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GEOMETRIC INVARIANT THEORY AND
GENERALIZED EIGENVALUE PROBLEM II

by Nicolas RESSAYRE (*)

ABSTRACT. Let G be a connected reductive subgroup of a complex
connected reductive group G. Fix maximal tori and Borel subgroups

of G and G. Consider the cone £LR° (G, G’) generated by the pairs
(v, D) of strictly dominant characters such that V;* is a submodule of

V5. We obtain a bijective parametrization of the faces of LR°(G, é)
as a consequence of general results on GIT-cones. We show how to
read the inclusion of faces off this parametrization.

1. Introduction

The ground field K is assumed to be algebraically closed of characteristic
zero. Consider a connected reductive group G acting on a projective variety
X. To any ample G-linearized line bundle £ on X we associate the following
open subset X*°(L) of X:

X®(L)={z € X :3In>0and o € H(X, L8 such that o(z) # 0}.
The points of X*(L) are said to be semistable with respect to L. There
exists a good quotient 7 : X*(L) — X(L)//G. A natural question is:

What are the £’s with nonempty set X%(L) ?
Let us fix a free finitely generated subgroup A of the group Pic®(X) of
G-linearized line bundles on X. Set Ag = A ®z Q. Note that the classes of
ample G-linearized line bundles in A generate an open convex cone A6+ in

Ag. Define the G-ample cone ACS(X) as the locally closed subcone gen-
erated by the ample £ € A such that X*(L) is not empty. By [5] (see

(*) The author was partially supported by the French National Research Agency (ANR-
09-JCJC-0102-01).



2 NICOLAS RESSAYRE

also [13]), ACS(X) is characterized as a subset of A(ESJ“ by finitely many
rational linear inequalities: we will say that ACf(X ) is a closed convex ra-
tional polyhedral cone in A6+' We are interested in the faces of ACS (X);
that is, the subcones obtained by intersecting AC?(X ) with a supporting
hyperplane.

The following statement associates a G-variety to any nonempty face of
ACf(X ). It will be useful to prove the injectivity of our parametrization
of the faces of LR°(G, G).

PROPOSITION 1.1. — Let F be a face of AC§(X). Let £ and L' be two
points in the relative interior of F. Let m and 7’ denote the corresponding
quotient maps.

Then, for general £ € X*(L)//G and general ¢’ € X*(L')//G), the G-
varieties 7~ 1(¢') and 7~ 1(€) are isomorphic.

Let Lo be any point in the relative interior of a face F of AC®(X). The
local geometry of .ACE(X ) along F is described by the convex cone Cr
generated by the vectors p — Ly for p € AC,C(V(X ). This cone only depends
on F and not on L.

To describe Cx, we introduce some notation useful to describe. Consider
the quotient 7 : X%(Ly) — X%(Ly)//G. Let x be any point in X55(Lg)
with closed orbit in X®%(Ly); then the isotropy subgroup G, is reductive.
Consider the set V of points y € X such that the closure of the orbit
G,y contains x. Then V is an affine closed G-stable subvariety of X*5(Lg)
containing {z} as its unique closed G -orbit. Moreover, the fiber 7= (7(x))
is isomorphic to the fiber product G x¢, V. Let X (G ) denote the group of
characters of G,. Consider the convex cone C,, in X(G,) ® Q generated by
the weights of G, acting on the algebra of regular functions on L. Finally,
we consider the linear map p : Ag — X(G,) ® Q, that associates with
any L the weight of the action of G, on L,.

ProposIiTION 1.2. — With above notation, we have:
Cr= ,Lt_l(cx).
This is closely related to R. Sjamaar’s description of the local structure
of the moment polytope in the symplectic setting (see [16]) which is closely

related to Proposition 1.2. In Sjamaar’s situation, G is a torus which sim-
plifies the description of C,.

Now, assume that G is embedded in another connected reductive group
G. We fix maximal tori T' C T and Borel subgroups B D T and B O T
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GIT AND EIGENVALUE PROBLEM II 3

of G and G. Consider the complete flag variety B = G/B x (/B endowed
with the diagonal G-action. We set A = Pic®(B) and denote ACS (B) by
ACC(B). To any (v,0) € X(T) x X(T) we associate the usual G x G-
linearized line bundle L, ;) over B: this defines an isomorphism X (77) x
X(T) = PicGXG(B). We also consider the map rg : PicGXG(B) —
Pic%(B) obtained by restricting the action to G x G to G. Note that Lo
is ample if and only if v and & are strictly dominant. Let us denote by
LR°(G,G) the set of pairs (v, ) of rational strictly dominant weights such
that V¥, is a G-submodule of V,,;; for some positive n. A direct application
of the Borel-Weil theorem shows that (v,7) € LR°(G,G) if and only if
r6¢(Lw,)) € ACE(B).

The interior of ACY(B) is nonempty if and only if no nontrivial con-
nected normal subgroup of G is normal in G: we assume, from now on
that ACY(B) has nonempty interior. In Theorem 7.2 below, we obtain a
bijective parametrization of the faces of ACY(B) and a description of their
inclusion relations. To avoid too many notation, in this introduction, we
will only state our results in the case when G is semisimple and diagonally
embedded in G = G x G.

For any standard parabolic subgroup P of GG, we consider the cohomol-
ogy group H*(G/P,7Z) and its basis consisting of classes of Schubert va-
rieties. We consider on this group the Belkale-Kumar product ®q defined
in [2]. The structure-coefficient of this product in this basis are either 0
or the structure-coefficient of the usual cup product. These coefficients are
parametrized by the triples of Schubert classes.

THEOREM A. — The faces of AC%((G/B)?) correspond bijectively to
the triples of Schubert classes in G/P with structure-coefficients of the
ring (H*(G/P,Z),®¢) equal to one, for the various standard parabolic sub-
groups P of G.

We will now explain how to read the inclusions of faces off this parametriza-
tion. Let P and P’ be two standard parabolic subgroups. Let X1, X5 and
X3 (resp. X{, X} and X}) be three Schubert varieties in G/P (resp. G/P’)
such that the corresponding structure-coefficients for ®¢ are equal to one.
Let F and F' denote the corresponding faces of ACS ((G/B)?).

THEOREM B. — The following are equivalent:
(i) F C F;
(i) P C P’ and p(X;) = X for i = 1,2 and 3, where p : G/P —
G/ P’ is the projection.
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4 NICOLAS RESSAYRE

In [15], we already obtained a partial description of the faces of LR (G, G).
Here we make three improvements. First, we prove that each face of the
closure of LR°(G, @) coming from a well-covering pair (see Section 5.2) is
a face of LR°(G, é), that is, contains strictly dominant weights. Moreover,
defining the notion of an admissible pair (S,w) (see Section 7), we ob-
tain an injective parametrization of the faces. The proof of this injectivity
uses Propositions 1.1 and 1.2. Finally, we describe the inclusion relations
between the faces.

Let us explain some of the motivations to understand these faces. The
first motivation comes a posteriori. Theorem A and B show that this set
has a rich structure. A strategy to understand examples is to study the
smallest faces (whose codimension is the rank of G) and to understand
the local geometry around theses faces: this should be interesting since the
Belkale-Kumar product on G/ B is particularly simple. The results obtained
here would allow to apply such a strategy.

Let V be a complex finite-dimensional vector space. The closure of the
cone ACC*V)(FI(V)3) is the object of the famous Horn conjecture [6]. We
will call ACS*(Y)(FI(V)3) the Horn cone. In [7], Knutson-Tao-Woodward
proved that the codimension one faces of the Horn cone correspond bijec-
tively to the Littlewood-Richardson coefficients (LR-coefficients for short)
A equal to one, for partitions A, u and v of a given size (Theorem A
generalizes this result). The Fulton conjecture (see [7, 1, 14]) asserts that
if 5, = 1 then for any positive integer k, c’,ji kp = 1. This implies easily
that the set of LR~coefficients equal to one is parametrized by the integral
points on a union of faces of the Horn cone.

The relations between the geometry of LR°(G,G?) and the Belkale-
Kumar cohomology rings will be also applied elsewhere to obtain results
about this product.

Let now Y be a normal projective G-variety endowed with an ample
G-linearized line bundle £. We now want to explain how to recover the
moment polytope of Y from some G-ample cone. Consider the dominant
chamber X(T)(E in X(T)g = X(T)®Q corresponding to B. The interior of
X (T)(ig is denoted by X (T)6+. We are interested in the moment polytope
P(Y, L) as defined in [4]: it is a convex polytope contained in X (T)(EE Set
Po(Y,L) = P(Y,L)n X(T){*.

Set X = G/B x Y. Let A be the subgroup of Pic%(X) generated by the
pullback of £ and the pullbacks of G-linearized line bundles on G/B. Now,
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GIT AND EIGENVALUE PROBLEM II 5

we have:

P°(Y, L) = ACS(X) N (L + X(T)q).
In particular, the faces of ACS(X) correspond bijectively to the faces of
Pe(Y,L).

We assume that P°(Y, L) is nonempty. Actually, in [4] it is proved that
any moment polytope P(Y, L) can be described in terms of one which in-
tersects the interior of the dominant chamber. M. Brion associated in [4,
Theorem 1 and 2] a subtorus S of T' and an irreducible component C' of
the T-fixed points to any face of P°(Y, L). He proved that the face can be
recovered from the pair (C,S) and obtained some geometrical properties of
(C,S). In Proposition 8.4 below, we improve these results by shwing that
(C,S) is well-B-covering (see Definition 8.2).

Convention. The notation introduced in the environments “NOTATION”
are fixed for all the sequence of the paper.

2. An example of GIT-cone

Let us fix a connected reductive group G acting on an irreducible pro-
jective algebraic variety X.

2.1. The G-ample cone

As in the introduction, for an ample G-linearized line bundle £ on X
we consider the set of semistable points:

X*=(L£)={z€ X :3In>0and o € H'(X,L£%") such that o(z) # 0} .
To specify the acting group, we sometimes denote X*(L) by X*(L, G).
There exists a good quotient:

T X®(L) — X*(L)//G,
such that X®(L)//G is a projective variety. A point x € X%(L) is said to
be stable if G is finite and G.z is closed in X®(L). Then, for any stable

point z we have 7~ !(m(z)) = G.z and the set X5(L) of stable points is
open in X.

Let A be a free finitely generated subgroup of Pic®(X) and set Ag =
A® Q. Let A(EJF denote the convex cone generated by the ample elements
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6 NICOLAS RESSAYRE

of A. Since X®(L£) = X®(L®"), for any ample £ and any positive integer
n, we can define X*°(L) for any £ € A&"‘. We consider the G-ample cone:

ACS(X) ={L € AGT + X®(L) is not empty}.

Since the tensor product of two nonzero G-invariant sections is a nonzero G-
invariant section, AC§(X) is a convex cone. By [5] (see also [13]), ACS (X)
is a closed convex rational polyhedral cone when viewed as a subcone of
A(SJF. This cone is the central object of this paper.

Two points £ and £’ in AC§ (X) are said to be GIT-equivalent if X35(L) =
X®(L"). An equivalence class is simply called a GIT-class.

For x € X, the stability set of = is the set of £ € A6+ such that X(L)
contains z; it is denoted by AC§ (). In [13] following [5], we have studied
the geometry of the GIT-classes and the stability sets. Note that [13] only
considers the case where A = Pic%(X); but all the results and proofs of [13]
remain valid here. In particular, there are only finitely many GIT-classes
and each GIT-class is the relative interior of a closed convex polyhedral
cone of Aéﬁ. Finally, the closures of GIT-classes form a fan in A6+.

2.2. The G-ample cone of an affine variety

Notation 2.1. — If T is an affine algebraic group, [I',T'] will denote its
derived subgroup and X (T') will denote its character group.

For later use, we consider here a G-ample cone for the action of G on
an affine variety. More precisely, let V' be an affine G-variety containing a
fixed point O as its unique closed orbit. The action of G over the fiber at
O gives a morphism p*(0,G) : Pic(V) — X(G) satisfying:

VL e Pic(V)Vge G,z € Lo gax=p~0,G) (g V),

where Lo is the fiber over O in L. By [13, Lemma 7], u*(O,G) is an iso-
morphism. The pullback £, of a character x is the trivial bundle endowed
with the following action:

Vge GV(v,t) €V xK g.(v,t) = (v,x(g7Ht).
For any x € X(G), we have:

H(V.L,)" ={f €K[V] : Yz eV (g.f)(z) = x(9)f(2)} = K[V];.
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GIT AND EIGENVALUE PROBLEM II 7

Note that H(V, £, )€ is contained in the algebra K[V]I%&] of the regular
[G, G]-invariant functions on V. Set

S={xe€X(G) : HY(V,L£,)¢ is non trivial}.

This is the set of weights of the torus G/[G, G] in K[V]IC],
As in the projective case, we set

Vi (x)={veV : 3n>0and f € K[V],, s.t. f(v)#0}.

We consider the G-cone ACG(V) in X(G) ® Q generated by the characters
X such that V*(x) # 0. Note that any £, is ample.

LEMMA 2.2. — We assume that V' is irreducible. Then the set S is a
finitely generated semigroup in X(G). Moreover, ACG(V) is the convex
cone generated by S; it is strictly convex.

Proof. — Since K[V]I%Cl is a finitely generated algebra without zero di-
visors, S is a finitely generated monoid. The fact that AC® (V) is generated
by S is obvious. Finally, AC% (V) is strictly convex since HO(V, £y)¢ = K,
where Ly denotes the trivial line bundle linearized with the trivial ac-
tion. g

3. Etale Slice Theorem

In this section, we recall some very useful results of D. Luna. We fix an
ample G-linearized line bundle £ on the irreducible projective G-variety
X.

3.1. Closed orbits in general position

Notation 3.1. — 1If H is a subgroup of G then Ng(H) denotes the nor-
malizer of H in G. Consider the quotient 7 : X*(L£) — X*(L)//G. For all
€ € X35(L)//G, we denote by T'(€) the unique closed G-orbit in 771(¢). We
denote by (X*(L)//G)pr the set of those £ such that there exists an open
neighborhood €2 of ¢ in X®(L)//G such that the orbit T'(¢’) is isomorphic
to T(&), for all & € Q. We will denote by X the H-fixed point set. If Y
is a locally closed subvariety of X, £y denotes the restriction of £ to Y.

Since 7 is a gluing of affine quotients, many results on the actions of G on
affine variety remain true for X*(L). For example, the following theorem
is a result of Luna and Richardson (see [9, Section 3] and [8, Corollary 4]
or [12, Section 7]):

SUBMITTED ARTICLE : FACETTESAIF.TEX



8 NICOLAS RESSAYRE

THEOREM 3.2. — Keep the above notation and assume that X is nor-
mal. Then, the set (X**(L)//G)pr is nonempty and open in X*(L)//G. Let
H be the isotropy group of a point in T(§y) with & € (X*(L)//G)pe. We
have:

(i) The group H has fixed points in T'(§) for any £ € X*(L)//G.

(ii) Let Y be the closure of 71 ((XSS(E)//G)pr)H in X. ThenY is the
union of some components of X . Moreover, H acts trivially on
some positive power L%," of L}y and the natural map

Y (L) (Na(H)/H) — X™(L))/G

is an isomorphism. Finally, Y contains stable points for the action
of N¢(H)/H and for the line bundle .C%/”.

A subgroup H as in Theorem 3.2 will be called a principal isotropy group
of X*(L). The conjugacy class of H is called the principal isotropy group
of X(L).

3.2. The principal Luna stratum

Let H be a reductive subgroup of G and let Y be an affine H-variety. We
endow G X Y with the G x H-action given by the formula (with obvious
notation):

(9,1)-(91,9) = (99107 ", hy).
Then the GIT-quotient of G x Y by {e} x H is denoted by G x g Y. Since
this action is free, G x g Y is an affine variety (smooth if Y is) whose closed
points parametrize the H-orbits in G x Y. The class of (g,y) € G x Y
will be denoted by [g : y]. The action of G x {e} on G x Y induces a
G-action on G Xy Y and the first projection, a G-equivariant morphism
GxyY — G/H.

When X is smooth, the open subset (X®**(L)//G), is called the principal
Luna stratum and has very useful properties (see [10] or [12]):

THEOREM 3.3 (Luna). — We assume that X is smooth. Let H be a
principal isotropy group of X®(L).

Then, there exists a H-module L such that for any & € (X**(L)//G)pr
and points x in T(§) satisfying:

(i) Gw:H;
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(ii) the H-module T, X/T,(G.xz) is isomorphic to the direct sum of
its fixed points and of L; in particular, its isomorphism class is
independent of £ and x;

(iii) for any v € L, 0 belongs to the closure of H.v;

(iv) the fiber 7=1(¢) is isomorphic to G x g L.

3.3. The fibers of quotient morphisms

Theorem 3.3 describes the general fiber of a GIT-quotient of a smooth
variety. We also have the following general (but less precise) description of
any fiber of a GIT-quotient (see [10] or [12]):

PROPOSITION 3.4. — Let x be a semistable point with respect to L
whose orbit is closed in X*(L). Set V. ={y € X : © € G,.y}. Then, V is
an affine G -variety, containing = as the unique closed G,-orbit. Moreover,
7~ Y(m(x)) is isomorphic to G x¢g, V.

4. On the faces of the G-ample cone
4.1. Isotropy subgroups associated to faces of .ACf(X)

Let ¢ be a linear form on Ag which is nonnegative on ACS(X). If the
set F of £ € ACS(X) such that p(£) = 0 is nonempty then F is called a
face of ACS(X). Now, we associate two invariants to a face of ACS (X).

THEOREM 4.1. — Let F be a face of ACS(X). Then, we have:

(i) The principal isotropy group of X®(L) does not depend on the
point L in the relative interior of F, but only on F. We call this
isotropy group the principal isotropy group of F.

Let us fix a principal isotropy group H of F.

(ii) For any M € F, H fixes points in any closed orbit of G in X*(M).
H

(iii) The closure Y of (Wzl (X (L’)//G)pr)) in X does not depend
on a choice of L in the relative interior of F. Let Yr denote this
subvariety of X ; then Yr is the union of some components of
XH,

(iv) The group H acts trivially on some positive power 5%/’; of Liy,.
Moreover, the natural map

YE(Li5,) /| (Na(H)/H) — X=(L)//G

SUBMITTED ARTICLE : FACETTESAIF.TEX
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is an isomorphism and Yz contains stable points for the action of
Ng(H)/H and the line bundle L%f;.

Proof. — Let Lq, Lo € .ACf(X). By an easy argument of convexity,
to prove Assertion (i) it is sufficient to prove that the principal isotropy
group of X*(L) does not depend on L in the open segment |L;, La|. Let
us fix £, L' €]L1, L2]. Let z € X lie in the preimage of (X*(M)//G)p:, for
M = L1, Lo, £ and £’ under the quotient maps.

Recall that Qa(x) is a closed polyhedral convex cone in A6+. Since £
and Ly belong to Q4 (), £ and L’ belong to the relative interior of the same
face of Q (). By [13, Proposition 6, Assertion (iii)], there exists 2’ € G.x
such that this face is Q4 (z). But, [13, Proposition 6, Assertion (i)] shows
that the closed orbits in X5(£) N G.2" and X*(L') N G.2" are equal. Now,
our choice of the point x implies that the principal isotropy groups of
X®(L) and X®(L") are equal.

Let H be a principal isotropy group of X*(L). Let Y be the closure
of X# N7t (X*(L£)//G)pr). By Theorem 3.2, Ng(H) acts transitively
on the set of irreducible components of Y. Let Y; be such a component
of X#. Again by Theorem 3.2, mz(Y; N X*(L)) = X(L)//G; that is,
any closed G-orbit in X®¥(L) intersects Y;. Finally, Y is the union of ir-
reducible components of X which intersect a general closed G-orbit in
X®(L). But, the above proof of Assertion (i) shows that a general closed
orbit in X®(L) is also a closed orbit in X®(L£’). In particular, Y is the
closure of X7 Nz (X%(L'))/G)pr). Assertion (iii) follows.

Let us now fix a principal isotropy group H of F. Let My € F. By
assertion (i) of Theorem 3.2, to prove the second assertion, it is sufficient
to prove that the principal isotropy group of X (M;) contains H. By [13,
Theorem 4], there exists a point My in the relative interior of F such
that X®(M;j) contains X*(Ms). The inclusion X*=(Mjy) C X%(M;)
induces a surjective morphism 1 : X%(Ms)//G — X*(M;)//G. Let
£ € (X*®(My)//G)pr such that € = n(&') € (X(M1)//G)pr. Let & be a
point in the closed G-orbit in X®°(M) over &. The fiber in X*(M;) over
¢ is fibered over G.z; hence, for any y in this fiber, G, is conjugated to a
subgroup of G,. Since this fiber contains the fiber in X*(Ms) over £’, then
H is conjugated to a subgroup of G,. The second assertion is proved. O
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4.2. Local structure of the G-ample cone around a face

Notation 4.2. — Let E be a prime Cartier divisor on a variety X en-
dowed with a line bundle £ and let ¢ be a rational section of £. We will
denote by vg (o) € Z the order of vanishing of o along E.

Let P be a polyhedron in a rational vector space V and F be a face of
P. The cone of V generated by the vectors y —x for y € P does not depend
on the choice of x in the relative interior of F. This cone will be called the
cone of P viewed from F. It encodes the geometry of P in a neighborhood
of z.

Let F be a face of AC§(X). Let £ belong to the relative interior of F.
Let x be a semistable point whose G-orbit is closed in X%(L). Let V be the
affine G,-variety defined in Proposition 3.4. Consider the cone AC%* (V) as
in Section 2.2. Notice that V is not necessarily irreducible, and so AC%= (V')
is not necessarily convex.

As in Section 2.2, the G -action on the fiber over = defines a morphism
p*(z,Gz) + A — X(G;) and a linear map from Ag on X(Gy)g also
denoted by p*(x, Gy).

THEOREM 4.3. — The cone of ACS(X) viewed from F is the preim-
age by p®(x,G,) of ACC= (V). In particular, if p*(x, G,) is surjective then
AC%= (V) is convex.

Proof. — Let Ly and £ be two ample G-linearized line bundles in A. We
assume that L is the only point in the segment [L; L£o] which belongs to
AC§ (X). For convenience, we set U = X*(Ly). By assumption, there is
no G-invariant rational section of £ which is regular on X; we claim that
there is no such section which is regular on U.

Let us prove the claim. Fix a nonzero regular G-invariant section oy of
LE™ for some positive integer m. Let ¢ be a G-invariant rational section
of £ which is regular on U. For any positive integer k, o ® O?k is a ratio-
E(?mk which is regular on U. Let E be an
irreducible component of codimension one of X — U. By definition of U, oy
is zero along E and vg(og) > 0. Then, vg(o @ 0§%) = vg(0) + k.vg(og) is
positive for k big enough. We deduce that o ® a?k is regular on X for k
big enough. Since by assumption £ ® Lg‘?mk does not belong to ACf(X ),
this implies that ¢ ® cr%gk and finally ¢ are zero. The claim is proved.

nal G-invariant section of £ ®

We now fix a point L in the relative interior of F. By an elementary
argument of convexity, there exists an open neighborhood €2 of £; in A(EJF
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such that for any £ € Q, if £ does not belong to ACS(X) then L is the
only point in [£, £o] N AC(X).

By [13, Proposition 2.3], we may also assume that for all £ € Q, X*5(£) is
contained in X%(Ly). Tt remains to prove that for any £ € Q, £ € AC§(X)
if and only if £ (z, G,) € AC= (V).

Let £ € Q which does not belong to ACS (X). Set & = 74, (z). By the be-
ginning of the proof, for any positive n, H*(U, L&) = {0}. Since 7r£01(§)
is closed in U, this implies that HO(’/TZOl (€),£8™)¢ = {0} for all positive
n. So, for all positive n, HY(V, E%,")G'T = {0}. Then p*(z,G,) does not
belong to AC%* (V).

Let now £ € QNACS (X). Since the map ¢ : X®(L)//G — X%(Ly)//G
induced by the inclusion X®*(L) C X®(L,) is surjective, there exists y €
X®5(L) such that ¢ oz (y) = €. Up to changing y by g.y for some g € G,
one may assume that y € V. Let ¢ be a G-invariant section of £ which
is nonzero at y. Obviously, the restriction of ¢ is a G, -invariant section of
L}y which is nonzero. It follows that p“(x,G,) belongs to ACC= (V).

The last assertion follows from an obvious argument of convexity. O

5. Well-covering pairs
5.1. The functions p*(z, \)

Let £ € Pic%(X). Let = be a point in X and A be a one-parameter
subgroup of G. Since X is complete, lim;_,o A\(t)x exists; let z denote this
limit. The image of A\ fixes z and so acts on the fiber £,: there exists
w*(x,\) € Z such that:

VieL,Vte K At)z=tH Nz
The numbers p“(z,\) are used in [11] to give a numerical criterion for

stability with respect to an ample G—linearized line bundle L:

r € X¥(L) <= p*(z,)) <0 for all one-parameter subgroup A,
r € X5(L) < p(x,\) <0 for all nontrivial \.

5.2. Definition

Notation 5.1. — The set of fixed points of the image of A will be denoted
by X*; the centralizer of this image will be denoted by G*. We consider
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the parabolic subgroup of G:
PN = {g € G : lim \(t).g.\(t) 7! exists in G}.
t—=0

Let C be an irreducible component of X*. Since G* is connected, C'is a
G*-stable closed subvariety of X. We set:

+ . R
Ct={zreX: }%A(t)xEC}.

Then, C is a locally closed subvariety of X stable by P()\). Consider over
Gx C™ the action of G x P()) given by the formula (with obvious notation):

(9.p)-(9".y) = (99'p™ ", py).
Since the quotient map G — G/P()) is a Zariski-locally trivial principal
P(X)-bundle, one can easily construct a quotient G X p(ry C* of G x C*
by the action of {e} x P(A). The action of G x {e} induces an action of G
on G xpx) C*. We recall the following definition from [15]:

DEFINITION 5.2. — Consider the G-equivariant map
n : G XpP(N) ct — X
[g: ] —  g.x.
The pair (C,\) is said to be covering (resp. dominant) if n is birational
(resp. dominant). It is said to be well-covering if n induces an isomorphism
from G X p(y) §2 onto an open subset of X, where ) is a P()\)-stable open
subset of CT intersecting C.

Let us denote by p®(C, \), the common value of the u®(z, \), for z € C+.
We assume that (C,\) is a dominant pair. By [15, Lemma 3], the set of
L e ACS(X) such that 4£(C, A) = 0 is either empty or a face F of ACS (X).
Moreover, F is the set of £ € ACS(X) such that X5(L£) intersects C. From
now on, F which only depends on C' is denoted by F(C).

6. The case where X =Y x G/B

Assumption. We assume in this section that X has diagonalizable reduc-
tive isotropy groups and that A is abundant in the sense of ith definitions of
[15, Section 3.3] (this means, that for any € X with a reductive isotropy
group G, the morphism A — X(G,) given by the action of G, on fibers
over z has image of finite index).

The main example satisfying these assumptions is X = G/B x Y, where
Y is a projective G-variety Y, and A contains the pullback of Pic%(G/B).
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6.1. Principal isotropy group and well-covering pairs

Let S be a subtorus of G. Let C' be an irreducible component of X*.

DEFINITION 6.1. — The pair (C,S) is said to be admissible if there
exists x € C such that G5 = S. The pair is said to be well-covering if
there exists a one-parameter subgroup A of S, such that C' is an irreducible
component of X* and (C, \) is well-covering.

A rephrasing of [15, Corollary 3] is

PROPOSITION 6.2. — Let F be a face of ACS(X) of codimension r.
Then, there exists an admissible well-covering pair (C,S) with S of dimen-
sion r such that F = F(C).

We are now interested in the principal isotropy group of the faces of
ACS (X):

PROPOSITION 6.3. — Let F be a face of codimension r. Let (C, S) be a
well-covering pair with a r-dimensional torus S such that F(C) = F.

Then, (C,S) is admissible and there exists a principal isotropy group H
of F such that H° = S.

Proof. — By [15, Lemma 3], F is an union of GIT-classes. By [13], there
are only finitely many such classes and they are convex; so, there exists
a GIT-class F' which has nonempty interior in F. Let £ € F. Let £ €
(X*(L)//G)pr and T'(€) be the corresponding closed G-orbit in X®%(L).

By [15, Proposition 9], T'(¢) intersects C. Let us fix x € T(£) N C. Now,
consider the morphism p*(z,G;) @ Ag — X(G;) ® Q induced by re-
striction and the isomorphism X(G,) ~ Pic%(T(¢)). By Theorem 4.3,
Kerp®(z,G;) is contained in Span(F). On the other hand, the GIT-class
of L is contained in Kerp®(z, G,). Finally, Keru®(z, G,) = Span(F). Since
A is abundant, this implies that the rank of X (G,) equals r.

Since G.x is affine, G, is reductive. Since X has diagonalizable reductive
isotropy groups, G, is diagonalizable. But the rank of X (G, ) equals r and
G, is a r-dimensional torus. Since z € C, S is contained in G,; it follows
that G5 = S. In particular, (C,S) is admissible. O

6.2. Unicity

Notation 6.4. — Let S be a torus. We will denote by Y (S) the group
of one-parameter subgroups of S. There is a natural perfect paring Y (S) x
X (S) — Z denoted by (-, ).
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The following lemma is a first statement of unicity.

LEMMA 6.5. — We assume in addition that X is smooth. Let F be a
face of codimension r. Let (C1,S1) and (Cs, S2) be two well-covering pairs,
where Sy and Sy are two r-dimensional tori such that F(Cy) = F(Cs) = F.

Then, there exists g € G such that g.Co = C; and ¢.S5.97! = 5.

Proof. — Arguing as in the proof of Proposition 6.3, we obtain that T'(£)
intersects C7 and C3. Up to conjugacy, we may assume that x belongs to
T(£)NCyNCy. So, we obtain that G2 = S; = S3. Then, C equals Cy since
they are the irreducible component of Xt = X2 containing . O

In contrast with the unicity of Lemma 6.5, for a given well-covering pair
(C, S), the set of pairs (CT, P) such that G xp C* — X is well-covering
is not unique. We are now interested in the set of A € Y(S) such that the
associated morphism 7 is dominant.

Let us fix a face F of codimension r. The set of linear forms ¢ €
Hom(Ag, Q) such that ¢ is nonnegative on ACS(X) and zero on F is
denoted by FV.

Let us fix a well-covering pair (C,S) where S has dimension r and such
that F = F(C). Let C denote the set of A € Y (S) ® Q such that for
some positive n, the pair (Cpx,nA) is dominant, where Cy,» denotes the
irreducible component of X" containing C. Note that, since S acts trivially
on C, the map Y (5) ® Q — Hom(Ag,Q), A — u®*(C, \) is linear.

LEMMA 6.6. — We assume that X is smooth.
Then, A € C if and only if u*(C,\) € FV.

Proof. — Let A be a rational one-parameter subgroup of S, and let n
be a positive integer such that n\ € Y(S). First assume that A € C. Since
(Cpx,mA) is dominant, [15, Lemma 3] implies that x®(C, \) is nonnegative
on AC§ (X). Moreover, for any £ € F, X*(L) intersects C. This implies
that u~(C,\) = 0. Finally, u*(C,\) € FV.

Conversely, assume that u®(C,\) € F¥. Set

+ T
CT={zeX: }g%n)\(t)xeCn,\}

and n : G X p(ny) CT — X. Let us fix a general point « € C. Then, G, is
the principal isotropy group of F, its neutral component is S and the G-
module T, X /T, C is the type of F. Theorem 4.3 implies that u*(C, \) € FV
if and only if (nJ),-) is nonnegative on all weights of S in T, X/T,G.xz. We
deduce that the differential T'n, is surjective. Since X is smooth, this implies
that n is dominant. O
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6.3. Inclusion of faces

We now assume that X = G/B x Y for a smooth projective G-variety
Y and that A is abundant.

PROPOSITION 6.7. — Let (C1,S1) and (Cs, S2) be two admissible well-
covering pairs with two subtori S1 and So of T of dimensions r1 and o
such that B/B € pg,p(C;) for i = 1,2. We assume that F(C1) and F(C»)
have respectively codimension ry and rs.

Then, the following are equivalent:

(i) F(C1) c F(C2);
(11) Cy c Uy and Sy C 5.

Proof. — The second assertion implies the first one by [15, Lemma 3].
Conversely, we assume that F(Cy) C F(Cs).

By Proposition 6.3, there exists £ € F(C;) and « € C} such that G = Sy
and G.z is closed in X®(L). Since Cs intersects G.z, there exists g € G
such that g.x € Cs. Since S, fixes g.z, Sy C ¢S1g~"'. In particular, Sy is
contained in T and gT'g~'; so, T and gTg~ " are maximal tori in G°2. There
exists | € G2 such that IT1~! = gTg~'. The element n = [~'¢ normalizes
T. Since C, is stable by G2 (which is connected), x belongs to n='Cs.
Applying pg,p we obtain that pg,p(x) belongs to n~'G*2B/BNG* B/B.
In particular, G2 B/B N nG**B/B # {.

We claim that nB/B € G2 B/B. Since n™'Son = g~ 1859 C 51, we have
G 'S2n 5 @91, In particular, GS2n D nGS' and G%:nB/B > nG**B/B.
It follows that G2B/B intersects G°2nB/B; since they are G2-orbits
G*:B/B = G**nB/B.

Since n normalizes T, this implies that n € G2. So, n=1S9n = Sy C 5.

Since n € G2 and nx € Cy, z € Cy. But x € C;. It follows that Cy
(resp. C3) is the irreducible component of X1 (resp. X*°2) containing z.
Now, So C 57 implies C7 C Cs. O

Remark 6.8. — Proposition 6.7 shows that F(C;) = F(C5) if and only
if C1 = C5 and So = S7. With the assumption of the proposition this is an
improvement of Lemma 6.5.
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7. Application to the branching rule cones
7.1. The branching rule cone in terms of GIT-cone

From now on, we assume that G is a connected reductive subgroup of a
connected reductive group G. Let us fix maximal tori T (resp T) and Borel
subgroups B (resp. B) of G (resp. G) such that TCc BC B> T > T.

Let g and g denote the Lie algebras of G and G respectively.

We denote by LR(G, @) (resp. LR°(G,G)) the cone of pairs (v,0) €
X(T)g x X(T)qg such that for some positive integer n, ni and nv are
dominant (resp. strictly dominant) weights such that V,, ® V,,, contains
nonzero G-invariant vectors.

In this section, X denotes the variety G/B x G/B endowed with the
diagonal action of G. We will apply the results of Section 4 to X with
A = Pic%(X). The cone ACS(X) will be denoted by AC%(X). It is well
known (see [15, Proposition 10] for a proof) that £LR°(G, G) is the set of
pairs (v,7) of rational weights such that L, ;) € ACC(X). Moreover, if
no ideal of g is an ideal of g, by [15, Proposition 12] CRO(G,C?) has a
nonempty interior.

7.2. A first parametrization of the faces
7.2.1. Admissible subtori

Consider the G-module §/g. Let Wt (g/g) be the set of nontrivial weights
for the T-action on g/g. For I C Wir(g/g), we will denote by Ty the neu-
tral component of the intersection of kernels of characters in I. A subtorus
of the form T7 is said to be admissible.

Let A € Y(T') or Y(T')g. We denote by I(\) the set of characters x €
Witr(g/g) such that (A, x) = 0. Let S be an admissible torus. We consider
the set of A € Y(S)q such that

Vx € Wir(g/g) (A x) =0 = x|s is trivial;

or equivalently, T7(yy = S. The set of such rational one-parameter sub-
groups is the complementary of the union of hyperplanes (-, x) = 0 for
X € Wtr(g/g) nontrivial on S. A connected component of this set will be
called a chamber of Y (S)q.

A one-parameter subgroup A € Y(5)q is said to be S-regular if

Vx € Witr(g) (A, x) =0 = x|g is trivial.
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Note that in the definition of S-regularity we consider Wtp(g) and not
Witr(d/g). In fact, A is S-regular if and only if G* = G (and so G* = G9).

Let Y(T)* denote the set of dominant one-parameter subgroups of 7.
A subtorus S of T is said to be dominant if Y (S)g is spanned by its
intersection with Y/(T)*. A chamber Y (S)g is said to be dominant if it
spans the same subspace than its its intersection with Y (T)*.

7.2.2. Admissible pairs

Consider the parabolic subgroups P and P of G and G associated to
A. Let Wp be the Weyl group of P. The cohomology group H*(G/P,Z)
is freely generated by the Schubert classes [BwP/P] parametrized by the
elements w € W/Wp. Since PNG = P, we have a canonical G-equivariant
immersion ¢ : G/P(\) — G/P()\); and the corresponding morphism ¢*
in cohomology.

Let p (resp. p°) denote the half-sum of positive roots of G' (resp. G*).
Let ®* and ®(P“) denote the set of roots of the groups B and P“ for
the torus 7. In the same way, we define * and ®(P*). For w € W and

w e W, we consider the following characters of T" and T

oF = Z a and 05 = Z o

acwdtNd(PY) acwd+tnd(Pv)

Let S be an admissible subtorus of 7" and @ € W/WGS The pair (S, W)
is said to be admissible if there exists a S-regular one-parameter subgroup
A of S such that:

(1) ([BaP(\)/PA)]).[BP(N)/P(N)] = [pt] € H*(G/P(A), Z);

(i) (05 )js = (07N =2(p = p%));s.
The following lemma explains these two conditions geometrically:

LEMMA 7.1. — Let S be an admissible subtorus and W € W/WGS
Let \ be a S-regular one-parameter subgroup. Set C() = G°B/B x
GSw~'B/B. Then the two above conditions are fulfilled if and only if
(C(w), A) is a well-covering pair.

Proof. — The proof is very similar to [15, Proposition 11]: we leave the
details to the reader. One can prove (using mainly Kleiman’s transversality

Theorem) that .*([BwP/P)).[BP/P| = [pt] € H*(G/P,Z) if and only if the
morphism 7 as in Definition 5.2 is birational. Now, the condition (05 )Is =
(07 —2(p — p®))|s means that S acts trivially on the restriction over C' of
the determinant bundle of 7. (|
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We may now give a first parametrization of the faces of LR°(G,G):

THEOREM 7.2. — We assume that no ideal of g is an ideal of §.
The map which associates to (S, ) the set

F(S,) = {(v,0) € LR°(G,G) : Wiy + vg is trivial}

is a bijection from the set of admissible pairs onto the set of faces of
LR°(G,G). Moreover, the codimension of F(S,w) equals the dimension
of S; and the following are equivalent:

(i) F(S,w) c F(S',0');

(i) 8" C S and WWgsr = W' Wesr.

Proof. — Let (S,%) be an admissible pair. Set F(S,w) = {(v,?) €
LR(G,G) - wis = —vg}. By [15, Theorem 11], F(S,w) is a face of
LR(G,G) of codimension dim(S). In particular, F(S,%) spans the sub-
space of the (v,7) € X(T) x X(T) such that Wi s = —v|5. To prove that
the map in the theorem is well defined, it is enough to prove that F(S,w)
intersects LR°(G, G). Assume that F(S,) is contained in the boundary
of the dominant chamber. Then, its projection on X (7)g or X (T))g is con-
tained in an hyperplane; this is a contradiction.

Let us prove the surjectivity. Let F be a face of LR°(G, G). Let (C, \) be
a pair satisfying Proposition 6.2 for F. Up to translate C and conjugacy S
accordingly, we may assume that S C T and C intersects B/ B x G / B. Then
C = C(w) for some W € W. We know that there exists a one-parameter
subgroup A of S such that (C, ) is well covering and we need to find such
a A which is S-regular. But Lemma 6.6 shows that there exists a S-regular
A such that (C, A) is dominant. By [15, Theorem 12] (C, \) is well-covering.

The injectivity and the assertion about inclusion of the faces are direct
applications of Proposition 6.7. O

7.3. A second parametrization
From now on we assume that Wi (g/g) = Wtr(a). The following obser-
vation explains the role of this assumption:

LEMMA 7.3. — Let S be an admissible subtorus of T' and C be a chamber
of Y(S)q. If Wty (§/g) = Wir (@) then the parabolic subgroups P(\) and
so P(A) do not depend on A € C.

Proof. — The parabolic subgroup 15()\) only depends on the signs of the
(A, &)’s for the roots & of G. The lemma follows. O
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The parabolic subgroups of Lemma 7.3 will be denoted by P(C) and
P(0).

Remark 7.4. — In [3], Berenstein-Sjamaar also consider a chamber de-
composition of Y (T)g. Our decomposition is the same if Wip(g/g) =
Witr(g) but not in general. An easy example to see a difference is G =
GLy € SL3 = G

We consider the set © of quadruples (S, C,w,®) such that
(i) S is a dominant admissible subtorus of T
(ii) C is a dominant chamber of Y'(5)q,
(ili) w e W/Wgs and W € W/Wés,
(iv) *([B@P(C)/P(C))).[BwP(C)/P(C)] = [pt] € H*(G/P(C),Z);

(v) (0515 = (05 = 2(p— p%));s-

We may now give a second parametrization of the faces of LR°(G,G).

THEOREM 7.5. — We assume that no ideal of g is an ideal of § and that

Wir(g/9) = Wtr(g).
The map which associates to (S,C,w,w) € © the set

F(S,Cow, ) = {(v,0) € LR°(G, G) : wis + wv|s}

is a bijection from © onto the set of faces of LR°(G,G). Moreover, the
codimension of F(S,C,w,w) equals the dimension of S and the following
are equivalent:

(i) F(S,C,w,w) C F(S',C',w' d');

(ii) w'S"w' ™' C wSw™! and ww W Wgs = W' Wes .

We now have to understand better the admissible pairs (.S, ).

LEMMA 7.6. — Let (S,w) be an admissible pair. Then, the set of ratio-
nal one-parameter subgroups A\ of S such that (C(w),\) is well-covering,
is a chamber C(S,w) of Y (S).

Proof. — Let F denote the face of LR°(G,G) associated to (S,) in
Theorem 7.2. Then, S is the neutral component of a principal isotropy
group of F. Let L be the S-module such that (S, L) is the type of F. By
Theorem 4.3 and Lemma 2.2, the set of S-regular one-parameter subgroups
A such that (C(w), ) is well-covering is contained in the interior C’ of the
dual of the cone generated by the weights Wtg(L) of S in L. But, there
exists x € C such that Wtg(L) = Witg(T,X/T,G.x) and GS = S.
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Let U and U denote the unipotent radical of B and B. Let b, B, u, i, 5
denote the Lie algebras of B, B, U, U, S. We have:
Wts(L) = Wts TIX/Tme)

— Wis((g/b @ 3/16)/(a/5))

= Wts((g/wb)/u)

= Wtg u?ﬂ/u)
In particular, for any x € Wts(g/g), £x|s belongs to Wtg(L). This implies
that for any x € Wts(g/g), the sign of (A, x) does not depend on A\ € C’.
It follows that C’ is a chamber of Y (9)g. O

We can now prove Theorem 7.5.

A~~~

Proof. — We are going to construct a bijection ¢ between the admissible
pairs (S, w) and the elements (S’,C’,w’,w") € ©. This bijection will satisfy
C(w) = w'C(w',w') and so F(S,w) = F(S',C’,w',w').

Let (S,%) be an admissible pair. Consider the chamber C(w, S) defined
by Lemma 7.6. Let A € C. Then there exists a unique w € W/Wgs such
that wA is dominant. Since Wtr(§/g) = Wtr(§), then A is S-regular,
Wy = Wgs and wSw™! is dominant. Moreover, C is contained in a Weyl
chamber and so, w € W/Wgs does not depend on the choice of A. We set

(S, ) = (wSw™t, wC, w™t, ww™1).

One easily checks that ¢ is bijective and that its inverse is (S, C,w, W) —
(wSw™ wwt). O

Remark 7.7. — If Witr(g/g) = Wtr(g), the set of pairs (S,C) of dom-
inant admissible tori and dominant chamber corresponds bijectively with
the set of conjugacy classes of inclusions of the form G/P(\) € G/P(\).

7.4. Application to the tensor product cone

In this section, G is assumed to be semisimple. As above, T' C B are
fixed maximal torus and Borel subgroup of G. We also fix an integer s > 2
and set G = G, T'=T* and B = B*. We embed G diagonally in G. Then
LR(G,G) is the set of (s + 1)-uples (vg,--- ,vs) € X(T)(‘E)_)le such that for
some positive n the ny;’s are strictly dominant weights and V,,,, ®- - -®@V;,,,
contains nonzero G-invariant vectors.

Theorem 7.5 can be simplified in this case for at least two reasons. First,
Wit (§/g) is just the root system of G. Moreover, the Belkale-Kumar prod-
uct allows to express the two conditions of the definition of admissible pairs
(see Section 7.2.2) in an unified and beautiful way.
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We will denote by Sp the neutral component of the center of the Levi
subgroup of P containing 7.

In [2], Belkale-Kumar defined a new product ®p on the cohomology
groups H*(G/P,Z) for any parabolic subgroup P of G. We consider the
set © of (P, Xy, , Xuw,) where P is a standard parabolic subgroup of G
and the X,,,’s are s + 1 Schubert varieties of G/P such that

[(Xuw,] @0 -+ ©0 [Xuw,] = [pt].
By applying Theorem 7.5 to G = G* as in [15], we obtain the following

THEOREM 7.8. — The map which associates to (P, Xy,, -, Xw,) €
O the set F(P, Xy, - ,Xw,) of (vg,---,vs) € ACY(X) such that the
restriction of ), w; Ly, to Sp is trivial is a bijection from © onto the set
of faces of LR(G,G?)°. Moreover, the codimension of F(P, X, , Xuw.)
equals the dimension of Sp and the following are equivalent:

(1) F(P, Xugs -+ s Xw,) CF(P, Xy, 5 Xur);
(ii) P C P’ and 7(Xy,) = Xy foralli=0,--- s (here, 7 : G/P —
G/P' is the natural map).

Remark 7.9. — Note that w; € W/Wp. Also, even if w; 1y, is not well
defined, its restriction to Sp is.

8. GIT-cone and moment polytope

We denote by TCS (X), and call the total G-cone, the cone generated in
Ag by the line bundles (non-necessarily ample) £ € A which have nonzero
G-invariant sections. Since the tensor product of two nonzero G-invariant
sections is a nonzero G-invariant section, 7C§(X) is convex.

Let Y be a projective G-variety. Let us now explain the relation men-
tioned in the introduction between the moment polytopes of Y and some
total G-cones of X = G/B x Y.

Let £ be an ample G-linearized line bundle on Y. We consider the set
Pe(Y, L) of points p € X(T')g such that for some positive integer n, np
is a dominant character of T and the dual V;;, of V,;, is a submodule of
HO(Y, £%™). In fact, Pg(Y, L) is a polytope, called the moment polytope.
Notice that “the dual” is not usual in the definition; but it will be practical
for us.
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Consider the two projections:

%
‘Q‘L &

Y G/B.

In this section, A will always denote the subgroup of Pic“(X) generated
by p’C‘;/B(PicG(G/B)) and p}-(£). Consider the affine subspace Aaﬁ of Ag
generated by p} (L) ® pc;/B(PicG(G/B)). Note that, Aaﬂ is an affine hy-
perplane of Ag which does not contain 0.

PROPOSITION 8.1. — With the above notation, Ps(Y, L) is the intersec-
tion of TCE(X ) with the hyperplane Aaﬂ. More explicitly, for all positive
rational number m and for all v € X(T), we have:

14
mpy (L) ® p (L) € TCF(X) — € Po(Y, L).

Proof. — The proof which is a direct application of the Borel-Weil the-
orem is left to the reader. O

Tt is possible that Pg(Y, L) does not intersect the interior of the Weyl
chamber. In this case, AC%(X ) is empty and our results cannot be ap-
plied directly. But, the argument of [4, Section 5] shows that there exists
a subgroup H (namely, the centralizer of the derived subgroup of a Levi
subgroup of G) and a subvariety Y’ of Y such that Pg(Y, L) = Py (Y’, Ly)
and Py (Y’, Ly/) intersects the interior of the Weyl chamber of H. From
now on, we assume that P (Y, L) contains regular points.

Let A be a one-parameter subgroup of T. Set B(A\) = BN P()\). Let C
be an irreducible component of Y* and

+ . T
C .—{xGX.%g%)\(t)xGC}

the associated Bialynicki-Birula cell.

DEFINITION 8.2. — The pair (C, \) is said to be B-covering if the natu-
ralmapnpg : B ><B(,\)C'+ — Y is birational. It is said to be well-B-covering
if 7 induces an isomorphism over an open subset of Y intersecting C.

The following lemma is obvious.
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LEMMA 8.3. — With the above notation, the pair (C,\) is B-covering
(resp. well-B-covering) if and only if (G*B/B x C,\) is covering (resp.
well-covering).

Let us recall that the subtori of T correspond bijectively to the linear
subspaces of X (T)qg. If V is a linear subspace of X(T')q, the associated
torus is the neutral component of the intersection of kernels of elements in
X(T)NV.If F is a convex subset of X (T')qg, the direction dir(F) of F is
the subspace spanned by the differences of two elements of F.

We will denote by C* the convex cone in X (T)g generated by the dom-
inant weights. The next proposition is an improvement of [4, Theorem 1]:

PROPOSITION 8.4. — We keep the above notation and assume that Y
is smooth and Pg(Y, L) intersects the interior of the dominant chamber.
Let F be a face of Ps(Y, L) which intersects the interior of the dominant
chamber. Let S the subtorus of T associated to dir(F).

There exist a unique irreducible component C of Y and a one-parameter
subgroup A of S such that G* = G°, (C, \) is a well-B-covering pair, and
F = Pgs(C,Lic)NnCT.

Proof. — Let F be the face of AC§ (X)) corresponding to F and r denote
its codimension. By Proposition 6.2, there exists an admissible well-covering
pair (Cx, S’) such that F = F(Cyx) and S’ is a r-dimensional torus. Up to
conjugacy, we may assume that C'x intersects Y x B/B, and S’ is contained
in T. Let A be a one-parameter subgroup of S’ such that (Cx, \) is well-
covering. Then, Cx = G*B/B x C for some irreducible component C' of
v

The fact that F = F(Cx) readily implies that F = Pgs (C, L) NCT.
Since the direction of Pgs (C, L)) is contained in X(T)%", this implies
that X (T)% is contained in X(T)%". But S and S’ have the same rank, it
follows that S = 5’.

The unicity part is a direct consequence of Proposition 6.7. g

Remark 8.5. — The improvement over [4] is the assertion that (C, \) is
a well-covering pair.
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