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ABSTRACT. Let M be a foliated manifold and G a discrete group acting on M by diffeomor-
phisms mapping leaves to leaves. Then G naturally acts by automorphisms on the algebra of
Heisenberg pseudodifferential operators on the foliation. Our main result is an index theorem
for hypoelliptic-type operators which belong to the crossed product of the Heisenberg pseudo-
differential operators with the group G. As a corollary we get an explicit formula, in terms
of characteristic classes of equivariant vector bundles over M, for the Chern-Connes character
associated to the hypoelliptic signature operator constructed by Connes and Moscovici.
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1. INTRODUCTION

This paper deals with the index theory of certain equivariant hypoelliptic operators on foliated
manifolds. Our motivation partly comes from the Connes-Moscovici transverse index theorem in
[3]. We let (M, V) be a (possibly non-compact) foliated manifold. To such a foliation is canon-
ically associated the algebra Wi (M) of (compactly-supported) Heisenberg pseudodifferential
operators. The latter is a modification of the classical algebra of pseudodifferential operators, in
which the vector fields tangent to the leaves of the foliation are of order 1, while the transverse
vector fields are of order < 2. Let G C Diff(M) denote a discrete group of diffeomorphisms on M
mapping leaves to leaves. Then G naturally acts on the algebra Wy (M) by automorphisms, and
the crossed-product Wi (M) x G is defined. We write any element P € Wy (M) x G as a finite
sum
P=) Pgaly.
geqG

Remark that P is naturally represented as a linear operator } Py o Uy : CX¥(M) — CX(M),
where Uy acts as the shift operator Ug(f)(x) = f(x - g), for every f € C¥(M) and x € M. Thus P
is far from being pseudodifferential in general, and belongs to the larger class of Fourier integral
operators. At least at the algebraic level (see however the work of Savin and Sternin [13]), the
index theory of such operators amounts to describe the K-theory/cyclic homology excision maps
associated to the short exact sequence of algebras

0 — Y. M) xG —>‘1’°H’C(M) xG— SOH,C(M) x G —0,

where W_*°(M) C W%,C(M) is the two-sided ideal of smoothing operators in the algebra of order
< 0 Heisenberg pseudodifferential operators, and S%,C(M) = ‘{’OH,C(M) /Y-°(M) is the quotient
algebra of formal Heisenberg symbols. Let Tr(;; be the trace on W;*°(M) x G obtained from the
usual trace on W_*°(M) by localization at the unit of G :

Trpy Zpgug =Te(P1)
geG



We will mainly be interested in the image of Tr(;) under the excision map in periodic cyclic
cohomology 3 : HP®(W,®(M) x G) — HP'(81,c(M) x G).

THEOREM 1.1. The boundary of the localized operator trace 0[Trpy)] € HP' (SH,c(M) x G)
1s represented by the equivariant Radul cocycle

blao, ar) = | (aologal{*, ar)

where ALM is the sub-elliptic sub-laplacian (Ezample 2.2) associated to M, the subscript
(1] denotes the term localized at the unit, and the integral denotes the Connes-Moscovict
residue over the algebra of formal symbols S, (M).

We refer to section 2 for a description of the Connes-Moscovici residue. The cocycle ¢ may be
viewed as a local formula in the sense that it only involves the formal Heisenberg symbol of
pseudodifferential operators, and is given in terms of an integral over the Heisenberg cosphere
bundle Sj;M over M. A variant of this cocycle may also be obtained by taking the boundary of
the localized operator trace under the extension

0 — Y .(M)x G — ¥} (M) xG— CX(SEM) x G — 0,

leading to a cocycle 9[t] € HP' (C2(S5yM) x G) over the algebra of Heisenberg principal symbols,
which may easily be related to ¢. The main result of this paper (Theorem 7.3) is a geometric
realization of this cocycle :

THEOREM 1.2. Let M be a foliated manifold and G be a discrete group of foliated diffeo-
morphisms. Let EG be the universal bundle over the classifying space BG de G. Let

0 — W' (M) % G — ¥, (M) % G — CZ(SEM) x G — 0

be the equivariant Heisenberg pseudodifferential extension. Then, the image of the localized
trace at the unit d[t] € HP' (CX(S{,M) x G) by ezcision is given by

o([t]) = O(Td(TM ® C))

where @ : H®(EG xg S;;M) — HP'(C®(S{;M) x G) is Connes’ characteristic map from
equivariant cohomology to cyclic cohomology, and Td(TM ® C) s the equivariant Todd class
of the complexified tangent bundle of M.

We stress that this result holds for any group of foliated diffeomorphisms G. In particluar, we
do not assume that G preserves a metric or a conformal structure on M. To prove this, the idea
is to give an explicit homotopy between the Radul cocycle and the one above. In the framework
of cyclic cohomology, a recipe to obtain transgression cochains between two representatives of
a given cohomology class is to use a JLO formula [7]. A first observation is that our cocycles
are defined on algebras of formal Heisenberg pseudodifferential symbols. Thus, we have to adapt
the usual ingredients of the JLO cocycle to this context. We find an answer by adapting the
formalism developed in [9] and [10] to the Heisenberg calculus. The constructions are not easy
but really flexible because the use of residues has the consequence that these are purely algebraic.
Besides, this applies to operators which are not of Dirac type, and more generally to cases where
Getzler rescaling does not apply. Though, it should be noted that this Dirac operator is only
an intermediary, contrary to the classical JLO situation where it is the object of study. Another
crucial feature of the formalism in [9, 10] is to be invariant under diffeomorphisms.

These steps being accomplished, we compute the JLO cocycle for two different Dirac operators,
the first one gives the Radul cocycle of the pseudodifferential extension, the second one gives the
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Poincaré dual of the equivariant Todd class. The usual homotopy arguments from the original
JLO formula apply verbatim there, thus giving the theorem.

We then apply Theorem 1.2 to the Connes-Moscovici index problem for transversally hypoelliptic
operators on foliations. After reduction to a complete transversal W, the holonomy groupoid of a
given foliation is Morita equivalent to an étale groupoid W x G where G C Diff(W) is a discrete
(pseudo)group of diffeomorphisms. The main object of study is therefore the crossed product
algebra CX(W) x G where, for notational simplicity, we treat G as a group. A first problem
occuring is that G does not preserve any measure on W in general, and even less a Riemannian
metric, so that G-invariant elliptic differential operators do not exist even at the leading symbol
level. The idea of Connes in [1] is to pass by a Thom isomorphism to the bundle of Riemannian
metrics M over W. This fibration is in particular a foliation, the leaves being the fibers. This
will be the foliation of interest for us. The action of G on W lifts to M, mapping leaves
to leaves. Connes and Moscovici then construct a hypoelliptic signature operator on M almost
invariant under the G-action, in the sense that its Heisenberg leading symbol is G-invariant.
This yields a regular spectral triple over the algebra C2°(M) x G, whose Chern-Connes character
may be computed by means of the Connes-Moscovici residue formula ([3]). However, this does not
directly provide a characteristic class formula, since the actual calculations give thousands of terms
already for very low-dimensional manifolds W. To overcome this difficulty in higher dimensions,
Connes and Moscovici developed cyclic cohomology for Hopf algebras in [4]. They defined such
an algebra H, which acts like a symmetry group allowing to reorganize the calculations, and built
a characteristic map X : HPf,p¢(H) —— HP*(C2°(M) x G). Then they prove

THEOREM 1.3. (Connes-Moscovici, [4]) If the lifted action of G on M has no fized points,
then the Chern-Connes character of the hypoelliptic signature operator lies in the range of
the characteristic map X.

In some sense, the group HPI'{Opf(fH) contains the geometric cocycles : Connes and Moscovici
showed that it is isomorphic to the Gel’fand-Fuchs cohomology, which contains e.g characteristic
classes of equivariant vector bundles over M. It then remains to actually compute the preimage of
the Chern-Connes character. Explicit calculations are made in [4] in dimension 1, giving (twice)
the transverse fundamental class of [1]. In dimension 2, the authors show that the coefficient of
the first Pontryagin class does not vanish.

Our Theorem 1.2 allows to short-cut the calculation with Hopf algebras and gives direct answer
to the problem of computing the Chern-Connes character of the hypoelliptic signature operator
in terms of equivariant characteristic classes, for manifolds W of arbitrary dimension.

THEOREM 1.4. Let G be a discrete group of orientation-preserving diffeomorphisms on
a manifold W. Let M be the bundle of Riemannian metrics over W. If the lifted action
of G has no fized points on M, then the Chern-Connes character of the Connes-Moscovict
hypoelliptic signature operator is

7, 0o ®(L'(M)) € HP'(C®(M) x G) ,

where L'(M) is the modified L-genus, @ : H®V(EG x g S;yM) — HP'(C®(S;;M) x G) is Connes’
characteristic map, and . : HP'(C®(S{;M) x G) — HP'(C®(M) x G) 4s induced by the
canonical projection m: SyyM — M.

Organization of the paper. Section 2 is a self-contained introduction to the equivariant Heisen-
berg pseudodifferential calculus on foliated manifolds, the pseudodifferential extension, and the
Connes-Moscovici residue. Then Theorem 1.1 is proved.
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In sections 3, 4 and 5 we adapt the formalism of [9] to the Heisenberg calculus. We introduce
various spaces of operators acting on formal Heisenberg symbols, and the universal Dirac operators
which will be used in our algebraic JLO formula.

Section 6 introduces the required objects to carry this formalism to the equivariant setting. In
particular, we recall the point of view we need to construct Connes’ characteristic map from the
equivariant cohomology H®*(EG xg M) to the periodic cyclic cohomology of the crossed product
HP*®(C*°(M) x G). From the technical side we use the X-complex of Cuntz and Quillen [5].

Section 7 finally gives the algebraic JLO formula on the algebra of formal (equivariant) Heisenberg
symbols, leading to Theorem 1.2. This is again an adaptation of the formalism developed in [10]
for the non-Heisenberg case.

Section 8 shows how to deduce Theorem 1.4 from Theorem 1.2.

2. EQUIVARIANT LOCAL INDEX FORMULA

2.1. Heisenberg pseudodifferential calculus on foliations. Let M be a foliated manifold of
dimension n, and let F be the integrable sub-bundle of the tangent bundle TM of M which defines
the foliation. Denote v the dimension of the leaves and h = n — v their codimension.

The fundamental idea of the Heisenberg calculus is that longitudinal vector fields (with respect
to to the foliation) have order 1, whereas transverse vector fields have order < 2. We shall now
describe the symbolic calculus allowing to do so, following Connes and Moscovici [3].

Let (x1,...,%xn) be a foliated local coordinate system of M, i.e, the vector fields %, ceey az

axaH e % are transverse to the leaves of the foliation. Then, we set
v n

locally span &, so that
pl" = (pT + ...+ Py +poy +. +pa)?
(y =01+ ...+ 0ty + 200047 + ... 2000

for every p € R™, @ € N™.

DEFINITION 2.1. A smooth function o(x,p) € C*(R} x RY) is a Heisenberg symbol of order
m € R if over any compact subset K C R} and for every multi-index «, 3, one has the following
estimate

080%0(x,p)| < Ciyap (1 +Ipl )™ ¢

We shall focus on the smaller class of classical Heisenberg symbols. For this, we first define the
Heisenberg dilations

A (p17~")pV)pv+1)"')pn) = (}\ph'“)ApV))\zper])""Azpn)

for any non-zero A € R and non-zero p € R"™.
Then, a Heisenberg pseudodifferential symbol o of order m is called classical if it has an asymp-
totic expansion when [p|’ — oo

(21)  o(x,p)~ ) omj(x,p)

j=0
where 0 (x,p) are Heisenberg homogeneous functions, that is, for any non zero A € R,
Om—j (X%, A p) =A™ T om_j(x,p)

The Heisenberg principal symbol is the symbol of higher degree in the expansion (2.1).
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To such a symbol o of order m, one associates its left-quantization as the linear map:

(271)71 JRH e™Pa(x,p)f(p)dp

P:C(RM — C®(RY),  Pf(x) =

where f denotes the Fourier transform of the function f. We shall say that P is a classical
Heisenberg pseudodifferential operator of order m. If P is properly supported, then it actually
defines a linear map C°(R™) — CX(R™). We denote by W[} (R™) the vector space of such properly-
supported operators and by ‘PL”,C(R“) its subspace of compactly supported operators. Since
properly-supported operators can be composed, the unions of all-orders operators

YHRY) = [ YERY), YR = [ ¥R (R

meR meR

are associative algebras over C. The ideals of regularizing operators

YRR = () YRERY), Y ORY) = () Y (RY)

meR meR

correspond respectively to the algebras of operators with properly- and compactly-supported
smooth Schwartz kernel.

If Py,P; € Wy (R™) are Heisenberg pseudodifferential operators of symbols o7 and o,, P1P2 is a

Heisenberg pseudodifferential operator whose symbol o is given by the star-product of symbols :
()~

(2.2)  o(x,p) =01 *x02(x,p) ~ Z o 05 01(x,p)ogoz(x,p)

lec| >0

Note that the order of each symbol in the sum is decreasing while |« is increasing.

We define the algebra of Heisenberg formal classical symbols Sp(R™) and its compactly-
supported subalgebra 81, (R™) as quotients

Su(R™) =Wn(R™)/Y™2(R"™),  Snc(R™) =W (R™")/Y 2 (RY)
Their elements are formal sums given in (2.1), and the product is the star product (2.2).

A Heisenberg formal symbol is said Heisenberg elliptic if it is invertible in Sy (R™). This is
equivalent to say that its Heisenberg principal symbol is invertible on RY x R ~ {0}. The
corresponding pseudodifferential operators are in general not elliptic, but only hypoelliptic.

ExaMpPLE 2.2. The sub-elliptic Laplacian is the differential operator

A =0 +...+0;, — (03, ,, +...+0%)

Xv+1
It has Heisenberg principal symbol o(x,p) = |p|’4, and is therefore Heisenberg elliptic. However,
its usual principal symbol, as an ordinary differential operator, is (x,p) — > i_, p‘i‘, so Ay is

clearly not elliptic.

Heisenberg pseudodifferential operators are compatible with foliated coordinate changes. There-
fore, the Heisenberg calculus can be defined globally on foliations by using a partition of unity.
Then, for a foliated manifold M, we denote by W (M) the algebra of properly-supported Heisen-
berg pseudodifferential operators on M, and by Wy (M) its subalgebra of compactly-supported
operators.

For a (Z;-graded) complex vector bundle E over M, one defines in the same way the algebra
of Heisenberg pseudodifferential operators W (M, E) acting on the smooth compactly-supported
sections C°(M, E) of E. One always has an exact sequence

0= W °(M,E) — Wi (M,E) — 8 (M,E) — 0
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and similarly for the algebra of compactly-supported operators W (M, E). Note that for a €
Su(M,E), (x,p) € TXM, we have a(x,p) € End(E,). Let PSH(M,E) C Su(M,E) denote the
subalgebra of polynomial Heisenberg symbols (with respect to the cotangent coordinate p). The
latter is isomorphic to the algebra of differential operators, endowed with the Heisenberg degree.

The vector bundle of interest in this paper will be the exterior algebra E = A*(T*M ® C) of
the complexified cotangent bundle. In a distinguish coordinate system (x',...,x™) over an open
subset U C M, alocal basis of the sections of E is given by 1, dx!', dx'' Adx!2, ..., dx'' A.. . Adxir,
1 <1 <...<1i, €< n. Moreover, the endomorphisms End(E,) of the fibre E, are generated by

(2.3) YPi=dx'A., ;= 10)

fori=1,...,n, where ( stands for the interior product with a vector field. We have the following
anti-commutation relations rules :

(24)  WHLP;l =8, [ = [, ;] =0
In other words, End(E) is the Clifford algebra of TcM & T; M, the metric is the duality bracket.
Let us also recall the commutation relations of symbols : in the coordinate system (x,p) over
T*U, we have :
(2.5) [xi,pj] = —ié}, Xt %] = lpi,p;] =0
Thus, every element a € Si1(M, E) is locally a formal series

Cl(X, P, Ib) 5) = Z amfj (Xa P, 11)) E)

j=0

where the functions a,,_; are Heisenberg-homogeneous in p and polynomial in the variables

and .

2.2. Wodzicki residue on Y1 (M). Let M be a foliated manifold. By choosing a Riemannian
metric on M, one can construct a sub-elliptic sub-laplacian A as in the flat example 2.2. Its
complex powers A~% are defined as properly-supported Heisenberg pseudodifferential operators,

using the parametrix (A — A)~! and an appropriate Cauchy integral
1
AF = — JA—Z(A—A)—‘ dA
2mi

where the contour is a vertical line pointing downwards.

THEOREM 2.3. (Connes - Moscovici, [3]) Let M be a foliated manifold of dimension n,
v be the dimensions of the leaves, h their codimension, and P € ‘PL“,C(M) be a compactly-
supported Heisenberg pseudodifferential operator of order m € R. Then, for any sub-elliptic
sub-laplacian A, the zeta function

Cp(z) = Te(PA2/%)

1s holomorphic on the half-plane Re(z) > m+v+2h, and extends to a meromorphic function
of the whole complex plane, with at most simple poles in the set

m+v+2h,m+v+2h—1,..}

The meromorphic extension of the zeta function given by this theorem allows the construction of
a Wodzicki-Guillemin trace on 8y (M) =Wy (M)/Y > (M).

THEOREM 2.4. (Connes - Moscovici, [3]) The Wodzicki residue functional

Jﬂ :81,c(M) — C, P+ Res,_oTr(PA~*/4)
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15 a trace. Moreover we have the following formula, only depending on the formal symbol o
of P up to finite order:

1 n
@6) Fp= e | (oeemon 57)

Here, S};M is the Heisenberg cosphere bundle, that is, the sub-bundle
SEM ={(x,p) € T"M; Ip|" =1}

of the cotangent bundle T*M, w denotes the standard symplectic form on T*M, « stands for the
interior product, and L is the generator of the Heisenberg dilations given by the formula

v n
L= Zpiapi +2 Z Piapi
i=1

i=v+1
All these results still hold for Heisenberg pseudodifferential operators acting on sections of a
vector bundle E over M. In this case, the symbol o_(,;2n)(X,p) above is at each point (x,p) an
endomorphism acting on the fibre E, and (2.6) becomes :

1 w™
fr- (zanw o (10 iz )

where tr denotes the trace of endomorphisms.

2.3. Excision and equivariant residue index formula. Let M be a foliated manifold. Con-
sider a discrete subgroup G C Diff (M) of diffeomorphisms mapping leaves to leaves. By convention
we suppose that G acts from the right, so, for any g € G the induced linear action Ug on the
space of functions C*(M) reads

(Ugf)(x) =f(x-g), VeC*M),xeM

Recall that the algebraic crossed product Wi (M) x G is the universal algebra generated by
Heisenberg pseudodifferential operators and group elements, that is,

Whe(M) x G =1{ Y Pglg; Py € Wi (M)
geG

where Pyl is a short-hand notation for the tensor product Py ® Uy, and the sum only contains
a finite number of non-zero terms. The multiplication is given by the rule

PUg - QUp = P(UgQUg 1 )Ugn

To this effect, remark that UgQU, 1 is still a classical Heisenberg pseudodifferential operator, so
that the product makes sense. Note also that in general, the representation of Wi (M) x G as
linear operators on C*°(M) does not yield pseudodifferential operators.

Then, one has an eztension
(27) 0= Y M) %G =W (M) xG—SP (M) xG—0
The usual trace on the algebra of regularizing operators W, *°(M), given by
Tr(K) :J k(x,x)dvol(x)
M
where k stands for the kernel of K, extends to a trace Tr(;; on W7*°(M) x G by localization at

the unit of G

Ty | ) KgUg | = Tr(Ky)
geG



That Trpy) still remains a trace only comes from the invariance of the ordinary operator trace Tr
under conjugation by U,.

In the same way, the Wodzicki residue on Sy (M) extends to a trace on Sy, (M) x G by local-
ization at the unit.

The pseudodifferential extension gives rise to the following commutative diagram involving alge-
braic K-theory and periodic cyclic homology ([8])

C

(2.8) lcm lcho

HP1 (S (M) x G) —>> HP,(¥;°(M) x G)

K8(S9, . (M) % G) —=% KSE(W, (M) x G)

The vertical arrows are respectively the odd and even Chern character.

Denote again d : HP(W,%(M) x G) — HP'(S$, .(M) x G) the induced excision map in cohomol-
ogy. We shall now compute 0[Tr[j;]. To do this, we lift Tr;y; on W (M) x G to a linear map on
W%’C(M) x G using a zeta function renormalization

Ty Z PoUg | =Pf,oTr (p1 ,A72/4)
geG

where A is a sub-elliptic Laplacian, and Pf,_ is the constant term in the Laurent series expansion
of the zeta-function at z = 0. Then, 9[Trj] is represented in HP' (S%,(M) x G) by the cyclic 1-
cocycle

(2.9)  d(aly,bly) = Tr)y,(lally, bUy])

for all a,b € ‘POH,C(M) and g,h € G. This expression makes sense as a cocycle over S% (M) x G
because it vanishes whenever a or b belongs to the smooting ideal ‘l’ﬁf"f_’(M). Then, because the
trace is localized at units, one finds that ¢(allg,bUy) =0if gh # 1, and

blally, bUy 1) = Trfy, ([ally, bly1]) = PE,_oTr ([aug,bug,q : A*Z/“)

otherwise. The formula can be made a little more explicit if we gather accurately the relevant
terms. This is the aim of the following proposition.

PROPOSITION 2.5. The cyclic 1-cocycle & given above is given in terms of the Connes-
Moscovict residue :

$lalg,bUy 1) = ]Laug[logAV“,bugq]
PRrROOF. Firstly, remark that
b(ally,bly 1) = Pf,_oTr ([aug, bU, ] - A*Z/“)
1 _
= Res,—o_Tr ((allgblly 1 — bl 1 )ally - A~*/1)

Then, work at z € C with Re(z) > 0, so that Tr ([alg,bUgy 1] A~*/4) is well-defined. Then,
the trace property yields

Tr ([allg, bUg—1]- A7) = Tr (a(UgbUg—1A7*/* — UgA™*/*bU, 1) )
8



Then, write
UgbUy 1A%/ —UgA */*bU g1 = UgbUy1 A=/ —UgbA =/ * Uy — UglA™*/4, b]U
= —Ug[A**,b]Ug 1 + UgbUg—1[A*/* UglUg
To end the calculations, we need the following lemma, whose proof may be found in [6].

LEMMA 2.6. (Connes-Moscovici’s trick, [3, 6]) For every z € C, we have the following
expansion,

—Z —Z
[A7=b] ~ > ( . )b(k)A—l—k Ug 1 [A7% Ugl~ ) ( . )ug1 uiA—="x
k=1 k>1

where we denote TX) =ad(A)¥(T), ad(A) = [A, .].

Moreover, note that for every integer k > 1, b®) and Ug— ng) are classical Heisenberg pseudo-
differential operators whose order stricly decrease as k grows. Hence, evaluating the expression
under the trace, Theorem 2.3 may be used. We deduce that on the one hand, the sums

1 —z/4 oA
ReszoZZTr(a (ug( - )b(k)A /4 kuw))

k>1
1 —z/4 (k) A—z/4—k
ResZ_OZ];Tr(a <U91 < K >Ug A7

are finite, since the zeta function is holomorphic on a half-plane Re(z) > 0. On the other hand,
as the poles of the zeta function are simple, the terms carrying a power of z? vanish under the
residue, and we are respectively left with

1yk—1
—Res,_g Z <(l <ug %b(k)Aiz/z‘fkugq ))

k>1

_1\k—1
—Res,—o Z Tr <a <Ug1 (L)kugk)Azmk))

k>1

We then recognize the commutator with the logarithm of A"/ (cf. [12]), and we finally obtain
blally, bUy 1) = ]L a (ug[log A4 BIUg—1 — UgbUy—i [log AV/4, UglUy )
— ][ algllogA'/*, bU,—1]
This ends the proof of the proposition. O

The pseudodifferential extension (2.7) is closely related to another extension. Indeed the quo-
tient of ‘POH’ (M) by its two-sided ideal ‘PQTC(M) of operators of order < —1 is G-equivariantly
isomorphic to the commutative algebra of leading symbols CX(S};M). The natural inclusion of
smoothing operators in ‘Pﬁ]e (M) and the leading symbol map thus yield a morphism of extensions

0—=Ye®(M)x G —=Y) (M) xG——=8 (M) xG——=0

(M)
(2.10) l l
0—= ¥ M) x G ——=W), (M) % G ——=C®(SM) x G ——0
The cyclic cohomology class of the operator trace Tr(; localized at unit extends in a straightfor-

ward manner to a cyclic cohomology class [t] € HPO(‘PQTC(M) x G). The latter is represented, for
9



any choice of even integer k > v + 2h, by the cyclic k-cocycle Ty defined as follows:
(211) Tk((lo, ceey ak) = TI[]](CIO e Clk)

for all a; € ‘PQ?C(M) x G. By naturality of excision, the class 0[Trpy;] € HP' (SOH,C(M) X G) is
the pullback of d[t] € HP' (CX(S;yM) x G) under the leading symbol homomorphism. Now the
computation of 9[1] is fairly analogous to the above computation of 0[Tr1;]. We use the generalized
Goodwillie theorem of Cuntz and Quillen [5], which states that the periodic cyclic cohomology of
an associative algebra A is isomorphic to the periodic cyclic cohomology of its completed tensor
algebra

(2.12) TA = ?Tﬂ/(]ﬂ)“

where the two-sided ideal JA C TA is the kernel of the multiplication homomorphism TA — A,
A1 ®...0 an — a7...0n. Welet A = CP(S{;M) x G and choose any linear splitting o :
A — ‘POH,C(M) x G of the leading symbol homomorphism. o is multiplicative up to the ideal
‘PQ]C(M) x G. By the universal property of the tensor algebra, o extends to an homomorphism
o, TA— ‘P%(M) X G respecting the ideals, whence a morphism of extensions

0 JA TA 0

0 —=V¥i(M) % G ——= W9 (M) x G —— C®(S;M) x G — 0

Observe that the cocycle ¢, viewed as a cyclic 1-cocycle over ‘1’?{, (M) % G, vanishes on the large
powers of the ideal ‘Pﬁ]c( M) x G because it involves the Connes-Moscovici residue. Hence the

composite ¢ o o,, which is a bilinear form on TA, extends to a cyclic 1-cocycle over TA. By [9]
Corollary 2.6, this cocycle is precisely a representative of the periodic cyclic cohomology class
o[t] € HP' (CX(S;yM) x G). Therefore we obtain

ProprosITION 2.7. Let 0 — ‘PQ‘(M) X G — Y (M)x G — CO(SH M) x G — 0 be the
fundamental extension in the Heisenberg pseudodifferential calculus. Then the 1mage 0[T]
of the canonical trace localized at units under the excision map 0 : HPO(‘PH1C(M) X G) —

(CEO(S’;I ) X G) s represented by a cyclic 1-cocycle over the completed tensor algebra

ofA = CX(S{,M) x G,

(2.13) (¢°U*)(do,d1)=]£( (ao)llog AV*, 0(@1)l)p,, Va0, a1 €TA,

for any choice of sub-Laplacian A and linear splitting o : A — ‘POH,C(M) X G.

We have so far obtained a local index formula for a G-Heisenberg elliptic operator, in the sense
that it is not sensitive under perturbations by elements in ¥7*°(M) x G. However, the formula is
really hard to compute explicitely, because we have to calculate the term of degree —v — 2h in the
expansion of the symbol all4[log A4, blUg 1], and adding the fact that the symbolic calculus is
not commutative, the task is even more difficult.

The general strategy to handle this problem is the construction of a cohomologous (b, B)-cocycle,
in which the leading symbol is exactly of degree —v — 2h. Then, we will just have to take the
principal symbol to obtain a formula as an integral over the Heisenberg cosphere bundle. This will
be possible through an "algebraic JLO formula" whose entries are formal (Heisenberg) symbols.
This construction includes the following main steps:

e An algebra of operators acting on symbols,

e A related notion of "heat kernel",
10



e A related notion of trace,

o A related notion of "Dirac operator" D, in the sense that for a symbol a € 81,.(M), [D, a
is (up to some lower order terms) the differential da of the symbol a,

e Carrying all this to the equivariant setting.

The constructions required are more tedious than the original JLO setting, however, it is much
more flexible and has many advantages. As we will see, the constructions are purely algebraic,
and we do not need to appeal to analytic properties of the heat equation, so that we can deal
with much more general operators that Dirac type operators. In the same vein, we do not need
to consider entire (b, B)-cochains. Thus, what we develop here holds in cases where Getzler’s
rescaling does not apply.

3. BIMODULE OF HEISENBERG FORMAL SYMBOLS

We adapt the framework developed in [9] to Heisenberg calculus on foliations. When the proof of
a result is deferred to this paper, this means that it applies verbatim in our case. We shall mainly
focus on the changes which occur in the Heisenberg setting.

Let (M, J) be a foliated manifold of dimension n, where ¥ C TM is the sub-bundle of rank v
defining the foliation, and let h denote the codimension of the foliation. We consider the Z,-
graded algebra of formal Heisenberg symbols Sjy(M, E), with E = A*(T*M ® C). We view it as
a left 8 (M, E)-module and right PSy (M, E)-module : the left action of a € §(M, E), and the
right action b € PS (M, E) on & € 84(M, E) are given by

ap-&=af, br-&==x&b

Here, the sign + depends on the parity of b and ¢ : it is — when both are odd and + otherwise.
This action defines a Z;-graded subalgebra of End(8y (M, E))

L(M) = span{aLbL; ac SH(M,E),b € ?SH(M,E)}

Now, let us have a closer look on the operators contained in this algebra. Let (x',...,x™) be a
foliated coordinate system over an open subset U C M. The function x! is a symbol of order 0, so
that x}_, x}z may be viewed as elements of £L(M). The conjugate coordinate p; is a symbol of order
1ifi=1,...,v, but of order 2 when i =v+1,...,n. As before, this defines elements pir,pir of
L(M). Now, observe that :

(3'1) (X}_ - X}Q) = iapir (piL — Pir) = —i0,:

The same holds for the odd coordinates P and ; :

(32) (Vi —vgp)= 05, (Wi —Wir) = Ayt

Hence, £(M) contains all the "elementary operations" on (Heisenberg) symbols.

Little calculations shows that a generic element a; br € £L(M) reads over U as a series

k

(33) Cl]_bR: Z Z Z Z (Sa,B,n,G)L(¢n$e)Ra§(ag
1 nl=11[0]=1

lx|=T[B|=

where sq,pn,0 € Sn(U, E) and k € N. It is not necessarily true that a series of that form comes
from an element of £L(M).

Now, consider the Z,-graded algebra $(M) = L£L(M)[[el] of formal power series with coefficients
L(M), and indeterminate ¢, which comes with a trivial grading. § is filtered by the subalgebras
8k (M) = 8(M)eX, for every k € N. This k counts the minimal power of ¢ appearing in an element
of §(M). We now define an important subalgebra of S(M).

11



DEFINITION 3.1. The subspace D™ (M) C 8(M) consists of elements s = }_ s, e* such that in
any distinguished local chart U € M, we have

k oo n n
—0
B4 sc=) > > > (sTapme) NP )r0FOP
lx|=11B]=1nl=1106]=1

where si% 5 o € Su(U,E) has Heisenberg order < m + (k + |B| — 3|«f)/2. We also denote
D (M) =D™(M) N8k (M). We set

DM) = | D™(M)
meR

The space D(M) is a bi-filtered subalgebra of $(M), that is DJ*(M) - DE,(M) - DE:LkT?/(M),

for m,m’ € R and k,k’ € N ([9], Lemma 3.1). Using symbols with compact supports, we define
analogously the subalgebra D.(M) C D(M).

DEFINITION 3.2. A generalized Laplacian is an operator A € D}/z of even parity, which can
be written, in any local coordinate system over a local distinguished chart U € M :

(3.5) A =ied,:idp,mod DY(U)

Throughout the paper, we shall use Einstein summation notation for repeated indices.

That such an operator exists is not obvious, cf. [9], Lemma 3.3. We will see some important
examples in the section concerning generalized Dirac operators .

A generalized Laplacian A will be our first point of departure towards the construction of a JLO
formula on Heisenberg symbols. In this type of formula, one needs to know how to deal with an
exponential of such an operator in order to have a "heat kernel". As a formal power series in ¢
this indeed defines an element of §(M) :

(3.6) exp(tA) =) AN VEER

k=0
This operator does not belong to D(M). We define a one parameter group of automorphisms
(0% )ter of the algebra §(M) as follows :

(3.7) ol\(s) = exp(tA)sexp(—tA), Vs € D(M)

LEMMA 3.3. For every generalized Laplacian A, (04 )ier 1S actually a one parameter
group of automorphisms of D(M). More precisely, one has, for every me R, ke N :

(A, DY C Dy, oa(DY) € DY

PrRoPOSITION 3.4. (Duhamel formula) Let A+s be a perturbation of a generalized Lapla-
cian A, where s € D{(M). Then,

[oe]

(3.8) exp(A+s)= Z J exp(toA)sexp(t1A)...sexp(tA) dt
k=0" A%

where Ay s the standard k-stmplez, and dt = dt; ... dtx. Equivalently,

[e¢]

(3.9) exp(A+s)= Z J o (s)olo T (s) ... 0T T (s) exp(A) dt
k=07 A%

DEeFINITION 3.5. Let A be a generalized Laplacian. The bimodule of trace class operators
is the subspace T(M) = D (M) exp(A) of §(M).
12



REMARK 3.6. T(M) is a D(M)-bimodule, and does not depend on the choice of the generalized
Laplacian ([9], Proposition 3.6). However, this is not a subalgebra of $(M).

The terminology will be explained in the next section. Finally note that if G C Diff(M) is a group
of foliated diffeomorphisms, the algebra D(M) and the bimodule T(M) carry natural G-actions
by automorphisms.

4. CANONICAL TRACE ON THE BIMODULE T

4.1. Construction of the trace. Let (M™,F) be a foliated manifold of codimension h, and let
v denote the dimension of the leaves, so that n =v + h, and take E = A*(T*M ® C). The aim of
this section is to construct a canonical trace on T(M) from the Wodzicki residue 2.4.

First, we work locally. Let U C M be a distinguished local chart of M . Recall that T(U) is a
bimodule over D(U). A trace on T(U) is in this sense a linear map T(U) — C vanishing on the
subspace [T(U), D(U)] of graded commutators. Choose a coordinate system (x, p) on T*U adapted
to the foliation, and let A be the "flat" (generalized) Laplacian

A= i&axi api

For every multi-indices & and {3, we define a bracket operation

i o
(41) (9508 expA) =030 exp <£(Pi —qi)(x! yl)>

x=Y,p=q
Remark that this vanishes unless || = |B].

ExaMPLE 4.1. One has
(expA) =1, (34 expA) = (3, expA) =0, (3,:dp, expA) = é&{

where 5{ denotes the Kronecker symbol. More generally, the formula with a polynomial aga{,?
involves all the possible contractions between 0,: and 0. For example,

e\ 2
(3 0x O, Op, €XPA) = (;) (5%8} + 8Lo¥)

We also define a contraction map for the odd variables : for every multi-indices 1 and 0, we set

42) ("9 )r) = (=)™ rs (W)

In particular, from the normalization we chose for trg, we have (P! ... p™p; ..., )r) =1
From this, we construct a linear map

(43) (. ) :T(M) = Su(U, E)llell

as follows. Let sexp(A) € T(M) be a generic element, where s = Zk>0 skek € D™(U). The
symbol sy may be written

k 00 n n
Z Z Z Z Sk, 8om,0)L (BT )ROZOP
|=11Bl=1Inl=1|0]=1
where Sk, «,p.n,0 € SH (U E) has Heisenberg order < m+ (k+ |B| — 3|«|)/2. Then, we set

[ee] n

(s exp A)) Z Z Z Z Sk,o,B,m,0 11)"11) )R ><afaEeXPA>
18]=1

[x]=T[B|=1n[=1
13



This sum is finite by definition of the even contraction, and is consequently a polynomial of degree
at most k in the variable e ~'. Then, ((s) exp A))e¥ is a polynomial of degree at most k in e. Then,
we finally define

(4.4) ({sexpA)) = Z((sk expA))e®

k>0
which is an element of Sy (U, E)[[e]] (this is not totally obvious, refer to [9], Lemma 4.1).

We can now pass to the definition of the trace on T(M).

DEFINITION 4.2. Let U € M be a distinguished local chart, and denote by ((sexpA))n] €
St (U, E) the coefficient of ¢™ in the formal series ((s exp A)). Then, we define the following graded
trace

(45) Tre:T(U) —C, Trl(sexpA) = J—Tr?((s exp A))[n]

This map does not depend on the choice of distinguished coordinates (x,p) on T*U, so that these
maps may be glued together to give a canonical graded trace :

(46) Trs:TM)—>C

on the D(M)-bimodule of trace class operators.

The proof that this is a trace is the same as that of [9], Lemma 4.2. That we can glue these
quantities to get a global functional on the whole foliation M is Proposition 4.3 of the same paper.

For the same reason, Tr; is invariant under the action of any group G of foliated diffeomorphisms
on T(M).

4.2. An algebraic Mehler formula. In this section, we show how the "Todd series" can be
recovered from the contractions we defined in the previous paragraph. The formula may be seen
as a pseudodifferential analogue of the Mehler formula for the harmonic oscillator, and will be
crucial for obtaining the index theorem. We keep the notations of the previous subsection and
work in the distinguished local chart U.

For a N x N matrix R with coefficients in C[[¢]], which has no degree zero term in ¢, we can define
the following formal power series in My (Clle]]) and in Cl[e]]

R 1.1, R

We call Td(R) the Todd series of R.

Now, consider the operator
s=pL-R-0p :p“_.Rji.apj

and the perturbation of the flat Laplacian A + s, which is not a generalized Laplacian. However,
by the Duhamel formula, Proposition 3.4, exp(A + s) still defines an element of T(U).

PROPOSITION 4.3. For every multi-indices x and 3, we have
(48) (050 exp(A+s)) = Td(R)s(R,p)

where the symbol s(R,p) is polynomial in p and giwen by the following formula :

: : R
s(R,p) = 030f exp (;q~R~(x—y)+;(p—q)-16R~(x—y)>

x=y,p=q
14



EXAMPLE 4.4. We give some particular cases of the formula which will be useful in the sequel.
We have

(4.9) (exp(A+prL-R-0p)) =Td(R)
(4.10) ((iedx +pr-R)*exp(A+pL-R-0p)) =0

where « is any multi-index.

5. DIRAC OPERATORS

5.1. Generalities. The algebra of differential forms Q°®(M) on M and the Lie algebra Vect(M) of
vector fields may be seen as elements of the space iPSOH(M, E) of polynomials Heisenberg symbols
of degree 0 via the following maps :

w:dxh AL A € QM) = Lt € PSY (M, E),
L: 0y € Vect(M) — 1(0:) € P8, (M, E)

Then, we shall be interested in various subspaces of £L(M) = Sy (M, E)L P81 (M, E)g, which are
needed to see where lie the generalized Dirac operators.

Let S?SL(M,E) C TSL(M,E) be the space of differential operators a of order 1, with scalar
Heisenberg principal symbol, whose local expression reads

alx,p) = a'(x)pi + aj ()P + b(x)

where the coefficients depending on x are smooth functions. Remark that STSL (M, E) is a Lie al-
gebra. We also consider the subspaces $PS!,(M, E). Q' (M)g € D{(M) and Q° (M) Vect(M)g C
DS(M), respectively spanned by elements which are locally given by the series

s= ) (ski(x)pi + sk ()W i + sai (X)) LbROY

lx|>0

r= ) (ri)iPirdy

loc| >0
The coefficients depending on x are again smooth functions.
DEFINITION 5.1. A generalized Dirac operator D is an element of D(M) which writes
D=1eV+V € D}(M)+D,'/*(M)
where V and V are such that

V =50, mod 8PS}, (M, E) Q' (Mg,
V =P;g0dp,mod Q°(M)y Vect(M)g N Dy (M)

Remark that if G is a group of foliated diffeomorphisms on M, it transforms Dirac operators into
Dirac operators. The terminology lies in the following important proposition.

PROPOSITION 5.2. Let D be a generalized Dirac operator. Then, —D? is a generalized
Laplacian.

The rest of the paragraph gives the two crucial examples of generalized Dirac operators.
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5.2. De Rham - Dirac operators. The exterior differentiation d acting on the space of difffer-
ential forms Q®(M) defines an element of PS' (M, E). Its right action on the bimodule of formal
Heisenberg symbols 81;(M, E) gives an element of odd degree dg € £L(M). Locally,

(1)  dr =i(pib')r = ihgpir = —WRdy +ipiLbi
As ipi bk € $PS' (M, E), we have a generalized Dirac operator
(5.2) D=—iedr+ v

for any choice of V as in Definition 5.1. Such generalized Dirac operators will be called of de
Rham - Dirac type.

PROPOSITION 5.3. Let D = —iedg + V be a de Rham - Dirac operator. Locally, the
assoctated generalized Laplactan is giwen by the following formula :

(53) —D?*=ie[0:0p, + Y (al)1dud% | +e|pidp, + Y (abpi)
lo|>2 lx|>2

+ e (Ibi$i)k + Z (b}xj)l_(lbjwi)lzag
[ax|>1

. P .
where the coefficients ay, by are smooth functions.

The formula seems to be tough at first sight. Nevertheless, one should retain that in the final
calculations, the sums over |x| > ... will be killed for reasons of order.

5.3. Dirac operators associated to affine connections. Let I" be an affine connection without
torsion on M, characterized by its Christoffel symbols I"g; in a local coordinate system (x',...,x™)
over U. Then, we define a "covariant derivative" operator on Sy (U, E) given by

(5.4) Vi =0 +T§x) (prdp, + [V, .1)

This is not properly speaking a covariant derivative, since the coordinates x and p do not commute.
However, the action of Vir on the generators x,p, ), are what we expect from a covariant
derivative :

(55) VI(x¥) = sk, VIp;) = Tpx, VE(F) = —T5u, Vi (W) =T

A generalized Dirac operator D = ieV + V is called affiliated to the affine connection T on M
if locally over U we have

(5.6) V =1x(Vi+s)
with s € 8P8],(M, E) Q' (M)g N D§(M).

PrRoOPOSITION 5.4. For such a Dirac operator D, one has the following analogue of the
Lichnerowicz formula :

(5.7)  —D?=ie (0,:0p, + ()L Py)rIp, +u+V)

‘I R R —
+ €2 (z(lbllb])RR]fij (PxLdp, + (Pb')1) +W)

16



where RX

Y = 0t — 0 T + TN — T TN are the components of the curvature tensor of
I', and

im’jl

u= Z (ai)L0xt + (uipi)e + (Ul (W )R + (ua)L) 0
loe|>2
V= Z (Vb oy

lx|>1

w = (pP))g Z (W];ijpk)Lag + Z (W];lijwklpl + Waij)LOp

loc| >2 loc|>1

where the coefficients are smooth functions on M.

As in the de Rham - Dirac case, the terms u, v, w will be killed in the final calculations.

6. EQUIVARIANT COHOMOLOGY

Let G be a discrete group acting by orientation-preserving diffeomorphisms on a smooth oriented
manifold M. Following [10], we shall explain an alternative construction of Connes’ characteristic
map from the G-equivariant cohomology of M to the periodic cyclic cohomology of the crossed
product algebra C°(M) x G which differs slightly from the original construction given by Connes
in [1], but is particularly well-adapted to the proof of the equivariant index theorem.

6.1. Classifying spaces. We recall that the nerve of a discrete group G is the simplicial set
NG, with NG, = G™ for all n > 0. The face maps 8; : NG;, = NG, _; and degeneracy maps
0i : NG — NGy 41 are given by

(6.1)  80(g1,---59n) =(g2,---,9n)
8i(g1,--+»gn) = (g1, -, GiGit1,--»gn)  1<i<n—1
On(g1,--sgn) =(g1,---,gn-1)
oi(g1,---»9n) =(91,---,9i, 1, Gix1,---»Yn) 0g<ign.

Let A, = {(so,...,5n) € [0,11™"" | 5o 4+ ... + s, = 1} be the standard n-simplex in R™*',
with &' : A, — Antr1, (S0,.--,51) — (S0,...,8i—1,0,8i,...,5:) the inclusion of the i-th face,
and o' : Apn = An_1, (S0,---,5n) — (S0,.-.,5i + Sit1,--.,5n) the collapse of the i-th edge. The
classifying space of G is the geometric realization of the simplicial set NG,, defined as the quotient

(6.2) BG= ( U NG x An)/"‘

n>0

where the equivalence relation ~ identifies a point (g, 8's) € NG, xA,, (resp. (g,0's) € NG xA,,)
with the point (8:g,s) € NGn_1 X A7 (resp. (0ig,s) € NGny1 X Any1). Let Q(A,) denote
the DG algebra of (complex) smooth differential forms over A, which are extendable over the
hyperplane {(so,...,sn) € R"! | sg4...+s, = 1}. Let Q(NG,, x A,.) be the space of functions
from the discrete set NG, to Q(A,,). This is naturally a DG algebra. A differential form w of
degree k over BG is a collection of k-forms w,, € QF(NG,, XA, ), n € N, subject to the constraints

(Id x 6Y)*wy = (6; x Id)*wn_1 , (Id x oY) *wn = (03 x Id)* w41 ,

foralli=0,...,nand n > 0. The space Q(BG) of differential forms over BG is a DG algebra.
The de Rham cohomology of BG, which is the cohomology of the complex Q(BG) endowed with
17



the exterior differential d, is known to be canonically isomorphic to the group cohomology of G
with complex coefficients:

(6.3) H*(BG)=H*(G,C) .

The universal G-bundle over the nerve NG, is the simplicial set NG, with NG,, = G™*! for all
n, and the face and degeneracy maps are

(64) 61(90;:9n):(90,a§j1,y9n) Oglgn
<

Gi(gO)“')gn):(90)"‘)giagir~~"gn) 0 ‘Lg‘n—)

where the symbol * denotes omission. The projection NG, — NG, defined by (go,...,gn) —
(9091’1 , g1 951 ,--+»9n_19n ") is a simplicial map. Its fibers are in one to one correspondence with
the orbits of the (free) G-action (go,.--,9n) -9 = (gog,--.,gng), which is also a simplicial map
for all g € G. The geometric realization

(6.5) EG= ( |J NG, x An)/~

n>0
is therefore a G-bundle over BG. The DG algebra of differential forms Q(EG) defined as above
carries a natural action of G. By pullback, Q(BG) is isomorphic to the DG subalgebra of Q(EG)
consisting of G-invariant differential forms. Hence H®(BG) is also the cohomology of the complex
of G-invariant differential forms on EG.

Now let G C Diff(M) be a discrete group of diffeomorphisms on a smooth manifold M. The
product EG x M, endowed with the diagonal G-action, is a G-bundle over the quotient EG x g M.
The DG algebra Q(EG x M), defined as the collection of differential forms over the manifold NG,, x
A, x M with gluing constraints as above, inherits an action of G by pullback. The DG subalgebra
of G-invariant differential forms is isomorphic to Q(EG xg M). We define the G-equivariant
cohomology of M (with complex coefficients) as the corresponding de Rham cohomology H® (EG x g
M).

The Chern-Weil theory of characteristic classes for vector bundles carries easily to the equivariant
case. Let V be a G-equivariant (complex) vector bundle over M, and choose a connection Vy on
V. Of course Vy is not G-invariant in general, and we denote by Ad4(V,) its image under the
adjoint action of an element g € G. The set of all connections being an affine space, at any point
(90y---19n)(50,-..,5n) € NG, x A, we can build a new connection V on V by means of the
barycentric formula

(6.6)  V(go,---,9n)(s0,---,8n) =D siAdy! (Vo).
i=0

Let W = EG x V be the pullback of the vector bundle V over EG x M. If d denotes the exterior
differential over EG, then d + V is a connection on W, whose curvature 2-form R = [d, V] + V? €
Q?(EG x M, End(W)) reads

n
R(go,- -, gn)(S0,--,sn) = ) _dsiAdy! (Vo) + ) sisj Ady! (Vo) Ady ! (Vo) -

i=0 L)
Observe that R is always the sum of a form of bidegree (1,1) and a form of bidegree (0,2) with
respect to the product manifold EG x M. Since R is G-equivariant by construction, any Ad-
invariant polynomial in the curvature yields a closed G-invariant differential form on EG x M. In
particular the Chern character ch(V) and the Todd class Td(V) are represented by

iR/2

(6.7)  ch(iR/2n) = trexp(iR/27m)) ,  TA(iR/27) = det <er:/2/nﬂ1> ,
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and a classical homotopy argument shows that their respective cohomology classes in H*(EG x g M)
do not depend on the particular choice of connection Vy on V.

6.2. Characteristic map. We now explain our construction of Connes’ characteristic map from
the G-equivariant cohomology of M to the periodic cyclic cohomology of A = C*(M) x G. The
idea is to twist the universal tensor extension of the group ring CG

0—-JCG—-TCG—-CG—0

by the DG algebra of smooth differential forms on EG x M. Indeed G acts on both manifolds
EG and M (from the right), and the induced action (from the left) by pullback on the graded-
commutative algebra of differential forms Q(EG x M) commutes with the de Rham differential
d. Let O, (EG x M) be the subalgebra of differential forms « € Q(EG x M) which have compact
M-support at any point of EG. The crossed product

(6.8) S$=0,(EGxM)xG
is naturally a (non-commutative) DG algebra. The product of two elements reads
(x@Ug, ) (B @ Ug,) = aAlUg, (B) @ Ug, g,

for all &, B € Q,(EG x M) and g; € G, where Uy, () is the pullback of 3 by the diffeomorphism
g1. The differential reads d(a ® Ug) = dax ® Uy. An algebra extension of G is defined as the
vector space

(6.9) H=0,(EGxM)xTCG,

graded by the differential form degree (TCG is trivially graded), and endowed with the twisted
product

(c®@Ug, ®...0Ug J(BOUg, ,,®...0Ug, . ) =aAUg, 4. B)OUg ®...0Ug, , .

Also the de Rham differential is extended to H by d(a®@ Uy, ®...® Uy, ) =da® Uy, ®...@Ug, .
Clearly the obvious multiplication map H — G, a®@ Uy, ®...® Uy, — a®Ug, . 4, is a morphism
of DG algebras, hence its kernel ] = Q,(EG x M) ® JCG is a two-sided DG ideal. We define a
completion of H as

(6.10) H = P lim (QF (EG x M) @ TCG/(JCG)™) -
k>0 n

The product and differential on H extend in an obvious way to H. If EG were a finite-dimensional
manifold, the sum over the form degree k would be finite and H= liHmTl QL (EGXM)®TCG/(JCG)™
would coincide with the J-adic completion of H as in [10]. This does not hold for our construction
of EG and (6.10) is a strictly smaller algebra.

Now we view C2°(M) C Qg (EG x M) as the subalgebra of scalar functions which are constant in
the direction EG. This identification is G-equivariant, hence extends to a morphism of algebras
p: A — G. The universal property of the tensor algebra thus yields an homomorphism p, : TA —
H explicitly given by

pu(fillg, ® falg, ... ®@ fallg, ) =fi1lg, (f2)...Ug, 4. ,(fn) ®@Ug, ®Ug, ® ... ® Uy,
on any n-tensor, f; € C¥(M), gi € G. One easily checks that p,. carries the ideal (JA)™ to
Qg(EG x M) ® (JCG)™ for all n, hence extends to an homomorphism of completed algebras
(6.11) p. : TA—H.

We recall that the (completed) space of non-commutative differential forms OTA = [ B Q"TA
endowed with the total differential (b + B) computes the periodic cyclic homology of A.
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The next step is a slight generalization of the Cuntz-Quillen X-complex [5] to the DG algebra
setting. Indeed the de Rham differential d on H extends in a unique way to the H-bimodule of
universal 1-forms Q'JH by

d(ﬁodﬁ]) = (dﬁo)dﬁ] + (=1 )‘HOlJr]ﬁod(dFL]) , v Flodﬂ] S Q1j'\(: ,

where |ho| denotes the degree of ho. Then d is a differential of odd degree on Q' H endowed with
its total grading, compatible with the bimodule structure, and commutes in the graded sense with
the universal differential d. We define the X-complex of the DG algebra (f]A-C, d) as the Z,-graded
supercomplex

(6.12) X(H,d) : H= Q'K ,

where Q! J?Ch =0Q'H / [i]?(, Q' JA{] is the quotient of the bimodule of universal 1-forms by its subspace
of graded commutators. We denote by §hodh; the class of hodh;. The map td : H— QU/-\Ch is
simply h — tdh, while b : Q' GA{h — H descends from the graded Hochschild boundary operator
hodhy — (—1)Fel[fy, Aiy]. One has tdob = 0, bohd = 0, and the odd differential td ®b commutes
in the graded sense with d, so that X(ﬂfC, d) endowed with the total differential (4jd ® b) + d is a
Z,-graded complex. The proof of the following lemma is a straightforward computation.

LEMMA 6.1. The linear map of even degree X(p«,d) from QTA to X(UTC, d) given by

(6.13) X(p*, d)(ﬁodﬁ] .. dﬁn) =

| Z(_] )i(n_i)dp*(dinﬂ )...dp«(dn) p«(do) dp.(a1) ... dp.(a1)

for all &; € TA, 15 a cocycle in the Hom-complex Hom(ﬁ?A,X(ﬂfC, d)).

Note that a differential form dp.(a) € H has always degree O in the direction EG and degree 1 in
the direction M, so that x(p., d) vanishes on Q"TA whenever n > dimM and thus extends to the
direct product QTA = | B Q"TA. This would not be the case if the image of A in G consisted
in non-constant functions in the direction EG.

The last step associates a cocycle A/, € Hom(X(JA-C, d),C) to any closed G-invariant differential
form w € Q(EG x M). To that purpose we define the X-complex localized at units as the vector
space

(6.14) X(3, d)ieaxm = Plim (Q5(EG x M) & Q"CGpy)

k>0 ™

where Q™" CGyy; is the space of completed universal n-forms localized at the unit 1 € G:

Ug,dUg, ...dUg, € Q"CG1 & gog1.--gn =1,

dug‘ ...dugn EQnCGm < g1..-0n =1.
X(J?C, d)egxm is a quotient of X(JTC, d). Indeed a projection ¢ : H — Q,(EG x M) @ QT CGyj is
defined by

C(O( ® ugo ® (u91 g2 u91 ugz) ®...0 (u92n—l gan u92n71 UQZT\))
= (-1)™"nla® Ug,dUg, dUg, ...dU
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if gog1...gn =1, and

cla® (Ug g, —Ug Ug,) ®@... @ (Ug,, 15, —Ug,, Ug,,))

— ()"l a® dUy, dUg, ... dU,,, dU

gan—1 ga2n

if g1...gn =1, and c vanishes on all other tensors for which the localization condition fails. On
the other hand, c: Q]ﬂ{u — Q,(EG x M) ® Q™ CGyyj is uniquely specified by

C(h(o‘® ugo ® (ug1 g2 u91 ugz) ®... (u92n71 gan u92n71 uan))d(B ® uan 1 ))
= (—1)"Fnla AUg,. g, (B) ® Ug,dUg, dUg, ... dU dug,, du

g2n—1 g2n+1

and

C(h(oc® (ug1 g2 ugl ugz) ... (u92n71 gon u92n71 uan))d(B ® u92n+1 ))
= (=D)""Plnla AlUg, . g,, (B) ® dUg, dUg, ... dU du,,, du

gan—1 ga2n g2n-—+1

if the localization condition holds, and || is the degree of the differential form 3. The map ¢
extends to a well-defined projection X(J?(, d) — X(U:C, d){egxMm), and the boundary operators 4d, b
and d descend to boundary operators on the quotient. Then for any G-invariant differential form
w € Q(EG x M) we define a cochain A, € Hom(X(ﬂ/-\f, d)egxm); C) by

(6.15) Ap(x® Ug,dUg, ...dUg, ) :J a/\w
A(g15-5gn) XM

where Z(gh...,gn) C EG denotes the n-simplex with vertices g1...9n, 92---9n, -+ 9n, 1,
and Ay (x ® dUyg, ...dUg, ) = 0. Remark that the integral above is well-defined, because « has
compact M-support at any point of EG. Also, by the definition of the completion 3/-\C, the degree
k of the differential form « is fixed while n can be arbitrarily large. This causes no trouble since
the r.h.s. of (6.15) vanishes for large n. A direct computation involving Stokes theorem yields

LEMMA 6.2. The map sending any G-invariant differential form w € Q(EG x M) to the
cochain A, = Ay o ¢ € Hom(X(H, d),C) is a morphism of complezes.

Recall that the Hom-complex Hom(ﬁ?fl, C) computes the periodic cyclic cohomology of A. Col-
lecting Lemmas 6.1 and 6.2 one thus gets

ProOPOSITION 6.3. Let G be a discrete group acting by orientation-preserving diffeomor-
phisms on a smooth oriented manifold M, and A = CX®(M) x G. The map sending any
G-invariant differential form w € Q(EG x M) to the cochain A, o x(ps, d) € Hom(ﬁ?fl,@) 18
a morphism of complexes. We denote by

(6.16) @ :H®*(EG xg M) — HP*(A)

the corresponding map in cohomology.

7. ALGEBRAIC JLO FORMULA

We come back to the situation of section 2, where M is a foliated manifold and G C Diff(M) is a
discrete group of foliated diffeomorphisms. We first define some useful algebras. Let EG be the
universal G-bundle over the classifying space BG. We take EG as the geometric realization of the
simplicial set NG, and consider the induced action of G on the DG algebra of smooth differential
forms (QQ(EG), d). The crossed product

(71) S=0Q(EG) x G
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is a particular case of the DG algebra constructed in section 6, where the manifold M is reduced
to a point. Hence considering twisted tensor products with the tensor algebra of CG, one gets the
DG algebra extension of § and its completion:

(72) H=Q(EG)®TCG, H= lim (Q*(EG) ® TCG/(JCG)"™) .
k>0 N

Now let §(M) = L(M)l[[e]] be the G-algebra of formal power series constructed in section 3,
together with its subalgebras D(M), D.(M), and the corresponding D(M)-bimodule of trace-
class operators T(M). The space Q(EG,8(M)) of smooth differential forms on EG with values in
8(M) is a DG algebra, for the pointwise product of differential forms and de Rham differential d
on EG. We endow Q(EG, 8(M)) with the G-action which combines the actions of G on EG and
8(M) respectively. The crossed product

(7.3) U=Q(EG,8(M)) x G

is therefore a DG algebra, with differential d(o ® Uy) = dax ® Uq for all € Q(EG,8(M)) and
g € G. Considering twisted tensor products with the tensor algebra of CG, a DG algebra extension
of U is defined as above:

(74) V=0[EG,8(M)@TCG, V=Dlm (Q%(EG,8(M))® TCG/(JCG)") .

The next step is the construction of an homomorphism from the JA-adic completion TA of the
tensor algebra over A = C(S};M) G, to V. To this end, choose any linear splitting C(S},M) —
SH,c(M) of the leading symbol homomorphism 8y (M) — C2(S;;M). Since the trivial line
bundle M x C over M can be identified with the zero-degree part of the exterior bundle E =
A*(T*M ® C), the space of scalar symbols 8,c(M) is a direct summand in the space 81,.(M, E).
Hence composing the linear map CX(S{M) — 8n,c(M, E) with the representation of symbols
L:8u,c(M,E) = D.(M) given by left multiplication, leads to a linear map o : A — U. By the
universal property of the tensor algebra, o extends to an homomorphism of algebras

(75) o, : TASV.
Of course the latter depends on the choice of linear splitting, but two different splittings lead to

homotopic homomorphisms in the sense of Cuntz and Quillen [5].

We now discuss superconnections [11]. Remark that the DG algebra Q(EG, D(M)) acts by left
and right multipliers on U, V and V. Let Do € D(M) be a generalized Dirac operator as defined
in section 5) and consider the function D € Q°(EG, D(M)) on the classifying space, with values
in Dirac operators, given by

n
D(go, -+, 9n)(s0,+--,5n) = 3_ si Adg! (Do)
i=0

for all (go,...,gn) € NG, and (sg,...,sn) € A™. Since the action of an element g € G on
EG carries (go,..-,9n) to (go0g,...,9ng), the function D is G-invariant by construction. The
superconnection (¢ is the formal parameter in $(M))

(76) D=icd+D,

acting on % by graded commutators, is a graded derivation. Its curvature is the inhomogeneous
differential form

D? =D? +iedD € Q°(EG,D(M))® Q' (EG, D(M))

where dD(go, .., 9n)(S0,---,8n) = 2 1o dsi Ad;i1 (Dy). Choose a positive Heisenberg-elliptic

symbol q € SL(M) of order one on M. Extend it to a Heisenberg-elliptic symbol q € SL(M, E),

requiring that the leading symbol of q remains of scalar type. Using the left representation of
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symbols L : 8§i4(M) — D(M), one gets a constant function q; € Q°(EG,D(M)) over EG. Let «
be an “infinitesimal” odd parameter: k? = 0. The new superconnection

(7.7 V=D+«klnq,

acting on the DG algebra \A7[K} = VoKV by graded commutators, is a graded derivation. Its
curvature is the inhomogeneous differential form

V2 =D? +«[lnqr,D] € Q°(EG, D(M)[k]) @ Q' (EG, D(M)[K]) .

The homomorphism o, and the superconnection V are the main ingredients of a JLO-type for-
mula for a cocycle of odd degree in Hom(ﬁ?fl, X(I?C, d)eg)), where X(f}/-\C, d)eg) is the X-complex
localized at units defined in section 6. We introduce as intermediate step a cochain of even degree
x™s (04, V) € Hom(QTA, X(H[k], d)) defined on any n-form dodd ...dd, € Q"TA by

(7.8) x™* (0., V)(doday ...ddy) =

Z(—)i(“’i] Trg(e ' VAV, 0i1] e Vg e VI o] e’t"vz)dt
i=0 An

n
i ZJ Tre (100 e © V' [V, 01]...e 1 Vidoe BV L[V, 0n]e V) dt
i=174n

where 0; = 0,(d;) € V for all i and Trs : (M) — C is the graded trace of section 4. This
expression is well-defined, because it involves a Duhamel-type expansion of the heat operator
exp(—V?) which belongs to the domain of the trace. In fact x™:(0,,V) composed with the
projection onto the X-complex localized at units c : X(j‘\f[K], d) — X(j'\f[K}, d)eg) is a cocycle in
the Hom-complex Hom(ﬁTA,X(J/-\([KL d)ieg))- This crucially depends on the formal identities
dD = 0 and dIn g = 0 which hold in the localized complex. Since k? = 0, this cocycle is actually

a polynomial of degree one with respect to k. Define
~ 0 ~
(7.9) xT:(o,,D,lnqL) = &XTIS(O'*,D +klngy) .

The latter yields a cocycle of odd degree in Hom(ﬁTA,X(HTC, d)eg)). By a classical homotopy
argument, its cohomology class does not depend on any choice regarding the linear map o : A —
U, the superconnection D, and the elliptic symbol q. The following proposition identifies the
composition of this canonical class with the class of the chain map A; € Hom(X(JA-C, d),C) of
Lemma 6.2, for w = 1.

PROPOSITION 7.1. Let Dy € D(M) be a de Rham-Dirac operator, D € Q°(EG,D(M)) the
assoctated G-tnvariant function on the unwersal bundle, and D = d + D the corresponding
superconnection. Then Aj ox™s(0,,D,Inqr) is the cocycle of Proposition 2.7.

Proor. We work in a local foliated chart. First, we must observe that D is still a de Rham -
Dirac type operator, essentially because dg = ipi\' is G-invariant. Thus, D is of the form

D = —iedg +$iR api + Z (T‘}X)]_ag
loc|>2

The 1, are scalar functions on EG x M. With d the exterior differential on EG, one has

dD = Y Pig(dri)ioy
[ox|>2
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Moreover, D? reads

(7.10) —D? = A+ e(pirdp, + (V'P;)r)

e D ((ab)ide + (akp))dd + D (bi) LW P;)rdg

[ox|>2 Jo|>1
where A = i€0,:0p,, and the coefficients in the sums over || > ... are also scalar functions on
EG x M. Recall also that
D=d+D, D? = dD + D?, V=D +«klnqg, V2 =D? 4 k[Inq, D]

We know that dD is proportional to Pg. The symbol q being constant in the direction EG,
one has dlnqr = 0. Moreover Inq; commutes with pg, hence the commutator [lnqr, D] is also
proportional to Py. Finally the elements 0 = 0. (a) € Q°(EG,D.(M))® TCG are constant in the
direction EG, hence we have

[V) 0-] - [EiR(a‘pi + .. ')) G] + K[lnal_) 0-}

Now observe that the graded trace Tr, selects the term proportional to (\'\; ... p™P,)r. The
generalized Laplacian D? already brings terms proportional to 1 or (P1p)gr in the right sector.
Thus the terms proportional to Py in dD, [Inqr, D] and [V, o] break the balance between the g
and the 1y and must give a zero contribution to the cocycle. Hence we can consider that

V2 ~D?, [V,0]l ~«k[lnq, o] .

A first consequence, taking into account k? = 0, is that the cocycle x™**(o,,D,Inq.) should
contain exactly one commutator [V, o]. Thus the only non-zero contributions to this cocycle are :

™ (0., D, In Gy ) (doday) =J

Tr, (e_t’ D?[In qi, oy]e 2P’ Goe_toDz) dt
Aj

+J Tr, (e*tzchoe*t‘Dz[lnﬁL, 01]e*t°D2) dt
Az

XT‘TS(G*,D,lnaL)(ﬁodﬁ1dﬁz) :J Try (uﬁoeitoDz[InaL, 01]67t1D2d0267t2D2> dt
As
—|—J Tt (hcoe_toDzd(ﬁ e_t‘DZ[lnﬁL,Gz]e_tzDz) dt
Aj

A second consequence is that the images of these quantities under the projection c : X(IJ?C, d) —
X(IJTC, d)eg) belong to the subspace Q%EG)® ﬁ(CGm of the localized X-complex, in other words
they are scalar functions over EG. Thus, their evaluation on the cocycle A; drops all the com-
ponents in Q°(EG) ® QKCG for k > 1, and the remaining components in Q°(EG) ® Q°CG are
simply localized at the unit. In particular

}\{ O)(Tr5 (O‘*,D,lna]_)(ﬁodd1daz) =0

and A o Trg behaves like a graded trace in the only remaining term :

A oxT (0., D, In G ) (dodé ) :J

Tr, (e*t’ D*In gy, oq)e t2P° Goe*tODz) dt
Az

(1]

+J Tt (e’tZDZGOe’“DZ[lnﬁL, 61]e’t°D2)m dt
Ar

1
:J Tr (hcoe_tDz[lnﬁL,01]6_(1_t)D2) dt
0 [1]
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The integrand Tr,(fjooe P’ [In Gy, o7Je " ~YP*);;; does not depend on t € [0, 1]. Indeed

d

T (nooe*tDz[lnaL, Gﬂe*“*”Dz) = —Tr, (nooe*tDz[Dz, [1naL,c1ﬂe*“*”Dz)

(1] (1]

= Tr, (4D, oole™ "D, In e, o fle”70P%) |
The last equality comes from [D?,X] = D[D, X] + [D, X]D and the graded trace property. The
above quantity vanishes, because the commutators with D only bring terms proportional to .
Therefore, the integrand may be replaced by its value at t = 0, and we are left with

A oX™ (0., D,lnG1)(80ddr) = Trs (oolln e, orle )
Seeing —D? as a perturbation of the flat Laplacian A + u, and using a Duhamel expansion, one
gets

~ _p2\ _ ~ t totttir
Tr, (0ollngr, ove )_];)JMT&S (o0ln i, o1l (). o (w) exp(a) ) i

Then, we want to move the operators 0, and 9, to the right in each term of the sum above, and
look at when we have an exact balance in their powers. Otherwise, it will vanish under the graded
trace Tr, by definition. A 0, can be absorbed with a pr by commutation, and 0, may appear in
o (pr) =pr +tlA, prl) = pr +itedy. With this elements at hand, we conclude that the presence
of the sums over || in (7.10) prevent an exact balance between 0, and 0,. So, we can neglect
these parts in D? and get

Trs (oolln gy, oy)e P (0oln g, o1]exp(A+ epr - 0p + e(bihi)r))

il (1]
( [].Il qr, GI} (-q) 11')1 e 'ﬂ)nﬂ)n)Rexp(A'i_ EpL - ap))[]]
]L oollnqe, o)) ((e™ (W Py ... h™MP, Jrexp(A + epr - ) M

(oollnqgr, o1])1y(exp(A+epr - 0p))

Trs
Tr,

where in the second equality, we split the exponential. Using the result of Example 4.4, applied
to the scalar matrix R = ¢, we get

Tr (Go[lnaL, 01}€_D2)m = J:(Uo[lnﬁbﬁﬂ)m
which is the equivariant Radul cocycle of Proposition 2.7. O

Finally consider the diagonal action of G on the product EG x S{;M, and its induced action on
the space of differential forms Q(EG x Sj;M) with total de Rham differential d. As in section 6
we form the DG algebra

(7.11) X=Qu(EG xSyM) x G,
and its DG extension

(7.12) Y=0Q,(EGxS;M)®TCG, Y= @;@ (QK(EG x S;yM) ® TCG/(JCG)™) .

k>0 ™
Viewing the algebra CX(S},M) as constant functions over EG leads to an homomorphism p: A —
X which extends to

(713) p, : TA— Y.
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Let x(p«,d) € Hom(ﬁ'AI'A,X(g, d)) be the cocycle of Lemma 6.1. The integration of differential
forms along the fibers of the projection EG x S§yM — EG yields a morphism of complexes

(7.14) L*M : X(Y,d) — X(H, d) .

For the Proposition below we choose a positive Heisenberg-elliptic symbol qo € SL( M) of order
one on M, and extend it to a Heisenberg-elliptic symbol qo € SL(M, E), requiring that the leading
symbol of qo remains of scalar type. Then the function g € Q°(EG,§},(M,E)) defined on the
universal G-bundle by

a(go; ceey gn)(SO) .o ')Sn) - Z Si Ad;g (aO)
i=0

is G-invariant. The corresponding function q; € Q°(EG, D(M)) is therefore also G-invariant.

PRrROPOSITION 7.2. Let Dy € D(M) be a generalized Dirac operator affiliated to a Levi-
Civita connection on M, D € Q°(EG,D(M)) the associated G-invariant function on the
unwversal bundle, and D = d + D the corresponding superconnection. Then one has the
equality of cochains in Hom(ﬁ?A,X(ﬂff, d)):

(7.15) X™ (0., D,lndu) = | TAlR/20) Axlpn,d
sHM

where R 1s the equivariant curvature two-form of the Levi-Civia connection, and Td(iR/2m)
15 the G-tnvariant closed differential form on EG x S}yM representing the equivariant Todd
class of TM ® C.

Proor. Firstly, note that D, as a function over EG, takes its values in the set of generalized
Dirac operators affiliated to affine connections. This comes from the fact that Christoffel symbols
behave in a suitable way under coordinates change. More precisely, in a foliated local chart, we
have

D =iepk(d,: + 9[}%(Pkapj + (Ejlpj)R) +PiR0p, + 7

where 91}‘; is the function on EG given by

9r§(501 .. .,Sm)(QO, cey gm) = Zslgl(rh)
1=0

and r is a remainder of the form
r=ieRk [ D (sEp)idf + ) (Kl + 5610 | + Wi D (rh)LdF
|| >2 [a|>1 lo|>2

the coefficients are scalar functions on EG x M.

Recall that V is given by
V=D+«klnqr=d+D+«klnqr
and its square by

V2 =dD + D? +«[lnq,D] = D? + k6D
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where § denotes the commutator with In q7. One important point is that —D? can be seen as a
perturbation of the flat Laplacian A = i€0,:0,,

—D? = A+ (9T§)L (V)R Dy,
2
I3 Lo —
j(gQﬁj)L(ﬂ)lw])R)(Pkapl + (W) + .
where the QQ{‘U are the components of the curvature tensor of the connection 9. Note that the
coefficient of the third term is the equivariant curvature
2
. . £ P
RY = —ied(IT{) Lk + f(gﬂﬁjh(lbllb])a)

Moreover, the dots are of the same type, but involve strictly higher powers of 9,,.

+ (—ied(9T) g +

We also have
[V, 0] =iedhg (0,0 + (OTEpi)idp, 0+ . ..) + bir(dp, 0+ ...) + k[Ing, o]

where the term proportional to € is of order 0, with the dots of order —1, and the term propor-
tional to $1R is of order -1 when 1 < i < v, of order -2 when v+ 1 < i < n, the dots here are of
stricly smaller order.

We now study the first sum of the cochain x™**(o,, V).

Looking at —V? = A 4 u as a perturbation of the flat Laplacian A, and performing a Duhamel
expansion of the exponentials appearing leads to a study of terms of the form

Tr, (GOGX) (X7)... 02"*"““” (Xy) exp A)
where X; = u or [V, 0j]. The action of o4 does not modify the fact that X; is of order 0, because
[A, Xi] =1€(0x5 Xi - Op; + 0p; Xi - 0y + 05 03 Xi)

Now, we observe that in the formulas above, ¢y is always proportional to an operator of order
< 0, P to an operator of order < —1 or — 2 depending on i. The graded trace Tr, selects the
term proportional to (' ...1p™p,, )r which is therefore of order < —(v+ 2h). This means that
only the leading terms are involved in these quantities. In particular, the dots in the formulas
above give terms of order < —(v + 2h) and will vanish under Trg. For a similar reason, the
derivatives 0,X; may be neglected in calculations. In other words, all functions of x can be
considered as constants. From the previous discussion, if we choose a coordinate system around
a point x¢ such that 9F§§(xo) =0, we have

D ~ d+iepsdy: + hrdp,

—D? ~ A+ R (prdp, + (W h')1))
as we can ignore the x-derivatives of 9. Actually, the term

2

£

RE(Wi!) = (—ied (9T Lk + 5 (901 LW W )r) (brbh) L
can also be neglected, because it will act by commutators on the o;. The latter involve the

projection operator TT = ;' ..., p™ onto scalar symbols, and the Bianchi identities of the

Levi-Civita connection imply ngfijwklblﬂ = QQ'fijé'f = QQEU = 0. Moreover, the relation

Thp' = 0 kills the other term, and we may consider that
D%~ A+ REpLdy,
Performing another Duhamel expansion on exp(—t;V?), and using that k> = 0, the term
J Trs (e ! VAV, 0141) ... Vi 00 e VY, 0q] L e_tivz)dt
Ar+1
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is the sum of the following terms :

. 2 _ 2 _ 2 _+. D2
Tro(e " 'P [V, 0141]...e " 1P oo e P [V, 0q] ... e P dt
JA 1
[ Cts 2 _t. 2 _ 2 _ 2 i P2
Trs(e " "D kdDe 2P [V, 0144]...e 2P gp e VIV, 0] .. e NPT at
JA 42
) 2 . 2 L 2 -~ 2 o 2 4.2
Trs(e_t‘“D [V,011le b2 sDe timsD” | o tr2D g e toVIy ], e P )dt
JAr 2

i.e, in the quantities IATH ... one of the exp(—t;V?) is replaced by e~ D’ K5De*ti+‘Dz, and the
others by exp(—t;D?). Note that the dimension of the simplex on which we integrate is risen by
one. This also can be rewritten with the action of 02 :

| (et v oot (9, o) enp(- D
Ar g B -

J'Ar+Z 'Trs (O't:g]z (KéD)O‘t:]S12+ti+2 ([V, 0‘1"_._1}) A exp(fDZ))dt

For X = k8D, 0y or a commutator [V, o], we have

—1)k
ot (X)) =X+ ) ( k') ad® . (X)
k>1 ’

an so on. Then, recalling that we may retain only the leading terms for the calculations, we
observe that :

—[D?,X] = [A+ R{prrdp,, X] ~ 0, X(iedy: + Riprr)
[D?,[D?,X]] 2 3, 9y, X (i€ + R¥prr)(iedys + Ripir) + R1dp, X(ied,i + Ripu)

and continuing the process by induction, we finally get

th & _
ot (X)) =X+ ) W > Pu(X)(iedy +pr - R)™
k=1 |al=1

where P (X) is a linear combination of the p-partial derivatives of X. The operators (ied,+pr-R)*
may be moved to the right in front of exp(—D?) when |x| > 1, because functions of x behave like
constants. Then, using Example 4.4, we find that these quantities does not contribute for the
calculations, in other words,

X)~X

t

e

As a consequence, we may drop the action of 0_p: in the above calculations and obtain

—t. 2 _ 2 _ 2 oy 2
J Trs(e "V [V, 01401)...e "V oge OV [V, 0q]...e "V )dt
Ar+1

1
=TF 1)!Trs([V,Gm] ...V, 000V, 01] ... [V, 0i] exp(—D?))
1
+ m [Tl's (K5D[V7 oir1l...[V,00]00[V,01]...[V, 0 GXP(*DZ))

+ Tr ([V, 6i41]k8D ... [V, 0v]00 [V, 01] ... [V, 03] exp(—D?)) + ...
+Trs ([V, 0111] ... [V, 0]00[V, 01] ... [V, 01]K8D exp(—D?)) ]
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the factors (Tll 77 Or 1
only the terms proportional to k in the latter equality. Then, knowing that D? may be replaced
by A+pr-R-0, using Example 4.4, and having in mind that the symbols o; are constant in the

direction EG, we get

= +12)' comes from the volume of the standard simplex. We will now retain

d
dKJ Trs(efti“vz[vﬁiﬂ]---67”*‘#00 VY, 0q].. eit‘vz)dt
Ar+1

N ﬁ]ﬁ(<<60H1[D,Gi+z]...[D,Gr}Go[D,Gﬂ~~~[D»Gi]Td(R)>>[n}
+ ((ID, 0141180442 ... [D, 0v]oo[D, 01] ... [D, 0] TA(R))) [n] + . ..
+ (D, 011]... D, 0,]00[D, 1] ... [D, 051150, TA(R))) [l
+ ﬁ ][; (((6D[D, 0441]...[D, 0v]oo[D, 01] ... [D, 0 Td(R))) ]

—{([D, 01+116D...[D, 0y]op[D, 01] ... [D, oJTA(R)))[n] + ...

+ (—1)”2<([D, Oit1)...[D,0:]op[D,01]...[D, GJZ&DTd(R))}[n])
The bracket selects only the operators proportional to (Vg ...\, )r, which is of order < —(v+2h).
However, in the quantities proportional to 6 +1 7, these operators gain an extra factor 6o, which
is of order —1. So, the Wodzicki residue kills th1s part. We can now make the identifications

ek «» dx' and Em ¢ dpi —9T§dx) ~ dpy, consistent with coordinate changes. Moreover, recall
that the symbol of In q(x, p) is of the form

Inq(x,p) =Inpl" + qo(x, p)

where qo is a Heisenberg symbol of order 0. Then,

5D (*1811)12( «tqo) —Pig(d pidolr) +¥ig <Z| |4

Z = ,4)+d1naL

i=v+1
- P
& —dqo + dps (Z |P|1’4 + Z ip 1;4> +dlnqu
i=1 i=vt1

using Theorem 2.6, and we have the following equality

d

dk J Trg (et VAV, o01) e YV g e VIV, 0q] L eitivz)dt
Ar+'|
1
= (T n 2)' J L - [(6Dd0'1+1 ...doyopdoq ...doy — doij10Ddo0pdoy ... doy +
JSEM

+ (=1)"*%doyy1 ... doroodoy ... doydD) A Td(R)TT]

vol

where L is the generator of the Heisenberg dilations given by the formula

L= <Zpla + Z 2p;d pl>

i=v+1

Actually, the terms containing dpo have order < —(v+2h), and does not contribute to the Wodzicki
residue. Indeed, these terms bring n partial derivatives with respect to the variables (p1,...,pn),
and writing the leading symbol of the involved quantity in polar coordinates (Ipl’, 01,...,0n), the

latter is then proportional to [p|~(V*2M)+! times a partial derivative do/dp|’, which is of order
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—2. We finally get

d

. 2 . 2 . 2 oy 2
aj Trs(e’t‘ﬂv V,0i41)...e "1V g5e 0V [V, 0q]...e BV )dt
Ar+1

1
- WJ *Mdaiﬂ ...do,opdoq...do;

Analogous manipulations on the second sum of the cochain x™s (0, V) give the final answer. [
Thus combining the previous results one gets

THEOREM 7.3. Let M be a foliated manifold, G C Diff(M) a discrete group of diffeomor-
phisms mapping leaves to leaves, 0 — Wﬁ]C(M) X G — ‘POH,C(M) G = CR(SEM) =G =0
the extension of equivariant Heisenberg pseudodifferential operators. Then the image of the
canonical trace localized at unit [1] € HPO(‘P;R (M) x G) under the ezcision map 1s

(7.16) 3([1]) = D(TA(TM @ C))

where @ : H®(EG xg S;;M) — HP'(C®(S{;M) x G) is Connes’ characteristic map from
equivariant cohomology to cyclic cohomology, and Td(TM ® C) s the equivariant Todd class
of the complexified tangent bundle of M.

8. THE TRANSVERSE INDEX THEOREM OF CONNES AND MOSCOVICI

Let A be an associative algebra and (H,F) a (trivially graded) p-summable Fredholm module.
Hence, A is represented by bounded operators on a separable Hilbert space H, and F is a bounded
self-adjoint operator on H such that the operators a(F> — 1) and [F, a] are in some Schatten class
(P(H) for all a € A. In addition, we suppose given an extension of “abstract pseudodifferential
operators”

(81) 0¥ W Lo ut Lo

where

e Y0 is an algebra of bounded operators on H containing the representation of A,
e V! is a two-sided ideal consisting of p-summable operators on H,
e F is a multiplier of ¥° and [F,¥°] c ¥~ '.

Let P=J(1+F). Then [P,al € ¥~' and aP? = aP mod ¥~ for all a € A. The linear map
(82) pr : A WO Wl pr(a) =aP mod ¥,
is an algebra homomorphism since a;Pa;P = a;a;P mod Y= for all a; ,a2 € A.

LEMMA 8.1. The Chern-Connes character of the Fredholm module (H,F) ts given by the
odd cyclic cohomology class over A
(8.3) ch(H,F) = pfoo([Tx])

where [Tr] € HP (W) is the class of the operator trace, d : HPO(W—1) — HP' (WO /W) is the
excision map associated to extension (8.1), and pi: HPT(W°/¥~1) — HP'(A) s induced by
the homomorphism pPf.

Proor. Consider the algebra & ={(Q,a) € ¥°®A | Q = aP mod ¥~'}. The homomorphism
& - A, (Q,a) — a yields an extension

0oy ! 58 5A—0.
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By definition ([2]), the Chern-Connes character ch(H,F) € HP'(A) is the image of the operator
trace under the excision map associated to this extension. On the other hand, the homomorphism
& —¥°, (Q,a) — Q yields a commutative diagram of extensions

0 y-l & A 0
L)
0 y-! Yo Yo y-l —— o
The conclusion then follows from the naturality of excision. O

We apply this to the hypoelliptic operators constructed by Connes and Moscovici in [3]. Let
M be an oriented foliated manifold and G C Diff(M) a discrete group of orientation-preserving
diffeomorphisms mapping leaves to leaves. We make the hypothesis that G has no fized points
on M. We denote by V C TM the subbundle tangent to the leaves and by N = TM/V the normal
bundle; both are equivariant G-bundles by construction. Assume that V and N are provided
with G-invariant euclidean structures, called G-invariant triangular structures in [3]. Then the
hermitean vector bundle

(84) E=A*'(V'@C)A*(N*"®C)

is G-equivariant, and the euclidean structures on V, N determine a G-invariant volume form on M
via the canonical isomorphism of top-degree forms A™2*V @ AmaXN = A™2XM. Let H = L2(M, E)
be the Hilbert space of square-integrable sections of E with respect to the hermitean structure
and volume form. The crossed-product algebra

(85) A=CX(M)xG

is represented by bounded operators on H as follows: a function f € C2°(M) acts on the sections
of E by pointwise multiplication, while g € G is represented by the unitary operator coming from
the action of G on the manifold M and the vector bundles V, N. Denote by dv : C*(M,E) —
C*®(M, E) the leafwise de Rham differential. Choose an isomorphism of N with a vector subbundle
of TM transverse to V, and denote by dn the corresponding transverse de Rham differential. Then
Connes and Moscovici consider the hypoelliptic signature operator acting on C*(M, E)

(86) Q==(dvdy —dydy)+ (dn +dy),

where the sign +1 is taken on ASYN* and —1 on A°94N*. This is a formally self-adjoint, hypoel-
liptic differential operator of order two. Q is not quite invariant under the action of G because the
isomorphism TM = V & N requires a choice. However, in the Heisenberg pseudodifferential calcu-
lus associated to the foliation on M, the operator Q is Heisenberg-elliptic and its leading symbol
is exactly G-invariant. From this one builds a properly supported Heisenberg pseudodifferential
operator

Q

“Ql
which is defined only up to addition of a smoothing operator. Again the Heisenberg leading

(8.7) F

symbol of F is G-invariant. Now we turn to the geometric example of [3], where M is the bundle
of Riemannian metrics over a smooth G-manifold W. Here the foliation on M corresponds to the
fibration M — W, and has a tautological triangular structure. The action of G by diffeomorphisms
on W canonically lifts to an action on M mapping fibers to fibers, and preserving the triangular
structure. In this situation, the results of [3] show that F is a bounded operator on H, a(F? — 1)
is smoothing for all a € A, and the pair (H, F) defines a p-summable Fredholm module over the
algebra A, for any p > dimV + 2dimN. Its Chern-Connes character may thus be computed by
means of the above lemma. We let Wy (M, E) be the algebra of compactly supported Heisenberg
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pseudodifferential operators acting on the smooth sections of E. The representation of the crossed-
product Wi (M, E) x G on the Hilbert space H leads to subalgebras of bounded operators

WO =Im(W), .(M,E) x G), Yo =Im(V,! (M E) % G) .

Note that these representations are not faithful. Let m : S§yM — M be the projection from
the Heisenberg cosphere bundle. The pullback 7*E is naturally a G-equivariant vector bundle
over S};M. Since G has no fixed points by hypothesis, the leading symbol map ‘POH,C(M, E) —
CX(S1yM, End(n*E)) yields a canonical isomorphism of algebras

Yo /p—T = C®(S5,M, End(m"E)) x G .
Under this identification the homomorphism pf : A — WO/¥~1 is given by
pr(fUg) = 71"‘(1C)ell'g5 VfeCrXM), geG

where e € C*(S}yM, End(n*E)) is the leading symbol of the operator P = %(1 + F), and Ug is
the represntation of g as a linear operator on the space of sections of 7*E. Since P? = P and
PUE = UEP modulo operators of order —1, one has e = e and eU§ = Ufe for all g € G. Hence
e is a G-invariant idempotent section of the bundle End(7*E). Its range is the G-equivariant
subbundle E, of *E consisting in the positive eigenvectors for the leading symbol of F. By usual
Chern-Weil theory, the equivariant Chern character ch(E . ) is represented by a closed G-invariant
differential form on the homotopy quotient EG x g S{yM. Taking its product with the equivariant
Todd class of the complexified tangent bundle yields a class

(8.8) L'(M)=Td(TM® C)Uch(E,) € H¥(EG xg S{M) .
THEOREM 8.2. Let G be a discrete group of orientation-preseving diffeomorphisms on
a smooth oriented manifold W. Let M be the bundle of Riemannian metrics over W and

A =CP(M)xG. If G has no fized points, then the Chern-Connes character of the Fredholm
module (H,F) associated to the hypoelliptic signature operator of Connes and Moscovict s

(8.9) ch(H,F) =m, o ®(L'(M)) € HP'(A),

where @ : H(EG xg S;;M) — HP!(C®(S;;M) x G) is Connes’ characteristic map from
equivariant cohomology to cyclic cohomology, and 7, : HP! (C2(SyM) x G) — HP'(A) is the
map 1nduced by the projection m: S;;M — M.

PrROOF. One has to compare the two extensions

0—= Y. (M,E) x G ——= W, .(M,E) x G — C¥(S};M, End(m"E)) x G —= 0

| |

0 y-1 o Yo Sy

0

where the vertical arrows are the representations as bounded operators in the Hilbert space H.
We consider two different cyclic cohomology classes on the ideals. The first one is the operator
trace [Tr] € HP°(W~ '), and the second is the trace localized at units [1] € HPO(WQ]C(M,E) X
G). Of course [1] is not the pullback of [Tr] under the representation. We use a zeta-function
renormalization in order to compute the image d([Tr]) € HP' (WO /W~1) of the operator trace under
the excision map of the bottom extension, as in section 2. Then, since G has no fized points,
only the part of the operator trace which is localized at units contributes to the residues. This
means that one has the equality

o([Tx]) = o([])
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in HP'(C®(S};M, End(n*E)) x G). A choice of local trivializations of the vector bundle E and a
partition of unity allows to identify C2°(S};M, End(n*E)) x G with a subalgebra of the algebra of
matrices My (C?(S;M) x G). Under this identification Theorem 7.3 implies the equality

o([Tx]) = tr# @ (" Td(TM ® C))

where tr denotes the trace on My, = (C) and # is the cup-product of cyclic cocycles ([2]). Finally
the homomorphism pr is multiplication by the G-invariant idempotent e € C*°(S};M, End(n*E)) C
Moo (C*(ST;M)), so the composition pr o d([Tr]) is the above class twisted by the Chern character
ch(E,). 0
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