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RISK HULL METHOD FOR SPECTRAL REGULARIZATION IN LINEAR
STATISTICAL INVERSE PROBLEMS

CLEMENT MARTEAU!

Abstract. We consider in this paper the statistical linear inverse problem Y = Af + e where A
denotes a compact operator, € a noise level and £ a stochastic noise. The unknown function f has to
be recovered from the indirect measurement Y. We are interested in the following approach: given
a family of estimators, we want to select the best possible one. In this context, the unbiased risk
estimation (URE) method is rather popular. Nevertheless, it is also very unstable. Recently, Cavalier
and Golubev (2006) introduced the risk hull minimization (RHM) method. It significantly improves
the performances of the standard URE procedure. However, it only concerns projection rules. Using
recent developments on ordered processes, we prove in this paper that it can be extended to a large
class of linear estimators.
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1. INTRODUCTION

This paper is devoted to statistical linear inverse problems. We want to recover an unknown function
f from noisy and indirect measurements. Formally, consider H and K two Hilbert spaces and A : H — K a
compact operator. We observe:

Y = Af + ¢, (1.1)

where f belongs to H and €£ denotes some noise. This representation arises in many mathematical and physical
domains. In the numerical literature, the noise € is deterministic. For such a model, many recovering methods
have been proposed. For a survey, we mention for instance [13,14,17] or [26]. In the statistical literature,
one deals instead with stochastic perturbations. The Gaussian white noise model is the most used. The
representation (1.1) is equivalent to:

(Y, 9) = (Af,9) + €&, 9), Vg € K, (1.2)

where (£, g) ~ N(0,|lg]|?) and € > 0. Given g1,92 € K, E{¢,g1)(£,92) = (91,92). We refer to [18] for more
details concerning the Gaussian white noise. We assume throughout this paper that the noise level € is known.

The singular value decomposition (SVD) setting provides a better understanding of the model (1.1). The
operator A*A is compact and selfadjoint. We denote by (b7 )ren the associated sequence of eigenvalues. The
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set of eigenfunctions (¢ )ken is assumed to be orthonormal. Then define 1), = b;lAqbk, Vk € N. For all integer
k, the following equality holds:
Agy = by,
1.3
{ A%ty = br gy (13)

The triple (bg, ¢k, Yk )ren is called the singular system for the operator A*A. The associated representation
matrix is diagonal. For all & € N, set g = ¢, in (1.2) and use (1.3) in order to obtain the sequence space model:

Yk = bl + €&, VE €N, (1.4)

where 6, = (f, ¢x). The & are i.i.d. standard Gaussian random variables since the set (¢ )ren is also orthonor-
mal. In the L? sense, the function f and 6 = () )ren represent the same mathematical object. The sequence
0 has to be recovered from the noisy observations (yx)gen. Since A*A is compact, by, — 0 as k — +o0o. When
k is large, the estimation of 6y is quite difficult: there is mainly noise in the observation yi;. Remark that the
SVD can explicitly computed for a large class of inverse problems, e.g. tomography (see [19]), deconvolution
(see [20]) or Biophotonic imaging (see [5]).

In some sense, the best approximate solution f minimizes the distance between the observation and the
image of the operator A. It corresponds to the least square solution and verifies f = (A*A)"1A*Y. Since A*A
is compact, it is not continuously invertible. The solution f will not be convenient: it does not necessarily
converge to f as € — 0. In order to solve (1.1), one may use instead:

fi = ®,(A*A)A*Y,

where ®; approximates the function z — 2~ on the spectrum of A*A. This is a regularization method. The
parameter t is a regularization parameter. The performances of ft are related to the choice of ¢ which is crucial
for both numerical and statistical approaches. Some examples are presented in Sections 2.1 and 3.2.

In the SVD setting, a regularization method ®; corresponds to a filter A(t) = (Ax(f))ken. It is a real sequence
with values in [0, 1]. The associated estimator is:

The quality of ft is measured wia its quadratic risk:

+oo +oo
R(0,A(t)) =Bl fi — fII” =) (1= \e(1)*67 + € D Ai ()b, > (1.5)
k=1 k=1

The behavior of R(0, A\(t)) depends on both the function f and the regularization approach, i.e. the filter A and
the parameter ¢. For more details and some examples, we mention [11,15,19] or [12].

In this context, the unbiased risk estimation (URE) method is rather popular for choosing ¢ since it does not
require a priori informations on the solution f. It has been studied for instance in [10]. However, this method
is rather unstable due to the ill-posedness of the problem. The risk hull minimization (RHM) method initiated
in [8] proposes to take into account the variability of the problem through the constrution of a risk hull. The
definition is detailed below.
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Definition 1.1. Let A a family of filters. A deterministic term V' (6, \) such that:
Eosup [I1fi = /12 = V(6. 0)] <0,
AEA

is called a risk hull for A.

The principle of the RHM scheme is to minimize the hull, through an appropriate estimator, instead of
the quadratic risk. Specific phenomena are related to the Gaussian white noise model. They require particular
approaches that may not be useful in numerical areas. The RHM method is a good example of such a procedure.
It provides answers to specific problems of the statistical model (1.2) and improves the standard URE approach.
The risk hull method has been developed for projection estimators. As proved in this paper, it can be extended
to a large class of linear estimators. This class contains for instance Tikhonov estimators or Landweber iterative
methods.

This paper is organized as follows. In Section 2, we present the RHM method and recall the main problems
related to the choice of the regularization parameter ¢ through some well-known properties of Tikhonov esti-
mators. A risk hull for a wide family of spectral regularization schemes is constructed in Section 3. Section 4
contains the main results and the proofs are gathered in Section 5. Finally, Section 6 is devoted to ordered
processes. A reader not familiar with this topic is advised to read this part before being interested in the proofs.

2. THE RISK HULL PRINCIPLE

Consider the following problem: given a function f and a set of estimators A, we want to select the best
possible one, i.e. that minimizes the quadratic risk. In most cases, the family A may be identified with a
regularization operator ®; indexed by ¢ and a collection of parameters T'. This collection may be finite or not.
We want to select the parameter ¢ in an adaptive way, i.e. without using some unknown information on the
function f.

2.1. The Tikhonov estimator

In order to shed some light on this framework, we recall briefly some properties of the Tikhonov estimators.
Obviously, these estimators are well-known. However, some steps may be useful in the sequel. For a survey
on this procedure, both in the numerical and statistical domains, we mention for instance [6,14,25] or [4] for
non-linear inverse problems.

The Tikhonov estimation is rather intuitive. One wants to control both the regularity of our estimator f and
the fitting of A f with the data Y. Therefore, resolve the following optimization problem:

;o : V2 =12
fr=argmin{|Af =Y+t flla}, (2.1)

where ¢ is a regularization parameter. For all f € H and a € R, ||f||o = [[(AA*)~*f]|. In some sense, (AA*)~°
is a differential operator. The parameter a is chosen a priori. It is related to the expected regularity of the
function f. In the literature, one often uses « instead of ¢t~!. However, the notation (2.1) is consistent with
Sections 3—6.

The solution of (2.1) is:

fir = ®(A* A)A*Y, with ®;(A*A) = (A*A+t"Y(LY)*LY) L, and L = (AA*)~2. (2.2)
In the SVD representation, the Tikhonov estimator becomes:

+oo
~ 1
_ -1 : _
ft = kil )\k(t)bk YO, with Ag (t) = . t_l(b;2)1+2a7 Vk € N. (2.3)
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The choice of t is crucial and has a real impact on the performances of ft It is a trade-off between the two
sums in the right hand side of (1.5). Assume for instance that the function f belongs to a ball H, 5 of radius Q:

+oo
feHy={geH:|(AA) "> <Q} &0 €6(5,Q) = {19 Y bR < Q} , (2.4)

for some p > 0. In what follows, we note b1 < b when there exists C' > 0 such that b; < Cbs. Using simple
algebra:
00 »
S (1= M(0)262 S ¢, (2.5)
k=1
provided p < 14 2a. For p larger than 1+ 2a, g, cannot be optimally bounded. The Tikhonov estimator does
not attain the minimax rate of convergence on Hg It is said to be underqualified. For the special case a = 0,
we obtain the well-known condition p < 1. The term 1+ 2a is called qualification of the Tikhonov regularization
(see [14] or [6] for more details).
Now consider the second sum. Assume that the sequence of eigenvalues possesses a polynomial behavior:
(br)ren ~ (k™) ren for some 3 > 0. The problem is said to be mildly ill-posed. Let n = n; € N which will be
chosen later:

2Z>\k b— 7€2Z>\k b— +€2 Z )\k b 2< 2 2ﬁ+1+€2t 2 78ﬁa 2ﬁ+1

k>ny

Using simple algebra, we obtain the following bound:
28+1
€237 Ni(1)?0;2 < 24701 | setting ny = 70 (2.6)

Consider the parameter to that make the trade-off between (2.5) and (2.6). The associated estimator attains
the minimax rate of convergence on Hg for 4 < 14 2a. The parameter ¢y can easily be constructed with the
a priori knowledge of p and Q.

2.2. The risk hull method

In a minimax sense, the optimal regularization parameter depends essentially on the regularity and on the
norm of f. Since these informations are in most cases unknown, the choice of ¢ is somewhat difficult.

Several data driven regularization methods have been proposed. The unbiased risk estimation procedure is
rather popular. The principle is intuitive: given f and a set of estimators A (or equivalently a collection T
of regularization parameters), we want to select the best possible one, i.e. that minimizes the quadratic risk
R(6,A(t)) (see (1.5)). Since this quantity depends on the unknown function f, this estimator is not available.
It is called the oracle. However, we can construct an estimator U(y, A(¢)) of R(6,A(t)) and then, minimize
U(y, \(t)) instead of R(6,A(t)). From (1.4) and (1.5), a natural estimator for R(6, A(t)) is:

+oo
Z{AQ — 2\ ()b Pyi — €5.7) + € Y A(1)b,
k=1

This method has been applied by [9] on the set of blockwise monotone estimator. In a model selection con-
text, [10] dealt with finite families of estimators. Sharp oracle inequalities have been obtained. However,
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numerical simulations are somewhat disappointing. This has been illustrated in [8] for the projection regu-
larization. The same phenomenon occurs for Tikhonov estimators. For ill-posed inverse problems, the URE
algorithm selects large regularization parameters when the oracle is typically small.

The instability of the URE procedure has already been discussed in the literature. In the last decades,
some authors were interested in the criterion U(y, A(t)) + pen(t) where pen(t) — +oo as t — +oo. A penalty
is introduced in the estimator of R(#, A(t)). This penalty is chosen in order to control the variability of the
problem. We expect that smaller parameters will be selected. Several penalizations have been proposed for
both direct and inverse problems. We mention for instance [1,3,16] or [22].

Other approaches leading to oracle inequalities in a more general context have been proposed. We do not
intend to present an exhaustive list. We mention for instance [11,20] for threshold estimation or [2,24] concerning
the Lepskij’s balancing principle.

The risk hull minimization method (also denoted RHM) initiated by [8] provides an interesting alternative.
Consider the simple example of projection filter (also called spectral cut-off): Agx(t) = 1ix<yy, for all k € N.

Denote by 0, the related estimator. The loss is:

t
10, A1) = [16: — 0] = > 07 + €Y b ¢
k=1

k>t

Due to the ill-posedness of the problem, the variance of [(6,t) is very large and explodes with ¢. However, this
variability is neglected in the URE procedure. Indeed, we deal with R(0, A(t)) = Egl(6, A(t)). In order to take
account of this variability, one may look after a risk hull, i.e. a deterministic quantity V(6, \(¢)) verifying:

Eqsup {1(6,A(1) = V(6 A1)} <0.

Then, we estimate and minimize V(0, A(t)) instead of R(0, A(t)). The challenge is to find an explicit hull. It
should not be too large in order to provide a good quality of estimation although a small hull will not be
sufficiently stable. The hull V(0, A(t)) of [8] can be explicitly constructed. It is easily computable using for
instance Monte-Carlo approximations. The related performances are significantly better than the standard
URE procedure, both from a theoretical and numerical point of view. Note that the risk hull method leads in
fact to a penalized URE criterion where the penalty is explicitly computable.

However, the projection estimation is rather rough. There exist several regularization methods with better
performances. We may mention for instance the Tikhonov estimators presented in this section. The general-
ization of the RHM algorithm to a wide family of linear estimators may produce interesting results but is not
obvious. It requires in particular the control of the process:

+oo
n(t) =S N (Ob2(E 1), t = 0.
k=1

When dealing with projection procedures, n(t), t > 0 can be controlled as a Wiener process. These objects have
been intensively studied and many results are available. In this paper, the assumptions concerning the sequence
(A (t))ken are rather weak. In such a situation, we will see that the process n(t), t > 0 is said to be ordered
and presents a different behavior compared to the well-known Wiener process. Some interesting properties have
been established in [21] and [7]. The generalization of the RHM algorithm requires advanced probabilistic tools,
gathered in Section 6.
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3. RISK HULL

3.1. Assumptions and construction

Here and in the sequel, assume that A is a family of monotones filters indexed by a positive parameter ¢, i.e.
A = (A\(t))ter, where T C R*. Each filter A(f) may be noted X or identified with the regularization parameter ¢.
The meaning will be clear following the context. The associated linear estimator is denoted by 6. For all k € N ,
the function ¢t — A(t) is assumed to be monotone non-decreasing. We require some additional assumptions on
the family A.

Polynomial hypotheses. There exist Cy,Cs,Cs,Cy positive constants and d > 0 independent of t and €

such that:

maxy, €202 (¢)b;, 2

a?(t)

252 A3 (1), Cos?
exp [— Zlog ( W)] (1 + ) , Vs € R, (3.2)

+oo
t)fl/2€21 Z )\12)1 (t)b;2l
p=1

In some sense, the inequalities (3.1)—(3.3) generalize the polynomial hypotheses of [8]. Some examples of
regularization method satisfying (3.1)—(3.3) are presented in Section 3.2.
For all A € A, i.e. for all t € T', introduce:

< C1t™ Y2, where o*( _642)\4 )bt (3.1)

and for oll 1 € N,

(CStd)fl/2+1 < 0_2 < (C4td)7l/2+1. (33)

Up(t) = inf{u > 0: En(t)1ymsuy < €2}, with n(t) = ¢ ZAk HEE ). (3.4)

The term o02(t) denotes the variance of the process 7(t), t > 0 up to some constant. This process is ordered:
see Section 6 for more details. In particular, the function o2 is monotone non-decreasing. The following lemma
provides a lower bound for Uy (). This quantity will be useful in the following.

Lemma 3.1. Assume that (3.1)-(3.3) hold. There exists Ty > 0 independent of € such that for all t > Ty,

Uo(A\(t)) = Up(t) > \/ 202(t) log (021’2 )

where o2 (t) is defined in (5.1).

A proof of this lemma is available in Section 5. We are now able to propose a risk hull. First introduce:

AMto) = A0 = arg ;relf\ R(6,\), (3.5)

where R(6,)) is the quadratic risk defined in (1.5). Hence, A° corresponds to the oracle filter for the family A.
For all z € RT, define also:

w(z) = ngp sgp M ()b 1{Z+x N2 ()b < supy A2 (1) 2} (3.6)

and,

maxzer Supy, bf)\%(t).

Ly =log® S, with S = (3.7)

minger supy, by, 2A7 (¢)
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These terms have been introduced in [10]. The function w is explicitly computed in Section 3.2 for some
particular families of estimators. The quantity S provides an information on the homogeneity of 7. For
S < 400, the collection T may be identified with an interval [t1, tmax] and S is linked to the ratio tyax/t1.

Theorem 3.2. Assume that (5.1)-(3.3) hold. Then, there exist C*,C > 0 such that, for all 0 and o,y > 0,

+o00 too
Va(0,A(1) = (1 +7) {Z(l —M(0))707+ €Y N7+ (1+ Oé)UO(A(t))}
k=1 k=1

+

- + 6_'627_1LTw(’y_2LT) +YR(6, A\(to)), (3.8)

s a risk hull, i.e.:
Egsup {16, — 6]1* ~ Va(6, A1) | <0.
teT

The hull of [8] is constructed for projection estimators. Here, the main difference is contained in the residual
term Ce?y~'Lyw(y~2Lr). The hull is somewhat less precise. This can be explained by the structure of the
stochastic processes involved in the loss. Indeed, when considering projection estimators, one essentially deals
with Wiener processes. These processes are well-known and may be easily controlled. In particular:

P (ngox (W (t) —~t] > x) < exp(—2yz), ¥y > 0 and x € RT,

where W (t),t > 0 denotes a Wiener process. The proof of Theorem 3.2 is based on the theory of ordered
processes summarized in Section 6 (see also [21] or [7]). These objects are well understood but more difficult to
control. At best, it is (at the moment) possible to prove that for all p € N:

CpP
_ 2 +
P (r?zaox [p(t) —vZ%(t)] = x) < o) Vy>0and z € RT, (3.9)

for a given ordered process p(t), t > 0 of variance ¥?(¢). Here, C denotes a positive constant independent
of z. In light of the proofs of Theorem 3.2, it seems difficult to improve (3.9) in order to obtain an exponential
inequality as for the Wiener process.

3.2. Examples

In this section, we illustrate the polynomial hypotheses (3.1)-(3.3). Assume that the sequence (by)ren
possesses a polynomial behavior, i.e. (bg)ren ~ (k%)ren for some positive parameter 3. The degree of
ill-posedness 3 is assumed to be known.

We consider three different procedures: projection, Tikhonov and Landweber iterative methods.

Example 1 (projection estimators). Obviously, assumptions (3.1)—(3.3) are satisfied for projection filters since
the aim of this paper is to generalize [8]. Consider the set:

Aproj = {)\ = (Ak(t))keN Ve Ny A\, = l{kgt}a te N}
The projection estimator is also called spectral cut-off in the literature.
Assumption (3.2) is verified in the proof of Lemma 1 of [8] with d = 1. Since (bg)ren ~ (77 ken:

t +o0 t
o (t) = bt =t and Y ON2 ()b, =) b, M ~ 21T Wi e N,
k=1 p=1 p=1
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uniformly in ¢ € N. Therefore, (3.3) holds with d = 1. Then, remark that:

maxy A2 (t)b), t28
0_2(t) - t2ﬁ+1/2

=12

[10] proved that w(x) ~ 2?8 for all z € R* and for some C' > 0. This concludes example 1.

Example 2 (Tikhonov estimators). We use the same notations of Section 2.1. Consider the family:

1
A _ . — +
ATikn = {)\ = ()\k(t))kEN Vk e N, A\, = I t*l(b;Q)(1+2a)’ teR } .
It is possible to show:
—+oo —+oo
o?(t) = D NBOb = )P and Y A (0)b, !~ (1), Ve N
k=1 p=1

withd = 1/(26(142a)) (see (2.6)). Hence, (3.3) holds. For all ¢, let n; defined in (2.6). For all k € {n./2,...

A2p2 — 5122 > Ok28 > Cﬁ-
R 41 (b 2) ()2 T DY

Therefore, for all t € RT and s € R,

+oo 2 4y4 —4 nt

1 25°€* M7 (t)b 1

exp [Z g log <1 + %)] < exp ~1 log
=1

exp

IA
|
e
K
)
0Q
T PN
—
+
Q
5 %
+ S
Sl
~

AN
7N
=
+
s |92
+ | »
[\v]
~~_
|
N
3
oo
I
N
=
+
«|Q
1%
[ V]
~~
I
~
oo

This prove (3.2). Finally, remark that:

maxg A ()2 A2 (Ob? )’

Em VR

=t4/2,

Moreover, we can prove, using for instance (3.11), that w(x) < Cz?? for all z € Rt and for some C > 0.

(3.10)

(3.11)
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Example 3 (iterated Tikhonov regularization). This method presents an interesting alternative to the previous
one. The qualification of the standard Tikhonov estimator is 1 if we set @ = 0 in (2.1). This can be enhanced
using iterations. In the following, we refer to fj as the iterated Tikhonov estimator of order j. Set fo = 0.
Given j € N and fj_l, fj is defined as the unique solution of:

(A A+t D) fy = AT+t fia,
where I denotes the identity operator. In the SVD setting, the following representation arises:

(=t +02) -t
T

+oo
Fi = Me(®)by  ydr, with A(t) = ,Vk € N.
k=1

The qualification corresponds to the number of iterations. It is possible to prove that maxy A7 (lf)b,;2 < nf F and
o2(t) > n? ™ with n, = t71/2%. Hence, (3.1) holds. Then, for all k € {n;/2, ..., n},

N = [(L+ 02 — 0, b > O,

for some C' > 0. Using the same algebra as in (3.10), one obtain (3.2). The proof of (3.3) and the bound of w
essentially follows the same lines.

Example 4 (Landweber iterative method). This procedure is rather interesting from a numerical point of view
since it does not require the inversion of an operator. Consider the equation g = Af for some g € K. It can be
rewritten as follows:
f=r+A(g—Af). (3.12)

The Landweber iterative method is constructed in the following way. Define fo = 0. Then, forallt e N, ¢t > 1,
set: A . .

fo=fi1+ A (g — Afi1). (3.13)
The number ¢ of iterations plays the role of the regularization parameter. With the model (1.1), replace g by
Y. In the SVD setting, the Landweber iterative estimator is:

+oo
fo=> " Me(®)by "yrdr, with A(t) = (1— (1 -b})"), vk € N,
k=1

The estimator f; is defined only if [|A]| < 1 (i.e. maxy by < 1). Otherwise, the method can easily be modified
via the introduction of a relaxation parameter in (3.12). The qualification of the Landweber method is oo, i.e.
there is no restriction on the regularity pu.

Using simple algebra, it is possible to prove that o2(t) ~ 64(nt)4ﬁ+1 with n; = t1/27 and:

- 1-(1-2)")°
MN()b 2 = (
max Ay ()b, Jnax . :
< max s'(z), with s(z) =1 — (1 —2),
z€(0,1)
= .

Hence, (3.1) holds with d = 1/2/3. The proof of (3.2) and (3.3) follows essentially the same lines.
For the sake of convenience, only four regularization schemes satisfying the polynomial hypotheses are pre-
sented in this paper. The families of estimators covered by these assumptions is certainly larger.
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In order to conclude these examples, a few words on the v-methods and the Pinsker estimators. These
filters are slightly different from the previous one since both the regularization parameter and the structure
of the estimator may depend on the regularity of the function f. For instance, a Pinsker filter is of the form
M = (1 — ccag)+ for all k € N, where both ¢, and (ay) depend on the regularity of f. It is easy to prove
that assumptions (3.1)—(3.3) hold for a Pinsker type sequence of the form () = (1 — t~1k%),, for some fixed
a > 0. It is not so clear for ()\kP Jken. The same observation holds for the v-methods. Nevertheless, it seems
that the behavior of these estimators is close to the examples presented in this section. Hence, the polynomial
hypotheses may certainly be modified in order to take into account these specificities.

4. ORACLE EFFICIENCY

Following the risk hull principle, we estimate and minimize the hull V,, (0, A(¢)) (introduced in (3.8)), instead
of R(6,A(t)). Remark that:

+o0 too
arg I;lel}xl Va(0,)) = arg ItIéle} {Z PHOE 2)\k(t)]2 07 + €2 Z N(Bb 2+ (1+ a)UO()\(t))} . (4.1)
k=1 k=1

For all & > 0, the right-hand side of (4.1) can be estimated by

—+oo

+oo
Va(y A®) = D [AR(0) = 20(0)] (05 = €5,%) + €2 A0, * + (1+ a)Un(A(1)). (4.2)
k=1 k=1

Hence consider:
A = argminV A 4.3
rg )\El Oz(y) )7 ( )

and denote by 6* the associated estimator. This approach corresponds in fact to a penalized URE method. The
penalty (1 + a)Uy(A(t)) is explicitly computable via Monte-Carlo approximations. The performances of 6* are
summarized in the following theorem.

Theorem 4.1. Let 0* the estimator defined in (4.3) with o > 1. Assume that there exists a positive constant
Cr such that, uniformly int € T':

+oo +oo
S ONMbt < Cr Y N (b (4.4)
k=1 k=1
Then, there exist By, D1 and y1 > 0 independent of €, such that, for all X\ € A, (i.e. t€T) and 0 < v < 71,
* 2 2, —1 -2 D¢
Egll0 — 0] < (1 + B17)Ra (0, A(t)) + D1e"y ™ Lrw(y “Lr) + -1
where Ly is defined in (3.7) and
+oo +oo
Ra(0,A(8) = D> (1= M(1))%67 + € > AL ()b % + (1 + a)Uo(A(2)). (4.5)
k=1 k=1

The proof is presented in Section 5. It is based on Theorem 3.2 and on the theory of ordered processes
(summarized in Sect. 6). Clearly, inequality (4.4) is verified for projection estimators. This is also the case for
Tikhonov estimators, provided a > 0, Tikhonov iterated procedure (j > 1) and for the Landweber iterative
method. The constant C'r has a real impact on the quality of estimation. Indeed, the penalty controls the
stochastic terms in the loss and in V,(y,A). For all A € A, the variance of these terms is of order €* ", )\ib;‘l
and e* )", )\ib;‘l, respectively. If Cr is too large, the penalty is not sufficient for V, (y, A). The efficiency of 6*
will not necessarily be improved compared to the standard URE method.
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In Theorem 4.1, we require « to be greater than 1. It seems that this condition is too restrictive. Indeed,
acceptable bounds for the risk are available for a < 1. This needs more precision in the proofs. The obtained
oracle inequality is not sharp: one cannot consider v — 0 as € — 0 in this case. On the other hand, large choices
are related to a poor efficiency since R, (6, A) will be significantly greater than the quadratic risk R(6,\). From
the proofs, it is possible to see that « has a small influence on the quality of estimation. In such a situation, a
choice of « close to 2 seems to be reasonable. We refer to [8] and [23] for a complete discussion concerning this
choice of a.

Several bounds in the proof of Theorem 4.1 are derived from the theory of ordered processes. These results
can easily be applied to the unbiased risk estimator, called 6 in the following.

Theorem 4.2. Assume that (3.1)-(3.3) and inequality (4.4) hold. Then, there exists Bo, Do and v2 > 0
independent of €, such that, for all X € A, (i.e. t €T) and 0 <y < 72,

Eollf— 6]2 < (1 + Byy)R(6,\(t)) + Doy~ Lw(y~*Ly),

where R(0,\(t)) and Ly are defined in (1.5) and (3.7) respectively.

In the oracle inequality of [10], the term Ly is of order log N where N denotes the size of the family A,
i.e. the number of considered parameters. Thanks to the theory of ordered processes, the oracle inequalities of
Theorems 4.1 and 4.2 are free of assumptions on the size of A. In particular, there is no theoretical price to pay
for considering large collection of estimators. Moreover, the obtained results concerns continuous intervals for
the regularization parameter of the form T = [tmin; tmax]-

We have proved that the RHM method initiated by [8] can be enhanced by using more precise estimators like
Tikhonov or Landweber iterative methods. The principle of risk hull minimization is not restricted to projection
procedures. This generalization is mainly due to recent developments on ordered processes. Section 6 presents
the main lines of this theory. It contains important results from [21] and [7] and some additional lemmas useful
for the proofs of Theorems 3.2, 4.1 and 4.2.

Comparing different oracle inequalities in a transparent way is always a very difficult task. The constants
and residual terms are derived from successive upper bounds. Nevertheless, the URE method does not take
into account the variability of the problem. Hence, the RHM procedure may lead to better performances. The
differences between the URE and RHM procedures will be certainly significant for the cases where the variability
of the sequence space model is the most important, e.g. when the signal to noise ratio is small or the degree of
ill-posedness increases.

In order to conclude this paper, some words on the numerical implementation of the RHM method. The
term Up(A(t)) may be approximated by using Monte-Carlo replications. In this case, the penalty will not be
exactly the same than in Theorems 3.2 and 4.1. This approximation is equivalent to a perturbation of . From
proofs of Section 5, it is clear that a small variation in « does not affect the efficiency of 6*. Therefore, the
numerical approximation of (1 + a)Up(A(t)) is pertinent from a theoretical point of view. Remark also that
the lower bound obtained in Lemma 3.1 and used in the most part of the proofs may be used for a numerical
implementation.

From a practical point of view, given a regularization scheme and an interval T for the parameter, finding
A* may be a difficult task since (4.3) is a non-convex minimization problem. Remark that this inconvenience
occurs also for the URE method. A possible outcome is then to consider a finite grid 7" and to construct \* on
T. From Theorems 4.1 and 4.2, no restriction occurs on the size of the grid. Hence, the limitations are only
due to practical considerations (e.g. computer performances). In order to deal with continuous intervals, an
interesting alternative would be to develop and use a simulated annealing type algorithm for this setting.
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5. PROOFS

5.1. Proof of Lemma 3.1

The proof follows the same lines of [8]. We shall sometimes omit some technical steps since they have
already been developed.
Let n(t), t > 0, the stochastic process defined in (3.4). For all ¢t € T, introduce:

K(t) = _nt) and uq(t) = 4 /log (UQ(t))- (5.1)

202(t) 2med

For all t > 0, the function = + EgK(t) 1{x1)>,} is monotone decreasing. In order to prove Lemma 3.1, it

suffices to show that:

62

EoK(t)1 w () > ———, 5.2
oK (D)1 (K (1)>u (1)) 2070 (5.2)
at least for sufficiently large ¢. Using integration by part,
ul(t)Jrl
Eo K (1)1 k(1> (1)) = u1(t) PK(t) > ui(t)) +/ P(K(t) = z)dz. (5.3)
ul(t)

First, study the characteristic function T of the process K(t),t > 0. For all s € R, using (3.2):

too 2.4 \4(1\p—4 2y —t*
; 1 252 €* N} ()b Cis
- isK(t) - l l .
ITe(s)] = [Ee™H ] < exp[ 1 ;:1 log <1+ O )] < <1+ i
Setting x = /t¢/C1, we obtain:

(¢ ds:/ Tt ds+/ T, (t)|ds < exp(—Ct?). 5.4
/SMI (t)] o 2Cl/tdl )] ch/tdgls‘l )] ( ) (5.4)

Now consider the case |s| < 1/t?/C;. Using a Taylor expansion:

2 Mol nigl/2 l oM/2 M
Ti(s) = exp a —( ) Rit)s +0 (—CRM(t) > )‘| )

?‘L; I M

where M € N and for all [ € N:
+oo
Ru(t) = (07(5) "2 Y- (1), %
p=1

The behavior of R;(t), I € N is controlled by (3.3). Expending Y;(s)exp(s?/2) into a Taylor series, construct
the following approximation of Y;(s):

TV (s) = exp <%>

1+ ¢ Ajz:;QM(l,t) (%)p] ,

where Qp(1,t), | =3... M are function uniformly bounded in ! and ¢. Therefore, the probability P(K(t) > x)
can be approximated by:

M—-1 s—1 2
B @) = 600~ —= 3 (1" Quls e (-2 55)
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where ¢(z) denotes the repartition function of a standard Gaussian random variable at the point z. Using
Parseval identity, (5.4) and (5.5), we prove that:

PR() > 2) = (@) < v

(5.6)
for some positive constant C: see [8] for more details. Then, using (5.1)—(5.6), integration by part and choosing
M large enough:

+oo
EK (1)1 (x5 up(o) > 1 ()6 (us (1)) + / o) de

Ul (t)

+oo ”
- / o)de — (- w(®)  max  |[PM(@)— o) — Sall)

1(t)+1 uy (t) <ex<ug (1)+1 (td)M/2 ’

1 2 _ 2 Cu (t)
wi(t)?/2 (ur(t)+1)2/2 My Ly
2_7Te Ce (14w (1)) ul(t)gglgfl(t)ﬂ |P" (z) — ¢(z)] (td)M/2’

>+ < t— +
—— 40| ——— |, as t — +o00.
T Vo3(t) 202(t)

Indeed, (3.1) and (5.1) provide uq(t) ~ C+/log(t) for some positive constant C' > 0. Hence, (5.1) is satisfied.
This concludes the proof of Lemma 3.1. O

>

5.2. Proof of Theorem 3.2
Remark that:

+oo
Eo sup { 0 — ]2 = Va(6, 1) } = Eq sup lZ(Akbglyk — 00)% = Va(0, A)] :
AEA AEA

k=1
+o00 B +oo B +o00 B B B
=Eo | > (1= M)%07 + ) A0 +2) (O — DAkbreby & — Va(0, M) |
k=1 k=1 k=1

with,
A = A(f) = arg sup {||<9A — 0] — Vi (0, A)} .
AEA
Use the following decomposition:

+00 o

2IEy Z()\k — 1))\k9k€b];1€k = 2[Ey Z {)\i — )\k} erbglgk,
k=1 k=1

+oo +oo

=Ey Z )\iekeb;«fk + Eg Z{)\% — 2)\k}9keb;1§k,
k=1 k=1
+o0 —+oo

=Eo Y AiOreby & +Eg > (1 — M) Oreby &k
k=1 k=1

Corollary 6.5 in Section 6 provides, for all v > 0:

+oo
2y Z(S\k — 1)5\k9k€b;;1§k < yEgoR(0, 5\) + YyR(0, )\O) + CGQV_ILTW(’)/_QLT),
k=1
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for some constant C' > 0. Therefore,

—+o0
Eg sup{||9r(9||2 Va(0,0)} < Eg sup 1+ (1= )6 QZAQb §k+7622)\2b_
€ k=1
+ Cy ' Lrw(y 2 Ly) + yR(0,\°) — V, (0, \) |, (5.7)
R C*e?
<Esup [ Y Ah (& — 1) — (1+7)(1+a)Uo(N) — :
AEA 1 6%
= C*e?
<Esup [ Ab 2 (E — 1) — (1+a)Us(A\) | — - (5.8)
AEA —1 «

Let 02(t) and n(t),t > 0 the quantities defined in (3.1) and (3.4), respectively. Recall that the function ¢ — o2(t)
is monotone non-decreasing since it denotes the variance of the ordered process n(t), t > 0 up to some constant.

Without loss of generality, we consider that T' =]0; 400 and 2(t) — +00 as t — +00. Let (ts)sen be a grid in
R which will be chosen later. Using Lemma 3.1, it is easy to see that:

AEA

EsuplQZ)\Q — (14 a)Up(A

<ZE sup [77() (1 + a)y/202(t) log(Ce—* ())} )

tE[ts tst1] +

for some positive constant C. For all z € R, the notation =, denotes the positive part of x, i.e. x4 =z 11,50y
Let s € N be fixed:

E sup {n() 1+« \/202 (t)log(Ce~ 402(t))}

te[ts,tst1] +

= E_sup [n(ts) = nlt) + () - (1+a)y/20°(0) log(Ce 20°(1)]
tE[ts tst1] +

< E [n(t ) — (14 a)/20%(8.) 1og(Ce 30°(2,)) +g(t8)L, (5.9)

where, for all s € N,
E(ts)

sup  {n(t) —n(ts)}- (5.10)

t€(ts,tst1)

Since the variables n(ts) and £(ts) are not independent, the same method as [8] cannot be applied. Instead,
remark that for all 0 < p < 1, using (5.9),

E sup [n( ) — (1 + a)y/202(t) log(Ce—402(t))

Y

tE[ts,tst1] +
—+oo
< / P(y(ts) + £(ts) > x)dz,
By
+oo +oo
< [Pt 2 pdo+ [ PEG) 2 (1= pa)de = Ayt A (5.11)
B, B.

with,

B, = (1 + a)y/202(t,) log(Ce—402(t,)), Vs € N. (5.12)
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We are first interested in the study of As. For all p > 1, using a Markov inequality,

+o0 +oo
Ay = / P(E(ts) = (1 — p)z)dx :/ p <t€[sup {n(t) —nlts)} > (1 - u)w) dz,

B, B, totst1]

1 /+°° Esupcps, 1,41 0(t) = nts)]? e
(1 —p)? Jp, z®
1 1

= ——FE sup |n(t)—nts)?

- 5.13
(L= m)P ittt (p— 1)35_1 ( )

The process n(t), t > 0 is ordered (see Sect. 6). By Lemma 6.3, there exists a positive constant C' > 0
independent of € and ¢, such that, for all p > 0:

E sup |n(t) = nts)[P < CPpP(0° (tor1) — 0 (ts)P/2. (5.14)
t€(ts,tst1]

Therefore, using (5.12)—(5.14), we obtain:

P p 2 _ 2 p/2
T— W +a)) p—1[2() log(Ceio?(t,)| 772
Now, choose the grid (ts)sen as follows:
2 4 1)°
o’(ts) =€ <1 + s_”) , Vs e N, (5.16)

where v €]3/4,1[. This choice is a trade off between an exponential grid similar to [8] and polynomial grids
of [7]. Remark that:

1\ 1\° 1\° 1
02 (tep1) — o2 (ts) = € (1 + (s+1)”) —¢t (1 + s_V) <é (1—|— s_V) o (5.17)

Moreover, for all s € N, using Taylor formula,

1 1
log(Ce 402 (ts)) = s [log(Cl/s) + log (1 + s_’/)} > slog (1 + s_V) > Cs' . (5.18)

Hence, (5.15)—(5.18) yield:

4 - ) C 1P pp (S—V)p/Q(l +S—u)sp/2
€
2= o0+ po11+sv)pe-DR(sl-r)e-1/2’
_ 2 [ C 17 pP (1+s77)/?
M= +a)] p— 1RGO
_ 2 [ ¢ 17 p? S(1-0)/2 o (1+ 57”)5/2.
T—wi+@) p-1 e

For all s € N, with simple algebra,

(1457 =exp{s’log(1 +s7")} ~exp(s” x s7¥) = O0(1), as s — +0c.
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Therefore:
si—v 1—v

—v\s/2 __ —vy\s” st
(I+s7) exp{ 5 log((lJrs ) )}gC ,

for some positive constant C' > 0. We eventually obtain:

A 2 » s(1=v)/2 pP c 1—v h C 1
< L x =" i SN — .
2> € g(lu’va) p*]. X \/gp ) wit g(lu’va) |:(1,LL)(]-+O‘):| (5 9)

Now, choose the parameter p in a properly way. For example, set p = s'/4. Then:

14 g1/4
o 1-v_1 sl/4 S s1—v
€s 2 Tag(p, ) a2 oo,

v

st Eg(p,a) (s e

exp {51/4 log(g(p, @) + 517 log C' — s/* log(sl/4)}

A

IN

1
= 6284

[

= s %exp {51/4 [bg(g(u, @)+ stV V4 og € — i log(s)} } .
It is then easy to see that, provided v €]3/4,1],
log(g(p, @) + s*~ "4 log C — ilog(s) <0,
at least for s large enough. Therefore, for all u € (0,1):
Ay < e and Z/ P(E(ts) > (1 — p)x)dr < COFé?, (5.20)

where CF is a positive constant independent of e.

We are now interested in the study of A; in inequality (5.11). For all § > 0, using a Markov inequality:

+oo
A= [ Pt > e,
+oo
= /B Pexp(dn(ts)) > exp(dpz))dz,
;wEexp{an(tS)} _ e S
= /B exp{dpx} dx_éuE pion(ta)} ' 21

Inequality (4.14) of [8] yields:

Eexp{on(ts)} < exp {5202@5) a5 io N (1) 00 } - (5.22)
B = (1= 2008 (ts)by )+
Setting,
5= | loBlCe TR (ts)) (5.23)

202(ts) ’
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we obtain,

A < C’,u_l 202 (ts) exp l log(C€_4a2 (t )) % e—;¢(1+a) log(Ce %02 (ts))
- log(Ce=*02(ts)) 2 ° ’
1
< -1.2 _ _ —4_2 '
< Op e oa(Ce107(L.)) exp {—[u(1 + @) — 1]log(Ce *0?(ts)) }

Indeed, using (3.1)—(3.3) and (5.23):

b*G
52 — 0, — +00.
Z (1 25A2( e e

With (5.16) and (5.18), we eventually obtain:

+00  doo +oo Ce2 o u(l4+a)—1
—slog(1+s™")
S [ Pz < Y o e [
s=1/B s=1
—+oo
Cé? 1—y C3e
< - s(1-1)/2 exp{fc( (1 + a) - 1) } < — a
s=

setting for example = (1 + «/2)/(1 + «). Therefore,

C*e?
E €2 E )\2 -1) 1+ a)U < .
/S\lelg ‘Ek ( a) 0()‘) =",

Theorem 3.2 is obtained using (5.8) and (5.25).

5.3. Proof of Theorem 4.1
Let 4+ > 0. By Theorem 3.2, V},(6, \) is a risk hull. Therefore,

Egl|6* — 0]]* < EgV,,(6, \*).
Moreover, (4.3) provides that, VA € A,

EOVa(ya A*) S EGVa(ya >‘)

425

(5.24)

(5.25)

(5.26)

(5.27)
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We will combine inequalities (5.26) and (5.27). First, rewrite Vg (y, \*) in terms of V, (6, A*). By simple algebra:

Valy, \*) = Z{A* — 201} (b 2yh — €%y, +622 (A0)20e 2+ (1 + a)Up(\),
- Z{ (L= M0)%07 + (A2, % + (L4 ) Uo(AN) + (e — ) Uo (X¥),

+oo
+ 22 {0 =220} b "+ ) {0 =200} 20,268 — 1) — (1017,
= k=1
= Ru(0,\) + (a = w)Uo(\) — [|6]?

“+o0 “+o0
+ 2 {0 = 2X )} Okt e+ > {0 =205 €076 - 1), (5.28)
= k=1

where R, (6, \*) is defined in (4.5). Using (5.27) and (5.28), for all A € A,

EoR, (0, X) < EgVa(y,A) — (o — ) EgUo(A*) + [|6]]?

+oo
— 2B Y {(A1)? — 271} Oxeby, grEQZ{ ()2 —2X5 ) b2 (&2 — 1). (5.29)

k=1

It is then easy to see that, for all A € A,
E’HVa(y7 )‘) = Ra(97 )‘) - H9||2
This yields:

—+oo
EgR,.(6,X*) < Ra(6,\)—2Eg Y {(A})* — 2)\1} Okeb, "&x
k=1

+oo
+Eg |3 {20 — D2} 5,26 1) — (a — wUs(\) . (5.30)
k=1

In order to complete the proof, we bound the two last terms of (5.30). First use Corollary 6.5 in Section 6. For
all v > 0 and for all A € A:

+00 oo
Eo > {(A0)? — 205} Okeby "6 =Eg Y (1 — Aj)?Okeby, &
k=1 k=1

> —yEgR(0,\*) — yR(0,\) — Oy 2 Lyrw(y~2Ly). (5.31)
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Therefore, using (5.29)—(5.31), we obtain:

+oo
EoR,(0,)*) < (1+7)Ra(6,)) +~Eg {2(1 — )07 + € Z (A5)? }
k=1
+oo
+ Oy e Low(y Lr) + By | D {20 — (M)}, (6 — 1) — (a — ) To(W)
k=1
+oo +oo
= (1+7)Ra(6,)) +1E {Z(l — N2 + € Z(A2)26k2€i} +Cy e Lyw(y L),
k=1 k=1
+oo
+Eo | D {20 — L+ )10 26 — 1) — (a — )T (W) (5.32)
k=1

Now, study the last term in the right-hand side of (5.32). It can be rearranged as follows:

+oo
Ey [Z{m (L7} E62E — 1) — (a— mUs(V)

—+oo

Y (1= (E — 1) — (@ — m)Uo(A")

k=1

- Ry

+2E0 Y { A — ()2} 0,26 — 1) = Ty + T,

We are first interested in 77. The bound of this term represents the gain on the traditional URE method.
Indeed, if the penalty is zero, only less precise bounds are available (see proof of Thm. 4.2). Remark that if the
constant C'r is large, the term T; will be negligible compared to 7. The efficiency will not be enhanced by the
RHM method. Here, using (5.25):

Ty =(1—7)Ey |€ J§(A*)Qb*2(§2 o @Zmon ] <« = )Ce (5.33)
! A 1—y ° (—p+v—1)
Then study the stochastic term T5:
Ty = 2¢*Ey Z b2 (€2 — 1) — 26°E, Z (A2 2(&2 - 1). (5.34)
k=1 k=1
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For all A € A and B > 0, using Lemma 6.4, inequality (4.4) and the same technics of proof of Corollary 6.5 (see
Sect. 6) and (6.9):

+oo
2’ Y Aibp (62— 1)
k=1

—+oo —+o0
1
< Clog? S x Eg | et > N2 (t)b " + —=, | *Eg > A2 ()b %,
k=1 \/§ k=1
—+o0 —+oo
< Clog? S x By, | sup(Af)2by > Y A2 ()b, % + C€* | Egsup(Af )20, "Eg Y A2 (t4)b, 2,
keN 1 keN k=1
+oo
< %621[*:9 S NF(4)b% + CePy M log? S x Eg sup(Af)20; 2,
=1 keN
+oo
< 4eEe Y N2 (tN)b; % 4+ Ce2 vy Lpw(y2Ly). 5.35
k k
k=1

Indeed, the process
—+oo
p(t) =Y N 2(E — 1), >0,
k=1

is ordered. The same bound for the second term in the right hand side of (5.34) occurs since the process —n(t),
t > 0 is also ordered. Using (3.8), (5.7) and (5.32)—(5.35), we eventually find:

+00 Too
(1= eNEVu(0,X") < (14+79)°Ra(6,0) +1Eg | D (1= AD*67 + ) _ (A0,
k=1 k=1

C(1—+2)e? Cé?
(a—p+ty-Dr  n
< (1 +7)2Ra(0,)) + CyEgV, (0, \%)

C(1—~%)e? Ce?
(a—p+ty—Dr  n

+ Cv_leQLTw(y_QLT) +

)

+ C’v*leQLTw(V*QLT) +

: (5.36)
for some ¢ > 0. Combining inequalities (5.26), (5.36), choosing v < 7o for some 7y, we eventually obtain:

+ Oy e Lrw(y~2Ly).

1+ 7)2) Ce? (1 —~%)Ce?
Egl|0* — 0> < EgV, (0, \*), < A +9)° Ro(0,\) + —
16 =01 < B, 0.0, < (T2 ) Rotony + S o EHE

Set u = in order to conclude the proof. O

5.4. Proof of Theorem 4.2
The proof essentially follows the same lines of Sections 5.2 and 5.3. Let v > 0 be fixed and W (6, \) defined by:

—+oo

+oo
W (O, A(t)) = (1+27) {Z(l —A(1)%07 + € Z )\i(t)ka} + Oy ' Lrw(y2Ly) +yR(0,X),  (5.37)
k=1 k=1
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where C' denotes a positive constant independent of €. First remark that using (5.7):

+oo +oo +oo
Eosup {[10x = 012 = W(0, ) } < Egsup | (1+9) D(1 = M)?67 + € Y- A0 262 +7¢2 > Afby?
AEA AEA k=1 =1 =1

+ Oy 'ew(y 2Lr) + R0, \°) — W6, A)] ,

+oo

(L+7) D> (1= Xe()67 +n(t) + (1 +v)e ZAQ t)b;,”

k=1

= [Eg sup
teT

+ Cy tElw(y2Ly) + yR(0,\°) — W (0, )\)1 .

The process n(t),t > 0 is ordered. Using (5.35):
+oo

Eon(f) < v€’Ee > Ai(0)b,> + Ce>y ™' Lyw(y L),
k=1

for some positive constant C' and vy > 0, with,
A(E) = argsup {10 — 6] — W (6, 0) }
teT

This inequality can easily be derived from Lemma 6.4 and proof of Corollary 6.5. Hence:

Eg sup { |6 — 6" — W(6, ) } < Egsup
AEA AEA

+oo
(1+7) > (1= A8 + (1+27)e ZA%‘
k=1
+ Cy ' Lrw(y 2Lr) +yR(0,\°) — W (0, )\)1 <0. (5.38)

Therefore, W(#, \) can also be considered as a risk hull. Hence, the traditional URE procedure is in some sense
a risk hull method. Nevertheless, the hull W (6, \) is rather rough compared to V,, (6, A). The variability of the
problem is neglected.

Using the same principle as in (5.26)—-(5.32) and (5.38), we get:

+oo

EgR(0,\) < (1+7)R(0,\) +vEgR(0,\*) + Cy ' Lyw(y*Lr) + By Y {20 — (\)* 120, 2(&8 — 1),
k=1
< (L+7)R0,\) + 29EgR(0,\*) + Oy e* Lrw(y?Ly). (5.39)
Then use (5.39), (5.38) in order to conclude the proof. O
6. ORDERED PROCESSES
The control of processes like, for instance:
+oo

262)\2 S 1), t=00r p(t) =Y (1= Ak(t)0keby &, t >0, (6.1)

k=1
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is rather important for the construction of a data-driven parameter choice rule. These processes have a strong
influence on the behavior of the related estimators. For all ¢ > 0, the sequence (Ag(t))ken is assumed to be
monotone decreasing.

We will see in this section that they are embedded in a more general class: the ordered processes. These
stochastic objects have been introduced in [21] and are intensively studied in [7]. In this section we recall the
definition and present some results useful for the proofs of Theorems 3.2—4.2.

Definition 6.1. Let ((t), t > 0 a separable random process with E((¢) = 0 and finite variance $2(¢). It is
called ordered if for all to > t; > 0,

22(t2) 2 2%(t1), and E[((t2) — ((t2)]* < Z*(t2) — Z(ta). (6.2)

The class of ordered processes is thus rather vast. In particular, it contains the well-known Wiener processes.
Proposition 6.2. The process n(t), t > 0, defined in (6.1) is ordered.

Proof. For all t > 0,
+oo
En(t) = 0 and X2(t) = 2¢* Z ()bt =202 (t).
k=1

Assume that for all k € N, A\y(t) — 1 as t — 400 and let t; < t5 be fixed. Then %2(t;) < ¥2(t3) since, for all
ke N, A(t1) < Ag(t2). Moreover,

2
En(t1)*

+oo
B [z N~ )
k=1

+oo

D EN ()b P EN ()b B (67 — 1)7]
k=1

+o0 too
E KZeQAi(tl)bf(fi - 1)) X <Z XL (t2)b 2 (6 — 1))] =Elp(t)n(t2)].  (6.3)

k=1 k=1

+oo
=S N E[(6 - 1)7,
k=1

IN

The property (6.2) is a consequence of (6.3). The process 7 is ordered. O
The main characteristic of ordered processes is contained in the following lemma.

Lemma 6.3. Let ((t), t > 0 an ordered process and suppose that there exists k > 0 such that

C(t1) — C(t2)
E[¢(t1) — ((t2

ti,t2

(k) = sup Eexp {n B } < 4o00. (6.4)

Then, there exists a constant C' depending on k such that, for all S;T >0 and all p > 1,

E sup |C(t) —C(s)]P < CPpP/32(T) — 22(S)". (6.5)
s,t€[S, T

This result is an extension of Lemma 1 of [7]. They consider the particular case S = 0. This lemma is rather
important. It may be useful in many situations. In particular, many processes encountered in the proofs of

Theorems 3.2 and 4.1 are ordered and satisfy (6.4). The proof follows essentially the same lines of [7].

The following result is a consequence of the previous lemma.
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Lemma 6.4. Let ((t), t > 0 be an ordered process satisfying (6.4) such that ((0) = 0 and t* measurable with
respect to (. Then there exists a positive constant C' depending on xk and T > 0 such that for all K > 1:

ES2()

E|¢(#)] < log®(K)ES(t") + C—

Proof. First remark that:

E[¢(t7)]

EICE)Lqjcni<aog ky2sey + EICE) (¢ )= (0g k)25 (24}
< (log K)’EX(t*) 4+ EIC(E) |1 (¢t > (log k)25 (e} - (6.6)

A

We can assume without loss of generality that X(t) — 400 as t — +00. Let (tx)ren the real sequence verifying:

Ex2 (i
Sty = KIVEEE) e, (6.7)
K
where d > 0 will be chosen later. Using Lemma 6.3,
EICE) ey z002)meyy = EICE) e z1002(:) 263 Ltr <ty + EICE) L (j¢ 0y 21082 (1) 50000y Lt >t}
< Etsgtp SO+ EICE) L ¢t 21082 ()5 (1)} Lt >t}
<

B(t0) + EICE) L gi¢e) 21082 (1) 200} Lt >t}
EX2(t*) .
= 5 TERE) L gcanzonr0ney L >n)-

Let p € N such that 1 < p < 2. Using Holder inequality:

ElCE) e 1082 (0 sty = ZEK (e 1> 1082 ()20} Lt €l tisil}>

()]
= ZE[Z” () Sy M) 10215} L (et} | -

IN

~ s [ ) e
rrax\11/7T
> [ESP ()] % [Ezps(t*)l{<<t*>|210g2<K>z(t*>}1{t*e[tk,tk+1}}] v
k=1

where 7 and s are such that 7=! + s7' = 1. In the following, set r = 2/p and s = 2/(2 — p). Such a choice
leads to:

E[C(E)|1g1ce0) 151082 (K)s(t)} Litr> i1y <

s 1/s
EZQ t* JFZ Esup;c(,, Ly I<(0)] 1 /
- >3 (ty) {5UPseiey ey y) 1€ 21082 (KT (1) }
Let ¢ > 0 which will be chosen later. Using a Markov inequality and Lemma 6.3, we obtain:
= Esup;e, .« ]|C( )[*a 1 e
* kslk+1
EICE)IL e 208 0z Lirsny < VEZZ(E) x Y7 STERTE) ) (1ogK)2q1 |
k=1
+o00 : ; 1/s
+ @)t Es (1, ) 1
< VEX2(t (s .
. XZ[ DIEEION “ Tog K21

=~
Il

1
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Now, use (6.7) in order to obtain:

E[CE)Lg1ce4) 21002 K5@)} L{tr>t1)

X[ C(s + q)HD (k + 1)d+)  /ER2 ()T K (+a) 1 1/s
= Exe (t*) * s+ X 2 )
k=1 kdpsta) B2 () K- (psta) (log K')24
> (s+9)9d(s+4q) frs(p—1) 1 1/s
< VEZ2(tr) x Cls+4q) S : |
= ks By (log K )24

Ex2(t+)” L Xi" 1 |:C(S+q)(s+Q)2d(s+Q)Ksp:|1/s'
EEQ(t*)pA K = = D) (log K')24

Setting for instance d =2/(p — 1),

EX2(t*) y q4/*2% P
K (log K)2a/s

EICE) L q1c(en) 21082 ()2 0) sty < C

Recall that the parameter 1 < p < 2 is fixed. Set ¢ = slog K. Therefore:

. EX2 (t*) KP (log K)log Kgdlog K/s
EICE)L (e 002 ()m(e)) L >ty S 7 (log K/Zoe K
B EX2(tr) (2! log K < o VEZ()
N K log K - K ’
for some C > 0 independent of K. This concludes the proof of Lemma 6.4. O

Corollary 6.5. Let t > 0 measurable w.r.t. the sequence (& )ren and t° the oracle defined in (3.5). For all
v > 0, the following inequalities hold:

> A (D)Okeby k| < AEoR(0,X) + YR(0, o) + Ce*y ' Lyw(y 2 Ly),

Z(l - )\k(f))Qekeb;lfk

k=1

< ~yEoR(0, 5\) +vR(0, \o) + 0627_1LTw(7_2LT),

for some C > 0 independent of €.

Proof. In a first time introduce:

AN = e sup \ib, 2, VA € A. (6.8)
keN
First prove inequality (i). We have,

+00 oo
Eg Y A2 (D)0keby "6 = Fo Yy {Ni(E) — AR (o) }Oneby, &,
k=1 k=1

where A\° = \(¢) is the oracle defined in (3.5). The process:

+oo
p(t) = _{MP(t) = A (to) }Okeby ", t >0,
k=1
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is ordered on [to; +00[. Moreover, j(t) = p(t~'), t > 0 is also ordered on [ty '; +o0c[. Both processes satisfy (6.4)
for some & > 0. Let S the term introduced in (3.7). Using Lemma 6.4 with K = /S:

—+oo —+o0

—+oo
o ) ., C ) B
Eo > A (D)heby, "6 < Clog?(S).Eoy | S {N2(to) — A2(D)} 62626, % + T\ B > N2 (to) — X2(D)}” 02e2b;. 2,
k=1 k=1 k=1

where C' a positive constant independent of e. Then, remark that the following inequality holds:

N3(t) =MD = (1= Ael®) — (1= Melto)) PO (D) + Mit0))?,
< 41— M@ + (1= Melto)?] (o) + X (D]

For all v > 0, using the elementary inequality 2ab < ya® + v~ 'b%, we obtain:
+oo +oo R R +oo

Eo > M (B)0keby 'Sk < AEg Y (1= )67 + Dy~ ' og?(9). Eg A [N + 7> (1= A2)%0; + Dy~ Hlog?(S). A\,
k=1 k=1 k=1

for some positive constant D. With simple algebra, for all x > 0 and A € A:

Dy tlog?(S).A\] = Dy 'log?(S).e?sup A\ib 2,
k

+oo
Dy~ tlog?(S).z e Z by 2+ Dyt log?(S).€2w(x), (6.9)
k=1

IN

where the function w is introduced in (3.6) and computed for some particular examples in Section 3.2. Then
set 2 = Dy~ 2log® S in order to obtain (i).

The proof of (ii) exactly follows the same lines. It uses in particular Corollary 1 and inequality (34) of [10].
O
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