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Abstract

Consider the general scalar balance law 0;u + Divf(¢, z,u) = F(t,x, u) in several space
dimensions. The aim of this note is to improve the results of Colombo, Mercier, Rosini
who gave an estimate of the dependence of the solutions from the flow f and from
the source F. The improvements are twofold: first the expression of the coefficients in
these estimates are more precise; second, we eliminate some regularity hypotheses thus
extending significantly the applicability of our estimates.
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1 Introduction

We consider here the Cauchy problem for the general scalar balance law

O+ Divf(t,z,u) = F(t,z,u) (t,z) € R: xRN
N (1.1)
u(0,z) = up(z r € RY.

This kind of equation has already been intensively studied: a fundamental result is the
one of S. N. Kruzkov [12, Theorem 1 & 5|, stating the existence and uniqueness of a weak
entropy solution for an initial data ug € LOO(RN ,R). In addition, Kruzkov describes the
dependence of the solutions with respect to the initial condition: if ug and vy are two initial
data, then the associated entropy solutions u and v satisfy

= 0)O)llg, <o = volls with 7 = |, F g (1.2)

A huge literature on this subject is available in the special case the flow f depend only
on u and not on the variables ¢t and x and there is no source F' = 0 (see for example
[3, 10, 14, 15]).

We are interested here in the dependence of the solution with respect to flow f and
source F' in the case these functions depend on the three variables ¢, x and u.

This dependence with respect to flow and source has already been investigated: this
question was first addressed from the point of view of numerical analysis by B. Lucier
[13] who studied the case of an homogeneous flow (f(u)), without source term (F = 0).
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More recently F. Bouchut & B. Perthame [2| improved this result, always in the case of
an homogeneous flow and without source. G.-Q. Chen & K. Karlsen [4] also studied this
dependence, for a flow depending also on z, but the estimate they obtained was depending
on an a priori (unknown) bound on TV (u(t)).

The purpose of the present paper is to improve the recent result of R. Colombo, M.
Mercier & M. Rosini [8], which provided an estimate of the total variation in the general
case (with flow and source depending on the three variables ¢, 2 and u) and of the L! distance
between solutions. In particular, this estimate can be compared to the one of Kruzkov (1.2)
that give a bound on the L' distance between solutions with different initial data (but with
same flow and source). The estimates (1.2) and [8, Theorem 2.6 look similar but in [§],
the coefficient v given by Kruzkov in (1.2) is replaced by & = 2N ||V, f|lec + [|OuF |1, -
Consequently, we do not recover (1.2) from [8] in the case F' = 0 (because 7 = 0 whereas
k =2N|[|VOyf|~ # 0 a priori).

In the same setting as in [8, 12|, we provide here an estimate on the total variation
of the solution to (1.1), and on the dependence of the solutions to (1.1) on the flow f,
on the source F, with better hypotheses and coefficients than in [8]. The advances are
twofold. Firstly, we relax hypotheses, and thus widely extend the usability of our results.
More precisely, we require here less regularity in time than in [8], which is very useful for
applications (see [6, 7]). Furthermore, we recover the same estimate as Kruzkov when we
consider the dependence toward initial conditions only.

This note is organized as follows. In Section 2 we state the main results and compare
them to those in [8]. In Section 3, we give some tools on functions with bounded variations;
in Sections 4 and 5 we prove Theorems 2.2 and 2.5; finally Section 6 contains some technical
lemmas used in the preceding sections.

2 Main results

We shall use the notations Ry = [0,400) and R} = (0,400). Below, N is a positive
integer, Q = R x RN x R; for any positive T, U we denote QY = [0,T] x RN x [~U, U];
B(w,r) stands for the ball in RY with center z € RY and radius r > 0 and Supp(u) stands
for the support of u. The volume of the unit ball B(0,1) is wy. For notational simplicity,
we set wg = 1. The following induction formula gives wy in terms of the Wallis integral

WN:

w/2
N g W where Wy = / (cos )N dh. (2.1)
WN-—1 0

In the present work, 14 is the characteristic function of the set A, and &; is the Dirac
measure centered at ¢. Besides, for a vector valued function f = f(x,u) with v = u(x),
Div f stands for the total divergence. On the other hand, div f, respectively V f, denotes
the partial divergence, respectively gradient, with respect to the space variables. Moreover,
0, and 0, are the usual partial derivatives. Thus, Divf = div f + 0, f - Vu.

The following sets of assumptions on f and F' will be of use below.
feE°(QRY), F € €°(Q;R),

f, F have continuous derivatives 0,f, 0,V f, V2f, 0,F, VF;
for all U, T > 0, Ouf € L=®(QY;RY),

F —div f e L=(QY;R), Ou(F —div f) € L*(QY;R).

(H1%) (2.2)
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forall U, T>0,  VOuf € L¥(QpRVY),  9,F € L*(Q7;R),
’ . (2.3)
[ I = )ty <

foralU, T >0  0,f € L=(QY;RY), OuF € L=®(QY;R),

T
/0 /RNH(F—din)(t,x,-)HLOO([_UvU};R) dzdt < +oo.

(H2")

(H3) (2.4)

Comparing these sets of hypotheses to (H1),(H2) and (H3) in [8], we note that

e no derivatives in time are now needed;

e the L norm are now taken on the domain Q% = [0,7] x RY x [-U,U] which is
smaller than Q = R, x RY x R, which was the domain considered in [8].

Let us recall the fundamental theorem

Theorem 2.1 (Kruzkov [12]). Assume (H1*) hold. Then, for any ug € L>®(RY;R), there

exists a unique weak entropy solution u to (1.1) in L™ (R ; L}

L (RN;R)) continuous from

the right. Moreover, if a sequence uj € L>®(RY;R) converges to ug in L} , then for all

loc’
t > 0 the corresponding solutions u™(t) converge to u(t) in L], .

2.1 Estimate on the Total Variation

We give here a result similar to the one obtained by Colombo, Mercier and Rosini [8,
Theorem 2.5], but under weaker assumptions.

Theorem 2.2. Assume that (H1*) and (H2*) hold. Let ug € (L™ NL'NBV)(RY;R).
Then, the weak entropy solution u of (1.1) satisfies u(t) € BV(RY;R) for all t > 0. Let

Ty be real positive. Let us denote U = ||ul|g,c0(jo 1] xrN)> Ut = SUPyern \u(t,y)|, St,(u) =
Usepo,y) Supp(u(t)) and
T, = [0,To] x Spy(u) x [-U, U], (2.5)

Ky = CN+1)[V QUfHLw(E%O;RNXN) + HauFHLoo(zgao;R)

then for all T € [0,Ty], with Wi as in (2.1),

T
TV (w(T)) < TV (ug) e“3T+NWN/O e“??(Tt)/RNHV(F = div f) ()| oo vy A E -
(2.7)

Remark 2.3. Note that, with ¢ = HanHLOO(Q% y» we have Suppu(t) C Suppuo + B(0, ct).
0

Consequently,
St,(u) C Suppug + B(0,c¢Tp) .

We can note here several improvements with respect to [8, Theorem 2.5|. First, as we
already noted, the set of hypotheses is weaker since we do not require f to be €2 and F to
be €' with respect to the time variable: they only have to be continuous in time, which is
useful in applications, see for example [6].
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A second improvement stands in the L norms, that are taken on smaller domains than
in [8].

Last, the expression of the coefficient xj that does not content any longer the constant
NWy. Indeed, in [8, Theorem 2.5 it was given by

ko = NWy ((2N + DIVOuf o mmsny + HauFHLOO(Q;R)>

Besides, it does not seem possible to erase the coefficient NWy completely from the
expression (2.7), except in the case F' and f do not depend on u, see Remark 4.1.

An important corollary of this theorem is that we have now a criterium for having
solution continuous in time instead of continuous from the right. This is the analogous of
[10, Theorem 4.3.1] for general flows and sources. We use here the same notations as in
Theorem 2.2.

Corollary 2.4. Assume that (f,F) satisfy (H1*), (H2*) and (H3*). Let ug € (L NL'N
BV)(RY;R) and let u be the weak entropy solution of (1.1). Thenu € €°([0, T], L' (RY;R))
and for any s,t € [0,T] we have the estimate

t
l \/RN H(F —div f)(T7 €, .)HLOO([—U,M};]R)dw (28)

s = 100 ey S0 TV (u(r).
T7€|0,

le) = us)llg, <

If furthermore, for Ty > 0, instead of (H3%*), the condition
Sup / F—lef t,l’,' oo ([_ . dxdt < co
te[0,To] JRN H( )( )HL ([-UU];R)

holds, then the application t € [0,Ty] — u(t,-) € LY(RY,R) is Lipschitz.

2.2 Stability of Solutions with Respect to Flow and Source

We want now to estimate the difference u — v, where
e v is the solution of (1.1) with flow f, source F' and initial condition wy,
e v is the solution of (1.1) with flow g, source G and initial condition vy.

We search for an estimate of u — v in term of f — g, F' — G and ug — vg.

F. Bouchut & B. Perthame in [2| obtained such an estimate in the particular case f, g
depend only on u and FF = G = 0. The following result is an improvement of the result
of R. Colombo, M. Mercier and M. Rosini [8, Theorem 2.6, in which we gave a similar
result under stronger assumptions and with a coefficient x* that was not compatible with
the result of Kruzkov (1.2).

Theorem 2.5. Let (f,F), (9,G) satisfy (H1*), (f, F) satisfy (H2*) and (f — g, F — G)
satisfy (H3*). Let ug,vg € L NL'NBV(RY;R). Let T > 0 and let us denote
Vo= maX(HuHLOO([O,T]x]RN)’ HUHLOO([O,T}xRN)) ’
Vi = supyern (Jult,y)|, [o(t,9)])
St(u,v) = Uepor) (Suppu(t) USuppo(t))
Y50 =10,T] x Sp(u,v) x [V, V].

(2.9)
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Furthermore, we define ky, Uy, % as in (2.6) and
K= HauFHLoo(z’;”;R)a M = HaugHLw(Q¥;RN)' (2.10)

Then, for any R >0 and zo € RY, the following estimate holds:

/ ‘u(T,x) - v(T,x)|dx < e”*T/ ‘uo(x) - vo(az)| dz
lz—zol| <R |lz—zo|| <R+MT
BKST _ en*T 5
+ HS — K* TV (U’O) H u(f - g)HLOO(Z%;RN)
T org(T=t) _ ox™(T—1) )
+ NWy /0 g /RN [V (F = div )t 2, ) || oo 1, 7y A At

X Hau(f - g)HLOO(E%;]RN)

T
K*(T—t) _ 3 _
+ F—-G)—-d t,x,- dxdt.
/0 ‘ /Hx—a:0||<R+M(T—t)H(( ) (S g))( ! )HL(’O([*Vt,VtD !

This theorem is a direct consequence of lemma 5.1.
Remark 2.6. Note as above that, with ¢ = max(”@ufHLoo(Q% X ”8ugHL0°(Q¥ )), we have
0 0
Supp u(t) C Suppug + B(0,¢ t) and Suppw(t) C Suppvg + B(0, ' t). Consequently,

Sr(u,v) C (Suppug U Suppwg) + B(0,¢' T).

As above, we can note some improvements with respect to [8, Theorem 2.6]:

e The hypotheses are weaker: no derivative in time is needed for f and F'.
e The L* norms are taken on smaller domains.

e The coefficient k* is better than the x given in 8, Theorem 2.6| by
K = 2NV fllpee @mnxny + |10uF g or) + || Ou(F — G)HLoo(Q;R) :

Indeed, x* only depends on F', which is consistent with the previous Kruzkov’s result
(1.2), whereas k was also depending on f.

Note that, denoting h = (2N + 1)||V8uf\|Lw(Z%;RNxN), we have k* + h = k{ and

KAt K*t ht
co e ot T 1 < telr )t
K§ — K* ho ’
0
In the case 7" = LY., we conlude by telF M)t — gerot

In the case, XY # ¥1", we can replace k by

k1= (2N + D) [|V Oufllpeegumyny + [0uF o (s gy -
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Then we have k1 = k* + h and te("" TRt = tert

Kyt r*t
. ot — .
In all cases, we obtain “~=-— < tef1t and the estimate of Theorem 2.5 becomes
0

/ \u(T, z) —v(T,x)‘dx < e T
lz—zol|<R

+ T T TV (ug) [|0u(f — g

/ |lup(z) — vo(az)| dz
[|z—zo||<R+MT

)HLOO(Z;;RN)

T
_ k1 (T—t) _d; .
+ NWy </0 (T —t)e™ /RN |V(F = div f)(t, , )HLoo([—Ut,Ut})dxdt>

<[[0u(f = 9| mmm

T
I H*(Tt)/ F—@G)—di — t,x,- dzdt.
/0 ‘ ||:cmo||<R+M(Tt)H(( ) w(f g))( ! )HLOO([_VtyvtD !

Another consequence of Lemma 5.1 is the following proposition.

Proposition 2.7. Let (f,F), (g9,G) satisfy (H1*), (f,F) satisfy (H2*) and (f — g, F — G)
satisfy (H3*). Let ug,vg € L*NL'NBV(RY;R). Let T > 0. Then, using the same
notation as in (2.9)—( 2.10), for any R > 0 and xo € RY, the following estimate holds:

/ (u(T,2) —v(T,z)|dz < e“*T/ |uo(x) — vo(z)| da
lz—zol| <R |lz—zo|| <RAMT

_l’_

T
TV (ug) + NW / e—“??t/ V(F —div f)(t, 2, )|, o dzdt
( 0) N 0 RN H ( f)( )HL ([=Us,Us])

* *
Haeliot — g*el t
X

T
’%T/o 10u(f = DO | e (57 x -1, T

T
+ “*T/ / F—@G)—div(f-9) (tz,- dz dt .
’ 0 Jlz—wol| <R+M(T-1) H(( ) wif g))( ! )HL(’O(P%,%]) !

This proposition is useful in [5], where we studied the equation
Opu + div (u(1 — w)w(u x5 1)), u(0,-) = @,

and in particular, the stability with respect to . The use of proposition 2.7 allows then to
apply Gronwall lemma and gives us the following stability result. We assume here that we
have existence and uniqueness of weak entropy solutions, as obtained in [5].

Proposition 2.8. Let w € Lip (R,R) be such that w' € WH®(R,R), 01,72 € W N

WL(RN R), 4 € LNL* NBV(RY,[0,1]). Let uj,uz € €°(Ry, LY(RY,[0,1])) be weak
entropy solutions to the Cauchy problems (fori=1,2):

Opu; + div (ui (1 — ug)w(u; %, 1;)) =0, u;(0,-) = 1.
Then, we have the stability estimate:

[(ur = u2)(®)]| s < C@llm = m2llwra
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Proof. Applying Theorem 2.7, we obtain

lur(t) = ()|
NWx
4

< [TV(U)+T

ol o e 52, + 1912

T
< 10 e [l = wa®)g -+ o = el

1 T
3 ]I e [V =l + 9l s = a0 ]

T
<a(T) + b(T) /O [ — wa ()]

where

(@) =[ 1V @) + T g o gy ([ 72

X T[0! ||y 11 = 12l Iyt

1
2 _
L IVmED + {1l

_ NWx .
oT) =]l 2w {TV () + T Nl [0y (| 72 |, + ||Vm||i1>]
1
711w lwroe V211
Applying Gronwall Lemma, we obtain the desired estimate. 0

3 Tools on functions with bounded variation

Recall the following theorem (see [1, Theorem 3.9 and Remark 3.10]):

Theorem 3.1. Let u € L} (RY;R). Then u € BV(RY;R) if and only if there ezists a
sequence (uy,) in €°°(RN;R) converging to u in L, and satisfying

lim |[Vun(z)||dz =L with L <oo.
n—-+oo RN

Moreover, TV (u) is the smallest constant L for which there exists a sequence as above.

Let us also recall the following property of any function u € BV(RY;R):
/ |u(m) —u(r — z)| dz < ||z TV (u) for all z € RY. (3.1)
RN

For a proof, see |1, Remark 3.25].

Now, in a similar way as J. Davila [11], we prove the following proposition, which is an
improvement of 8, Proposition 4.3|. Indeed, in [8, Proposition 4.3|, the equality (3.3) is
valid only for u € €'. In the present proposition we extend this result to all u € BV.
Proposition 3.2. Let p; € €2°(R,Ry) with Suppp; C [—1,1]. Let u € L} (RY;R). For

all A > 0, we introduce py such that py(z) = )%Npl (”—f\”) Assume that there exists a

constant C such that for all X\, R positive,

1 ~
A /RN /B(mR) |u(z) — u(z — 2)| pa(z) dzdz < C. (3.2)
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Then u € BV (RY;R) and

TV (u) = — 1 —uz — .
V (u) 1)\%)\/&@/[@ u(z — 2)| pa(z) dedz, (3.3)
where
N (I (3.0
RN
Proof.

Note that the first part of the proof is the same as the first part of the proof of [8, Propo-
sition 4.3]. We introduce a regularisation of u: wj = w* pup,, with p,(x) = py (||z]|/h) /BY,
where p is defined as in (6.1). We note that u; € €°°(RY;R) and that uj, tends to u in
L! when h — 0. Furthermore, for R and h positive, by change of variables we get

loc
/RN /B(:vo,Rh)
1
_ X/ / lun () — un(z — A2)| pa(|12]]) dz d=
RN JB(zo,R—h)

1
< X/ / ‘u(x)—u(x—)\z)‘pl(HzH)dxdz
RN JB(zo,R)

< C.

1
/ Vup(x — Asz) - zds| p1(]|z||) dz d=

Making R — oo and using the Dominated Convergence Theorem when A — 0, we obtain

/RN / |Vun(x) - 2| p1(||2]]) dz dz

< hmmf—/ / —u(m—)\z)|p1(||z\|)dxdz.
A—0 RN J B(zo,R)

Remark that for fixed # € RY, when Vuy(z) # 0, the scalar product Vuy(x) - z is

positive (respectively, negative) when z is in a half-space, say H (respectively, H, ). We

can write z = a% + w, with o € R and w in the hyperplane H? = Vuy, (). Hence
h

[ V@ s mlhds = [ Funo)-zmleldz+ [ Vuna) - (-2 mlla)z
RN i 1
= 2 Vu@)zm (el
=2 [ alVu@]m/a? + Jul?) dwda
1 JHg
/R/H ] | Vun(@)[| 11/ a2 + [[w]*) dw da
[Vunta)] [l el d

So we obtain

C
T —1 f— — — < —. .
V(u) < c 1&nﬁ1(r)1 )‘/]RN/RN u(z — 2) ‘pA (z)dxdz c (3.5)
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Now, let (u,) be a sequence of functions in ¢*°(RY,R) converging to u in L}  and
such that [pn ||Vun(z)||dz converges to TV (u) when n — oo. Then, doing the same
computation as above, we obtain

1

1

S / / /{vun@—)\sz)'Z{p1(||z||)dsdxdz

RN JB(z0,R) /0

1
s /// |Vun(2') - 2| pr(|12]]) da’ ds dz
RN Jo JB(zo,R+)
_ / Vet ()€ da
B(zo,R+\)

s CLTV (un, B(xo, R+ ).

Taking R — oo and then n — co, we have consequently

/ / ) —u(z — Az)| p1(|z]|) dzdz < CL TV (u).
A RN JRN

Then, we take the supremum limit when A goes to 0. We obtain

lim sup — / / —u(r —z {,0)\ Jdxdz < C1 TV (u). (3.6)
A—0 RN JRN
We conclude the proof by reassembling (3.5) and (3.6). O

4 Proof of the Total Variation estimate

The following proof is quite similar to the one of [8, Theorem 2.5|. The differences come from
the use of Proposition 3.2 instead of [8, Proposition 4.3| and from avoiding the derivatives
in time to appear. In order to be clear, we rewrite here most of the steps of the proof. In
particular, the beginning of the proof is similar to |8, proof of Theorem 2.5| up to (4.10).

Proof of Theorem 2.2. First, we assume that ug € €' (R";R). The general case will be
considered only at the end of this proof.

By Kruzkov Theorem [12, Theorem 5 & Section 5 Remark 4], the set of hypotheses
(H1*) gives us existence and uniqueness of a weak entropy solution for any initial condition
ug € L°NLY(RY;R). Let u be the weak entropy solution to (1.1) associated to ug € (LN
L!NBV)(RY;R). Let us denote u = u(t,z) and v = u(s,y) for (t,z),(s,y) € R% x RV,
Then, for all k,I € R and for all test functions ¢ = p(t,z,s,y) in €} <(Ri X RN)Q;IR{Jr),

we have

(u—k) 0o+ (f(t,x,u) — f(t,2,k)) Vo + (F(t,@,u) — div f(t,z,k)) ¢
/RN

xsign(u — k)dxdt >0
(4.1)



4 Proof of the Total Variation estimate 10

for all (s,y) € R} x RV, and

/R*/]RN v—l 5(‘0+(f(8 Yy, v) — f(57y7l))vy90+(F(S,y,v)—divf(s,y,l))<p

xsign(v —1)dyds >0
(4.2)
for all (t,z) € R% xRV, Let ® € €°(R% x RV;Ry), ¥ € €°(R x RYV;R,) and set

o(t,z,s,y) = P(t,x) U(t — s,z —y). (4.3)

Observe that O;p + 05 = VO;®, Voo = ¥V, @ + @V, ¥, Vyp = —®V, V. Choose
k = v(s,y) in (4.1) and integrate with respect to (s,y). Analogously, take | = w(t,x)
in (4.2) and integrate with respect to (¢,2). Summing the obtained inequalities, we obtain

/*/RN/*/Slgn u—v) [u—v)\llatfb—i— (ft,z,u) — ft,z,v) - (V)T
+(f(s,y.0) = fs,p,u) = ft2,0) + f(t2,0) - (V) D (4.4)
+ (F(t, @, u) — F(s,y,v) +div f(s,y,u) — div f(t, 2, v)) gp] dzdtdyds > 0.

Introduce a family of functions {Yy}y~o such that for any 9 > 0:

Y5 ()
1
Yo(t)
0 13 t 0 9 t
Figure 1: Graphs of Yy, left, and of Yy, right.
t 1 t
t) = / Yy(s)ds, Yy(t) = 3 Y’ <5> "e €F°(R;R), (4.5)
Supp(¥") € 0,11, Y30, IREE

Let To > 0, U = [|u| o0 jo,1p) xrv;) 20d M = HBUfHLOO(Q% gy Which is bounded by (H1*).
b ) 07
Let us also define, for ,6, R > 0, zg € RY, (see Figure 2):

X(t) =Ye(t) = Ye(t=T) and  (t,x) =1-Yy (|2 -zl - R—M(Tp —t)) >0, (4.6)

where we also need the compatibility conditions Tp > T and Me < R+ M(To —T).

Observe that x — 1) and X — 8y — o7 as € tends to 0. On x and v we use the
bounds

XS Lorye and 1y rReM(To—t) S ¥ < 1B(ao, REM(To—t)+6) -
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Wt

X
0 € T T+e X R+M(To—t) R+M(To—t)+6

Figure 2: Graphs of x, left, and of v, right.

In (4.4), choose ®(t,z) = x(t) ¥ (t, ). With this choice, we have

o

0=y - MxY, and V®=— Yeﬁ. (4.7)
— 20
Setting B(t, z,u,v) = |u — v|M +sign(u—v) (f(t,z,u) — f(t,z,v))- ﬁ the first line
r — X

n (4.4) becomes

/*/RN/*/RN u— )V P —l—(f(t x,u) — f(t,x,v)) . (Vfb)\ll]sign(u—v)dxdtdyds
/ / / / (lu = vl X' ¥ = B(t,z,u,v)x Yy) ¥dzdtdyds
ol RN 5 RN

////|u—v|x/¢\1’dxdtdyds,
L /RN JRL JRY

since B(t,z,u,v) is positive for all (¢,z,u,v) € Q x R. Due to the above estimate and
o (4.4), we have

I

u—v)x YW
(f(S y,v) = f(s,y,u) = f(t,2,0) + f(t,2,u)) - (VE) P
+ (F(t,:c,u) — F(s,y,v) —div f(t,z,v) + divf(s,y,u)) ©

xsign(u — v)de dtdy ds > 0.

Now, we aim at bounds for each term of this sum. Introduce the following notations:

I = / / / / |u —v] X" ¥drdtdyds,
3 JRY JRY JRY

o= [ [ L G = s+ s - fta) (V0 @

x sign(u — v)dzdtdyds,

o= [ L ) = fe + ) = f(ty) - (V9) @

x sign(u — v)dedtdyds,
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L = / /RN/ /RN [div f(t,z,v) — div f(t,z,u) + F(t,y,v) — F(t,y,u)]

psign(u —v)dzdtdyds (4.8)
1
Ly = /:/RN/R;;/RN [/0 V(F —div f) (t,rz+ (1 —r)y,u) - (x —y)dr| ¢
xsign(u —v)dzdtdyds. (4.9)

L= [ ][ ) - Pl - div it +div fs..) ¢
» JRN JR: JRN
x sign(u — v)dzdtdyds.
Then, the above inequality is rewritten as I + J, + J; + L1 + Lo + Ly > 0. Choose

U(t,z) = v(t) p(x) where, for n, A > 0, u € €°(Ry; Ry ) satisfies (6.1)—(6.2) and

v(t) = %I/l <%> , /Rul(s) ds=1, 1 € €°(R;Ry), supp(r) C]-1,0[. (4.10)

Now, we want to estimate separately I, J., J¢, L1, Lo and L;. Note first that if
z,y € RV \ {Usepo,r) Suppu(t)}, the integrand in J, and Ly vanishes, so denoting

Sr(u)= | Suppu(t), (4.11)

te[07T()}

the space of integration of J, and L; is in fact Ry x Sr(u) x Ry x Sp(u). The main
differences with respect to the proof of [8, Theorem 2.5] are the following:

e The L norm that we took on R, x RY xR, are now taken on Y5, = [0, To] x Sr(u) x
[—U,U], where U = sup(”u(t)HLoo(RN),t € [0, Tp]).

e For J; and L¢, by Dominated Convergence Theorem, we get when n — 0
%ii% Jp = 7172% L, =0, (4.12)
which avoids the use of time derivatives.
e The L* norm of u in Ly is now taken on [—Uy, U] where Uy = Hu(t)HLOO(]RN)'

We do not rewrite the estimates on I, J,, L1, Lo, that are the same as in [8, Theorem
2.5], up to the space in the L* norm. See remark 4.1 for precisions on the estimate of Ls.
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Letting €,7,0 — 0 we get

limsupl = / / {u(O, z) —u(0,y)| pu(z —y)dzdy
RN ||ZB7{L'O||<R+MTO

€,n,60—0
-1 (T, ) — (T, y)| (s — y) dw dy,
RN Jla—aol| <R+M (Ty—T)
lim sup J;

T
IVouflwes [ [ ] I = yl [ult, @) — u(t,)
e,n,0—0 0°Jo JRN JB(zo,R+M(To—t))

X HV,M(:U - y)H dzdydt,

N

limsupJ; = 0,

€,n,0—0

Ii L1 < N||Vo o OuF 1 0o s
imsp L (M90Sl + 10uFlhos,

T
<[ [.] fut, ) — u(t, )| (e — y) dady dt
0 JRN J)jo—ao||<R+M(To—t)

T
limsup Ly =AM F—div f)(L,y,- dy dt
;ir:esig) 2 A 1/0 /]RN HV( iv f)(t,y, )HLoo([,Ut,Ut]) ydt,

limsuplL; = 0,
€,n,6—0

where
M= [ el (ol de. (413)

Above, the right hand sides are bounded thanks to (H2%).
Collating all the obtained results and using the equality,

I E—y

1 ||~’U—y\|>
ullz) = ulhy)| Sm <7 dz dy
/RN /”$$0|I<R+M(TOT)‘ ( ) ( )| AN \
1 Hw—y”)
) ul0,x) — 0.y _M( da dy
/RN Ax_l’o“gR-l—MTO‘ (0,2) ( ){)\N 3
T
_Hvau‘fHLoo(Z%)/ / / u(t, z) — u(t,y)|
0" Jo RN J||z—zo|| <R+M(To—t)
1 r—y
XN 1 <H 3 H> |z — y|| dz dy dt
T
( ” ”L (ETO) ” ”L (ETO)) o JRN ||x_$0||<R+M(TO—t)| ( ) ( )‘

1 _
X (M) de dy dt

T
+)\M1/0 /RN [V (F = div )ty )| oo ) DY A2 -

(4.14)
If HV@ufHLoo(Z%O) = ||auF||L°°(Z;O) = 0 and under the present assumption that ug €

€ (RY;R), using Proposition 3.2, (3.4) and (4.13), we directly obtain that

My [T :
TV (u(T)) < TV (ug) + N /0 /RN |V(F —div f)(t, v, -)HLOO([_UhUthy dt.  (4.15)
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The same procedure at the end of this proof allows to extend (4.15) to more general initial
data, providing an estimate of TV (u(t)) in the situation studied in [2].

Now, it remains to treat the case when HvaufHLoo(zga y # 0. As in [8, Theorem 2.5],
0

a direct use of Gronwall lemma is not possible, but we can first obtain an estimate of the
function:

F(T,\) //N/ lu(t,z) — u(t,z — z) )\Nu <H H)dddt
R |$ x0||<R+M(T() t)

Indeed, we get that if T is such that
1
1+ 2N)HvaufHLoo(2}1g0) + HauFHLOO(E%O)

T <

-1
then we obtain, with o = (QNHVaufHLoo + |0 F || 1,00 — %) <”vauf”]_‘oo(z%o)> < -1,

(M1 TV (up) + C(T")) L

1
—F(T",\) <
PN S ——— [V0uflgomy )

(4.16)

Furthermore, by (6.1) and (6.2) there exists a constant @ > 0 such that for all z € RY

~sh(lel < @ (1) (a17)

Divide both sides in (4.14) by A, rewrite them using (4.16), (4.17), apply (3.1) and obtain

|z — y\l)
u(T,z) —u(T,y < dxdy
A /RN /|m wol| KR+M(To—T )| &) - ) )‘N & A

F(T, A
< 1V (uo) + T (N0l )+ 100F iy,

f(T72)\) N+2
+T2 Q HVaufHLoo(E%O)

T
+M1/ /N HV(F—divf)(t,y,-)HLOO(PUMUt])dydt.

An application of (4.16) yields an estimate of the type

/ / \u(T,2) — u(T,z — z)| p(z) de dz < <C, (4.18)
RN :L'Q R+M(T0 )

where the positive constant C' is independent from R and X. Applying Proposition 3.2 we
obtain that u(t) € BV(RY;R) for t € [0,2 T}[, where

1

T1 = :
2 (02190l + 10y, )

(4.19)

The next step is to obtain a general estimate of the TV norm. The starting point
is (4.14). Recall the definitions (4.13) of M; and (4.19) of T7. Moreover, by integration by
part we obtain

[Tl el dz = v+ 1)1
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The following step is not similar to [8, proof of theorem 2.5|: we divide both terms
in (4.14) by A, apply (3.3) on the first, second and third terms in the right hand side, with
p1 = p1 = 0 in the second and third case, and with p; = —p} > 0 in the second case. We
obtain for all T' € [0,T7] with Ty < Tj

T
TV (u(T)) < TV<uo>+(<2N+1>||vauf||w@%0>+uauFHLoo@%o)> /0 TV (u(t)) dt

M, [T _
+a/0 /RN HV(F—dwf)(t,x,.)HLOO([_UhUthxdt.

Next, an application of the Gronwall Lemma shows that TV (u(t)) is bounded on [0, T}]

KT My [T e :
TV (u(T)) < € TV (ug) + —/ e’ /]RN |V (F = div f)(t, =, ')HLw([fUt,Ut]) dz dt

C
(4.20)
for T' € [0,T1], My, Cq asin (4.13), (3.4) and k{ = (2N+1)Hvauf”L°°(Z;o)+HauFHLOO(Z;O)'

Now, it remains only to relax assumption on the regularity of ug and to note that the
bound (4.20) is additive in time. These steps are the same as in 8, Theorem 2.5], so we do
not write them. 0

Remark 4.1. The constant NWy in front of fOT fRN HV(F —divf)(t, z, ')HLOO([—Ut )
in Theorem 2.2 comes from the estimate of the term Lo defined by (4.9).
We have indeed

/* /RN/ /RN /1 [V(F —divf)(t,z = A1 —7)z,u) - (A2)|

xxu1(||z]])vdr dz dt dz ds

T+e
/ / / / |V(F —divf)(t,z — A1 —7)z,u) - (2)]
B(zo,R+M (To—t)+0) JRN
xp1(||z|)dr dz da dt

T+e rl1
s A/ / / / [V(F —divf)(t, 2" ut, 2’ + X1 = 7)z2)) - 2|
0 0 JB(zo,R+M(To—t)+0+\)/ RN
x 1 (]| z]])dz da’ dr dt

dx dt

If F — div f does not depend on wu, then, with the same computations as in the proof of
Proposition 3.2, considering z +— V(F — divf)(t,2') - z as a linear application, we get:

THe
Ly < )\/ / W(F—divf)(t,x’)|dx’dt/ (22 pan (1]2]) )z
0 B(zo,R+M (To—t)+0+X\) RN

which allows us to get rid of the constant NWy into the bound of L.

However, in the general case, because of the dependence of u in z, we are led to take
the supremum of u(t). We obtain the following:

T+e
Ly < )\/ / / sup |V (F —divf)(t, o', u(t,y)) - z|p(||2])dzda’de.
0 B(zo,R+M(To—t)+0+A)J RN ycRN
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We can no longer do the same computations as in the proof of Proposition 3.2. Indeed, it
is not allowed to permute sup and fRN, consequently, if we want to isolate the variable z
from the other variables, we use the Cauchy-Schwartz inequality to obtain:

T+e
Lo g/\/ / sup HV(F - divf)(t,x',u(t,y))“ dz’ dt
0 B(zo,R+M(To—t)+0+)\) ycRN

< [ elimlalaz.
RN

The constant NWy appears here when we divide by C1 = [pn |21]p1(]|2]|)dz, since, by
Lemma 6.1, &= [on [|2[lua([[2])dz = NWy.

In the general case, we were consequently not able, using this method, to erase the
constant NWy on the right hand side of (2.7).

Proof of Corollary 2.4. This is the same argument as in [9, Theorem 4.3.1], the flow
and the source depending here on the three variables ¢, x and wu.

The weak entropy solution u of (1.1) is also a weak solution. Consequently, for any
0 € €>([0,T] x RN, R) such that |¢| < 1, for any ¢ € [0,T], we have
T
/ / (udpp + f(r,2,u) - Vo) dzdr + / u(t, z)p(t, ) de

t RN RN

T
= —/ / F(r,z,u)p(r,z)dxdr .

t JRN

Let s,t € [0,T]. Then, with ¢(t,x) = 1(x), we obtain

/st /RN f(r,x,u).vquxdwr/RN(u(s,x) —u(t,2))(z) de

__ /st /RN Fr, 2, u)(x) da dr .

That is to say

/]RN (u(s,x) — u(t,x))(z) dz
=— / /RN(F(T,x,u) —div f(1,z,u))Y(x) dx dr

—/ /RN(diV flryz,w)(x) + f(r,z,u) - Vip)dedr .

By a regularization process, we prove that

/ /RN(div f(ryz,u)(x) + f(r,z,u) - V) da dr

<5 = 10 I s3p0y SUD TV (u(t)).
[0,7]
Taking the supremum over all 1/ € €>°(R™ R) such that || < 1, we obtain

t
/s /]R F = div £ e g T

+ s = tl10uf oo (zu)) [S()HJ% TV (u(t)).

Hu(t) - u(s)HLl(RN) <
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5 Proof of the stability estimates

We give now the proof of Theorems 2.5 and 2.7. We prove first prove the following lemma.

Lemma 5.1. Let (f,F), (9,G) satisfy (H1*), (f, F) satisfy (H2*) and (f — g, F — G)
satisfy (H3*). Let ug,vp € L® NL! N BV(RY;R). We denote u and v the solutions
associated respectively to the initial conditions ug and vg. Let T > 0. Then, using the same
notation as in (2.9)—( 2.10), for any R > 0 and xo € RY, the following estimate holds:

/ |u(T, z) —v(T,z)| dw
B(zo,R+M(To—T))

< |u(0,2) —v(0,z)| dx

/B(:BQ,R+MTO)

T
0w F |0 (5227 / / lv(t, ) — u(t,z)| dz dt
To " Jo JB(zo,R+M(To—t))

T
+ /0 Hau(f _g)(t)HLOO(STO(U)X[*Ut,Ut]) TV (U(t))dt

T
+ F—-G)—di — t,y,- dydt| .
/0 /B(a:o,R—I—M(To—t))H(( ) iv (f 9))( Y )HL(’O([th,Vt]) Y ]

The beginning of this proof is similar, up to (5.4), to the proof of Theorem 2.6 in [8].
We rewrite it in order to be complete and clear.
Proof of Lemma 5.1.

Let ® € €°(RY x RV;Ry), ¥ € €°(R x RY;R,), and set ¢(t,z,8,y) = ®(t,z)¥(t —
s,z —y) as in (4.3).

By Kruzkov Theorem [12, Theorem 5 & Section 5, Remark 4|, the set of hypotheses
(H1*) gives us existence and uniqueness of a weak entropy solution for any initial condition
in L NLY(RY;R). Let u be the Kruzkov solution associated to ug and v be the Kruzkov

solution associated to vg. By definition of Kruzkov weak entropy solution, we have for all
| € R, for all (t,z) € RY x RY

/*/}RN[(U — D) osp+ (f(s,y,u) — f(s,5.0)) - Vyo + (F(s,y,u) — div f(s,y,1) (p]
xsign(u — ) dyds >0

and for all k € R, for all (s,y) € R% x RY

/*/RN[(U — k) Oip + (g(t,x,0) — g(t,2,k)) - Vo + (G(t, x,0) — divg(t, =, k)) Lp]
) xsign(v — k) dz dt > 0.

(5.2)

Choose k = u(s,y) in (5.2) and integrate with respect to (s,y). Analogously, take [ = v(¢, x)
in (5.1) and integrate with respect to (¢,x). By summing the obtained equations, we get,
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denoting v = u(s,y) and v = v(t, x):

o Jo s s

(u— )V + (g(t,z,u) — g(t,z,v)) - (V) ¥
(g(t x u) g(t x U) f(S Yy, u )+f(5’y’v)) : (V‘I’)‘I)
+ (F(s,y,u) — G(t,z,v) + divg(t, z,u) — div f(s,y,v)) ¢

xsign(u — v) dedt dy ds > 0.

(5.3)
We introduce a family of functions {Yy}y~o as in (4.5). Let Ty > 0 and denote M =
||8ugHL°°(Q¥O;RN) with V' = max(||ully,ec (o1 xr)» [1VllLec (0,73 xrY))- We also define x, 1)
as in (4.6), for ,6, R > 0, 29 € RY (see also Figure 2). Note that with these choices,
equalities (4.7) still hold. Note that here the definition of the test function ¢ is essentially
the same as in the preceding proof; the only change is the definition of the constant M, which
is now defined with reference to g. We also introduce as above the function B(t, z,u,v) =

. T — o
M|u — v| + sign(u — v) (g(t,x,u) — g(t,x,v)) . m

Q x R, and we have:

that is positive for all (¢, z,u,v) €

/ / / / |:(u — 1))615I (g(t,x,u) — g(t7x7v)) . V‘I)} U si (u ?}) tdy ds
* JRN * JRN gn ] ] ] ]
</ / / / [|u—v|x’1/)— B(t,x,u,v)xyg']\l/dxdtdyds

* JRN * JRN

g//// |u —v| X' ¥ ¥ drdtdyds.
F/RNJRLJRN

Due to the above estimate and (5.3), we obtain

/i/]RN/i/RN [(U_U)X,T/)‘I’

+ (g(t,m,u) - g(tvxvv) - f(37y7u) + f(s,y,v)) : (V\II)(I)
+ (F(s,y,u) - G(t,x,v) +divg(t,z,u) — div f(s,y,v)) %
xsign(u — v)dz dtdy ds > 0,

ie. I+ J,+Ji + K+ L, + L >0, where

1:/* /RN/R /RN = v\ dz dt dy ds (5.4)
m_/* /RN/ /RN g(t,z,u) — g(t,z,v) + g(t,y,v) — g(t,y,u)) - (V)P

+ (divg(t, z,u) — div g(t, =, v))gp} sign(u —v)dxdtdyds, (5.5)

Jt /* /]RN/* /]RN Sy’ f(S,y,u)+f(tayaU)—f(t,y,v))-(V\I’)(I)
o+ (div f(t,y,v) = div f(s,y,v))| x sign(u — v) dzdt dyds,
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K=[ [ | [ (G-Dtyw =Dty (o0 (5

x sign(u — v)dedtdyds,

L, :/ / / / (F(t,y,u) - G(t,x,v) +divg(t,z,v) — div f(t,y,v)) %
1 /RN JRY JRN
x sign(u — v)dzdtdyds, (5.7)

Lt:/ / / / (F(s,y,u)—F(t,y,u))cp
* RN * RN
+ +

x sign(u —v)dedtdyds.

Now, we choose V(t,z) = v(t) pu(z) as in (4.10), (6.1), (6.2). Let us estimate each of these
integrals separately.

a) Estimate on I. The estimate on [ is the same as in the proof of [8, Theorem 2.6]:
thanks to Lemma 6.2, we obtain

limsup/ < / |u(0,2) —v(0,z)| dz (5.8)
£,m,A—0 [|z—zo|| <R+MTH+6

—/ |u(T,x) - v(T,x)‘ dz.
|lz—zo||<R+M(To—T)

b) Estimate on J,. For J,, we derive a new estimate with respect to [8, Theorem 2.6].
Indeed, as g is €2 in space, we can use the following Taylor expansion:

g(tayav) :g(t,x,v) + v.g(taxav) : (y - x)
1
" / (1 =m)V2g(t,ry + (1 = r)a,v)dr - (y — x)?,
0
gt y,u) =g(t,z,u) + Vgt y,u) - (y — )

4 /01(1 V2t ry + (1 — ), u) dr - (y — 2)2.
Besides, we note that
(Vg(t,z,v) - (y — ) - Vu(z — y) — divg(t, z,0) u(z — y)
= Zajgltxv)(yj z;) Oz —y Z@gztwv —y)
= _Za]gl t,2,0) 0 (2j14(2)) |z=2—y

= —Vg(t, z,0) - V((z —y)u(z —y))
In the same way, we have

(VQ(t’x7u) : (m - y)) v/‘(x - y) + dng(t’x’u):u(x - y)
= Vg(t,m,u) ’ V((w - y)M)
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so that finally

(g(t,y,v) —g(t,z,v) + g(t,z,u) — g(t,y,u)) Vu+ (div g(t,z,u) — div g(t,x,v)) ulxr —y)
= (VQ(t’ €, u) - VQ(t’ €, ’U)) ’ V((x - y)/‘)

1
/0 (1—r) (VQg(t,ry + (1 =7z, u) — Vigt,ry + (1 — r)x,v)) dr - (z —y)?

+ -V

After a change of variable, we obtain

/ /B(x R+M(To—t)) /RN{ (Vg(t,x,u(t,x —A2) - Vg(t,x,v(t,@))
- V(zpa(l[z]]))sign(u — v)

+ )\[/01(1 —r) <V29(t,ry + (1 —r)x,u) — Vig(t,ry + (1 — r)x,v)) dr - zZ]
: H—iuug(nzn) sign(u — v)} dzdzdt .

When A goes to 0, we obtain by the Dominated Convergence Theorem

lim J, —/ / (Vy(t,z, ut,z)) — Vg(t,z,v(t,z))) sign(u —v)dzdt
5777707)‘_)0 1’0,R+M(TO t
/’Vzmuu

As [on V(zpi(]2]))) dz = 0, we finally get

li J, =0. 5.9
e,n,égxlﬂo * ( )

c) Estimates of J; and L;. For J; and L;, we avoid now the use of the derivatives in
time thanks to an application of the Dominated Convergence Theorem. We obtain

87”767>\_)0 87”767>\_)0

d) Estimate of L,. For L,, we have
Lo [ [ [ [@-6-div(r =)t + (Ftgw) - Fpo)
3 /RN JRY JRY
1
+/ VG(t,ry+ (1 —r)x,v) - (y — ) dr}gpdy ds dz dt .
0

Note that F(t,y,u) — F(t,y,v) = [ 0,F(t,y,w)dw vanishes for y € RV \ Sp(u,v).
Consequently, with V = supte[QTO](Hu(t)H ) and

Lo (RN)? v t)HLOO(]RN)

o7, = [0,70] x Sr(u,v) x [V, V], (5.11)
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we obtain

T
lim L, < F-G)(t,xz,-)—di —g)(t,x, )|y o dzdt
e =6 i (= )6y

T
+ [|0uF || o0 (52 / / lu(t,z) — v(t,z)| dzdt . (5.12)
To” Jo JB(zo,R+M(To—t))

e) Estimate of K. In order to estimate K as given in (5.6), we follow the same pro-
cedure as in [8, Theorem 2.6|: let us introduce a regularisation of the y dependent func-

(£) and og(y) = BNO'( >, where p € €°(R;R;) and

07

tions. In fact, let po(z) = 1p

[e%
g € Cgcoo(RNﬂR-i-) are such that HpHLl(R;R) - ”O-”LI(RN;R) = 1 and Supp( ) = ] 171[7
Supp(c) € B(0,1). Then, we introduce

P(w) = (9— Nt y,w), Sq = Sign sy pq,
T, (w) = salw—v) (Pj(w)— PZ (v ) , ug = Ogkyu
Tiw) = sign(w—0) (P(w) - Pi(v)),

so that we obtain

<fo(uﬁ) - Tg(“)? By, )
[(sa(u —0)Pi(u) = sa(ug — v)Pi(ug)) + (sa(u —v) — salug — v)) Pz(v)] Oy, pdy

J
_ /RN /uﬁ (00 (50 (U — 0)PAU)) — Busa(U — v)P(v)) 8,0 dy
L[ 60 = 00) - P + sa =) P0) 0y

Now, we use the relation s/, (U) = 2p < > to obtain

‘(T;(um — T (u), O / / 2p (2) |Pi(v + az) — Pi(v )| Oy, pdz dy

+/RN/u |P{(U)]0y,0dU dy .

When « tends to 0, using the Dominated Convergence Theorem we obtain

<Ti(uﬁ) - Ti(u)7ayi@>‘ < /]RN ‘u - u6| HPZ‘,HLooayi(de-

Applying the Dominated Convergence Theorem again, we see that

lim 1 (Y5 (up), D) = (T'(w), ),
[1313}) lim (Ya(ug), Vyp) = (T(u), Vyp).

Consequently, it is sufficient to find a bound independent of o and 8 on K, g, where

Ka,ﬁ:—/ / / / Ta(uﬁ)'Vy(Pdl'dtdyds.
5 JRN SRy JRY
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Integrating by parts, we obtain

Kaﬁ:/ / / / Div, Y, (ug) pdedtdyds
§ JRY JRY JRY

:/*/RN/* RNausa(u,@ —v)Vug - ((g = £t y,ug) — (9 — f)(t,y,v)) pdzdtdyds
+/*/RN/*/RN5&(U6 — ) (Bulg — F)(t,y, ug) - Vug) pdadtdyds
+/*/IKN/*/[RN8a(u6 —v) (div (g = f)(t,y,ug) — div (g — f)(t,y,v)) pdadtdyds

:Kl +K2 +K3

We now search for a bound for each term of the sum above.

e For K, recall that dys,(u) = %p (%) Hence, by the Dominated Convergence Theo-
rem, we get that K1 — 0 when o« — 0. Indeed,

gp <u6 —U> Vug - ((9 = f)(t,y,ug) — (9 — f)(t,y,v)) ¢

« [0

(0%

< 20(222) fvnteanl [ [0 - el

< 2||pHL°°(R;R) Hvuﬁ(say)H Hau(f - g)HLOO(ng;]RN) 2 € Ll <(R*—|— X RN)QﬂR) .

e For Ky, denoting D = {Sz, (u) + B(0,5)} x [_Hu(t)HLoo’ Hu(t)HLoo], we get
T+e+n
Ky < /0 /RN /Hh H(?u(f —g)(t)HLw(D;RN)HVu/g(s,y)Hu(t —s)dydsdt

T+e+n
< A A+ Hau(f - g)(t)HLOO(’D;]RN) TV (Uﬁ(S)) y(t _ 8) dsdt.

We note besides that D — Sg,(u) x [=Uy, U] when 5 — 0.

e For K3, we just pass to the limit in «, 8 and then make A goes to 0. We see that:

K3 —082-00.

Finally, letting o, 3 — 0 and ,7, A\ — 0, due to |1, Proposition 3.7|, we obtain

T
181151)\538 K < /0 Hau(f —-9) (t)HLoo(STO (W)X [~ U, U] ;RY) TV (u(t)) dt. (5.13)

f) Collecting of the estimates. Now, we collate the estimates obtained in (5.8), (5.9),
(5.12), and (5.13). Remark the order in which we pass to the various limits: first ,7,0 — 0
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and, after, A — 0. Therefore, we get
/ |u(T, z) —v(T, z)| dz
B(zo,R+M(To—T))

< |u(0,2) —v(0,z)| dz

/B(:BQ,R+MTO)

T
0w F |y o0 (527 / / lv(t, ) — u(t,z)| dz dt
To " Jo JB(zo,R+M(To—t))

T
+/0 10u(f = DOl e (57, (-t TV (l®) dt

23

T
+ F—G)—di - t,y,- dydt]| .

g

Remark 5.2. In the preceding proof, the main changes comparing to [8] are essentially in
the bound of J,. Furthermore, we also gain some regularity hypotheses by avoiding the use

of the derivative in time.

Proof of Theorem 2.5. Thanks to Lemma 5.1, we can write

AT) < A(0) + &* A(T) + R(T),

where
T
AT) = / / lo(t,z) — u(t,z)|dzdt,
0 JB(zo,R+M(Tp—1))
H* — HauFHLoo(E%Z)v) s
T
R(T) = Hau(f—g)HLw@%O)/o TV (u(t)) dt

(5.14)

(5.15)

T
+ F—-G)-di - t,y, dy dt.
/o /B(mo,R-l—M(To—t))H(( ) if g))( Y )HU"’([*Vt,VtD Y

The bound (2.7) on TV (u(t)) gives:

efol — 1

T org(T—t) _ 1 T
Ko 0 0

where x{ is defined in (2.6) and

a = Hau(f_Q)HLOO(E%O)TV(UO)’

S
—

~~
S~—

I

o) = /B(mo,RJrM(Tot)) H ((F —G) —div(f - g)) v, .)HLO"([*WVA) W

NWl|0u(f = 9)| e sy, /R NYE = div 1) 2, o 0
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since T' < Tp. Consequently

. , . el _ 1 T elig(Tft) -1 T
A(T) S AO) + K AT) + | ——a+ | ———bt)dt+ [ c(t)dt] . (5.16)
0 0 0 0

By a Gronwall type argument, we obtain

T
b(t) dt + / e TVe(t) dt .

. kT _ k*T T _k3(T—t) _ k™ (T—1)
AT) < a0 + s [t
0 Ko — K* 0

Kk
) K

Taking T' = Ty, we finally obtain the result. g

Proof of Proposition 2.7. Thanks to Lemma 5.1, we can write

B'(T) < B'(0) + x* B(T) + S(T), (5.17)
where
T
B(T) = / / |o(t,2) — u(t,z)| dzdt,
0 JB(zo,R+M(Ty—t))
= 0Pl g (5.18)
T
S(T) = sup TV (u(t / Oulf — ) O+ B dt
(T) s (u(t)) ; 10u(F = OO Lo 55, (-0,

T
+ F—-G)—di - t,y,- dy dt.
/0 /B(mo,RJrM(Tot))H(( ) MY g))( Y )HLOO([_VthD Y

The bound (2.7) on TV (u(t)) gives:
T
S(T) < (e“ST TV (ug) +NWN/O o (=) /RN HV(F _divf)(t’x")HLoo([—Ut,Ut])dx dt>
T
1007 = DOy ey

T
+ F—G)—div(f —9)) (t,y,- dy, dt
/o /B(ﬂﬁmR-i-M(To—t))H(( )~ div(f-9) by )HLC"’([—WVzD Y

where x{, is defined in (2.6). Let us denote
a =TV (up),
_ —Kkt o X
b(t) =NWye " /RN IV~ div )82, | g 0 2
c(t) :Hau(f - g)(t)HLOO(STO(u)x[—Ut,Ut})’

9 H((F_G)—di"(f—g)) (t,y,-)H dy.

d) = Lo (= Vi Vi)

/;(1'0 ,R+M(T07t

Then we have

A(T) < A(0) + K*A(T) + e <a - /T b(t) dt) /T c(t)dt + /T d(t)dt .
0 0 0
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Consequently, by a Gronwall type argument, we obtain

o khetol — gres T T T o T
B(T) <e"'TB/(0) 4+ "0 a+ / b(t) dt / o(t) dt + ¢ / d(t) dt
0 0 0

K gk
) K

Taking T' = Ty, we finally obtain the result. g

6 Technical tools

We give below a lemma that was used in the previous proof. Let us recall from [8] the
following useful technical results:

Lemma 6.1. Fiz a function py € €2°(Ry;Ry) with

Supp(u1) € [0,1], / PN () dr = ——, g <0, W (0) =0 forn> 1. (6.1)
j— Nu}N
Define
1 (]al
Then, recalling that wg = 1,
/ pwlx)de = 1, (6.3)
RN
2 wN-1
[t Glel) de = =22 ] el (Jl) o (6.4
[ alIva@lde = = [l (o) &z = N, (©5)
RN RN
[ el (el o = =@+ 1) [ el (Ja]) do. (6.6)
RN RN

Lemma 6.2. Let I be defined as in (5.4). Then,

limsup/ < / |u(0,x) —v(0,z)| dz
[le—zo||<R+MTo+0

e—0

—/ |u(T,x) —o(T,z)|dz+2 sup TV (u(r)) A
|lz—z0o|| <R+M(To—T) 7€{0,T}
+2 sup / |u(t,y) — u(s,y)| dy.

1e{0.7} J|ly—zo||<R+A+M(To—t)+6

s€]t,t+n]

Proof. See |8, Lemma 5.2]. O
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