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GLOBAL SMOOTH SOLUTIONS OF EULER EQUATIONS FOR
VAN DER WAALS GASES*
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Abstract. We prove global in time existence of solutions of the Euler compressible equations
for a Van der Waals gas when the density is small enough in H™, for m large enough. To do so, we
introduce a specific symmetrization allowing areas of null density. Next, we make estimates in H™,
using for some terms the estimates done by Grassin [Indiana Univ. Math. J., 47 (1998), pp. 1397—
1432], who proved the same theorem in the easier case of a perfect polytropic gas. We treat the
remaining terms separately, due to their nonlinearity.
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1. Introduction. We are interested in the Cauchy problem for Euler compress-
ible equations, describing the evolution of a gas whose thermodynamical and kinetic
properties are known at time t = 0.

More specifically, we are concerned with the life span of smooth solutions. Var-
ious authors, in particular, Sideris [20, 21], Makino, Ukai, and Kawashima [13], and
Chemin [2, 3] have given criteria for mathematical explosion. We know also that
there exist global in time solutions for well-chosen initial data. Li [12], Serre [19], and
Grassin [7] prove, for example, the global in time existence of regular solutions under
some hypotheses of “expansivity.”

Most of these results were obtained within the framework of perfect polytropic
gases. A natural question is to determine whether these results extend to more realistic
gases, following, for example, the Van der Waals law. This law takes into account
the volume of molecules, which is important in physical situations like explosions or
implosions. In such limits, the gas is highly compressed, and the Van der Waals law
fits better with the behavior of real gases than with that of the perfect polytropic
gases in such limits. The Van der Waals law is also used to modelize dusty gases,
seen as perfect gases with dust pollution [8, 16, 22, 24]. This law is given by the
relationship

p(v—b)zmT,

where p is the pressure, v is the massic volume, T' is the temperature, and b, R are
given constants.

The addition of the covolume b, representing the compressibility limit of the
molecules in the gas, modifies nontrivially the analysis of the Euler equations. How-
ever, we are going to show the global in time existence of regular solutions, thus
generalizing a theorem of Grassin [7].

THEOREM 1.1. Let m > 1+4d/2. Let (po,uo,s0) be the initial conditions for the
Cauchy problem associated with the Euler compressible equations (2.1) for a Van der
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878 MAGALI LECUREUX-MERCIER

Waals gas with constant ¢, (see (2.6) below) and ¢, > 0. Let us assume 0 < pg < 1/0.

Then we can define vo = 1 + %; furthermore there exists eg > 0 such that if
(H1) ||(mo, SO)”Hm(Rd) < &9, where mg = (1fgp0)70271 exp(i—fu)),
(H2) the initial speed ug belongs to the space X = {z : R? - R%: Dz € L™, D?*z ¢
Hmfl}’
(H3) there exists § > 0 such that for all v € R?, dist(Spec(Dug)(z), R™) > &, where
Spec(M) stands for the spectrum of the matric M € M4(R),
(H4) the initial density po and the initial entropy s have compact support,

then the problem

— 7. 7: + d
(1.1) { 8tu—1—(u Vi=0 onRt xR%

(0, z) = ug(z) onRY

admits a global classical solution. If, furthermore, vy = Z—J_r} withv € Nandv > 2, or

if vo and m satisfy v = zgﬂ >m>1+ %, then there exists a global classical solution

(p,u, s) to the Euler compressible equations (2.1) satisfying

702—1
<(ﬁ> u—T, s> € ¢V (R H™(RYRI2)) n g (RY; H™ 1 (RE RT2))

To do so, first we have to extend to Van der Waals gases a symmetrization ob-
tained by Makino, Ukai, and Kawashima [13], which allows null density areas. Next
we will derive energy estimates in H™.

Since the Van der Waals gases have a behavior close to that of perfect polytropic
gases for weak densities, this result is not very surprising. However, the nonlinear
terms introduced by the Van der Waals law have to be treated carefully.

In section 2, we describe the thermodynamic properties of a compressible gas,
and we state some important properties such as the Friedrichs symmetrization. In
section 3, we give the detailed proof of this result, and in section 4 we give the proofs
of some technical lemmas used in section 3.

2. Thermodynamic and first properties.

2.1. Comnservation law. Compressible fluid dynamics, without viscosity or heat
transfer, is described by the Euler equations, which are made of the conservation of
mass, momentum, and energy (see [5, Chap. 2]):

Op + div(pu) =0,
(2.1) Oq + div(pu®@u) + Vp =0,
OHE +div ((E+p)u) =0,

where p is the mass of the fluid per unit of volume, ¢ = pu is the momentum per
unit of volume, and E = % pu? + pe is the total energy per unit of volume, sum of the
kinetic energy and internal energy. This is a system of (d + 2) equations and (d + 3)
unknowns: the density p € R*, the speed u € R?, the internal energy e € R, and the
pressure p € R. In order to complete this system, we have to add a state law, for
example, an incomplete state law, also called pressure law (p,e) — p(p,e).

DEFINITION 2.1. We denote as Euler compressible equations the system com-
posed of the conservation laws (2.1) and an incomplete state law p = p(p,e).
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GLOBAL SMOOTH SOLUTIONS IN DYNAMICS OF REAL GAS 879

A simplified model is often considered, conserving only the conservation of mass
and momentum, assuming that the fluid is isentropic. This simplified system is

(2.2) Op +div(pu) =0,
' Og + div(ipu @ u) + Vp =0,

and the state law is a given function p — p(p).
DEFINITION 2.2. We denote as isentropic Euler equations the system (2.2) with
a giwen state law p = p(p) such that

Oe

p:_%sa

where v = 1/p is the specific volume, T is the temperature, s is the specific entropy,
and f = e—Ts is the specific free energy, assuming we are given a complete equation
of state (v, s) — e(v, s).

The thermodynamical variables v, s, e, T, p must satisfy some relations described
in section 2.2. The Euler equations are a system of first order conservation law, whose
study is developed in particular in the books [4, 17, 18].

2.2. State law. The state law has a strong influence on the mathematical anal-
ysis of the compressible Euler equations. The state law of “real” gases can reveal
particular behavior and introduce existence and/or uniqueness troubles which do not
appear for perfect gases; see [14]. We describe below the physical principles a state
law has to satisfy.

2.2.1. Definitions. We consider a fluid whose internal energy is a regular func-
tion of its specific volume! v = 1/p and its specific entropy s. This means that the
gas is endowed with a complete state law, or energy law e = e(v, s). The fundamental
thermodynamic principle is then

(2.3) de = —pdv 4 T'ds,

where p is the pressure and T the temperature of the gas. Consequently, the pressure
p and the temperature T can be defined as

Oe

Oe
~ o T

(2-4) b= = %

S v
where the notation | precises the variable maintained constant in the partial derivation.
The greater order derivatives of e also have an important role; we introduce the

following adimensional quantities:

J9%e

v Op v T pv 0T v o3

2.5 =—— = N=—— — == 5 G =— 2
(25) 7 p ovl|,’ T ov|,’ T2 9s|,’ 22_23

The coefficient v is called the adiabatic exponent, and I' is the Grineisen coefficient.
The quantities v, 4,I", and & characterize the geometrical properties of the isentropic
curves in the (v,p) plane (see [14]). They are related to e through the relationships

_ 0% __v O _ e
7_p602’ - T 0s0v’ CT20s2°

ISpecific is a synonym of massic.
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880 MAGALI LECUREUX-MERCIER

We also introduce the calorific capacity at constant volume ¢, and the calorific
capacity at constant pressure c, by

de T ds
(26) Cy = 8_T = 2% 5 Cp = T 8_T .
v 032 p

These two quantities are linked with £= and with v, ¢, I" through

pv pv Y
2. = 22 _r_r_
(2.7) 0w =77 T T 512

The quantity v. = z—” can also be expressed as v, = ,ﬂ%}g. It is not equal to v
in the general case, but for an ideal gas we have § ="' = v — 1, so that v, = 7.

2.2.2. Thermodynamical constraints. It is very natural to assume v > 0. We
assume furthermore that the pressure p and the temperature 7' are positive, which
imposes that e is a function increasing in 7" and decreasing in v.

A classical thermodynamical hypothesis additionally requires e to be a convex
function of s and v, which means that

v —-T2>0, §>0, v>=0.

In particular, v > 0 means that p increases with the density p = 1/v, which allows us
to define the adiabatic sound speed by

(2.8) CZ”Z_]; :\/g.

Then, ¢ can be rewritten using p and c as & = 1 a(ap c)
p

Furthermore, we usually require I' > 0 and ¥4 > S0. The condition I' > 0 is
not thermodynamically required but is satisfied for many gases and ensures that the
isentropes do not cross each other in the (v,p) plane. The condition ¥ > 0 means
that the isentropes are strictly convex in the (v, p) plane.

2.2.3. Van der Waals gas.
DEFINITION 2.3. A gas is said to follow the Van der Waals law if it satisfies the
following pressure law:

(2.9) p(v—b)=NRT,

where v is the massic volume and b is the covolume, representing the compressibility
limit of the fluid, due to the volume of the molecules.

The Van der Waals law is a modification of the perfect gas law, in which b = 0. In
opposition to the perfect gas law, it takes into account the proper size of the molecules,
which is important in some situations when the gas is strongly compressed. In this
model, the density must be bounded, and the maximal density is ppar = %

The fundamental relationship (2.3) gives us the PDE 0ye + -2-9,e = 0. Thus, we
introduce new variables w = (v — b)™, o = (v — b) " exp(s), and é(w, o) = e(v, 5).
We obtain d,é = 0, so that e = E((v — b) " exp(s)) for any regular function &.
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If we assume furthermore that ¢, is constant, thanks to the definition of ¢, and

2
(2.3), we get that %h = %%h; hence o€ = (£ — 1)&’ and (o) = Co'/¢v, which
leads to

R S R e
==t Fen (). p=T05
Some computations allow us to finally obtain
v v Yo+1 v
Y FYOU—b’ (70 )U—b’ 2 U_bv
where
R
(2.10) Yo = +1.

The conditions of section 2.2.2 are then satisfied for vy > 1.

Remark.

1. A perfect gas can be seen as a Van der Waals gas with b = 0. A perfect gas
for which ¢, is constant is called polytropic.

2. The Van der Waals law coincides with the dusty gas law [8, 9, 16, 22, 24]. In
this model, we consider that the gas is perfect but polluted by dust particles
that are equidistributed and have a nonnegligible volume.

Very often in the literature, the perfect polytropic gases are considered as a canon-
ical example. However, their adequation with physical observations is not as good as
for Van der Waals gases, for example, in explosion phenomena or in the sonolumines-
cence phenomenon [1, 6, 11].

In the following, we consider only Van der Waals fluids with constant and strictly
positive calorific capacity c,:

(2.11) cy >0,

which implies vy > 1.

2.3. Symmetrization. An important property of the Euler equations is their
symmetrizability.

2.3.1. General case, without vacuum. If p > 0 and g—i |s > 0, then the system
(2.1) can be written in the variables (p, p, s). Then, the system is almost symmetric,
since it can be written matricially as 9,V + 3, Ax(V)0,V =0, with V = (p,uT,s)T
and

§ o u-& pct&T 0
AEV) =) GAp(V)=| L6 w-&la 0
k 0 0  u-¢

This matrix is almost symmetric since we obtain a symmetric matrix by multiply-
ing it on the left by D := diag(p%, ps-..,p,1). Consequently, we have the following
proposition.

PROPOSITION 2.4. The system (2.1) is Friedrichs symmetrizable when (p,u,s)
takes values in a compact subset of R% X R? x R.

Indeed, for such values of (p,u,s), DA(&,V) is symmetric with D symmetric
positive-definite.
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2.3.2. Van der Waals gas. We are not completely satisfied with the previous
formulation as it does not authorize p to vanish or even to tend to 0 at infinity. For
example, p cannot be taken into H™ for m > 0. Makino, Ukai, and Kawashima
have introduced in [13] a symmetrization for perfect polytropic gases allowing the
null density areas. Here we generalize their method to the case of Van der Waals
gases.

Let us recall first that, for Van der Waals gases, v = 1

1)(#)”O exp(Z-). We now introduce the new variable

Yo
—bp

and p = (v —

J0—2

Yo ( D )270

r=2, 0 (L ,
Yo—1\w—-1

and we rewrite the system (2.1) in the variables (7, u, s). In order to do that, we first
write the system (2.1) in (p,u, s) variables:

Op+u-Vp+pctdivu =0,
(2.12) O+ (u- V)u+ %Vp:(),
Os+u-Vs=0.
Since m = f(p) = Cp?, it is sufficient to multiply the first line by f/(p) = Cap®~!
to obtain an equation in 7:

Oy +u -V + Cap®pc?divu = 0,

1 _
&KIL‘F(U-V)U*FWV?T—O,
Os+u-Vs=0.

In addition, we know that ¢ = 2 C = 2\/%7—31(%1_1)”207*01’ and o = 720;01. I
remains to evaluate the coefficients:
a—1 2 Yo«
Cop™ pe” = 1-— bpﬂ-
% -1 =
T2 1-bp’
1 _exp(s/(v0cy)) (v0 — D0 aciyyg
pCaps=1 ~ 1-bp aClo- D/l °

~ex S Yo—1 m
P YoCo 2 ]-_bp

Thus,
om+u-Vr+ 70;1 75, dive =0,
(2.13) Ou+ (u-Vu+ 702’1 =5, OXP(555,)Vr = 0,

Ois+u-Vs=0.

Moreover, 1/(1 —bp) =1+ b(”i—%l)ﬁ exp(—= )ﬂ'ﬁ Therefore, denoting

1
Y +1 ; <70—1)70‘1
2.14 v= >1 and b=b ,
(2.14) Yo —1 470
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we obtain 7 = 7(1 4 be=3/(oc)7v=1) " which is well defined for all # > 0 and
in particular for p = 0, since we have assumed in (2.11) that 79 > 1. The matrix

associated with the system (2.13) is now written as

) uf Vogl 1:rbp fT
A(é.a ™ u, S) = VO; 1:pr eXp(VOSCU )f u- gjd 0
0 0 u-€

It is once again “almost symmetric” in the sense that SA is symmetric, S being the
diagonal positive-definite matrix

S = diag (1, exp(—s/(Y0¢v)), - - - exp(—s/(vo¢y)), 1) )

Furthermore, this symmetrizer is independent of p and in particular is well defined and
positive-definite even when p or p vanishes. Finally, we have the following proposition.
ProposiTION 2.5. For a Van der Waals gas with constant ¢, and ¢, > 0, the
system of Euler equations can be written for regular solutions as (2.13), which is
Friedrichs symmetrizable for (p,u,s) € KC, where K is a compact subset of Rt x R x
R.
Note that in the variables (m,u, s), the system (2.13) can be written as

O+ u-Vr + 70771(1 + Bexp(ﬁ)ﬂ”_l)ﬂdivu =0,
(2.15) du+ (u- V)u+ 22 exp(so-)(1+ bexp(==)m""HaVr =0,
Ois+u-Vs =0,

—S
YoCuv

where v and b are defined as in (2.14).

2.4. Local existence. The symmetrization of Proposition 2.5 is very useful in
showing local existence of regular solutions with vanishing density.
THEOREM 2.6. We consider a Van der Waals gas with constant ¢, such that

Y €]1,3]. Let
—1)/2
T =2 _T0 (7% >(% g exp <70 — 180>
Yo — 1 \1—bpo 2790¢y ’

where py € €1(R%[0,1/b]). We also introduce v = :ngﬂ, b= b(%)ﬁ We

assume that (mo, ug, so) € H™(RY) for m > 1+ 4. Then there exist T > 0 and a
unique solution (m,u,s) € €1([0,T] x R%) to the Cauchy problem for

O +u-Vr+ 70771(1 + l;exp(wgci Yyrv Hrdive =0,

(2.16) O+ (u- V)u + 252 exp(==2-)(1 + bexp(=2)m" 1 )aVr = 0,
Ois+u-Vs=0,

with initial condition (mo,uo, So). Furthermore,
(m,u, ) € €([0, T); H™(RGR™)) n g ([0, T); H™ (R R2))

2.5. Positivity of the density. For regular solutions, the positivity of the
density is given by the following

PROPOSITION 2.7. Let (p,u,5) € €1([0, Tex[xR?) be a regular solution of the
Cauchy problem for (2.1) associated with the regular initial conditions (pg,uo, So) €
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884 MAGALI LECUREUX-MERCIER

CHRY). If Va € L>([0,T] x RY) for all T < Tuy, po € L=®(R%,R), and if po(z) = 0
for all x € RY, then for all t € [0, Tey|,

p(t,x) > 0.

Proof. We use the method of characteristics to obtain an expression of the solution
of the Cauchy problem for (1.1). Assuming that Vu is bounded, we obtain

o(t,2) = po(X(0:4,2)) exp <— /O t divu(T,X(T;t,a:))dT) 0,

where X is a solution of the Cauchy problem

ax _
dt
which is global in time since V@ is bounded. O

We also prove that for a Van der Waals gas with constant ¢, > 0, the variable 7
introduced in section 2.3.2 defined by

’Yé)*l

Y0

oo [0 ( p )
Yo—1\w—1

remains nonnegative if it is nonnegative at initial time. This property implies in
particular that if pg < 1/b, then, as long as the regular solution exists, this property
will be satisfied.

ProprosITION 2.8. We consider a Van der Waals gas with constant c¢,. We

J0—1 ~ _ 1 o
denote m = 2 Mjﬂl(%) 20y = 3g—f}, and b = b(”j—wl)wrl. Let (7,u,5) €

EL([0, Tex[xR?) be a reqular solution of (2.15) satisfying the initial conditions

a(taX)a X(to;tf)axO) = Xo,

m(0,2) = mo(x), u(0,2) = uo(x), 5(0,z) = so(z),

with (7o, uo, o) € €*(RY) and sop € L. If diva € L>=([0,T] x RY) for all T < Tu,
7o € L® (R4, R), and 0 < po(z) < 1/b for all x € RY, then for all t € [0, Tex[, © = 0.
Then, we can define p, and we have

0<p(t,z) <1/b.
Proof. Let Ty < Tex. We introduce the Cauchy problem

(2.17) Orw + div (wa) = g(t, z, w),

w(0,z) = wo(x),

g(t,z,w) = (1 _ ’702— 1 (1 + bexp <#> wu—1>>wdivu(t,az).
0Cv

We can apply the Kruzkov theorem [10, 17]. Indeed, the hypotheses ensure that
g(t, z,w) —wdiv (a(t,x)) = —70771(1 + be =3/ (ocv) 1)y div @ is uniformly bounded
with respect to z € R? when w is considered as a variable taking values in a compact
set. Furthermore, mg € L, so the regular solution 7 coincides with the entropy
solution w; of (2.17) associated with wg 1 = mo.

where
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In addition, the entropy solution wq of (2.17) associated with the initial condition
wp.2 = 0 is the function constantly equal to 0.

According to the Kruzkov theorem wg 1 > wo 2 implies wq > wo for all (¢,z) €
[0, Tp] x R%; that is, 7(t,x) > 0 for all (¢,z) € [0,Tp] x R%. The formula

1 1
P=73 1= = 2
1+ bexp(s=2=)m0-7
allows us to conclude the proof. ad

3. Proof of Theorem 1.1. In order to prove this theorem, we adapt Grassin’s
idea [7]. First, we look to the isentropic case, which allows us to simplify the estimates.
For a Van der Waals gas, nonlinear terms now appear in the estimate which we need
to treat separately.

3.1. Isentropic case. Let us first consider the isentropic case

(3.1) O +u-Vm+ 'YOT_l(l—l—INm”*l)wdivu:O,
' Ou+ (u-Vu + 70771(1 + b’ NV =0,

with initial conditions
(3.2) m(0,2) = mo(x), u(0,2) = uo(x),

which is technically simpler than the general case but provides estimates very useful
in treating the general case.
We also consider the problem
(3.3) 0w+ (w-V)a=0 onRT xR,
' w(0,2) = up(z)  on R?

obtained by neglecting 7 in (3.1). According to [7, Lemma 3.1 and Prop. 3.1] we have
the following preliminary result

PROPOSITION 3.1. Under hypotheses (H2) and (H3), the problem (3.3) admits
a global regular solution W satisfying

1. Du(t,x) = f—ft + ﬁﬁftfz? for all z € R? and t € RT,

2. |ID a(t, )2 < Ki(1 + )42~ for 1 € [2,m + 1],

3. H D2 ﬂ(t, ')||L°° < C(]' + t)73;
where K : RT x RT — M4(R), K |p oo (r+ xRy < K1, and C and Ky for | € [1,m+1]
are nonnegative constants not depending on m,d,d, |luol| y -

3.1.1. Local uniqueness.

PROPOSITION 3.2. Let Uy = (mg,u0)T € H™(R?) and Uy be two initial data for
(3.1). Let U = (m,u)T, U be two corresponding solutions defined for 0 <t < Ty. We
assume that | DU Lo (0,75 xRy < 00 and that 71 € L*>([0,To] x RY). Let xo € R?
and R > 0. We denote

(34) M= sup{ <702— 1|7r|(1 +br? ) + |u|) (t,x), (t,z) € [0, To] x B(xO,R)} ,

(3.5) Cr={(tz) €[0,T] x B(xo, R — Mt)} for T €10,T1],
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886 MAGALI LECUREUX-MERCIER

where Ty = min(Ty, R/M). If Uy = Uy on B(zo, R), then U = U on Cr,.

The proof of this proposition is classical for hyperbolic systems (see, for example,
[15]), the constant M being the maximal propagation speed.

Proof. Let Uy = (mo,u0), Uy = (7o, 10) be two initial data for (3.1) such that
Uy € H™. Let U,U be solutions of the associated Cauchy problems. We assume
that these solutions are defined on [0,7p] with Ty > 0. Let also zo € R, R € R%,
and M, Cr be as in (3.4) and (3.5). Note first that, since Uy € H™(R?), it follows
that U € €°([0,To); H™(R?)) and, consequently, that [DU||;« ¢, is bounded and
vl e LOO(CTO).

We have

U +> a;(U)0;U =0,
J

where, denoting (ej)1<;<a the standard orthonormal basis of R?,

a;(U) = 1 v 702_1(”"‘8””)(3? )
J 302;(7T + bﬂ'V)ej Ude

Consequently, 8;(U — U) + >4 (U)0;(U — U) + (a;(U) — a;(U))0;U = 0. Then, we
make the scalar product with (U — U) and we integrate on C for T € [0, T}]. We get

2
2 Jor

O

v-0f + 30 (0 -0) o0 - 0)

=3 (U -T)0(a;(V))(U - U)| dw dt

= _/C Z(U—U) (a;(U) — aj(U))0;U dz dt .

Then using the Stokes formula and noting that 9Cr = ({0} x B(zo, R)) U {T'} x
B(zo, R — MT))UC, where C = {(t,z) € [0, T] x B(zo, R) | t = £} we obtain

1 |2 1 7|2
_/ v -0 (T,x)dx——/ U= 0] (0,2) de
2 B(zo,R—MT) 2 B(xo,m)
1 -2 - oy
I U—-0) a;(U)(U - U)~—i—| d
e Tl/w/c v -7 +;< ) a;(U)U = 0) 3| do

:/C E SO - 0)-9;(a;(U)U = T) = (U = T) - (a;(U) - a;(0))3,0

J

dx dt .

In addition,

18;0;(U) || e < CIDU e oy (1 + Il 5
‘aj(U) - aj(U)’ < C’U - U‘(l + max(|7r|”71, |7~r|”*1))'

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



GLOBAL SMOOTH SOLUTIONS IN DYNAMICS OF REAL GAS 887

Hence,

(U~ 0)-0)(a;(U)(U ~T) — (U~ 0) - (a;U) — a;(0))2,0 dedt

DN =

J-

DU g HD H
< (IDUlm ey + 00

// }U U‘ dz dt .
B(zo,R—Mt)

Furthermore, the choice of M implies

/c‘U_U‘z—i_;(U_U)aj(UXU_U)]\;fﬂ de >0,

) (1 +maX(H7THLoo (Cr)? HWHLOO CT)))

so finally we get the estimate
1 - |2 1
- ‘U—U‘ (T,z)de — = ‘U U‘ (0, 2) dz
2 B(xzo,R—MT) 2 B(zo,m)

DU,y + [P
¢ (10Ul + [0,

T 2
x/ / ‘U—U‘ dz dt .
0 JB(zo,R—Mt)

We conclude, thanks to the Gronwall lemma, that
1 | L cr
- ‘U—U‘ (T,z)dz < = e ’UO—UO‘ (z)dz,
2 JB(xo,R—MT) 2 B(zo,R)

F7 v—1 .
where € = C([DU |y ¢+ DU llLe(e) (L+max(ell{ = o I ) which
is bounded under the hypotheses of the proposition. O

v—1
> (1 + max (|7l g cp [l (cr)))

3.1.2. Local existence. We construct a local solution of (3.1)—(3.2) such that
the difference between this solution and (0,%) is in ¥°(R*; H™(R% R1))N
EHRT; H™ (R4 RYH)). The first step is the symmetrization of the system given
by Proposition 2.5. This result allows us to use a general theorem (see Theorem 2.6)
giving the local existence of solution. Let us define, as above,

@71 w0271
Y0 p o Y0 P
3.6 T=2 =2 7 ,
(3.6) 70—1(70—1> 70—1(1—bp)

where we assume that 0 < p < 1/b. Then we use the same method as Grassin [7] to
prove that the system (3.1) admits a local in time solution, with initial condition ug
in the space X and not in a Sobolev space (in particular, ug does not tend to 0 at
infinity). Here we use the compactness of the support of py (hypothesis (H4)) and
the finite propagation speed of the solutions for a hyperbolic system. More precisely,
we assume that Supp(pg) C B(0,R) for R > 0. Let n > 0 and ¢ € €>°(R%R™T)
be such that ¢ =1 on B(0, R + 2n). We obtain a local in time solution (7%, u?) of
problem (3.1) with initial conditions (g, pug) € H™ for t € [0,T]. Propositions 2.7
and 2.8 ensure that the condition 0 < p < 1/b is satisfied.

Let ¢ €]0,T'[ ; we introduce the mazimal propagation speed M = sup{ 2= (|7¢|+
|m?|") + |u?|; t € [0,T —¢], 2 € RY}. We also introduce &' €]0 and 77 =

Sl
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min(T' — ¢, 537 — €’), the time for which this construction is available. We finally

obtain a solution (,u) of (3.1)—(3.2) by denoting

) (@, u¥)in K,
(mu) = { (0,7) out of K,

where K is the cone K = {(¢t,2); 0 < ¢t < T, = € B(0,R+n+ Mt)}. Then it is
sufficient to show that the solutions can be glued smoothly along OK. Here we use the
property of local uniqueness given by Proposition 3.2. Indeed, let o € S(0, R + n)
be in the sphere of radius R + n of center 0, and let E,, = {(t,z); t € [0,T1],x €
B(zg,n — Mt)}. The choice of T} implies in particular 9K C Uy es(0,r4y) Eeo (see
Figure 1). The initial conditions of (7%¥,u¥) and (0,@) coincide on FE,, since the
support of 7y is included in B(0, R). Proposition 3.2 then allows us to claim that
(r?,u®) = (0,u) on E,, and consequently on a neighborhood of OK.

t

F1ac. 1. Gluing of the solutions along OK.

3.1.3. Energy estimates. When we compare it to the perfect polytropic gas
case [7], we observe that the system (3.1) has an additional term, which will modify
the estimates.

Let us denote U = (m,u — ), w = u — @, and U = (0,7). We also introduce

an_ [ wi—u tgrwef — o  2lrdiva
(37) AJ (U) - ( 702—1 Te; (Uj _ @j) Id ) B(DUvU) - (U} . V)ﬂ )

so that the system (3.1) can be written as

d d
(3.8) oU + Y A;(U);U = —B(DU,U) - Y w;0;U — F(DU ,DU ,U),
Jj=1 j=1
where
oo v —1: ,f div(w+7) . 7+l
(3.9) F(DU,DU,U) = —5—bn ( o , with v = o
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Observing the properties of w described in Proposition 3.1, we expect the terms
| D*Ul|p> for k € [0,m] to decrease with respect to time with a rate depending
on k. Consequently, we introduce

m
L2 = Y (L O)%(),

k=0

(3.10) vi(t) = DUt |

L2

with gr = k + ¢, in which ¢ has to be chosen so that all the terms of Z have the
same decreasing in time. In order to estimate Z, we apply the operator D* to (3.8),
we make the scalar product with D U, and we integrate on R?. The system (3.8) is
different from the one considered by Grassin through the term F(DU,DU,U) defined
in (3.9). We now use [7, Props. 3.2 and 3.3] to estimate the terms in common. We
note these results here.

PROPOSITION 3.3. Let o € N¢ be a d-uplet of size k > 0 (that is, |a|, =
a1+ -+ ag =k). Let us denote, for U = (w,u — @),

sz—/ DFU-D* | Y A;(U)0;U | da
R4 X

Jj=1

Sk

d
—/ D*U-D* [ BIDU,U) + > _1,;0,U | da ;
Rd =

then there exists a constant C' > 0 depending only on m,d such that

k
Rl < OO+ 4227, 8 <O+ 27 - TE0v,

where

(3.11) 7 = min <1—g, (%—1) d) .

We now have to estimate — [o, D* U - D* (F(DU,DU,U)). Let us denote b =
y02_45 and

I:—l}/RdeU.Dk(W”( dg:] ))7 J:_j)/RdeU.Dk (w”( digﬂ ))

so that — [, D*U - D* (F(DU,DU,U)) = I + J. A priori, J is easier to estimate
than I. However the estimate of I is possible since the matrix w”(g Eg ) is symmetric.
Estimate of I. We prove in section 4.1 the following lemma.

LEMMA 3.4. With the notation introduced in section 3.1,

2
v—1
(3.12) 1] < g DU DR U

Estimate of J. Here, we divide J into two parts: a first part J; which contains
only first order derivatives of @, and a second part Jy in which all the derivatives of
w are at least of order 2. More precisely,

i = —B/Rd S (eem(@) div,

a€ENd||al, =k

Jo=J—-Jp.
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For Ji, we use the first point of Proposition 3.1, giving the decreasing in time of Du,
and Lemma 4.7, giving the estimate

)

05| < Cllmli= [ =

L2
for any d-uplet v € N of size k, that is, satisfying |a|, =Y o; = k.
We obtain, using the Cauchy—Schwarz inequality,

< Y b0l |07 () | o lldiv o

aeNG|al, =k

C _1
313 g-———HDkUw vl
(3.13) < Il

2
L2

For Js, we prove in section 4.1 the following lemma.
LeEMMA 3.5. With the notation introduced in section 3.1, there exists a constant
C > 0 such that

(3.14) |Jo| < C(1 +t)d

Dktﬂ’ 7,
L2

where dj, = (—g1 — 3+ 1)(v — 1) — g, — 2.
Reassembling of the estimates. Assembling the results of Proposition 3.3 and the
estimates (3.12)—(3.14) of I and J, and finally using Lemma 4.5, we obtain

1dY? k47 o,

27g—+1+tn,gCQ+¢V@§Z+C%1+U—%4Y¢%+OQ+¢ﬁ“mﬂ@4hfzv
(3.15) +C(1+ )PV D=ly27v=1 4 (] 4 ¢)BHDE=D =g =2y, 70
where we have denoted
d
B=-g—-3

Here, we choose the constant ¢ introduced in g = k£ + ¢ in order to have g = 0 and
consequently a good decreasing in time. This means requiring that g1 + d/2 = 0 and
¢ = —1—d/2. Consequently, we have

d

We now introduce
a=1+d/24+r>1,

so that k +r = g + a. We can now divide by Yy in (3.15), multiply by (1 4 ¢)%, and
sum on k to obtain a differential inequality in Z (defined in (3.10)):

dz a

R

Z
Z7<C| 722+ —— + (1 +t)v1zvt) .
( +1+t)2+(+)

Then, we introduce ¢(t) = (1 +t)%exp(-$-)Z(t), and we deduce from the inequality
just above that

d¢ C

2 v+1
c11t<(1+1t)a(C ¢
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In addition, ¢? + ¢¥*1 < 2¢(1 + ¢¥) for v > 2. Therefore
1 dc . C
e < o
A+ a Sa+oe
that is,

d c
FUEO) < g

dt

v

with f(z) = %ln(liw,,). By integration, we obtain f(¢(t)) + =55 (1 +¢)~(e=D <

f(¢(0)) + =5, As f is strictly increasing and one-by-one from R* to R* , if f(¢(0)) +

a—1"

C/(a — 1) belongs to the set on which f~! is well defined, we obtain

¢(t) < FH(f(C(0) +C/(a-1)) .

But f(¢(0))+ C/(a—1) < 0 is possible only if ((0) is small enough, since f(x) tends

to —oo when z tends to 0, and ¢(0) = exp (C) Z(0) = exp(C)||7o||ggm - The smallness

condition is satisfied thanks to hypothesis (H1) with 0 < gy < f~1(=%).
Conclusion. We have obtained the following inequalities:

1 AN C
200 < g (17 ) £ (Feczon + 55 ).
Yi(t) < (1+1)"% Z(1)

(1 —|—:;)/€+r exp <1_ft) I (f(ecZ(O)) + a—a) :

The L2 norms of the derivatives of the local solution U consequently do not explode

in finite time since ¢ — 2+ exp(l’—ﬁ) does not explode in finite time. Let us assume

(I+t)=
that the regular solution exists up to time 7. Our estimates give us, for all ¢ € [0, T,

for Cr not depending on T,

N

|myu = @) gg < o

Since Suppm C B(0,R), our construction is possible when the norm of (m,u) is
bounded in H™(R9) and

G DOl gz 50,5y < O + 12O lggn (50,1 < K-

We can associate with the constant Kp a time of existence T, (K7) for the local in
time solution. Let ¢t; €]0,T[ be such that ¢t > T — T.(Kr). Introducing the solution
with initial condition (7(t1),u(t1)), we succeed in prolongating the solution up to time
T, which finishes the proof.

3.2. General case.

3.2.1. Local in time existence. As in the isentropic case, we first seek to
symmetrize the system. Let us denote

20

J0-1 -1
e “/0—1( D )2”": /’Yo—l< P ) 2 eXp(Wo—li>
V v \w-1 Yo \1—"bp 27 ¢ )
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The system (2.1) can be written in variables (7, u, s):
(3.16)

es/(0e) o 4 5/ (0w gy U 4+ 7077165/(700”)71' divu = —70271577:82 divu,

Ou+ (u-V)u+ 2-tes/0c)ryn = —VOTAZ)T(%VT(,
(1+t)"%Os+u-Vs) =0,

~ 1
where b = b(loT;l)WO*l. We introduce furthermore a parameter 6 to be determined

so that (1 +¢)~%s has a decreasing in time similar to those of the estimates obtained
in the isentropic case.

In order to obtain local existence of a solution, we construct a solution by following
the same strategy as in the isentropic case and using once again a property of local
uniqueness, given by Proposition 3.6.

3.2.2. Local uniqueness. Here we show a result similar to the one obtained in
section 3.1.1 in the isentropic case.

PROPOSITION 3.6. Let Uy = (7o, uo, s0)T and Uo be two initial data for (3.1).
Let U = (m,u,s)T, U be the two corresponding solutions defined for 0 <t < Ty. Let
20 € R? and R > 0. We denote

(3.17)

R R —1 = v—
M:sup{ezm (702 |7|(1 + bl 1)—|—|u|> (t,x),(t,a:)E[O,TO]XB(JCO,R)},

(3.18)
Cr ={(t,z) € 10,T] x B(zo, R — Mt)} forT €10,T4],

where Ty = min(Ty, R/M).

We assume that Uy € H™RY), so > 0, | DU llLoe (jo,70)xRe) < 00, and that
71 € L°°(Cr). Under these conditions, if Uy = Uy on B(zg, R), then U = U on
Cr, .

Proof. Let Uy = (mo, uo, So), Uy = (7o, Uo, So) be two initial data for (3.16) such
that Uy € H™(R?). Let U, U be the two solutions of the associated Cauchy problem.
We assume that these solutions are defined on [0, Tp] with Ty > 0. Let furthermore
zo € RY, ReRY, and M, Cr be as in (3.17) and (3.18). Then we have

ao(U)0U + > a;(U)0;U =0,
J

where ao(U) = diag(e ,1,...,1,1) € Mgyo(R) and, for all j € {1,...,d},

_s s ~ =5
evocu Uj eocw 702 1(7T+be'vocv 7-(-’/) eJT 0
— _s _ F =S
aj(U) = | e 7071(77+b670°'v ) e; uj Ig 0
0 0 ugy

We introduce, for T' € [0, T1],

(3.19) = /CT

HU=T)- oYU =T+ [(U-T)-o5(U)U-U)]| dadt .

J
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We denote [U~U[3 = (U~0)ao(U)(U=0), [U=Ule = [0 pniey |U=0)(t,2)[3 da.
We obtain from the Stokes formula

= /acT <(U —U)- a)(U = Ujne + ;w ~0)-a;(U)(U - U>nj> do

= |v-0], - -2,

1 ~ ~ ~ Zj
+\/TW/C(‘U—U‘O+;(U—U)~aj(U)(U U)Mm)d

But we also have

E — Das Y
e 20— 1 bt ) (m — 7)) T
‘U U‘0M|x|+26 (7 4+ beroes ) (m — ) i

1
< fo— o[y coreroen L ) et 0 4 )

< L-of (|u|+es/2w>’m (1| + Bl >)

g‘U—U

)

therefore

In addition, we have

Q0 (U)O(U=0)+3 ey (U)U=0) = 3 o (U)(ao(0) oy (0)=a0(U) o (1))0,U':

thus

+ 2/c | 0o () (ao(T) Loy () — ao(U) " ay (U)0, T

Let us denote
. / (U — 0)dhao(U)(U - T),
Cr

I = Z(U = 0)9;05(U)(U - U),

I3 = 2/(; D)ao(U)(ao(U) "o (U) — ao(U) oy (U))0;U .
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We obtain by computing explicitly d:cpp and 9;¢;
1
L = —/ —— %/ 0 (1 — 7)%(u - Vs)
cr Y0Cy

and

1 12
I = / /(00 (r — 72(u - Vs) + [ div (u)‘U . U‘
cr Yoy Cr 0

- / (v0 — 1)e*/ o) (m — ) (u — @) - { Vs~ (1+ bevocw uﬂ”l)vﬁ]
Cr

YoCuv

#)) [ -],

< —I +||DU|p (1 +C (1 + 7l e + By‘

Finally, we bound I3 by computing

5 B U; — ﬂj \IJl(U)ejT 0
ao(U) raj(U) —ap(U) Loy (U) == | Ua(U)ej (uj —aiy)1q 0 ,

0 0 Uj — Uj
where

-1 ~ _=s =5
v (U) = %T(W — T+ b(evoew ¥ — eTocv ),

-1 _s _5 ~
Ve (U) = %T(ewoc'v m— e T 4 b(n” — 7).

We denote R = max(||s||p«, ||5]|«)- The exponential function being convex, we have
e®/(oev) _ ¢5/(v0e) | < 1 /(ge, ) (o) |5 — g .

So
e8/(Yocv) o o8/ (hocw) = (|x||s — | + |7 — 7),

c
Cmax(|rl, [7))" (I7lls — 3] + |7 — 7,

<
e5/(Yoco) v o8/ (v0cy) ze <

which gives us

< ([P0, + DUl ) (14 €+l )0+ B max(lali s 1712)

<[ o~

Finally, we obtain

0], -[p-o], < [ [v-0]a.

where O’ = (| DU i + || DU [0 ) (1 + C(1 + ||| 00 ) (1 + bv max(||x[[{ < |77 =))).
We conclude, thanks to the Gronwall lemma, that

1

2 1 ~ 2
_/ ‘U—U‘ (T,x)dxg—e”/ \UO—UO\
2 B(xo,R—MT) 2 B(zo,R)

(z)dzx . O
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3.2.3. Estimates. The system (3.16) can be written as

(3.20)
d _ B o —1: div (w + @)
AgdV + ;Ajajv =-—BDV,V)-Y_ C;(V)o;V — s—br” VOW ,

where V = (m,u — @,5) € R“2 V = (0,4,0), and
Ap = diag(e®/ o) 1. 1,(1+8)7%) € Mgia(R),

Oj e ﬂjAO ,
es/('YOCv)w. /YOTileS/('YOCU)Tr ejT 0
AJ = ’YOTiles/('YOcv)ﬂ-ej w] Id 0 ,
0 0 (1 + t)_ewj
—7051 es/oco ) div g
B= (w-V)u
0

We also introduce N (t) = ([pa DFV . Ag(V)D*Vdz)'/? and Z(t) = S+
t)9¢ Ny (t) with gy = k +7 —a and r = /2 — d/2, 6 €]0, min(1, 221)]. In order to
obtain energy estimates, we apply D* to (3.20) and we multiply it by D* V. Then,
we integrate on R%. The additional term with respect to the perfect polytropic gases

considered by Grassin [7] is now

_ 1
F*(DV,DV,V) = 702

br” (div (w +7), V,0) € R4*2 .

With the notation U = (7,w) € R4 and F as in (3.9), the last component of F*
being 0, we have

oFVok(F*(DV,DV,V))dx = [ 9*U*(F(DU,DU,U))dz.
Rd Rd
Using the estimates (3.12)—(3.14) we finally get an estimate on Y;. Note that
the definition of the norm Ny is slightly different from the norm Y}, introduced in the
isentropic case, but if we introduce v = (v1,...,v441) € R4, 2 € R and denote v* =
(v1,.++,V411,2) € R¥*2 then we have [|Jv]|, < ellsollLee/(oco)ty* Agp*. Consequently
Y. < e||S°”L°°/(7°C”)Nk, and the estimates on Y} obtained in the isentropic case give
an estimate on Ny in the general case.
Finally, we obtain, adding the estimate on F' obtained in the isentropic case to
the estimates from Grassin in the general case,

llef k+r
2 dt 1+t

N2 CA+t)PNEZ+C'(A+t) 9 2Np Z 4+ C(1 + t)P+BHO@=D N2 7v

+ C(l + t)(,@Jrl)(V*l)*lN]?ZV*l + C(l 4 t)(,@Jrl)(V*l)*gk*?NkZV

+C Z N Z2E(1 + t)—gk+ﬁ+£(ﬁ+1+0/2),
§E€E)

where = —g; — % and

Ek:[[O,k]]U{%; le[[l,k—l]]}.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



896 MAGALI LECUREUX-MERCIER

Then, we choose a so that 8 =0, i.e.,

a:1—|—g>1 with@e]o,min<1,%2_1)].

Next, we simplify by Nj, we multiply by (1 + ¢)%, and we summate on k to obtain

4z _a
dt 1+

Z
7 < Z2 = 1 t Vflzl/Jrl Z2+m 1 tyem |
. C< o A + (1+1)

We now denote ((t) = (141¢)% exp ( %) Z(t) and we deduce from the inequality just
above that
©__c
dt = (1+1¢)°

(¢* 4 ¢ +¢mT2).

We conclude in the same way we did in the isentropic case, replacing v by v* =
max(v,m + 1) > 2, since (2 + ¢V 4 (™2 < 2(¢2 + ¢V Y.

4. Technical tools. Hereafter, we make use of the following notation for shortly
denoting derivatives: 9° with i € N is used to mean any derivative 0% with a € N¢
and |a|, = a; + -+ ag = 4 D'U is used to denote the vector (0°U)aend||a), =i Of
all derivatives of the given order i.

4.1. Lemmas 3.4 and 3.5. We show here Lemma 3.4, which states, with the

notation introduced in section 3.1,

v—1 k 2
1] < g DU DR U

Proof of Lemma 3.4.
If k=0, I =—b[p,7(rdivw +w - V7)dz. By integration by parts, we obtain

s UV

I= _bu 1 /]Rd ' divwdr < C‘ ﬂ'l’_lHLmH7T||i2||divw||Loo .
If £k > 1, I is such that
I=-b Z 0%mo (¥ divw) + Z 0%w;0%(r"0;m) | dz .
aeNd||al,=k | 7R’ J

Expanding, we find

I=-b Z / 0% (m)m¥ 0% (div w) + Z 0% (w;)m”’0%(0;m) + X | da
aeNd||al, =k R j

where ¥ is a sum of terms as [p, *UO* (7¥)0**U, where U is any of its

components and |a1]; = [, |ae|; = k+ 1 —1, with [ € [1,k], so that the
derivatives are of order less than or equal to k. First we treat the first
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two terms of the preceding sum for a d-uplet o € N¢, of size k, that is,
la|; = a1 + - + aq = k. By integration by parts, we find

% (m)m¥ 9% (div w) + Z 9% (w;)m” 0% (9;m)

R4

_ /R Y0 (0 (m0° (wy))

J

== 3 | oo monu).

Hence, I is a sum of terms as f@kUal(w”)ak*l“U, where 1 <[ < k.

Note that here we used the notation in which *U means 0“U for a given
o € N? such that |a|, = > «a; = k. Furthermore, we write U for any of its
components. Consequently, 9*U can mean 0%w;. We will use this notation
from now on.

Ifk>1and !l # 1,1 # k, using the Holder inequality and the Gagliardo—
Nirenberg lemma, Lemma 4.1, we have

OFUS (" )OF U da < cHa’wHwHalw)a’f—lﬂv‘

Rd L2
<ot Jor e e o0
L2 L°7-1 |
-1
k -+t ok *=1
<c|oru]| o)) ok
1- k=L =
x |OU || " || 0FU
L2
We use next Lemma 4.7 and the inequality
_ —1
[0 g = ||prr~0m | < Cllrllit Ioml-

to obtain

2
MU0 (x)0" 10 d < C||0U]| 10U | 7
Rd

If K > 1 and [ = k, we have to estimate

AP U () < HakUHLzHak(”V>

||,
) 9V
<clov| im0k 1o~

If Kk > 1 and [ =1, we have to estimate

UV U < H@kUH;H(?l(w”)

Rd Loe '

The inequality ||0* (7r”)||Loo < C||7r||11';01H('917THLoo allows us to conclude the
proof. |

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



898 MAGALI LECUREUX-MERCIER

We now prove Lemma 3.5, which states, with the notation introduced in section
3.1,

Jo < C(1+ )%

D’“U‘

ZV
Lz’

where dj, = (B+1)(v—1) —gr —2and S = —g1 — £.

Proof of Lemma 3.5. For k =0, J, = 0. We consider here k > 1; Js is then a sum
of terms f@kUﬁl(w”)ﬁk*l“de for 0 <1 < k — 1. The choice of initial conditions
gives us U € H™, but we do not know if DU € L*. So we can distinguish two cases:
m>2+4d/2 and D*U € L™, or m < 2+ d/2.

Case m > 2+ d/2. We now study different cases, according to the values of k
and [.

1. If K > 1 and | = 0, we use Proposition 3.1 and Lemma 4.5 to obtain the
estimate

/ﬂ”@kwakﬂﬂdajéH7T”||L00H8kUH H@kﬂﬂ‘
Rd L2

L2

< C(1+t)B+bvgy

o
L2

< O(1 + )%

DkUH 7V
L2

since k —d/2+2 =+ 1+ gi + 2, we are done.
2. If k> 2 and [ = 1, we have to estimate

/Rd wtomotrotade < ||ota]| ot Iz lom-

L2
<O+ )2 F=1(1 4 ) B+DE=1+5 7 3kU‘ :
L2
which concludes that case, since d/2—k—1+ 8+ (8+1)(v—1)= (B+1)(v—

1) — gk — 2.
3. If k =3 and [ = 2, we use Proposition 3.1 and Lemmas 4.5 and 4.7 to obtain
the estimate

932 ()0 dz < HakﬁHHHa%HLMHaz(m

Rd L2

< (1 + t)*3+(3+1)('/*1)*92

a’“U‘

ZV
L2’
and we are done as gz + 3 = g3 + 2.

4. If k > 3 and | € [2,k — 1], we use Lemma 4.2. Denoting ¢ = 2%=2% and

¢ = 2:273- so that 1/q+ 1/¢ = 1/2, we obtain

O*nd (r)oFada
Rd

< ‘akﬂ_H Hal(ﬂ,u) akflJrla‘
L2 L4 La’
1-2/q 2/q 1-2/q 2/q’
<|e*=|_[p* ) DF 1 (x¥) 27 DH'a)
L2 Loo L2 Loo L2
Since
i, <css [, <c s,
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and
9 y v—2 2 v—1 2
HD (7") Lo S ¢ <||7T||Lao ID7[|foe + 17| o0 HD 7THL°°>
< C(l _’_t)(,6’4r1)1172zu7
kel v—1|| k-1
HD ()] . < Climlg HD ”\Lz
<c( +t)(ﬂ+1)(l/71)*gk+1ZV’
we obtain
Jp < C(L+1)™ D'”THLZZ”’
where
2 2 2
mg = 1_5 ((54‘1)”_2)—’—E((B+1)(V_1)_gk+l)_3 1_?

2 /d
7(5"“)
=B+ —-1)—gr—2
=d.

Case m < 2+ d/2. First, we note that the computations of the cases k > 1 and
l=0,k>2andl =1, and kK = 3 and [ = 2 are similar. There remains to treat the
case k >3 and 2 <1 < k— 1. Since k < m < 2+ d/2, we have necessarily k < 3 if
d=1, 2, or 3, and we are done.

We assume now d > 4. Let us denote h = 1(k + 1+ d/2) > 2. Then we have
h < m and

d—1
< —
0<h—-1< 5

—1
<h—(k+1—l)<dT.

N~

We introduce hy = h—1, hg = h—(k—I+1)and 1/q1 = 1/2—h1/d, 1 /g2 = 1/2—hsy/d.
Therefore 1/¢1 + 1/g2 = 1/2, which allows us to use the Holder inequality

(k1) = [ 9Fmd!(x)o" 1 ade < HakaL2Hal(w”)
R

8k—l+1a‘

La1 La2 ’

Next, we apply Lemma 4.3 to find

ok, 1) < CH&’%H HDh (")

L2

Dhﬂ‘

L2 L2

Finally, we use Lemma 4.7 and Proposition 3.1 to obtain
To(k, 1) < cHakUH (1 + ¢)¥/2—h=1=gn+(B+1)(v=1) zv
I ~X L2 .

Asd/2—h—-1—gn+(B+1)(v—1)=(B+1)(r —1) — gr — 2, we are done. O
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4.2. The Gagliardo—Nirenberg inequality and its consequences.

4.2.1. The Gagliardo—Nirenberg inequality.
LEMMA 4.1 (GagliardofNirenberg; see [23, Prop. 3.5, p. 4]). Letr >0, ¢ € [0,7],
and z € (L™ NH")(R?). Then 0'z € L/*(R%) and

We deduce easily from Lemma 4.1 the following result.
LEMMA 4.2. Let z € H™ be such that D? z € L*>®; then for all k € [4,m)], for all
i € [2,k], we have D'z € L for ¢ = 25=2 and

|

Thanks to the Sobolev imbedding (see [23, p. 4]) and Lemma 4.1 we also prove
the following lemma.

LEMMA 4.3. Let £ €]0,d/2[ and 1/qg =1/2 —£/d. There exists C > 0 depending
on ¢,q,d such that for all z € H*(R?) we have

'z

gD 2|y

< Ci,r|

L2r/i

1-2/q

Lee

2/q

DF! .
L2

8z

<l
L«

z ‘

2l < €% -

Proof. The space H(R?) is endowed with the norm |||y + | D*-||2. The Sobolev
imbedding between H’ and L9 can then be written, for a given C' > 0, as

(4.1) Izl <C <|Z|L2 + HDZZHU) for all z € H”.

Let us now define, for 2 € HY, A € R*, the function 2, € H such that z)(z) = z(A\x).
Applying (4.1) to z) and noting that

_a _d
(4.2) Izallpe = AT | 2]gas HDe ZAHL2 — A9

L2

we obtain

ot < A (el + 2702 )

d llzlly 2 )1/@
2 k)

[[D%]|

where, by definition, g — & = —{. Consequently, introducing A = ( we

L2
have

£
2]l e < 2CHD zHL O

Similarly, we prove the following lemma.
LEMMA 4.4. Let p > d/2. There exists C > 0 such that for all = € HP(R?)

o
[12llLee < Cllzllg2 ™ IID” 2| L5 -
L L L

Proof. We now use the continuous imbedding H?(R?) ¢ L>°(R%). Thus, there
exists C' > 0 such that

2y~ < C(lzllge + D7 2l for all = € HP.
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Applying the inequality to zy : & — z(Ax), we obtain, since z) satisfies ||z ||p =
[l and (4.2)

;d
[2[lLee < CA=Z ([|2]lL2 + A7DP 2]L2) -

Taking \ = (Hgil,lzlﬂ; )1/P. we have finished the proof. O

4.2.2. Estimates.
LEMMA 4.5. Letm > 1+d/2, U € H*(R?), r,a € R, and Z be the norm defined
by (3.10):

3

L2

t) = iu + 1)

k=0

DF U(t)‘

with gk =k +1r —a. Then we have the following:
LU g < COL+8)PFZ(2).
2. |DU (#)|| . <COA+1)PZ(2).
3. Ifm >2+d/2, then | D> U(t)||lL= < C(1+ )P~ Z(t),
with B =—g1 — d/2.
Proof. 1. Applying Lemma 4.4 to U, we obtain

-t
Ul < CllU||p. > [ID UH

But we also have

Ul <(@+t)7"2,  |D"Ull,. <(1+t)""Z,
SO
U]l < C(1L+1)°Z,
where s = —go(1 — 3%) — (g0 + m) 5% = —go — S = S+ 1.

2. Applying Lemma 4.4 to DU, Wlth p=m — 1, we have

IDU |y < CDU||y, = 1>|\DmU|\2(m i
In the same way as before, we obtain
DU~ < C(1+1)°Z,

where

s=—g <1—2(m%d_1)) —(gﬁm—Uﬁ

d
——gi—5=8.

3. Applying Lemma 4.4 to D?> U with p = m — 2, which is possible since m — 2 >
d/2, we finally prove the third inequality. O
LEMMA 4.6. Let f,p € (L= NH™)(R?Y), and let o € N? such that |a| = k < m

Then
k
L2+||¢||L°°HD L?) '

Jo* (7l < € (111 "
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LEMMA 4.7. Let f € (L NH™)(RY). Ifv € Nandv > 2, or ifv € R and

v € [m,+oo[, we have f¥ € H™(RY) and, for all « € N¢ such that |a| = k < m, we
have

(4.3) 10 £ = < ClIfIE'||D* /]

L2’
where C' > 0 is a constant independent of f, a, v.

Proof. For v € N, v > 2, we proceed by iteration on v, using Lemma 4.6.
For v € [m, +o0[, we have

(@)=Y D capfrIONfL 0P

1<k Bt b=
[Bi]=b;>1

Then taking 0% f € LQ%, we apply the Holder inequality and Lemma 4.1 to obtain

ol <03 =, T ot

L%
Y=k
k J bi/k
v—j 1-b;/k k K
<ol T o)
j=1 i=1
Y=k
-1 k
<Clfli ot 4,

using in addition that, for all j € [1,m], ||fuij||Loo < “leI/:;J since v —j > 0. O
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