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cedure presents a very interesting numerical behavior. However, the regularization in the
singular value decomposition setting requires the knowledge of the eigenvalues of A. Here,
we deal with noisy eigenvalues: only observations on this sequence are available. We study
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. Introduction

Let H and K two separable Hilbert spaces and A a linear operator acting from H to K. Our aim is to recover a function f € H

from noisy measurement:

Y = Af + & (1.1)

for some noise & and 0<¢<1. The operator A is supposed to be compact. The problem is ill-posed: the solution of (1.1) does
not continuously depend on the data. Only approximations, obtained via regularization methods are available. Here and in the
sequel, statistical inverse problems are considered: ¢ is supposed to be a Gaussian white noise (see Hida (1980) for more details).
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The regularization of ill-posed inverse problems has been studied in both numerical and statistical areas. For a survey, we
refer for instance to Engl et al. (1996) or Korostelev and Tsybakov (1993). We may also mention Johnstone and Silverman (1990)
concerning tomography, Fan (1991) and Johnstone et al. (2004) for deconvolution problems or Golubev (2004) concerning the
Dirichlet problem for the Laplace equation.

Aregularization method is characterized by a regularization operator and a parameter choice rule. This rule may be associated
to some a priori information on the solution as regularity, ¢?-norm, existence of jump, and so on. However, data-driven choice
rules are preferable since these informations are in most cases unknown.

The well-known unbiased risk estimation (URE) procedure has been widely studied (see Section 2 for some references on
the subject). Sharp results have been obtained concerning the performances of this algorithm. However, the stochastic processes
involved in this method are not always well controlled. This phenomenon leads to a very unstable procedure, in particular when
dealing with ill-posed inverse problems.

In this context, Cavalier and Golubev (2006) proposes a new data-driven parameter choice rule for projection (also called
spectral cut-off) estimators: the risk hull minimization (RHM) method. The principle is to construct a criteria taking into account
the variability of the problem. The risk hull method presents a very interesting theoretical and numerical behavior. It can also be
easily implemented using Monte-Carlo approximations.

Any regularization method requires some informations on the operator A. Cavalier and Golubev (2006) assumed a complete
knowledge of the spectral decomposition of A. However, in many problems and areas, the operator may only be numerically
approximated or independently observed. In this case, these approximations could be used instead of the “true” operator.
Nevertheless, it is not clear that such an approach may lead to a similar efficiency. In the last decade, many authors were interested
in this question. We mention for instance Efromovich and Koltchinskii (2001), Cavalier and Hengartner (2005), Hoffmann and
Reif (2008) or Cavalier and Raimondo (2005). The underneath aim is to provide an accurate understanding of linear inverse
problems. The following question naturally arises: ‘does the RHM method is still efficient with noise in the operator?’ In this
paper, we give a positive answer. Moreover, we present some usual properties related to regularization with noise in the operator.

This paper is organized as follows. In Section 2, we recall the main properties of the RHM method and we propose an
estimator using noisy measurements of the operator. Section 3 contains the main theorem, some numerical simulations and a
brief discussion on the results. Proofs and technical lemmata are gathered in Sections 4 and 5.

2. The risk hull method
2.1. Statement of the problem

The function f has to be recovered from the noisy observation (1.1). The singular value decomposition (SVD) is a classical
tool. Let A* be the adjoint of A. The operator A*A is compact and self-adjoint with strictly positive eigenvalues (bﬁ)k} 1. The set of

eigenfunctions (¢ ), 1 is assumed to be orthonormal. For all k € N, set i, = b,;lAqSk. Model (1.1) can then be expressed in the
sequence space form:
Y ) =y =bi Ok + €&, keN, (2.1)

where 0, = (f, ¢;) for all k € N. The & are i.i.d. standard Gaussian random variables, since the set () > 1 is also orthonormal.
In the L2 sense, recovering the function fis equivalent to recover the sequence 0 = (O k=1

Since the operator A is compact, the sequence of eigenvalues (bﬁ)k% converges to 0 as k — +oo. The problem is ill-posed:
the solution does not continuously depend on the data Y. For large values of k, the term b0, is attenuated compared to the noise
&€ This is the main difficulty of regularization. In this context, the projection estimation is a very simple and natural method.
Let N € N be fixed. The associated projection estimator (also called spectral cut-off) is defined by

N
o = > b ity
P

It is equivalent to
AN _ by if k<N,
O = {0 else,

where 92’ =0, ¢y)- The choice of the bandwidth N is a trade-off between a good accuracy and a control of the noise in the data.
It is related to the quadratic risk:

N
RON)=EgI0 — 012 =307 + 2 Y b2 (2.2)
k>N k=1

Our purpose is to construct a data-driven bandwidth N*, not depending on some a priori informations on f. We compare the risk
of the associated estimator 0* to

R(0, No) = inf Egll6" — 012
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The bandwidth Ny is called the oracle. We want to construct the best possible adaptive bandwidth N* in the sense that R(6, N*)
should be as close as possible to R(0, Np). In the particular case where R(0, N*) converges to the oracle risk as ¢ — 0, the bandwidth
N* asymptotically corresponds to the best possible choice.

2.2. Data-driven choices for the bandwidth

Several data-driven procedures have been proposed for solving this problem. Some of them are based on the well-known URE
method. The principle is as follows: given a sequence 6, we would like to select the best possible bandwidth, i.e. the oracle No.
Such a choice can only be approximated since R(, N) depends on 6. Hence, define

N
N= inU(N, ith U(N, b2y +262Y b2 23
argminU(N.y)  wi y)= Z i+ 2e k; p (23)

The quantity U(N, y) is a natural estimator for the quadratic risk. This method was studied in Cavalier et al. (2002), and sharp oracle
inequalities have been obtained. However, the numerical simulations are not always satisfying. Indeed, b,;l Vi ~ N (O, szblzz) for
all k e N. Since we deal with ill-posed inverse problems, the variance of the unbiased risk estimator is very large. This explains in
part the difficulties of the URE method. The bandwidth selection (2.3) allows large choices for the parameter N when the oracle
Ny is typically small. We refer to Cavalier and Golubev (2006) for a complete discussion and some numerical simulations.

In this context, Cavalier and Golubev (2006) introduced a new data-driven bandwidth choice rule called the RHM method.
The principle is rather intuitive. Instead of the quadratic risk R(0, N), consider the loss:

10,N)= 16N - 0)2 = Z 07 + &2 Zbk . (2.4)

k=N+1

Due to the ill-posedness of the problem, the variance of the last term in the right-hand side of (2.4) is very large. The URE
procedure is based on the average behavior of (6, N): the variability of the problem is neglected. This explains also the instability
of the URE method.

Since the sequence (& )yeny is unknown, construct a hull for the loss, i.e. a deterministic quantity V(60, N) fulfilling, for all 6:

Eg sup[I(6,N) — V(0,N)]<O0.
NeN

Then estimate and minimize V(0, N) instead of R(6, N). This approach has been studied both from theoretical and numerical point
of view. This procedure clearly improves the URE performances.

2.3. Inverse problem with noisy operator

The eigenvalues of the operator A are explicitly involved in the construction of the hull of Cavalier and Golubev (2006). This
is the case for all the regularization methods constructed in the SVD framework. In many situations, A is not well known or only
up to a parameter. Consider for instance a convolution operator with kernel K. It may be interesting to invert the problem using
only numerical approximations or independent observations on K. This problematic is closely related to the framework of blind
deconvolution, which has given rise to a considerable amount of literature. We may mention for instance Bertero et al. (1998) or
Pruessner and O’Leary (2003).

In this paper, for all k € N, we deal with the data:

Vi = b0y + €&,
25
Xg =by + 0l (2.5)

where the {; are i.i.d. standard Gaussian random variables independent of () > 1 and ¢ >0 is a noise level.

The regularization of inverse problems with a noisy operator has already been considered. In the model selection context,
Cavalier and Hengartner (2005) obtained a sharp oracle inequality with an estimator based on the URE method. In a different
setting, we mention also the work of Efromovich and Koltchinskii (2001), Cavalier and Raimondo (2005) or Marteau (2006).

The joint asymptotic of ¢, ¢ is very important. Here and in the sequel, we assume that ¢ = O(¢) as ¢ — 0. Hoffmann and Reif3
(2008) also considered the case g > ¢. They proved that the rate of convergence in such a situation only depends on ¢. This could
be certainly generalized in our framework, but with longer proofs.

Using directly (x),> 1 instead of (by) >4 is a natural but naive idea. Due to the ill-posedness of the problem, the sequence
(b )k >1 converges to 0 as k — +oo. For large values of k, there is mainly noise in x: this is a problem when estimating bﬂ. Hence,
define the following stopping rule:

M= m1n{k<Tg |xk|<alog ]}71, (2.6)
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where Ty ensures that M is not too large. For example, choose To = ¢~2. The quantity M is stochastic but can be controlled. Cavalier
and Hengartner (2005) proved that

Mo <M <M;,

with a large probability, where
. 21
Mo =min |k : |by| < olog 0 (2.7)
and
. 1
M; = min {k: IkaalogE}. (2.8)

From Lemma 5 in Section 4, x,, is close to b, with a large probability for k < M. For k> M, there is too much noise in x; in order to
provide a good quality of estimation. Hence, we will only estimate the first M coefficients of the sequence (6} ),cn- This can be a
problem in some particular cases: see Section 3 for a complete discussion.

We are now ready to construct an estimator of 6. For all N € N, define

N
Uo(N)=inf(t>0: Enylyy, >0 <e?) withqy =& b A& —1).
k=1
Theorem 2 of Cavalier and Golubev (2006) provides that the quantity
+00 ) N 5 C*liz
V,(0,N) :’ %:1 O + & ,X;b,: + (1 +@)Uo(N) + ==~ (2.9)
K=N+ K=

is a risk hull for all >0, i.e.

Ey sup[I(0,N) — Vo(0,N)] <0,
N

where I(0,N) is defined in (2.4) and C* denotes a positive constant independent of ¢. Cavalier and Golubev (2006) proposes to
minimize the following estimator of V,(60, N):

N N
Valy,N) == b *ve + 262 b + (1 + a)Ug(N). (2.10)
k=1 k=1

Since the sequence (b )y~ ¢ is unknown here, consider instead

N N
Va3, N) ==Y x.2ye + 262 x 2 + (1 + 2)Up(N, x), (2.11)
k=1 k=1
where

N
Uo(N,x) = inf(t>0 : Exiiy 115, >0 <&}, iy =2 Y % 2(& — 1),
k=1
and [Ex denotes the conditional expectation on the sequence (xi)y > 1. We prove in Section 3 that the estimator:
N
0" =>"x"yidr (2.12)
k=1

associated to the bandwidth

N* =arg 1\11n<"1\1/1 Va(x,y,N) (2.13)

is a relevant choice from theoretical and numerical point of view.
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The risk hull constructed in Cavalier and Golubev (2006) is in fact a penalized URE method. The penalty is chosen in order to
contain the stochastic terms in (2.3) and (2.4). This penalty is directly computable via Monte-Carlo approximations.

In the inverse problems framework, different penalizations have been proposed by, for instance, Golubev (2004), Loubes et al.
(2005) or Loubes and Ludena (2007). In the direct case (i.e. when A denotes the identity operator), we may also mention Barron
et al. (1999) or Birgé and Massart (2001).

3. Theoretical results and simulations
3.1. Main result

Let v a given real sequence and r € R. Here and in the sequel, we write v ~ (k");~ ¢ if we can find dop and d; positive constants
fulfilling: dok™ <vj, <d;k" for all k e N.

From now, we assume a polynomial decay for the eigenvalues of the operator: (by ), > 1 ~ (k=P > 1 for some f3 > 0. The problem
is said to be mildly ill-posed.

For all N € N, define

+oo N
Ru(O.N)= > 0f +&2 > bi% + (1 + 2)Ug(N). (3.1)
k=N+1 k=1

The two associated oracle bandwidths are

No = argilglle(H, N) and No= argNiggw Ry(6,N). (3.2)
The proof of the following theorem is given in Section 5.

Theorem 1. Let 0" the estimator defined in (2.12) and (2.13). Assume that (by)gen ~ (k™P)ren for some 5> 0. There exist positive
constants y,, Co, C1 and t such that vy € (0,yy] and o> 1:

* 2 . &2 a2 2 21 C]Sz
[EOHG —0” g(]+(pa(”/))lII\1]fR“(0,N)+C1W<1+8—2||0| ) +W+F(0)+Q, (33)

where Q = CoM; (1 + [|0]12) exp(—log'** 1/6), ¢,(y) vanishes as y,a — 0 and

MovNy MoVvNg B
r0)=Y 0+ Y b%+(1+u)[Us(No v M) — Up(Mo)l- (34)
k=My k=M

By convention Y9 = 0 and a v b = max(a, b) for all a,b>0.

Our results always hold with the polynomial hypotheses of Cavalier and Golubev (2006). However, for the sake of convenience,
we prefer to use simpler assumptions concerning the sequence (by )gen -

The risk of our estimator is close to the best possible one (the oracle). This result differs from Theorem 1 of Cavalier and
Golubev (2006) by some residual terms depending of ¢ and on the norm of f. For large values of ||0], the quality of estimation
will then be rather bad. This fact is not a specificity of the risk hull method. Such a residual term appears in all the situations
where noisy measurements of the operator are involved. We refer for instance to the proofs of Cavalier and Hengartner (2005),
Efromovich and Koltchinskii (2001), Hoffmann and Reif$ (2008) or Marteau (2006). This phenomenon is in fact rather simple.
When ¢ = 0, we use the data

by 'y =0k + b &, (3.5)
in order to estimate each coefficient 0. With noise in the operator, we use instead:
X W= X by O + 8x) = aOy + exy & = Op + ex ' &g+ (@ — 1)

where q;, = x,;lbk. With a large probability, Lemma 5 provides that (a, — 1) is close to obﬂ{k and xy, is of order by for k<M.
Therefore, from a heuristic point of view:

XYk =0+ &b ' &+ ab 'Oy, VRS M. (3.6)

The variance of x;lyk is then of order szb,j2 + o—zeib,;? It increases with the norm of 6. Noise in the operator leads to a new
perturbation in the data with variance depending on ||0].. The associated error term is not always negligible. This will be illustrated
via numerical simulations.
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The terms Q and I'(0) are usually associated to the regularization with a noisy operator. The term I'(0) corresponds to the
residual of R, (0, No) truncated at order M where Ny is the oracle defined in (3.2). It vanishes if Mg > No. The behavior of this term has
been studied in Cavalier and Hengartner (2005). Under some reasonable constraints, it is negligible from a minimax point of view.

The quantity € is exponentially decreasing as ¢ — 0. We can expect that this term will not have a great influence on the
performances of 0*.

3.2. Numerical simulations

This section illustrates inequality (3.3) via some numerical simulations. In this paper, we are interested in both the RHM
stability and the regularization with a noisy operator. We focus on the restrictions resulting from the presence of noise in the
operator. In particular, we are interested in the link between the performances of 0* and the respective values of |||, ¢ and e.
These restrictions are certainly the same, whatever the parameter choice rule. Our aim is not to provide a comparison between
the RHM method and some alternative adaptive procedures, but rather to shed light on the consequences of (3.6).

In the sequel, we consider the family of functions:

a

a
T (37)

where a is called amplitude, W bandwidth and m smoothness. Clearly, it is impossible to provide a complete numerical study
and we have to restrict ourselves to some particular families of function. Set (3.7) can easily be handled. The parameters a and m
have a direct influence on the quantities of interest.

From now, fix W =m = 6. The results for different values are essentially the same and will not be reproduced here. The quality
of an estimator 60 is measured by its oracle efficiency:

_ infEg10" — 012 _ Eg10™ — 012

(0,0 _ _ .
T Egll0 — 012

(3.8)

Let 0 the estimator of Cavalier and Golubev (2006) and N the associated bandwidth. We are interested in the comparison between
r:(0,0%) and r(0, 0). We also compare the mean bandwidth E4[N*] and [E4[N] to the oracle Ny. These quantities are computed via
the Monte-Carlo method with 10000 replications.

The relation between the oracle efficiency of 8* and (¢2/¢2)||0)2 is also rather interesting. This term is associated to the noise
in the operator. In (2.12), we use xlzl instead of blf in order to estimate each coefficient 0. The associated residual error is in fact
linked to

dy(x,0) = Egll0* — 02 — Eg10" — 012, (3.9)

where

N
0 = Zblzl.)’kd)k'

k=1
and N* is defined in (2.13). This residual error will be compared to the oracle risk.

Inverse estimation for 6 =0 and ¢ = €/10 Inverse estimationforc=0andoc=¢
1 T T T T T T T T T 1

—o0=0 | 0.9 —o0=0

---0=¢/10 08 | ---0=¢/10
0.7 t
0.6 |
05 |
04 |
03}
02}
0.1}

0

0.9

Efficiency
Efficiency

0.2

0 05 1 15 2 25 3 35 4 45 5 0 05 1 15 2 25 3 35 4 45 5
Amplitude Amplitude
Fig. 1. Efficiency of the RHM method for ff = 2.
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Bandwidth choice Bandwidth choice
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7 L i
_z= _—— 6 r — - a==
- 5 | mimmm T |
4t o
— oracle 3 — oracle ]

-=-0=0 -=-06=0
--- o=¢/10 2 --- 0=¢10 ]

" " " " " " " " " 1 " " " " " " " " "
0 05 1 15 2 25 3 35 4 45 0 05 1 15 2 25 3 35 4 45 5
Amplitude Amplitude
Fig. 2. Mean bandwidths.
Residual term for ¢ = €/10 Residual term forc = ¢
1.2 1.2
] oracle risk ] oracle risk

- - - - residual term

05 1 15 2 25 3 35 4
Amplitude

-0.2

- - - - residual term

15 2 25 3 35 4 45 5
Amplitude

Fig. 3. Behavior of the residual term.

From now, fix ¢ = 0.01 and consider two different levels of noise in the eigenvalues: ¢ = ¢/10 and ¢. Each case is studied with
B=2(b,=k2forall k e N).Results are presented in Figs. 1-3, on the Lh.s. for the case 6 =¢/10 and on the r.h.s. for the case g =e.

When the noise in the operator is significantly small (¢ = ¢/10), the numerical behavior of the RHM method is rather close to
the case o = 0 for a € [0; 5]. The bandwidth choice is unaffected. The term d.(x, §) has no influence on the quality of estimation.
It is clearly negligible compared to the oracle risk.

Results for the case o = ¢ are rather different. If a is too large (or equivalently || 0]), the quality of estimation is really affected
by the noise ¢. Two different explanations are available. First, replacing b,;l by x,ﬂ affects the risk when k is large. The quantity
d,(x, 0), associated to the residual term (a2/¢2)0]2 in (3.3), is not negligible for large values of a. It is of order of the optimal risk
(r.h.s. of Fig. 3).

The second problem is related to the stopping rule M. It is smaller than the oracle bandwidth Ny for large values of ||0|| (r.h.s.
of Fig. 2). Since N* <M, the number of estimated coefficients of 0 is not sufficient. The corresponding error is associated to I'(0)
in Theorem 1. This explain in part why we do not consider estimation for larger value of ¢ than 0.01. Never more than 4 or 5
coefficients are estimated. In this case, all the procedures will produce more or less similar results.
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3.3. Conclusion

The control of the norm of 0 is crucial when dealing with a noisy operator. This can be explained in part by (3.6). The noise in
the operator leads to a new perturbation in the observations. It would be interesting to develop methods taking into account this
particularity.

The term I'(0) is also rather important. It is related to the respective values of My and Ny. If Ny is too large compared to
My, we cannot estimate a sufficient number of coefficients 6. Fortunately, in most cases, No/My — 0 as ¢ ¢ — 0. In some
sense, recovering the eigenvalues (b ). is easier than the sequence 6. The regularization with noise in the operator is clearly
asymptotic (in an oracle point of view). This is rather different than for the case ¢ = 0. All these properties are not specific to the
RHM method but rather to the regularization with noise in the operator.

We conclude this paper with a short discussion on the parameter ¢. In Cavalier and Golubev (2006), it seems that the condition
o> 1 is too restrictive. Indeed, acceptable bounds of the risk are available for ¢ = 0 and 0 <« < 1. For ¢ >0, the setting is a little
bit different. In this case, the condition o> 1 enables us to control the difference between Up(N) and Up(N, x) (see Lemma 3 and
inequality (5.13)). The noisy penalty is large enough to contain the stochastic term in V,(x,y, N). The RHM procedure is stable.

4. Technical lemmas

From now, we consider Q = O(M; exp[—log!**1/6]) as ¢ — 0. Therefore, we often write Q + Q = Q. The resulting constant Cg
in Theorem 1 is the sum of all the constants appearing in the proof. For all N € N, introduce also the term:

AN)= sup &°b,?, (4.1)
k=1,....N

and the event:

M
#=(lolb LI <vw2 -1}, (4.2)
k=1

where 1/+/2 <v<1. On this event, a; = x,f by is close to 1 uniformly in k <M. Moreover, Lemma 5 provides that P(%°) decreases
exponentially fast as ¢ — 0. Hence, x;, can easily be controlled with a large probability for k < M.

Lemma 1. Let 6* defined in (2.12) and (2.13). There exists p, — 0 as o — 0 fulfilling:
2
Egll0* — 012 <(1 + p,)Egl(0, N*) + C2 10} Z—z EgA(N*) + Q,
where C>0, ¢; = log“/3 1/0 and I(0,N*) is defined in (2.4).

Proof. Forallk € N, seta, = x,;lbk. By simple algebra:

—+oo N* 400
Egll0" — 01> =Eq | > (0 — Uk)2:| =L |:Z(xk]J/k - 0k)2:| +E [ > Oi}

| k=1 k=1 k=N*+1

[N +00
=Eg | D (@b +ex " & — Ok)2:| +E [ > ()ﬁ}

| k=1 k=N*+1

=
=Ep | Y1001 — ap) + 2,25 + 2e(ay — 1)0,<xklék}} +E > 0.
| k=1 k>N*

Using (2.4),
N* N* N*
Egll0™ — 011 — Egl(0,N*) = Ey {Z 01 — ak)z} +Ey {Zazbkz(ai - 1)5%} +2¢Ey {Z(l - ak)ekxklék}
=A; +’:; + As. . . (4.3)
Begin with the study of A;:

(ob 1) _
k 15 <ca?b 2l 1. (4.4)

1-a)f1y=—*—"0
(1 +0'b,:1gk)
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Introduce ¢, = log‘V3 1/c6. Using (4.4), Lemma 5 and the inequality N* <M, we obtain

N* N* N*
Ar=E)) 0h(1-a) =E [Zei(l ak)zuf} +Ep {Z (1 ak)zl,%c}

k=1 k=1 k=1
2
[ [
<C|0|ZEE{ sup sz}CMlnle elog” 1/6<C\|0||2C087[E6[A(N*)]+Q (4.5)
i=1,..

for some 7 >0, slightly smaller than in Lemma 5. We have used the large deviation inequality:

P( sup c?w) SMyP(1C4 1> /Cg) + elog " /o g celog 1/, (4.6)
i=1,...,N*

By the same way, using (ii) of Lemma 5:

Ay = [Egzﬁzb z(ﬂk —] ék [Eg |:282bk ék < k+6 Ck) i|
k=1 k
22 -1/3 *
1og1/a[E9 |:Zs b2 +Q<c(1og / )[EG[I(HN )N+ Q. (4.7)

To finish the proof, apply the elementary inequality 2ab < Ba® + B-1b? to

N
Ep Y (1 — a)0x; ' &| <BAy + B~y [I(0,N*)] + Q.
k=1

A3=28

Using (4.3)-(4.7), we eventually obtain the lemma, when choosing for instance B=c,. [

Lemma 2. Assume (by)g>1 ~ (k*ﬁ)k% for some > 0. Let V,,(0,N*) and A(N*) the quantities defined in (2.9) and (4.1). For all B>0
and p>0,

EgA(N*) < BEyV,(0,N*) + Ce2B~2F

for some constant C >0 independent of ¢.

Proof. Let B>0 be fixed:
EgA(N*)=E, sup &b % =Ey sup szblzzl{
k=1,...,N* k=1,...,N*
+Ey sup b1
k=1,...N*

N
< By Y b2 + Ce?B~2F, <BEGV,(O,N*) + Ce2B~%. O
k=1

- 2 N* o2
B-1supy < y»£2b; <Yy 82by, }

- -2 N* op-2
{B supy <y« &2b* > 3002, 62Dy, }

Lemma 3. There exists 1>g, >0 such that,

E sup [Uo(k) — (1 + 85)Uo(k, x)] < Ce? + Q,
k<M

andgs - 0asa — 0.

Proof. Apply Lemma 1 of Cavalier and Golubev (2006) to Up(k,x), conditioning on the sequence (x)y> 1. There exists ko >0
depending only on the sequence (b ), such that for all M >k > ko,

Votkx)y , > 1g<Z )1/,», (438)

where X}, = 842’3‘:1x;4. Indeed, on the event # defined in (4.2), x, is of order b, for all k<<M. The polynomial hypotheses of
Cavalier and Golubev (2006) are satisfied by the sequence (x;); > 1. Lemma 1 of the related paper can directly be applied.
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Define also 2}, = a“ZEzlb;“ and Ky =n,//22. Let k> ko be fixed. We first show that on the event %, Ug(k) < 2Up(k, x). Remark
that

2

&
(K > 200k 250 < 55 2%}

Uo(k) <2Uo(k, x)1 5 < 15Exmd iy, > 20k <€ < 15ExKi 1

Using (4.2) and (4.8),

2uo(l<,x)1 2Uo(k, x) \/71/} 1/} (4.9)
22 \/E NP

Denotes by uq(k, x) the last term in the r.h.s. of (4.9). From the above equation, it suffices to show

2
€

14E:K 1 <—. 4.10

B XDk MK > uq (kx)) \/2—2’( ( )

Let t >0, possibly depending on the sequence (xy ) > 1. Integrating by parts:
+00
I%EEXKkl{Kk)t} = |:tPX(Kk>f)+ / Px(l(k>u)du] 19}, (411)
¢

where Py denotes the conditional probability on the sequence ()~ 1. Each Kj can be approximated by a standard Gaussian
random variable on small intervals. Indeed, for all m>0, conditioning on the sequence (xy);> 1, there exists a measure P}
verifying:

max |Pm(u) d(u)1y4 < O‘ztz 1
<u<t K 7 \‘/Zka ”

where ¢ is the density of a standard Gaussian random variable and
|Px(Kp, >u) — PM(u)|14 < Ll/»
xUNE k B km/2 B+
See Cavalier and Golubev (2006) for more details. Using (4.11), for all t; > t,

t 400
[EXKkl(Kk > t)l‘%l = [tPX(Kk >t)+ / PX(Kk >u)du + / PX(Kk >u) du:| 14
t

t +o0
< [th’”(t)—i—/t P,T(u)du-i—/ Py(Ky>u)du + ]C;n/z} 14
5}

+00 +00 Ctl
< | tp(t) + ¢(u)du+t1 max |PF(u) — ¢p(u)| + Py(Ky>u)du+ —~ |14 (4.12)
t t<ust ty km/2
Replacing t by uq(k, x), and integrating by parts,
ExKi1, > 14< [L et (kx)’/2 +/+OOP (Ke>u)du+t;  max — P(u)| + ¢t ]1
XDk MK > up (k) Y8 X m b XU ul(k,x)gugtl k m/2 3
=Ty + Ty + T3 + T4
Begin with the majoration of T;:
1 f4/2v4 &2
Ti=——e k21, <c®  _of £ _) ask— 4o 413
1= R ¢ A e No» e (413)

Indeed 1/+/2 <v< 1. For the study of T,, write

k
Ke=Y_d2(& - 1),

s=1

where d? = ¢2/,/2X for alls € {1,...,k}. A large deviation inequality provides

U2 U2
Py(Kp>u)< exp | — =exp < exp(—u/6)
x(Kg [ 4(25:1‘1? +umax kdsz):| 2 +4uak/,/22 )
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for all u> 1. Choose t; = (6u;(k,x)* A 1) to obtain

+o0
e [ et dul,<Cenpl-m(kx?l=o
6L11(I<,x)2 k

’ k — 400 4.14
as K —+00. .
Indeed, the behavior of the sequence (bk )keN ensures

log (%) <u1(k,x)1ﬁ<C\/@. (4.15)

With this choice of t; and (4.15), we can easily obtain a bound for the remainder terms T3 and Ty:

T3=t; max |PJ(u)— P(u)ly< M 2=0 (i) as k — +oo. (4.16)
S V2K, /23,
To finish, choosing large enough m,
2

Ta=o0 (\/2_2k> as k - +oo. (4.17)
Hence, we can find k; independent of ¢ and ¢ verifying

Uo(k, )14 > Uoz(k), vk > ki.
Now, let k <k;:

Up(k) < Ce2.
Indeed, k; is independent of ¢. Then remark

E sup [Up(k) — 2Ug(k, x)]1 4 < sup [Up(k)] x P(%°) + Q< Q. (4.18)

k<M k<M

Indeed, looking at the proof of Lemma 1 of Cavalier and Golubev (2006), we can find a convenient bound for Uy(k), k< Mj.
Approximating M; by ¢=2(28+1) it is then easy to see that (4.18) is satisfied.

Lemma 3 is verified for g, = 1. Nevertheless, the proof can easily be improved. Indeed, using Taylor expansion of Lemma
5, 24/2 — 1, as ¢ — 0. Using this property in (4.9) and following the same methods, one obtain the lemma by choosing an
appropriate g;.

Lemma 4. For all integer N, define

N N
g(N,y)=Ey [2(1 —ab)blys +e* ) (af - 1)bk2} + (1 + a)E{Ug(N, x) — Up(N)}. (4.19)
k=1 k=1

Let Ng and Ny defined in (3.2). There exists 5, — 0 as ¢ — 0 and C >0 such that, for all y>0:

Egg(No,¥) < (6 + 7)Eg[Rx(6, No)] + yRa(0, No) +

o 46+1
= (5”0“) 1C2 4+ Q.

Proof. Let N measurable w.r.t. a sequence (9 ),y Of i.i.d. standard Gaussian random variables. For all N € N and 7 >0, inequality
(4.31) of Cavalier and Golubev (2006) provide that

N N N
Ce?
Eop Y eb. 0,9, <7 (Z 07 + & 3 bkz) +7Ey (Z 07 + ¢ 3 bkz) + T (4.20)
k=1

k=1 k>N k>N k=1

Using Lemma 5 and (4.20):

No Ng No No
_ 4 _ 151 _ g _
Eo | > (1-apb i | <Eg | ) 5, Ckbi yp | <C (log 3 3) Eg| > eb® | +Eo [ D Eeigbk]Ck +Q
k=1 k=1 K k=1 k=1

Co?

< (P + DEIR(0.No)] +R(0. o) + 5,

(1+ %neu)‘*’m +Q
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with p, = log™! 1/. Then,
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NO N(] 2 NO
2 ) o 0% 2| 22 —13 (1 2,2
[Eg {Z(ak—l)bk :| <C[E9 {Zimékl—kb—zgk}s bk i|+Q,<log (E) [Eg |:Z£ bk :|+Q
k=1 k=1 k k=1

We eventually apply Lemma 3 to complete the proof. [J

The following lemma was introduced in Cavalier and Hengartner (2005).

Lemma 5. Forallk € N, set ay = x,;l by, and consider the Taylor expansions:

2
0% .2
—CkaJv

. g
(1) ak:‘1 - b_kaJ’_ bi

(ii) aﬁ:l 2 Ck+6 Ck"kz-

where vy and vy, are random variables. On the event 4, vy 1 and vy, are uniformly bounded. Moreover:
P(UC)<CMoe ™8 Vo and  P(#°)<CM; e7o8' " /o,

where ./ = {Mo <M <Mjy}. The constants t and C are positive and independent of o.

Proof. The proofis given in Cavalier and Hengartner (2005). [

5. Proof of Theorem 1

From Theorem 2 of Cavalier and Golubev (2006), the quantity

C*g?
Vu(0,N)= Z 9k+522b + (14 wWUp(N) + —1
k=N+1 k=1 H

is a risk hull for all x> 0. Hence,

Eg sup[I(0,N) — V,,(0,N)] <0.
N

In particular

Egl(0,N*) < EpV,(0,N*). (5.1)
Moreover, using (2.13)

Vau(x,y,N* )< Vy(x,y,N), YN<M. (5.2)

The proof of Theorem 1 consists in writing V,(x,y, N*) in terms of V,,(0, N*) and then using (5.1), (5.2) and Lemma 1.
Let N* defined in (2.13), > 1 and u>0.

N* 2
C*
Va(X,y,N*) = Vu(0,N*) = —Zx;zyk-i-ZPZZX*Z (1 + %)Up(N* X 29,{_{2219 2_ (14 WUp(N*) — — 1
k>N*
M C*g?
= _le?zyiJFSZZXk Zﬁk—ssz (1-a) - —-
k=1 k=1 k>N*
+[(1 + a)Uo(N*, x) = (1 + p)Uo(N*)], (53)
where q; = b;/x, for all k ¢ N. Remark that
N , N* R N N .
=Y x i+ e Zxk Sl= -2 x2(G—1) -2 O 2byed =y a0 — Y O
k=1 k>N* k=1 k=1 k=1 k>N*
N* X N* N* X
= -2 X2 - 1) =2 ) O bl — 1017 =Y (af — 1)0;. (5.4)

k=1 k=1
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Now, we use inequality (ii) of Lemma 5 in order to bound the sums containing the terms a;, in (5.3) and (5.4). These sums represent
the error made when using X*Z instead of by, 2_ A string of inequalities similar to the proof of Lemma 1 reveals that

N* 2 N*
[
Ep> (az - 1)07 < Cey10) = EgA(N*) — 2E, [Z b, Oﬁck} +Q, (5.5)
k=1 k=1
where ¢; = log4/ 3 1/o. Moreover,
N
&Ey Y b *(1 - ap) <roEgVy(0,N*) + Q, (5.6)

where x; — 0 as ¢ — 0.Indeed, Lemma 5 and (4.6) provide that a; — 1 uniformly in k <M on the event %4. Then use (5.3)-(5.6)
to obtain

C*o M
(1 = 15)EgVu(0,N*) < 11011 + r +Cca 2 " o2 EgA(N*) + Ey |:Vx(x y.N%) +sZZx,:2( -1 +2e) Ohax '

k=1 k=1
N
—{(1 + a)Uo(N*,x) — (1 + WUo(N*)} — 20 Y b;lgkei} +Q. (5.7)
k=1

Remark that

N* N*
~20Fp Y b ' (b =20E, > b 07,
k=1 k=1

where Zk ~ A7(0,1). Let Ng defined in (3.2). Using (4.20), for all y; >0,

N 4841
_Z[EQZO'b,:1Ck9£<V1( Z 6k+282b ) 4ﬁ+1( +%H9|I> i +y1[E9( Z Hk-l-SZZbk )

k=1 k=Ng+1 k=1 k=N*+1

_ +1
< 71 EgViu(0.N*) + 71 Ro (0, No) + 1+ f\|0||) . (5.8)

C
/4[3+1 (

Now using (5.2), Vy(x, ¥, N*) < Vy(x,y,N) for all N.< M. In particular, this inequality is true for N = Ny where
No = argnggw Ry(0,N), (5.9)

and R,(0,N) is defined in (3.1) for all N e N. The bandwidth Ny is stochastic. It depends on the sequence (X )k > 1- Nevertheless,
since (X )ren and (Vg )keny are independent,

No
EgVa(x,y,No) = — Ey |:Zxk } +26%E, |:Zx } 1 + a)EgUo(No, x)

= { Z()k + Zb +(1+a Uo(No)} + Eglg(No,y)]

=1

= —101% + [EOROL(H»NO) + Egg(No,y), (5.10)
where, forall N € N,
N
gN.y) =y [Z (1-at)b?vE + & Z (a2 -1)b; } +(1+a) Eg {Uo(N.x) - Ug(N)}.. (5.11)
k=1

Using inequalities (5.7)-(5.11), we obtain, for all N < M:

N* N*
(1= 91 = K6)EgVu(0,N*) < Eg[Ro(0, No)] + €2y {Zxkz (5% - 1)} +2Ey {Z Okaksxklék:|

k=1 k=1

Co? 4p
i (1 2100 B {1+ U600 — (1 + )Ug(N)

yzll/i-ﬂ
62 2 * N N C*O'%
+ Co 5 1017 Eg [AN)] + Eg [(No.»)] + 71Rul0.No) + — 1 + Q.
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Then apply Lemmas 2, 4 and (4.20). For all y, >y; >0 and 0<B<1,

Co2 g 4p41 N
(1 =71 = B—Ko)EgVu(0,N*)< (‘+%7+5)%Rﬁ9Mﬂ+VMH( + 2161 +%%1*hﬂ%;;ﬂ2@£*ﬁ
k=

C*a2

2p+1
— Egl(1 + a)Uo(N*,x) = (1 + )Ug(N*)} + 7, Egl(6,N*) + ¢°B~ M( ||9||2> +271Ry(0,No) + + Q. (5.12)

Now consider the term

-
T=e(1-7,)E > x.2(& — 1) — Eg {(1 + 2)Uo(N*,X) — (1 + i)Up(N*)} .
k=1

This represents the main difficulty of the proof. Indeed, inequality (4.24) of Cavalier and Golubev (2006) establishes that for all
v>0,

Co?
Ey Sl;p{nk —(1+)Uo(k)} < Tl

This result can be generalized to the quantity T, conditioning on the sequence (x;) > 1. Lemma 3 provides that there exists g,
verifying

Ey sup [Up(N) — (1 + g5)Up(N,x)] < C&? + Q
N<M

for some C > 0. Conditioning on the sequence (X ), > 1, we obtain the following bound:

(1-17,)*Ca?

+Ce% + Q. 5.13
(= @118 -8 +72-1); (>13)

T<(1-7,)E [fy,w - %ﬁ;‘”‘g" (N*,x)] +C2 + Q<

If the term g, is negative, we can easily find p and y, able to control the residual term in (5.13). The choice is the same as in
Cavalier and Golubev (2006). Now, if g, is positive and cannot be controlled, any acceptable bound for (5.13) is available. The
noisy penalty Up(N*, x) is too small to contain the stochastic term in V,(x,y, N*). Fortunately, Lemma 3 ensures that g; < 1. Choose

1>9;>g,. (5.14)
Since o« — 1>0, set

_oa—1
T 2(1+g6)

With this choice of parameters, there exists C independent of ¢ such that T < Ce?/(a— 1), Now, setting B=7;, use (5.1) and (5.13)
to obtain

Co 2 2 2p+1 &2
(1 =75 =291 — k6)Egl(0, N*) <(1 + 275 + 66)EgRy (0, N0)+2V1R1(6 NO)+ 4/;+1 < ||6|2) + m +Q,
71

since o is greater then 1. Whatever the value of y,, the parameter y; can be chosen sufficiently small in order to provide that
1-7y, -2y, —Ks>0,
since for a fixed C>0, k; can be construced so that ks <C. Then remark that

EgRx(0,No) =y NiggwR“(e, N< irl\llfRa(H,N) +I'(0)+ Q.
We eventually apply Lemmas 1 and 2 with B =y, to obtain

(1406 +2y,) . Ce? Ca?

_U+90+2%) pooRg)+ —5
T A S VR

2p+1
Egll0* — 012 <(1+p,) (1+|0|) +1(0)+Q

for some 1>7>0, where p, is defined in Lemma 1. In order to conclude the proof, set for example 7, = /g5 in (5.14). U
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