
An example of a thik wallNiolas RessayreAmong quotients assoiated to distint G-linearized line bundles, those or-responding to hambers have a very good property: the �bers are orbits.Theorem 4.2.7 shows that between two relevant hambers the quotient ishanged by a transformation similar to a Mori ip. Moreover, if G is a torus,then two quotients orresponding to hambers are linked by a �nite sequeneof suh transformations. In this appendix, we show by an example that thisan fail for arbitrary redutive group G. For this, we produe a linear ationof G on a projetive spae, whih admits a proper wall of odimension zero.Let us �x some notation. We onsider the onneted redutive groupG = C � � SL(2; C ). Let �0 be the harater of G de�ned by �0(t; g) = t.Then �0 generates the harater group of G. If T1 is the maximal torus ofSL(2; C ) onsisting in diagonal matries, then T = C � � T1 is a maximaltorus of G. Its harater group is freely generated by �0 omma before and�1 de�ned by the following formula:�1�t;� u 00 u�1 �� = u; t; u 2 C � :Let W = C 2 ; V = C 8 . Let us hoose an isomorphism V ' C � C �W �W �W . An element of V is thus represented by a 5-tuple (x�; x0; v�; v0; v+)where x�; x0 2 C and v�; v0; v+ 2 W . We de�ne an ation of G on V by thefollowing formula:(t; g) ? (x�; x0; v�; v0; v+) = �t�2x�; x0; t�8g � v�; g � v0; t2g � v+� (1)where � is the anonial ation of SL(2; C ) on W . From now on, we usethe notation of Setion 1.1.5.We represent the set of weights of the ation of T on V by Figure 1. Theoordinates in the basis (�0; �1) of these weights are denoted by (a; b) in the1



�gure. In addition, the onvex hulls of some parts of st(V ) are drawn withthik lines.
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Figure 1: State of V .Formula 1 de�nes an ation of G on X = P(V ) and a G-linearization onOX(1) as well; we denote by L this G-linearized line bundle. Aording toSetion 1.1.5, for L, a point x 2 X is:� semi-stable if and only if for all g 2 G, the origin belongs to the setConv(stV (g:x));� stable if and only if for all g 2 G, the origin belongs to the interior ofConv(stV (g:x));� unstable if and only if there exists g 2 G suh that the origin does notbelong to Conv(stV (g:x)).Now we want to vary the ample G-linearized line bundle on X. We alsodenote by �0 the trivial line bundle over X where G ats on the �bers by �0.Sine the group NS(X) is isomorphi to Z, by [KKV℄ eah G-linearized linebundle onX is isomorphi to L
n
m�0 for some (m;n) 2 Z2. It follows thatthe group NSG(X) is isomorphi to Z2. From now on, we identify NSG(X)with Z2, and so NSG(X)R with R2 . Note that the line bundle orresponding to(m;n) 2 Z2 is ample if and only if n is positive. Sine two ample G-linearizedline bundles on the same half-line from the origin are GIT-equivalent, we anrestrit our study to the points of NSG(X)R of the form (r; 1) with r 2 R.We all the set of these points the horizontal line and r the absissa of thepoint (r; 1). We use these onventions in Figure 2.Let r 2 Q . There exists a power, say L
n 
m�0 (with m = nr 2 Z) ofL
r�0 whih is the restrition (as a G-line bundle) of O(1) for an embeddingof X into a G-module. The sets st(x) orresponding to this embedding2



are obtained from stV (x) by applying a dilation of fator n followed by atranslation of vetor (m; 0). So to study the stability for L 
 r�0, we anmove the origin along the horizontal line in Figure 1 by �r and keep theweights of the ation of V . Finally the stability for L
 r�0 of a point x 2 Xdepends on the relative position of the point (�r; 0) and the onvex hulls inX (T )
 R of the sets stV (g:x) with g 2 G.From now on, we denote by (e1; e2) the anonial basis of W . Let x 2 Xand let ~x = (x�; x0; v�; v0; v+) be a representative of x in V . There existsg 2 SL(2; C ) suh that g:v� is proportional to e1. But now, if r > 4 the point(�r; 0) does not belong to the onvex hull of st(g:x) and x is not semi-stablefor L
 r�0. So if r > 4, Xss(L
 r�0) is empty. Analogously, we prove thatif r < �1 then L 
 r�0 is not e�etive.Moreover, the \origins" of the form (�r; 0) in Figure 1 whih orrespondto the intersetion of the horizontal line and a wall belong to the boundaryof a set onv(st(x)) for some x 2 X. So the absissa of the intersetion ofa wall and the horizontal line is r = 4; r = 3; r = 2; r = 0; r = �1 or thesegment 0 � r � 2.Let x = [0 : 0 : e1 : e2 : 0℄. There are seven distint sets of the formst(g:x): two segments, four triangles and one retangle. The point (�4; 0) iseither on the boundary or in the interior of these onvex sets. So, r = 4 isthe absissa of the wall H(x). In the same way, we show that r = 3 is thewall H ([0 : 0 : e1 : 0 : e2℄) and r = �1 is the wall H ([0 : 0 : 0 : e1 : e2℄) :Obviously, the walls H ([1 : 0 : 0 : 0 : 0℄) and H ([0 : 1 : 0 : 0 : 0℄) have r =2 and r = 0 as their absissa. Moreover, the intersetion of the horizontalline and the wall H ([1 : 1 : 0 : 0 : 0℄) is the interval 0 � r � 2.So we obtain six walls, three hambers and six ells in the G-ample one(see Figure 2). The one CG(X) is partitioned into nine GIT-lasses.Theorem 4.2.7 ompares quotients orresponding to two hambers C+ andC� relevant to a ell F . The starting point is that the set Xss(F ) ontainsboth Xs(C+) and Xs(C�), and so de�nes two morphisms:f+ f�Xss(C+)==G �! Xss(F )==G  � Xss(C�)==G:In the G-ample one, the property Xss(F ) � Xss(C) means that F in-tersets the losure of C. Moreover, if we want to have Xs(F ) = Xs(C+) \Xs(C�) it is natural to assume that C+ and C� are relevant to F . Theseexplains why Theorem 4.2.7 onerns two relevant hambers to a fae.3
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Figure 2: The G-ample one.On the other hand, if there is no odimension zero wall, then any twohambers an be joined by a hain of relevant hambers. So quotients orre-sponding to two arbitrary hambers are related by a sequene of birationaltransformations orresponding to relevant hambers.Bak to the example, if we want to relate the quotients assoiated to C1and C2, we must look at the sequene of transformations:Xss(C1)==G Xss(C2)==GXss(L)==G Xss(L
 2�0)==GXss(L 
 �0)==G
And so, we obtain Xss(L 
 �0)==G as a natural intervening quotientbetween Xss(C1)==G and Xss(C2)==G.-} -N.R.Universit�e de Grenoble IInstitut FourierUMR 5582 CNRS-UJFUFR de Math�ematiques 4
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