the assumption on the noise in (1.1).

Assumption Al (Gaussian white noise). The noise € is a weak random element in K, which has
finite weak absolute second moments. Specifically, for all g, g1, 9> € K, we have

(&, 9) ~N(0,]lgll%) (and E[(£, g1)(€, g2)] = (91, 92))-

Notice that the second property is a consequence of the first, because bilinear forms in Hilbert space
are determined by their values at the diagonal.

We make the following assumptions for the operator T' governing Eq. (1.1).

Assumption A2 (Singular value decomposition). Lef (sj,u;,v;)jen+ be the singular value de-
composition of the (compact) operator T, where (Sg)jeN* denotes the sequence of eigenvalues
of T*T, arranged in decreasing order, and (uj)jen- (resp. (vj)jen=) are orthonormal systems in H
(resp. K). In particular, we have

Tf=> si{fouyuv;,  feH
j=1
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We refer to [9] for more details regarding the construction of the singular value decomposition and
related properties. In order that the estimators which are constructed below are well defined we impose
the following assumption.

Assumption A3. The operator T is a Hilbert—Schmidt operator, i.e.,
tr [T77T) < +o0.

As was already mentioned, we shall measure the smoothness relative to the operator T', and this is
done as follows. Since the operator T" is compact, so is the self-adjoint companion T*T. The range of
T*T is a(dense) subset in H, and one may consider an element f smooth, if it is in the range of T*T. To
be more flexible, we shall do this as follows. To a bounded non-negative real function ¢: [0, |T*T|] —
RT we assign the self-adjoint operator o(T*T) using spectral calculus. The corresponding linear
operator p(T*T) is compact whenever ¢(t) — 0 as t — 0. Therefore, we shall restrict considerations
to functions with this property.

Assumption A4 (Source set). For a continuous non-decreasing function ¢ with ¢(0) = 0 (index
function) we let

E,=1{h € H, h=¢(T*T)w, forsome |w| g <1} (2.1)
be a general source set.

Up to our knowledge, most of the contributions on testing theory proposed in the literature deal
with smoothness constraints expressed through the svd of the operator 7. More precisely, the set £ is
characterized by a constraint on the decay of the coefficients of f in the basis (u;);. We refer to [18] or
[15] for more details. Examples 4—5 relate Sobolev type balls to the present setup.

[t was established in [20] that each element in H has some smoothness of the form (2.1), and hence
the present approach is more general.

Under the above Assumption Al on the noise, given any linear reconstruction operator R: K — H
the element RY belongs to H almost surely, provided that R is a Hilbert—Schmidt operator (Sazonov’s
Theorem). When specifying the reconstruction R in Sections 4.1—4.2, we shall always make sure that
this is the case.

Then the application of R to the data Y may be decomposed as

RY = RTf +0oR¢ = fr+oR¢,  feH, (2.2)

where fr := RT f denotes the noiseless (deterministic part) of RY". Along with the reconstruction RY
the following quantities will prove important. First, we can compute the bias—variance decomposition

E|RY |3 = |IRT f||} + o”E|RE|H = || frllE + S, (2.3)
where we introduce the variance of the estimator RY as
S% .= o’E||R¢||3; = o* tr [R*R], (2.4)

which is finite if R is a Hilbert—=Schmidt operator. In addition, the following weak variance will play a
role:
vk =0 sup E[(REw)* = o?||R|?, (2.5)
l[w][ <1

the latter norm denoting the operator norm of the mapping R: K — H. Below, if R is clear from the
context we sometimes abbreviate S = S and v = vp.

We will need more precise representation of the trace and norm as above in terms of the representation
of the operator R. Suppose that R is given in terms of its singular value decomposition as

Rg=> N, 9)¢;, g€K, (2.6)

j=1
where we assume that both sequences v;, ¢;, j =1,2,..., are orthonormal bases in K and H,
respectively. Moreover, the sequence A\, j =1,2,..., is assumed nonnegative and arranged in non-

increasing order. Then the following is well known.
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180 MARTEAU, MATHE

Lemma 2.1. Let R be as in(2.6). Then

I. tr[R*R] = Y72, X%, and

2. |R|? = sup;ey )\?.

From this we can see that v% < S%.

2.2. The svd Paradigm
In the inverse problem literature, a large attention has been paid to algorithms based on the singular
value decomposition (introduced in Assumption A2), and we already resorted to a brief discussion
in § 1.3. Indeed, for all j € N*, replacing g by v; in (1.2), we get
(Y,vj) = 5;{f, u)u + 0,
where the §; are i.i.d. Gaussian random variables. This particular formulation of the model (1.1) is
known as the sequence space model. We refer for instance to [7] for an extended review on estimation
algorithms and related properties in such a setting. We specify the previously introduced strong and
weak variances for the truncated svd estimator.
Example 1. Suppose that we approximate the inverse mapping of 7', with svd given in Assumption A2,
by the finite expansion from (1.4). Then the singular numbers A; of R obey \; = sj_l, j=1,....,D, and

Aj =0, j > D, and hence its strong and weak variances are readily evaluated as S% = Zle sj_2 and
02 = g2
D=5%p -

Statistical tests for the signal detection problems were previously constructed in [15, 18]. Those
constructions use the above truncated singular value decomposition. The choice of the truncation level
is based on the smoothness inherent in the class £. In particular, the analysis of the spectral cut-off
regularization scheme for testing in inverse problems provided in [18] revealed the importance of the

quantity
Do \1/A4
= — D=12,... 2.7
v <;3§> , 2 27)

We mention the non-asymptotic lower and upper bounds, extending the setup from [18] to the case of
smoothness measured in terms of (general) source sets, given as

p*(a, B,E) > supmin{c? 3o, ¢*(shH)},
D (2.8)

P, B,Ep) < inf (C2 30D + ©°(sh)) -

Again, the numbers s;, j =1,2,... denote the sequence of singular numbers of the operator T,
arranged in decreasing order, and the function ¢ describes smoothness, cf. Assumptions A2 and A4.
Recall the strong and weak variances S% and v%, from Example 1. If p% < Spvp, or more explicitly, if

DRSO

then the minimax separation rate can be expressed in terms of the strong and weak variances. This
concerns only the decay rate of the singular numbers s; of the operator 7', and this holds for regularly
varying singular numbers, but this also holds true for s; < exp(—~j), j =1,2,..., thus covering
severely ill-posed problems. Remark that unlike the terms involved in (2.7), the quantities S% and v%,
have a clear interpretation.

Thus, when using more general linear regularization R, it is important to determine whether its
strong and weak variances S%, v%, cf. (2.4)—(2.5), allow for similar bounds. Precisely, for general linear
regularization R we shall reduce the problem of bounding the separation radius to an optimization
problem similar to Eq. (2.8), see Eq. (4.2). In order to do so, we need requirements for the regularization,
and these will be discussed in Sections 4.1 and 4.2, respectively.
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3. CONSTRUCTION AND CALIBRATION OF THE TEST
3.1. Construction of the Test

In the literature (see, e.g., [12—14],[24], [1], or [15]), several tests are based on an estimator of || f|%
(Ilf = foll% in the general case). Then, the idea is to reject Hy as soon as this estimator becomes too
large with respect to a prescribed threshold.

In order to estimate || f||%;, where f € H, from the observations Y, cf. (1.1), we shall use a general
linear reconstruction operator R: K — H. We see from (2.3) that the quantity ||RY ||% — S% is an
unbiased estimator for the norm of ||fr||%, with fr = R(Tf). Il R is chosen appropriately, this term
is an approximation of || f||%;, whose value is of first importance when considering the problem (1.3).
Therefore, we shall use a threshold for || RY |2, — S% to describe the test.

Let a € (0, 1) be the prescribed level for the first kind error. We define the test @, g as

Car = LRV |3, ~53 150} (3.1)
where tg  denotes the (1 — a)-quantile of the variable || RY||% — S% under Hy. Due to the definition of
the threshold tg «, the test @, g is a level-a test. Indeed

Py (®a,r = 1) = Py, (|RY |3 — S% > tra) = .

We emphasize that under Hy the distribution of || RY||%;, — S% = o2(|| R¢||? — tr [R*R]) depends only on
the chosen reconstruction R. Hence the quantile can be determined, at least approximately.

3.2. Control of the Error of the Second Kind
Here, our aim is to control the error of the second kind by some prescribed level 8 > 0. To this end,
we have to exhibit conditions on f for which the probability P¢(®,,r = 0) will be bounded by 3. By
construction of the above test this amounts to bounding
Pf(®a,r = 0) = Pr(|RY |} — S* < tra)
= Pi(|RY || — E|RY |} < tra+S* —E|RY|})
= Pr(|RY |} — EIRY |} < tra — | frIH), (3.2)
where the latter follows from (2.3). In this section, we will investigate the lowest possible value of | fr||%
for which this probability can be bounded by g.
Let 3 € (0,1) be fixed. For all f € H, we denote by tg 5(f) the 8-quantile of the variable | RY ||%; —
S%. In other words

Py(IRY |[f — E| RY || < trs(f)) = 8. (3.3)
Then, we get from (3.2) and (3.3) that Pr(®, r = 0) will be bounded by 3 as soon as
tra = I/rlEr < trs(f) & IfRlE = tra — tra(f)- (3.4)

In order to conclude this discussion, we need an upper bound on tg , and a lower bound on tg g(f). To
this end we recall (2.6), and we expand the element RY as

RY =3 (. V)5 = > N, Ty + 0> {15, €)0
j=1 j=1 Jj=1

= 065+ Y 0jeidy, (3.5)
i= i=1

where 8 := X\;(¥;, Tf),0; := oAjforallj € N,and thee; arei.i.d. standard Gaussian random variables.
With this notation we let

= iaj +2Za292 (3.6)

The proof of the following result is prov1ded in Appendix A.
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Lemma 3.1. Let the reconstruction R be given as in (2.6), and let x~ :=log(1/v) for all v € (0,1).
Then

tR,a < 2V22,SRUR + 22)12%%“
and, by using the quantity = from (3.6), we have

tR,ﬁ(f) > =2 Ex‘ﬁ

We are now able to find a condition on ||fg||% in order to control the error of the second kind. We
introduce the quantity

o8 = (4y/T5 + 4V 2z4), (3.7)

which is a function of o and 3, only.

Proposition 3.1. Let us consider the test ®, g as introduced in (3.1), and let
1*(®a,r, B) = Ch 5Sv + (dzq + 8x5)0. (3.8)
Then

sup Pi(®ar=0) <.
Ll frl%>r2(Pa,r.0)

Proof. The equation (3.4) provides a condition for which P;(®, = 0) < . Using Lemma 3.1, we see
that this condition is satisfied as soon as

||fR||%{ > 2\/Ex + 2v/2x,Sv + 2021,

Now we bound

—
—
—

+00 oo
o' Y N+ 207 ) AT x My, TF)? < %07+ 20% | frllT
j=1 J=1

Using the inequality ab < a?/2 4 b%/2 for all a, b € R, we get

1
2\/Exg < 25v/xg + 2,/ 228 f||nv < 250 /x5 + §||f||%{ + dxgv?.

In particular, condition (3.4) will be satisfied as soon as

1
§||fR||%{ > (2/Z5 + 2v/274)Sv + v* (234 + 4zp).
O

Remark 3.1. Note that the condition on || fg|/% is (as most of the results presented below) non-
asymptotic, i.e., we do not require that o — 0. Using the property v < S, we can obtain the simple
bound

r2(®a73,6) < CopSv, where Cyo g =4\/Tg +4V2x, + 424 + 823. (3.9)

In an asymptotic setting, the value of the constant C, 3 may sometimes be improved. In particular, the
bound v < S'is rather rough. In many cases, we will only deal with the constant C 5, and we refer to

Lemma 4.2 (see Section 4 below).
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4. DETERMINING THE SEPARATION RADIUS UNDER SMOOTHNESS

As discussed in the previous section, the error of the second kind is controlled as soon as || fr||% >
C., pSv. Nevertheless, the alternative in (1.3) is expressed in terms of a lower bound on || f||%. In this
section, we use the smoothness of f in order to propose an upper bound for the separation radius.

Using the triangle inequality, we obtain

Ifrllg > I flg —IIf — frlla-

Hence || fr||% > r%(®a,r, 3) as soon as

1l = 11f = Fallir > 7(®ar, 8) < [ £l > (r(®a,n, B) + I = Frllu)’,
< |I£13r = 2r*(®a,r, ) + 211 = frllfr,
In other words, we get from Proposition 3.1 that

sup Pi(®4r=0) <. (4.1)
FlfI%>2r2 (@0 r.B) 420 f—fRIZ

Hence we need to make the lower bound on || f|| i as small as possible. We aim at finding sharp upper
bounds for

it (1o, 0) + I = frll}y). (4.2)

where the reconstructions R belong to certain families R.

4.1. Linear Regularization

We recall the notion of linear regularization, see, e.g.,[11, Definition 2.2]. Such approaches are rather
popular for estimation purpose. In this section, we describe how these schemes can be tuned in order to
obtain suitable tests.

Definition 1 (Linear regularization). A family of functions
gr: (0, |T"T|} » R, 0<7<|T7TY,

is called regularization if they are piece-wise continuous in 7 and the following properties hold:
(1) Foreach 0 <t < ||T*T|| we have |r(t)] — 0as T — 0;
(2) There is a constant 71 such that supg<,<|jpep| |77 ()] <1 forall0 <7 < [|T*T'[|;

(3) There is a constant v, > 1 such that supg<;<|pery 7 [g-(t)| < 7« forall 0 < 7 < oo,

where r,(t) := 1 —tg-(t), 0 <t < ||T*T|, denotes the residual function.

In regularization theory, the parametric family g, is usually parametrized with some parameter « as
Jo. Since this symbol is used to note the bound for the error of the first kind, we instead use the symbol 7,
contrasting to the usual convention.

Having chosen a specific regularization scheme g, we assign as reconstruction the linear mapping
R; :=g,(T*T)T*: K — H. Notice that now, the element fr is obtained as fr = f = g, (T*T)T*Tf.
For the sake of convenience, we will write

Boyr = Do 1, (4.3)

Example 2 (Truncated svd, spectral cut-off). With this new notation we can use the function g,(¢) :=
1/t, t > 7, and zero elsewhere. This means that we approximate the inverse mapping of 7" as in
Example 1. The condition s? > 7 translates into an upper bound 1 < j < D = D(7). The element f;

is then given as f, = Zf:1<f, Uj) Uy

MATHEMATICAL METHODS OF STATISTICS Vol.23 No.3 2014



184 MARTEAU, MATHE

Example 3 (Tikhonov regularization). Another common linear regularization scheme is given by
g-(t) =1/(t +7), t,7 > 0. In this case we have R,Y = (I + T*T) "' T*Y , i.e., this is the minimizer
of the penalized least squares functional J-(f) :=||Y — Tf||% + 7|l f||%., f € H.

Having chosen any linear regularization, we would like to bound the quantities S? = 5%, 02 = v%

from (2.4), (2.5) (with a slight abuse of notation). Under the above assumption, the reconstructions R,
are also Hilbert—Schmidt operators, since these are compositions involving 7.

In the following, we shall use the effective dimension which allows us to construct a bound on the
variance S2.

Definition 2 (Effective dimension, see [6, 26]). The function A — A/()) defined as
N(A) = tr [(T*T + XI)"'T*T] (4.4)

is called effective dimension of the operator T*T under white noise.

By Assumption A3 the operator T*T has a finite trace, and the operator (T*T + AI)~! is bounded,
thus the function NV is finite. The following bound is a consequence of [4, Lem. 3.1]:

2/\/’(7')’

tr [g2(T*T)T*T] < 2 — (4.5)

for some constant v, > 0. This, and using the definition of regularization schemes, results in the
following bounds.

Lemmad.l. Let R; := g.(T*T)T*: K — H. Assume that Assumption A2 holds, then we have
(i) S2 < 22202 N0) L0 and
T
oy o2 2 2l
(ii) vz <~go”—, 7> 0.
T

Proof. The proof is a direct consequence of the definition of S2, vZ and of (4.5). O

This lemma provides only upper bounds for S; and v,. For many linear regularization schemes we can
actually show that v, /S, — 0 as 7 — 0, and we mention the following result, whose proof is postponed
to Appendix A.

Lemma 4.2. Suppose that the regularization g, has the following properties:

(1) there are constants ¢,y > 0 such that |g,(¢éT)| > 4/7 for a > 0, and

(2) foreach 0 <t <||T*T| the function T — |g,(t)| is decreasing.

If the singular numbers of the operator T decay moderately, so that #{j, ¢t < s? < éfer} — 0

as T — 0, then tr [rg2(T*T)T*T| — oo as T — 0. Consequently, in this case we have v./S; — 0 as
T — 0and

2
(@)

C’;ﬁSTvT
where C;, 5 and r2(®u .+, B) are as in (3.7) and (3.8), respectively.
Remark4.1. The assumptions imposed above on g, are known to hold for many regularization schemes,
in particular, for spectral cut-off and (iterated) Tikhonov regularization. The assumption on the singular

numbers holds for (at most) polynomial decay.

MATHEMATICAL METHODS OF STATISTICS Vol.23 No.3 2014



GENERAL REGULARIZATION SCHEMES FOR SIGNAL DETECTION 185

We turn to bounding the bias || f — f;|z. This can be done under the assumption that the chosen
regularization has a certain qualification, see, e.g., [11]. The concept of qualification is made precise in
the following definition.

Definition 3 (Qualification). Suppose that ¢ is an index function as in Assumption A4. The regular-
ization g; is said to have qualification ¢ if there is a constant v < oo such that

sup  |r-(t)]p(t) <ve(r), T>0.
0<t<|| T+ T

Remark 4.2. It is well known that Tikhonov regularization has qualification ¢(¢) = ¢ with constant
~ =1, and this is the maximal power. On the other hand, every index function is a qualification with
constant v = 1 of truncated svd.

The concept of a qualification can be used to bound the bias at the element f..

Proposition 4.1. Let g, be any regularization having qualification ¢ with constant v. I[ f € &,
then

If = frlla < ve(T).

Proof. Let w with ||w||g < 1 be such that f = o(T*T)w. Then

lfr = fllz = g (T DT Tf = fller = [lr-(T*T) fllir = lIro(T"T)p(T" Tl < (7).
O

Now we have established bounds for all quantities occurring in (4.2), and this yields the main result
for linear regularization.

Theorem 4.1. Assume that Assumption A3 holds, and suppose that g, is a regularization which
has qualification @, and that f € E,. Let T, be chosen [rom the equation

(4.6)

Then, forall f € &,

(dzq + 8mﬁ)’yf
N(7)

where the constant C}, 5 has been introduced in (3.7). In particular, we get that

inf (r2(@ar, ) + |1 ~ Jol%) < (Copvad +

2\, 2
>0 +’Y >Q0 (T*)7

(4o + 8:1:5)73

(Payrs B, Ep) < 2(Ch 5V202 +
P (Pa,r., B,€p) < <a,g g/ N

+92) @2 (7).
Proof. By Propositions 4.1 and 3.1, we have
rz((I)a,Taﬂ) + Hf - fTH%{ = C;,ﬂsv + (4xo¢ + 8xﬁ)vz + Hf - fTH%{
<Cq ﬁ\/§73027N(T)
’ T
424 + 875)72
< (ChgVovi+ (42a + 825)7
(Gt = )

since the parameter 7, equates both terms ¢?(7) and o>7~1y/N (7). This gives the upper bound. O

1
+ (4o + 8905)7302; + 72g02(7-)

+92) @A (n),

MATHEMATICAL METHODS OF STATISTICS Vol.23 No.3 2014



186 MARTEAU, MATHE

Remark 4.3. Up to now, all the presented results are non-asymptotic in the sense that we do not require
that 02 — 0. In an asymptotic setting, we can remark that 7, as defined in (4.6) satisfies 7, — as o — 0.
Since the effective dimension tends to infinity as 7 — 0, we get that

P* (P B.€5) < 2(Ch 5V272 (1 + 0(1)) + %) *(7),

aso — 0.

We shall highlight the above results with two examples. We shall dwell into these in order to show
that the above results are consistent with other results for inverse testing (see for instance [18]).

Example 4 (Moderately ill-posed problem). Let us assume that the singular numbers of the operator T’
decay as s < k7!, k € N*, with ¢t > 1/2 (in order to ensure that Assumption A3 is satisfied). In this

case the effective dimension asymptotically behaves like V(1) = 7=1/(Y) "as 7 — 0, see for instance [4,
Ex. 3]. The Sobolev ball

ety = {1, 3 < R}, witha; =%, Vj>1, (4.7)
j=1

as considered in [18] coincides (up to constants) with &, for the function p(u) = u¥/ Y > 0. In this

case the value 7, from (4.6) is computed as 7, =< ¢8/4s+4+1) \which results in an asymptotic separation
rate of

p(q>a’7_*’ﬁ’g@) — 90(7_*) — 0_25/(25+2t+1/2)7 o — 07
which corresponds to the 'mildly ill-posed case’ in [18] or [15], and it is known to be minimax.

Example 5 (Severely ill-posed problem). Here we assume a decay of the singular numbers of the
form s < exp(—~k), k € N. The effective dimension behaves like N/(7) =< %log(l/v-). The Sobolev ball
from (4.7) is now given as &, for a function ¢(u) = (% log(l/u)) "~ Then the value T« calculates as

T, < 02 (log(l/az))28+1/2, which results in a separation rate

P(Par,B,E0) < @(T4) < log_s(l/az), o— 0,
again recovering the corresponding result from [18].

4.2. Projection Schemes

Details on the solution of ill-posed equations by using projection schemes can be found in[21, 23, 25],
and our outline follows the recent [21]. In particular we use the intrinsic requirements such as quasi-
optimality and robustness of projection schemes in order to obtain a control similar to the previous
section.

We fix a finite-dimensional subspace H,, C H, called the design space and/or a finite-dimensional
subspace K,, C K, called the data space. We shall denote throughout the corresponding orthogonal
projections onto H,, by P,,, and/or the orthogonal projection onto K, by @Q,. The subscripts m
and n denote the dimensions of the spaces. Given such couple (H,,, K,) of spaces we turn from the
equation (1.1) to its discretization

Equation (4.8) corresponds to a discretization as follows. If 91, ..., denotes a basis of K,, then we
retrieve as data the coefficients (Y,4;), j =1,...,n, of Y in this basis. Also, if ¢1,...,¢m is a basis
for H,, then we aim at representing the unknown solution element in a corresponding series expansion.
This results in an n x m system of linear equations with matrix M having entries M; ;, = (T'p;, ¥x).

Without further assumptions, the finite-dimensional equation (4.8) may have no or many solutions,
and hence we shall turn to the least-squares solution as given by the Moore—Penrose inverse, i.e., we
assign

fmm = (QuTP) Q,Y. (4.9)
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Definition 4 (Projection scheme, see [21]). If we are given
(1) anincreasing sequence H; C Hy--- C H, and
(2) anincreasing sequence K; C Ky --- C K, together with
(3) amappingm — n(m), m=1,2,...,
then the corresponding sequence of mappings
Y = frnim) = (QuTP)'Y (4.10)
is called a projection scheme.

Example 6 (Truncated svd, spectral cut-off). The truncated svd, as introduced in Example 1 is also an
example for a projection scheme, if we use the increasing sequences H,, := span{uy,...,u,} C H,and
K, :=span{vy,...,v,} C K, respectively. In this case we see that

(QuTP,)'Y = Z (Y, v)u

=1 %

Henceforth we shall always assume that the mapping (Q,TP,,)": K,, — H,, is invertible, i.e., the
related linear system of equations has a unique solution. This gives an (implicit) relation n = n(m),
typically n = m will do. However, our subsequent analysis will be done using the dimension m of
the space H,,. In accordance with this we will denote fr by f,, highlighting the dependence on the

dimension. Thus the linear reconstruction R is given as R := (QnTPm)T, and we define
Py m: = Po.g- (4.11)

We need to control tr[R*R] as well as || R||. The latter is related to the robustness (stability) of the
projection scheme.

Definition 5 (Robustness). A projection scheme ((QnTPm)T, m € N) is said to be robust if there is
a constant Di < oo for which
Dg
nT Py, =1,2,... 4.12
QTP < sz, m (4.12)

Here, the quantity j(7T', H,,) denotes the modulus of injectivity of T with respect to the subspace H,,,
given as

1T x

i(T,Hy,,) == _—
)T, Hin) O#eeHm ||z||H

(4.13)

The modulus of injectivity is always smaller than the m-th singular number s,, = s,,,(T") of the
mapping T, and hence we say that the subspaces H,, satisfy a Bernstein-type inequality if there is
a constant 0 < Cg < 1 such that

Cpsm(T) <j(T, Hp).

We summarize our previous considerations as follows.

Lemma 4.3. Suppose that the projection scheme ((QnTPm)T, m € N) is robust and that the
spaces H,, obey a Bernstein-type inequality. Then

Dgp 1
TP < =
IQuTP | < G~
In particular we have
D? 1
2 . 2 2 VR
VR = Uy S g C—%g
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We turn to bounding S%. Before doing so we mention that for spectral cut-off from Example 6, this
bound can easily be established.

Lemma 4.4. For spectral cut-off we have

St =02t [(QnTPn)") (QuTPy)] = 0>

J=1

In order to obtain a similar bound in more general situations we need to impose restrictions on the
decay of the singular numbers s;, j = 1,2, ...

The use of projection schemes for severely ill-posed problems requires a particular care, and the
following restriction, which will be imposed on the decay of the singular numbers of the operator T" takes

this into account. We shall assume that the decreasing sequence s;, j = 1,2,...,is regularly varying
for some index —r < 0, and we refer to [5] for a treatment. In this case the corresponding sequence 5]72,
j=1,2,...,isregularly varying with index 2r, and we have
1
S —- — as m — oQ.

In particular, there is a constant C,. such that

_<02§:

and the latter bound is actually all that is needed.

(4.14)

w[\3|’i

Example 7 (Moderately ill-posed problems). The special case where the singular numbers decay
ass; < j ", j=1,2,..., is covered by the concept of regularly varying sequences, and such sequences
have the index —r. In particular, for moderately ill-posed problems a bound (4.14) is valid.

Lemma4.5. Suppose that the sequences;,j =1,2,...,issuchthat(4.14) holds Jor a constant C,.

If the projection scheme is robust with constant Dg, and if the spaces H,, obey a Bernstein-type
inequality with constant Cpg then

1
2"
J

S% =82 = o? tr [(QuT P)") (QuTP)T] < 20,? o oy

5%
J=1

If, in addition, Assumption A3 is satisfied, then we have

D% ,N(s2)
2 . Q2 2 2
S2 =52 < (7 05 2

Proof. We notice that the mapping ((Q,TP,)")" is zero on H, the orthogonal complement of H,,.
So, we take an orthonormal system uy, ua, ..., Un,. .., where the first m components span H,,. With
respect to this system we see that

tr [((QnT'Prn)) (QuT Pr)T] = tr [(QnTPn) ((QnT Pr, )T)*]
= > H(@nT o)) w5 = ZH (QuTPu) )
j=1

< m|| (QuTFw))||” = ml|( QnTPm) I”
Using Lemma 4.3 we see that
D% 1
B “m
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Now we use (4.14) to complete the proof of the first assertion. Under Assumption A3 we continue and
use the inequality u/v < 2v/(u + v), 0 < u < v, to see that

m m 82- 2
Y s Y gty saion)
— S= S jzlsj—l—sm S

j=1 m

1\3|’i

3[\3

and the proof is complete. O

Remark 4.4. Notice that Lemma 4.5 provides us with (an order optimal) bound for the variance, even
if the operator T is not a Hilbert—Schmidt one. But, if it is, then the obtained bound corresponds to the
one from Lemma 4.1 (with 7 « s2)).

Next, we need to bound || f — fr|lz, as was done in § 4.1 by assuming qualification, and we need
a further property of the projection scheme called quasi-optimality. We start with the following well-
known result, originally from spline interpolation [8], and used for projection schemes in [23], which
states that

If = (@uTPo) T fllg < (QuTP) T || f — Prfllar- (4.15)

Therefore, we can bound the bias on the left whenever the norms || (Q,TPy,)" T'|| are uniformly bounded.

Definition 6 (Quasi-optimality). A projection scheme Y — (Q,, T P,)'Y is quasi-optimal if there is a
constant D¢ such that ||(Q,TP,) T < Dy.

We emphasize that under quasi-optimality the bound for the bias entirely depends on the approxima-
tion power of the projections P,, with respect to the element f. This approximation power is expressed
in terms of degree of approximation, whose definition is made explicit below.

Definition 7 (Degree of approximation). Suppose that {H,,}, dim(H,,) < m, is a nested set of
design spaces. The spaces H,, are said to have the degree of approximation ¢ it there is a
constant Cp < oo with

I(I = Pu)p(T*T)| < Coplsmer), m=1,2,... (4.16)

For spectral cut-off this bound (with constant C' = 1) is best possible. Also, using interpolation type
inequalities one can verify this property for many known approximation spaces H,,, m =1,2,..., we
refer to [21] for more details on degree of approximation and Bernstein-type bounds. We now can state
the analogue of Proposition 4.1 for projection schemes.

Proposition 4.2. Suppose that the projection scheme is quasi-optimal with constant Dg, and
that it has the degree of approximation ¢ with constant Cp. If f € &, then we have

If = fmller < DoCpe(s2,.1).

We return to the optimization problem raised in (4.2). Here, the family of reconstructions R runs over
all projection schemes, and we can control the bound by a proper choice of the discretization level m.

For the sake of convenience, we will assume in the following that Assumption A3 is satisfied, i.e.,
that T is a Hilbert—Schmidt operator. If it is not the case, Theorem 4.2 below remains valid when

replacing /N (s2,)/s7, by \/> 7%, 5]-_2/3m~

Theorem4.2. Suppose that the approximate solutions are obtained by a projection scheme which
is quasi-optimal and robust and that Assumption A3 holds. Furthermore assume that the design
spaces H,, have degree of approximation ¢ and obey a Bernstein-type inequality. Let m, be
chosen from

2
my = max{m, ©?(s2) > 02%}. (4.17)
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IJ f € &, then we have
inf {r*(®am, B) + I — frulfr}

< D Ro. +(4ma+8x5)D—%¥+D2C% ©?(s2,),
> « ﬁ 02 02 N(S%l*) Q s
where the constant C oy has been introduced in (3.7).

Proof. By using Lemma 4.5 and Proposition 4.2 we see that for any choice of discretization level m we
have

2 1
C,o? Nlsin) + (4zqo + 8z)0 + DEHCHP* (smi1)

r(@am B) + 11 = meH<C*,ﬂC2 T2 C—gT

<|cx 120 + (4zq + 823) DR 1 + D3 C?%
Lo X
BN VAT

2
X max {02M, @2(3%”1)}.

Sin
At the discretization level m, + 1 we see by monotonicity that

@ (52, 11) < P (s0,.)-

Also, by the choice of m, we see that

hence both terms in the max are dominated by ¢?(s2, ), which allows us to complete the proof. O

Once again, the previous result is non-asymptotic. In the asymptotic regime, we get the following
improvement.

Corollary 4.1. Under the assumptions of Theorem 4.2 we get that

(o, 6) 41~ Ful) < (Co 5C,(1+ of1) + DRCR) (52,
aso — 0.

This is an easy consequence of the fact that along with o — 0 we have s2,

effective dimension at s2,, tends to infinity.

. — 0, and hence the

4.3. Discussion
We discuss the relation between nonparametric testing and function estimation. If Assumption A3 is

satisfied then for both linear regularization and projection schemes, the optimal parameter 7, (~ s2, ) is

obtained by solving the “equation”
o? = 7% (n)/VNT7).

This equation is different from the one which is to be solved for function estimation, given by

0? = 72 (1) IN (7).

The effective dimension N, which is designed for estimation, enters in the inverse testing problem in
square root, so that, loosely speaking, festing is easier.
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Another remark may be of interest. For the estimation problem, the bias—variance decomposition
yields the minimization problem

If = frl% + Sk — MIN

by a proper choice of reconstruction R. For testing, and we refer to (4.2), the corresponding minimization
problem is

|f = frll% + Srvg — MIN.

Since, as already mentioned, Spvr < S%%, this calibration always yields a smaller value, which again
explains the different rates for separation radius and estimation error.

5. RELATING THE DIRECT AND INVERSE TESTING PROBLEMS

For injective linear operators 7', the assertions “f = 0” and “T'f = 0” are equivalent. Hence, testing
Hy: f =0 ortesting Hy: T'f = 0 are related to the same problem: we want to detect whether there is
signal in the data. Nevertheless, these testing problems are different in the sense that the alternatives are
not expressed in the same way. Indeed, the inverse testing problem (considered in the previous sections)
corresponds to

Hy: f =0, against H{: f € &, ||fI7r > (p")?, (5.1)
while the direct testing problem corresponds to testing
HP:Tf =0, against H: f € &, |Tf% > (o)~ (5.2)

In this section, we investigate the similarities between these two view points. In particular, we remark
that the two testing problems are not equivalent in the sense that the alternatives do not deal with the
same object.

5.1. Relating the Separation Rates

The authors in [17] discussed whether both problems (5.1) and (5.2) are related. The main result,
Theorem 1, ibid. asserts that for a variety of cases each minimax test &, for the direct problem
(Ho: Tf =0) is also minimax for the related inverse problem (Hy: f = 0). This fundamental result
is based on Lemma 1, ibid. Here we show that this lemma has its origin in interpolation in variable
Hilbert scales, and we refer to [22]. Actually we do not need the machinery as developed there, but we
may use the following special case, which may directly be proved using Jensen’s inequality.

Lemma 5.1 (Interpolation inequality). Let ¢ be from (2.1) in Assumption A4, and let ©(u) :=
Vup(u), u > 0. If the function u — ©*((©%) 7 (u)) is concave then

Iflle <e (O UITflk),  f€&. (5.3)

The main result relating the direct and inverse testing problems is the following.

Theorem 5.1. Let ¢ be an index function with related function ©, such that the function u —
©?((©2) 7Y (w)) is concave. Let ®, be a level-a test for the direct problem HP: Tf =0 with
uniform separation rate pP(®y, 3,Ee). Then ®,, constitutes a level-a test for the inverse problem
H}: f = 0 with uniform separation rate

P (@0, 3,€,) < p(07H(pP (D4, 8, 0))).

Consequently we have for the minimax separation rates that

pl(a, 8,E,) < (07 (pP (e, B,E0)))- (5.4)
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Proof. Clearly, the test ®, is a level-a test for both problems, and we need to control the error
of the second kind. But if |||z = ¢(©7 (pP(®a,3,E6))) then Lemma 5.1 yields that | Tf|x >
pP(®,, 3,E0), and the assertion is a consequence of the properties of the test for the direct problem.

[f &, was minimax for the direct problem then the corresponding minimax rate for the inverse problem
must be dominated by ¢ (07 (p” (e, 8,€s))), which gives (5.4). O

Remark 5.1. In many cases the bound (5.4) actually is an asymptotic equivalence

o (M, 8,€,)) < 07" (0P (o, B,80)), o —0. (5.5)

[t may be enlightening to see this on the basis of Example 4. Recall that the function ¢ was given as
@(u) = u*/Y_ The corresponding rate is known to be minimax, and we obtain that

o (o (@, 8.6,)) = o,
We turn to the direct problem, for which the corresponding smoothness class is g for the function
O(u) = u?/(D+1/2 — 4 (s+)/(st) This corresponds to = s +t in [17, Tbl. 2], yielding the separation
rate p(a, 3, Eg) = o250/ (2s+2641/2) \which in turn gives

071 (pP (@, 5, o)) = oL,
and hence (5.5) for moderately ill-posed problems.

Similarly, this holds for severely ill-posed problems, and we omit details.

We emphasize that, by virtue of Theorem 5.1, any lower bound for the minimax separation rate in the
inverse testing problem yields a lower bound for the corresponding direct problem.

Remark 5.2. Thanks to Theorem 5.1, it is possible to prove that in all the cases considered in this paper,
a test minimax for (5.2) will be also minimax for (5.1). Nevertheless, the reverse is not true. We will not
dwell into details, instead we refer to [17] for a detailed discussion on this subject.

5.2. Designing Tests for the Direct Problem

The coincidence in (5.5) is not by chance and we indicate a further result in this direction. Recall
from § 4.1 that the value of 7, = 7IF was obtained from (4.6), and hence that we actually have

pla, B,Ey) = (i), such that the left-hand side in (5.5) equals 7I¥. We shall see next that the

corresponding value 7, = 7°F is obtained from the same equation (4.6) when basing the direct test

on the family Iﬁ = TR, with family R, = g.(T*T)T* asin §4.1. Then TR, = ¢g.(TT*)TT*, and we
bound its variance and weak variance, next.

Lemma5.2. Let R, = TR, = g.(TT*)TT* and denote by resp. 53 and v2 the corresponding strong
and weak variance. If Assumption A3 holds then

(1) 52 < (50 + )10 N (1), 7 > 0, and
(2) 22 < o5,
We also need to bound the bias ||T'f — T f-|| ;- with fr = g.(T*T)T*Tf.

Lemmab.3. Assume that f € £,. I] the regularization g, has qualification © with constant vy then
ITf =Tfrllx <7O(7).
Proof. Since f. = R, T f, we get that
ITf =Tl =ITf = g-(TT)TT*T || = ||r-(TT*)T |k,
which is bounded by v©(7) as soon as f € &£, and g, has qualification ©. O
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We recall from Section 4 the quantity r2(®,, 3) := C4,357vr, where we now consider S and . from
Lemma 5.2 for bounding ||T'f||% > C4.5S, @, from below.

Corollary 5.1. Suppose that g, is a regularization which has qualification ©, f € &, and that
Assumption A3 holds. Let TP¥ be chosen from the equation
©*()

2 _
= (5.6)

~—

Then
inf (r*(®a, B) + ITf = Tfrli) < (CapV/ (30 + 77070 +77)O* (7).

We stress that the equation (5.6) for determining 7P°F is the same as (4.6), since ©2(1) = 7?(7),

and this explains the identical asymptotics in (5.5) as being equal to 7°F

This result sheds light on another interesting problem: If we want to use the regularization TR,
and if we want to have this optimal performance properties then the underlying regularization g, must
have higher qualification © for the direct problem as compared for its use in inverse testing requiring
qualification ¢, only. This cannot be seen when confining to spectral cut-off, but this problem is relevant
when considering other regularization schemes for testing. It is thus interesting to design estimators for
g = T f which do not rely on estimation of f. However, since the data Y do not belong to the space K
either discretization or some other kind of preconditioning is necessary in order to estimate g = T'f from
the data Y. Such direct estimation is simple by using projection schemes, and we exhibit the calculus
for one-sided discretization. As in § 4.2, we choose finite (m) dimensional subspaces Y,, C K, with
corresponding projections @,,, and consider the data

QmYZng‘i‘O'me, m € N.

This approach is called dual least squares scheme in regularization, see [23]. Here it is easy to
see that S2, = tr [Q},Qm] = m, while v2, = [|Q.n||? = 1. In order to continue we just need that the
chosen projections have degree of approximation ©, i.e, there is C'p for which ||(I — Qp,)O(TT™)| ;r <
cDe(sgm), m = 1,2... With this requirement at hand we can continue as if the projections @,, were
the projections onto the first m singular elements in the svd of 7. In particular we have the upper bound
on the separation radius

p(Eo, v, f) < max{Co,p, Ch} inf (0 Vm + O%(s7,11)) ,

similar to corresponding results obtained for spectral cut-off in[1, 17], and we omit further details.

6. ADAPTATION TO THE SMOOTHNESS OF THE ALTERNATIVE

[t seems clear from Section 4 that the optimality of the considered tests strongly depends on the
regularity (smoothness) of the alternative. In this section, we propose data-driven tests that automati-
cally adapt to the unknown smoothness parameter. The adaptation issue in test theory has widely been
investigated. For more details on the subject, we refer for instance to [2], [24] in the direct setting (i.e.,
T = Id)or[15]in the inverse case for an adaptive scheme based on the singular-value decomposition of
the operator.

First, we propose a general adaptive scheme. Then, we apply this approach to linear regularization
over ellipsoids. This methodology can also be extended to projection schemes. For the sake of brevity,
this extension is not discussed here.
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6.1. A General Scheme for Adaptation

Assume that we have at our disposal a finite collection (R)ger of regularization operators satisfying
Assumption A3. Then, we can associate with each operator R a level-a test ®, z. Our aim in this
section is to construct a test that mimics the behavior of the best possible test among the family R. Let
|R| denotes the cardinality of the family R. We define our adaptive test ®% as

*
q)a—%lg%@‘%‘ R (6.1)

The performance of ®, is summarized in the following proposition.

Proposition 6.1. The test introduced in (6.1) is a level-a test. Moreover
Pf(q>2 = 0) <8,
as soon as
2 >2 inf (r?(® o
113 2 2 jnf (P(® o n8) + 1f — fallh),

IRP

where the function r? has been introduced in (3.8).

Proof. We first remark that

since PHO(CD‘a‘,R =1) = a/|R| for all R € R. Hence, ®} is a level-« test. Now, we can investigate the

error of the second kind. Using simple algebra, we get that

*
Pp(07, =0) = PHo(lgg%Qg‘ r=0) PHO(RﬂR<1>;; )
S

We can conclude using (4.1). O

Proposition 6.1 proves that the detection radius associated with the test defined in (6.1) is close
to the smallest possible one among the family R. Thus, we must design the set R according to two
requirements. First, the cardinality |R| should be small, in order not to enlarge the detection radius too
much. Indeed, the following holds true.

Lemma 6.1. Let C, ;5 be the term introduced in (3.7). If the family R of regularization schemes
has cardinality M = |R| > 1, then

If M >4then Gy, 5 < (Cr 5 +2V2) log( ).

Proof. We first observe that x, /5y = 74 + log(M). Therefore we conclude that

Crh 3 =2\T5+2,/2T0/m
= Ch 5+ 2(V/2x0 + 2log(M) — V224 ) < Ch 5+ 2+/2log(M

The second assertion is trivial, because log(M) > 1 for M > 4. O
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Therefore, the price to pay for using ®% is a term of order /log(|R|), up to some condition on the
behavior of the effective dimension (see Theorem 6.1 below). On the other hand, the set R should be
rich enough to keep the detection radius on the size of the best possible bound, as was established in
Theorems 4.1 and 4.2.

In the following, we propose practical situations where such an adaptive scheme can be used. In
particular, we propose families of regularization operators with controlled size and prove that the adaptive
test @7 attains the minimax rate of testing (up to a loglog term) for a proper choice of R.

Remark 6.1. In the test (6.1), each regularization operator R € R is associated with a test <I>‘%‘,R

having the same level a/|R/|. It is nevertheless possible to use more refined approaches, leading to an
improvement of the power of the test (in terms of the constants). We refer to [10, Eq. (2.2)], howeverin a
slightly different setting.

6.2. Application to Linear Regularization

We will exhibit the use of the general methodology for tests based on linear regularization.

Let ¢g- be a given regularization. We associate with each function g, the operator R, and we deal
with the finite family R = (R;)rea, Wwhere M C (0, 00) is a finite set. We apply Proposition 6.1 with the
corresponding test ®7. To this end we will use an exponential grid. Given an initial value 7yax, and a
tuning parameter 0 < ¢ < 1 we consider as set M the exponential grid

Ay i={r= @ Tmax, 7=0,...,M —1}, forsome M > 1. (6.2)
Then we use the adaptive test

q)zz = 71_22); (I)a/M,Ta (63)

where the tests ®. ; have been introduced in (4.3). The result of Proposition 6.1 can be rephrased as
follows. By virtue of Lemma 6.1, and using the bounds from Lemma 4.1 and Proposition 4.1, respectively,
we find that the test ®} bounds the error of the second kind by 3 as soon as

£ 2 €0, ) ing (VioBi0" 7 1 g T ).

for some explicit constant C'(«, 3). We shall now show, how we can specify the numbers 0 < 7pin < Tmax
such that this is of the order of the separation radius (up to a log log-factor).

The cardinality M obeys 7in 1= ¢M !

\/ T O'2
inf (\/log(M)a2M +log(M)— + ¢2(7)>

Tmin <7 <Tmax

< inf (W VN(T) +log +s02(7)>-

TENA,

Tmax, and hence M :=1og1 (Tmax/Tmin)- Obviously we have

The reverse is also true (up to some constant), as proved in the following lemma.

Lemma 6.2 (cf. [16, Proof of Thm. 3.1]). We have

/\T/ 2 log(M)U—2 + @2(7))

inf ( log(M)o?

Tmin <T<Tmax

> /2 inf (M 2 VN(T) 7 +¢2(7)).

TEA,
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Proof. For any 7 with Tyin < 7 < Timax We find an index 1 < j < M for which 7; < 7 < 7;/¢. The
crucial observation is that the function 7 — —VAT[(T) is decreasing, whereas the function 7 — /7N (1) =

7-3/2—”\7[“) is increasing, which can be seen from spectral calculus. Therefore, by using the above
monotonicity we see that

Vlog(M +902(T)
> /log(M)og” Y——"—= J/q —Hog(M)——i-gO( ;)

Tj

3/2 3/2 2
2( 7 T\ VNG L ean T+ o2
log(M)o (q) <q> Py +ql g(M)Tj + ¢ (1)

N\ —3/2 ‘N 2
T T. g
log (1) (—) YN s an® 4 g
q Tj Tj
N (75 o2
T ogany T+ go%j)),
Tj Tj

> q3/2< log(M)o”

from which the proof can easily be completed. O

Next we shall discuss the choice of 7y, and mmax. First, the natural domain of definition of the
smoothness function ¢ is (0, ||7*T||], so that the choice Tyax = ||77*T|| is natural. In this case the size
of

log(M)o? VN(T)

o2 9
+ log(M)7 + ©*(Tmax)

is at least @?(||T*T||) no matter how small the noise level o was. The next result indicates that we
can find Ty, in such a way that we can remove the restriction to 7 > 7y if there is some “minimal”
smoothness in the alternative.

Lemma 6.3. Let Toyin = Tmin(M ) satisfy
N(Tmin)

Tmin

log(M)o? > 1. (6.4)

If the smoothness ¢ obeys ¢(Tmin) < 1 then for 0 < 7 < Ty we have

\/ T 0‘2
log(M)02# +log(M)— + ¢*(7)
Tmi 0'2
%( log(M)o 2% + log(M)ﬂ + 902(7'min))-

Proof. For T < Tyin this easily follows from

000 X 1 (0 2 flog(mjo? Y2 i)

Tmin
> (W Tmm (Tmin)> )
Tmin
which proves the assertion. O

MATHEMATICAL METHODS OF STATISTICS Vol.23 No.3 2014



GENERAL REGULARIZATION SCHEMES FOR SIGNAL DETECTION 197

Remark 6.2. For given o > 0 the condition from (6.4) can always be satisfied. Below we shall further
specify this as follows. If 7.y is chosen as ||T*T|| then N (7max) > 1/2, so that

- 1 o2 1 2 1-M 2
rg(M)azx/N(T o Viog()o? _ log()o?q' ™ 1 L

Tmin \/_Tmm \/i HT*T” \/5 ”T*T” q
Thus condition (6.4) holds for

M >1logy,, (V2| T*T| ) +1logy /4 (1/0%).

We summarize the above considerations.

Proposition 6.2. Suppose that M and Tmin are chosen so that (6.4) holds. If the smoothness
function ¢ obeys ¢(Tmin) < 1 then

7_1Enfq (W -1-1 og(M ‘1' 902(7')>
<q 3?2  inf ( log(M VAIG) + ¢2(7)).

0<7<Tmax

The following result summarizes the above considerations; it asserts that the test ®} appears to be
minimax (up to a log log term) in many cases.

Theorem 6.1. Let «, (8 be fixed and @7, the test defined in (6.3). Suppose that Tiax = ||T*T
is chosen so that M > 1ogy , (V2 ||T*T||) 4 1ogy ;,(1/0?). Let 7. be given from

N (T
() =0 \/loglogl/q ( ) % - (6.5)
If the underlying smoothness obeys ¢(Tmin) < 1 and if
log log( =5
%"’f;“’) —o(1) as o—0, (6.6)

then there is a constant C > 0 such that

. . SN
p2(€[>a,ﬂ,&p) < C0<Tn[§1£max < \/log logy /4 ( ) +2(r) ).

In particular, as o \, 0 we have 7, \, 0, and hence there is a constant D = D(«, ) such that

p(®%,B,Ep) < Dp(ri) as o\, 0.

We shall indicate that assumption (6.6) is valid in many cases.

Lemma 6.4. /f there is a constant ¢ > 0 such that the effective dimension obeys
N (1) > clog(1/7), (6.7)
and if the smoothness function ¢ increases at least as
4
o() < (loglogy ,(1/7)) (6.8)
as T — 0, then (6.6) is valid.
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Proof. The parameter 7, is determined from (6.5), and under (6.8) we find that

1 204 (1) 72 log logy /4 (1/7x) 1
0" loglog (02) N S N < 7; loglog; /, (T*),

provided that 7, is small enough. Monotonicity implies that o2 < .. But then loglog(1/0?) <
log log(1/7), and we conclude that

loglog(1/0?) _ loglog(1/7.) lloglog(l/n) Y
Nr) ST N S logjry) W

as o, and hence 7, tend to zero. O

Remark 6.3. This result covers many of the interesting cases, in particular the ones from Examples 4—5.
In these cases Theorem 6.1 exhibits that the separation radii obey

1\ s/(25+2t4+1/2)
p(®y, 3,Ep) < D(a2\/10g10g s ) , and

p(®%, B,E,) < Dlog™*(1/0?),

respectively. In particular, we see that adaptation does not demand an additional price for severely ill-
posed testing problems.

Remark 6.4. A similar approach can be used when basing the adaptive test on a family of projection
schemes. In this case we use a finite family of dimensions

Agjyi={m =210 j=0,...,M —1},

and consider projection schemes with spaces Xp,, Y, ) for m € Ay j,. The above reasoning applies,

taking into account the correspondence between regularization parameter 7 in linear regularization
schemes, and dimensions m ~ 1/7 . For the sake of brevity, this will not be discussed in this paper.

APPENDIX A. PROOFS
A. 1. Proof of Lemma 3.1
First, we propose an upper bound on tg ,. Notice that under Hy, || RY ||%; = ||c R¢||%. Then we get
P, (||RY |3 — Sk > 2v224SrVR + 20%24)
= P, ([loRE|H — Sk > 2v/220 SRR + 203%0)
= Py, (|0 RE|[F — ElloRE|E > 2v220 SRR + 20524

21, V2
<o~ 255H) <o
R

where we have used Lemma B.1 (Appendix B) with = /2z,vg, in order to get the last inequality.
Hence,

P, (||RY |3 — S% > 2v224SrvR + 20370) < a,

which leads to the desired result.

Now, we turn our attention to the second term. We showed the relation of the problem to a specific
sequence space model in (3.5). For this model we can apply Lemma B.2, which gives

P(|RY |} —E|RY |} < —2/Z25) <6,
which completes the proof. O
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A.2. Proof of Lemima 4.2

For the first assertion we bound, given an a > 0 and using the singular numbers s; of the operator 7',
the trace as follows. We abbreviate, for s; > éa the value 8 := s;/¢. Then for any 0 < ¢ < 1 we find that

[e.e]

tr [ng(T*T)T*T] = ZTQE(S?)S? > Z ng(si)s?

N2
> Z Tg%j(éﬁj)éﬁjz(’y) Z c— oo asT — 0.

B <T<B; cs?<er<s?

Finally, by Lemma 4.1 we find that

v2 9 1
o7 = Y ;
S2 7 tr [g2(T*T)T*T)

and the second assertion is a consequence of the first one. O

APPENDIX B. INEQUALITIES FOR GAUSSIAN ELEMENTS IN HILBERT SPACE

Lemma B.1. Let X be a Gaussian random variable taking values in H. Then, for all x > 0,

PIXI3 —BIXIY = 0 + 20 B IXIE ) < e (- 25).

where

v = sup E[(X,w)%
llwllr<1

Proof. Using the Cauchy—Schwarz inequality, we first observe that

2
E XN +2)” <E|X|F +2 + 22/El|I X3,

Hence, we get

P(IX13 — EIXI > 2* + 20\/E X% )
2

< P(IXI} > ElIX ] +2)?) = P(1X |l > E[|X ) +2) < exp (- 35 ).

202
where for the last inequality we have used [19, Lemma 3.1]. O
Lemma B.2. et RY be as in(2.2) with expansion (3.5). Then
Pr(|RY |7 — Ef|RY |} < —2¢/Eap ) < 6,
where Z is from (3.6).
Proof. The proof is a direct extension of the one proposed in [18] for a spectral cut-off approach. O
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