REDUCTION FOR BRANCHING MULTIPLICITIES

PIERRE-EMMANUEL CHAPUT AND NICOLAS RESSAYRE

ABSTRACT. A reduction formula for the branching coefficients of tensor products of representations and
more generally restrictions of representations of a semisimple group to a semisimple subgroup is proved in
[KT03, [DWTI]. This formula holds when the highest weights of the representations belong to a codimension
1 face of the Horn cone, which by [Res11b| corresponds to a Littlewood-Richardson coefficient equal to 1.
We prove a similar reduction formula when this coefficient is equal to 2, and show some properties of the
class of the branch divisor corresponding to a generically finite morphism of degree 2 naturally defined in
this context.

1. INTRODUCTION

Fix an inclusion G C G of complex connected reductive groups. We are interested in the branching problem
for the decomposition of irreducible G-modules as representations of G. The appearing multiplicities are
nonnegative integers parametrized by pairs of dominant weights for G and G respectively. The support of
this multiplicity function is known to be a finitely generated semigroup. It generates a convex polyhedral
cone I'q(G C é), that we call the Horn cone. The set of codimension one faces of this cone is in bijection
with the set of Levi-movable pairs (see Section of Schubert classes in some projective homogeneous
spaces G/P C G/P such that the sum of the degrees of the classes is equal to the dimension of G//P and
such that the intersection number c of the first Schubert class with the pullback of the second Schubert class
in G/P is equal to one. See [Res10].

Moreover, the multiplicities on those faces satisfy reduction rules: if L, L denote the Levi subgroups of
P, }5, the branching multiplicities for the inclusion G' C G on such a face are equal to branching multiplicities
for the inclusion L C L. See [Res1ib).

Actually, to any pair of Schubert classes such that the intersection number ¢ is positive corresponds an
inequality satisfied by I'q(G C G) Our aim is to study the associated reduction rules for the multiplicities
on such a face when ¢ = 2. Although most of our results are general we consider in this introduction the
case of the tensor product decomposition for the linear group.

Fix an n-dimensional vector space V. Let A} = {(\y > --- > X\, > 0 : \; € N} denote the set of
partitions. For A € A, let S*V be the corresponding Schur module, that is the irreducible GL(V)-module
of highest weight > Aje; (notation as in [Bou02]). The Littlewood-Richardson coefficients (or LR coefficients
for short) ¢ , are defined by

(1) SV e SV ~ @ Chu @ STV
VEAi

(here C%r is a multiplicity space).

Let 1 <7 <n—1 and Gr(r,n) be the Grassmannian of r-dimensional linear subspaces of V. Recall that
the Schubert basis (o) of the cohomology ring H*(Gr(r,n), Z) is parametrized by the subsets I of {1,...,n}
with 7 elements. The Schubert constants cf s are defined by

(2) olo? = Z choK.
K

Actually, Cf s is also a LR coefficient by [Les47], but this coincidence is specific to the type A.

Given a partition A and a subset I, let A; be the partition whose parts are \; with i € I. Let also T
denote the complementary subset {1,--- ,n}\ I.

Theorem 1. [KT03, DWII]|



(1) Let 1 < rn—1 and I,J,K C {1,...,n} be subsets with r elements such that ci*; # 0. For any
(nss) € (A, i &, £ 0 then
3) Arl+ |ps| = vkl

(2) Conversely, fix (A, u,v) € (A))? such that |\ + |pu| = |v|. If forany1 <r <n—1and I,J,K of
cardinal r such that cf, =1, inequality holds, then S £ 0.

The reduction result that we mentioned above, corresponding to the semisimple part SL,. x SL,,_,. C SL,
of the Levi subgroup is the following:

Theorem 2. [DW11], Res11b| Assume that ch = 1. Let A\, u,v be partitions such that

(4) A1l + [ps| = vkl
Then
(5) S = o 'Cguj'

Formula is a multiplicativity property. Let us first report on a similar property for Belkale-Kumar
[BKOG] coefficients (BK coefficients for short). See Section [6.1]for a short description of these numbers which
are all intersection numbers of Schubert classes or zero. Consider an inclusion P C @ of parabolic subgroups
of a reductive algebraic group G, and the corresponding fibration G/P — G/Q. Richmond [Ric12] proves
that any BK coefficient d of G/P is the product of two BK coefficients in G/Q and Q/P. In type A, this
implies that a non-zero BK coefficient of any two steps flag manifold is a product of two LR coefficients:
d = cico.

If moreover ¢; = 1, Theorem [2] implies that ¢ itself is the product of two LR coefficients: co = chef.
Thus d = c1c4¢y is the product of three LR coefficients. This is the content of [KP11, Theorem 3], which
even more generally states that on a k-step flag variety, a BK coefficient can be factorized as a product of
@ LR coefficients. Unfortunately, this assertion needs ¢; = 1 and is not correct in general, as we show
in Remark [9] Our original motivation was to correct this result. We get such a correction if ¢; = 2.

Fix now r and I,J,K C {1,...,n} of cardinal r such that cf] = 2, and consider the multiplicities
associated to the triples of partitions satisfying equation . We prove (see Proposition that the set of
triples (\, i, ) € (A;})? such that

I\l + sl = lvi| and 07 ¢, < X5, e,

contains a unique minimal element («, 3,7). Theorem [§] gives an explicit expression for this triple. The

interested reader can find at [CR] a program allowing to compute (a, 8,v) and its generalisations to any
classical group (and under the more general assumption cf 7 #0). Our general result, Theorem |7} holds for

any inclusion G C G. For G = G x G and G/P a Grassmannian, it states:

Theorem 3. Assume cf] = 2. Let A\, i, v be partitions such that |Ar| + |ps| = |vi|. Then
v— Ve
(6) CK,M + C)\*Zt,#*ﬁ = CK?,NJ ’ c)\;(vllj :

Under an assumption of Levi-movability (see Sections and [6.2]), we are able to improve this result.
Indeed, in this case, the element («, 3,7) satisfies , and an immediate induction expresses a multiplicity

coefficient for the reduction G C G as an alternating sum of similar coefficients for the reduction L C L. This
is Corollary [40| below. In the setting of Theorem |3, G/P being cominuscule, the Levi-movability hypothesis
is automatically satisfied, and we get:

Theorem 4. Assume ch = 2. Let A\, p,v be partitions such that |A\;| + |us| = |vi|. Then,
o k vik—kvy vie—kvie
(7) Ao = Z(*l) fo—kafuJ—kﬁJ 'Cxif—kaf,uj—kﬁj-
k>0

An even more particular case is in type A for a maximal parabolic subgroup P: not only (a, £, ) belongs to
the face of 'o(G C G) defined by (I, J, K), but moreover we can compute the corresponding LR coefficients:
2



Theorem 5. In type A, with the above notation, for all k > 0, we have
ey (k+1)(k+2)

Cha kB = B )

and .
kYK _ Fr _
Char,kBs = Chogkpy =k +1.

For example, Theoremwith (A, v) = (ka, kB, k) is true since (k+1)2(k+2)+k(k;1) = (k+1)%. Theorem
is specific to type A. Indeed, every term can be defined in any type but the statement does not hold. See
the examples in Section

Fix a positive integer r. Any triple (A, u,v) € (A;F)? yields an integer N and a triple (I, J, K) of subsets

of {1,...,N} with r elements such that ciw = cf,. If moreover CK# = 2, Theorem [5| yields a triple
(ar, B1,7k) € (AF)3 such that ¥ 5, = 2. It is amusing to observe that this map (, u,v) = (ar, 85, 7x)

between LR coefficients equal to two is nontrivial. See Section [7] for examples.

Given three subsets I, .J, K as above, it is a difficult task to describe the face it defines in the Horn cone:
to the best of our knowledge, even the dimension of such a face is not known in general, and our experience
is that a computer will only give very limited information related to this problem. From a theoretical point
of view as well as a computational point of view, both finding linear equations defining this face and points
on it is challenging. In Section[7] we describe completely the faces corresponding to some relevant examples.
Moreover, Theorem [5] provides a way to find at least one non-trivial element on this face.

The method we are using is essentially the same as in [Resllb]. We define the variety Y C Gr(r,n) x
(G/B)? where a quadruple (V, X1, Xo, X3) belongs to Y if and only if V' € Gr(r,n) belongs to the intersection
of the three Schubert varieties defined by I, J, K and the three flags X3, Xo, X5.

The hypothesis Cf ; = 2 means that the projection Y — (G/B )3 is generically finite of degree 2. We show
in Subsection that we can associate to this generically finite morphism a branch divisor in (G/B)? and
that the pushforward of the structure sheaf Oy is expressed in terms of this branch divisor. One half of the
class of this branch divisor is the line bundle on (G/B)? whose sections are S®V ® S#V ® STV for (a, 3,7)
the triple of partitions defined above.

On the other hand, the morphism Y — Gr(r,n) describes Y as a relative product of Schubert varieties
over the Grassmannian. This shows that Y is normal and allows computing the ramification divisor as the
relative canonical sheaf, adapting in this relative setting previous computations of the canonical sheaf of
Schubert varieties (JRam87, Theorem 4.2] and [Per(7, Proposition 4.4]), see Section

Using the projection formula, we are therefore able to relate the sections of line bundles on Y to those on
(G/B)3. Let C C (G/B)? be a product of flag varieties under L. As in |[ResI1b|, taking G-invariants and
restricting to C is the same as restricting to C' and then taking L-invariants, which leads to the modified

version of

v v—y _ Us7d
(8) Ot Cr—au—p = Ciim ' c/\;lﬁ'
Equation follows from by an immediate induction.

Our methods do not extend easily to the case where the multiplicity cf s is more than 2. Indeed, a key
point in our arguments is that any finite degree 2 morphism is cyclic, allowing to compute the pushforward
of the structural sheaf. Example [3|shows that the situation is deeply different when cf 7 > 2. Maybe in the
case of multiplicity 3, [Mir85] could be of some help. It might also be helpful considering a deformation of
II which gives a cyclic covering. Another natural possibility would be to study directly the combinatorics as
done in [KP11] with the new understanding we have of the geometry involved.

Acknowledgement. The authors are partially supported by the French National Agency (Project GeoLie
ANR-15-CE40-0012).
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2. MAIN RESULTS

2.1. Notation. In this section, we introduce most of our needed notation.
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40

2.1.1. Algebraic groups. Come back to a general inclusion G C C;’, or even more generally a finite morphism

G — G of connected reductive algebraic groups. We also assume that G and G are simply connected.

Fix a maximal torus T" and a Borel subgroup B such that T C B. Let B be a Borel subgroup of G
containing B and let 7" be a maximal torus of B containing 7". We denote by X (T) and X (T T)) the groups of

characters of T and T' respectively, and by X (T')" and X (T)" the subsets of dominant weights.
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We choose a one-parameter subgroup 7 of 7', which is also a one-parameter subgroup of T, and thus
defines parabolic subgroups P = P(7) C G and P = P(7) C G. We thus have the following inclusions:

R

Denote by ¢ : G/ P—G / P the inclusion morphism. We denote by L the Levi factor of P containing 7', and
similarly for L. We denote by S the neutral component of the center of L. Given a character v of T or T,
we denote by 7|g its restriction to the torus S.

Denote by W and Wp the Weyl groups of G and P respectlvely, and by W7’ the set of minimal length
representatives of the quotient W/ Wp, and similarly W WP and Wps.

Consider the group G = G x G and use bbolded letters to refer to this group. Namely T = T x T,
B=BxB P=PxP,L=LxLand W=W x W. Theset of roots of G is

= (& x {0}) U ({0} x @),
where ® and & denote the sets of roots for G and G respectively.
Let A, A and be the sets of simple roots for G, G and G respectively. For € | we denote by w the
associated fundamental weight. Let pg (resp. pr,) denote the half sum of positive roots of G (resp. L). Set
also p = pg — pr. Similarly, we use wq, PE -

Given two dominant weights ¢ and é for G and G respectively, we denote by Ve and VC the highest weight

modules of G and G respectively. In this paper, the following integers are what we are most interested in:
Maea(¢0) = dim(Vz ® V)9,
where the exponent G means subset of G-invariant vectors. Indeed, they encode the branching law since
V{ = @Cex(T)JrCmGCé(C’O ® VC* ,

as G-modules, where VC* denotes the dual G-module of V.
2.1.2. Schubert classes. Let p : G/P — Spec(C) be the structure morphism, and denote, for ¢ in the Chow
group A*(G/P),
(10) Xgypl(€) = P& € A%(Spec(C)) ~ Z.
Since G/ P is rationally connected, AY™(G/P) = Z[pt] and x,, ,p(§) is the coefficient of [pt] in the homogeneous
part of degree dim(G/P) of &.

For a cycle Z C G/P, its cohomology class [Z] is defined via Poincaré duality on the cohomology of G/P
by the equation

VB e H*(G/P), Xg 2] /B

For v € W¥| 7, denotes the cohomology class of the Schubert variety BuP/P, of degree 2(dim(G/P) —
¢(v)). Let wy be the longest element of W and wo p be the longest element of Wp. Poincaré duality takes
the nice form

(11) XG/P(Tv “Tw) = Opv 4 With vV 1= wovwg p .

Similarly, (73),cyp denotes the Schubert basis of H*(G/P). When P = B and u € W, we denote by

o, € H*(G/B) the cohomology class of BuB/B C G/B. Moreover, we define o := o,v and 7% := 7,v.
Let

y: G/P — GJP
gP/P > (gP/P,gP/P)
denote the small diagonal map and consider the pullback §* : H*(G/P)—H*(G/P). For v = (v,?) € WF,
observe that
(12) (1) =Ty - L (75) -
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§158281 = S25152 §15281 = 525152

8182 8281 5182

(6731 o1 + Q2 o] + Qo

82 S1 52

F1GURE 1. Bruhat graphs for SLg

For v= (v,9) € WF = wW?F x WP we set

(13) (V) = c(v,9) = Xg/p(0"(1v)) , so that " (15) = Z c(v, )17

veW?P

Since 7, has degree dim G/P + dim G/P — £(v), we have ¢(v) = 0 unless £(v) = dim(G/P)(= £(v) + £(0)).

2.1.3. Bruhat orders. A covering relation in the left weak Bruhat order is a pair (v, w) such that there exists
v

a simple root a with v = s,w and ¢(v) = £(w) + 1. We use the graph ,| to depict such a relation.

w
A covering relation in the strong Bruhat order is a pair (v, w) such that there exists a positive root 5 with
v

v = sgw and ¢(v) = {(w) + 1. We use the graph 53 to depict such a relation. For example the graph on

w
the left on Figure [I]is the Bruhat graph of SLj.

We also define the (weak) twisted Bruhat graph by labelling the previous edges by w™!

o and w™1B in
v
place of @ and 8. We use green color for these twisted labels to avoid any confusion. Hence ,33 means

w

v
v=sgwand |, means v = ws,, with in both cases £(v) = £(w) + 1. For SL3(C) we get the right graph
w

of Figure [T
Moreover, we also denote a strong covering relation by v—w, or v—-w if we want to insist on the

twisted label +y, such that v = ws,, or also v L wif v,w € WF for some parabolic subgroup P.
We also introduce the following notation.

Notation 1. Let v,0,u € W.

o We denote by o 2y v or & —, v if = uwv and (D) = £(u) + £(v).

o We denote by v £>u v if moreover ¥ and v belong to WT.

2.1.4. Chevalley formula. Given ¢ € X(T'), we denote by L¢,5(() the G-linearized line bundle on G/ B such

that B acts with weight —( on the fiber over B/B. Similarly, define L4 / 3(6 ). For any v in W¥ and any
6



character ¢ of P, we have the Chevalley formula, proved for example in [Pra05]:

(14) c1(La/p(Q) Uty = Z (SR ANE

’U—P>U/=1}Sa,
2.2. Our reduction result for the branching problem. In [Resllb|, the following result is proved:

Theorem 6. Let v = (v,0) € WP be such that ¢(v) = 1. Let ¢ € X(T)* and { € X(T)* be such that
v (s + 071(Q)s is trivial. Then v='(¢) and ©=*(¢) are dominant weights for L and L respectively.
Moreover

maea(C0) =mycp (v (0 071(Q).
The conclusion of Theorem [6] does not hold when ¢(v) = 2. Our reduction result is a modification of this
conclusion which holds when ¢(v) = 2.
Consider the incidence variety
(15) Y(v) = {(2,9B/B,§B/B) : = € gBuP/P and «(x) € jBoP/P} C G/P x G/B,

endowed with its projection II : Y (V)—G/B (in the sequel ¢ will be omitted and G/ P will be considered as
a subvariety of G//P). Consider the ramification divisor K1 of IT (see Section for details) and the branch
divisor class [Br] = I (K1) in C1(G/B) (note that II is proper since Y is projective). Since G/B is smooth,
[Br] is an element of the Picard group and has an expression as

[BH] = ‘CG/B(Z nawa) ® LG/B(Z n@wd)
€A aeA

for some well defined integers n,, and ng.
Assume now that ¢(v) = 2. Then, we prove in Propositionthat the integers n, and ng are even. Define

0 and 0 in X(T) and X (T") by setting
Ng A na
(16) = Z — @a 6= Z - @a-

[ &

Theorem 7. Let v = (v,0) € WF be such that ¢(v) = 2. Let ¢ € X(T)t and { € X(T)t be such that
v (()s +071(())s is trivial. Then
MG 0 +meea(C =0, —0) =mp (0™ ¢071).

Consider now the case when G = G x G corresponding to the tensor product decomposition. Then
P = P x P. Assume moreover that P is cominuscule. Then Theorem [7| can be improved by expressing
macaxa((,¢) as an alternating sum of multiplicities for the tensor product for L as in Theorem (4| (see

Corollary .

2.3. A formula for the branch divisor class. In this section, P and P are any parabolic subgroups of
G and G respectively as in Diagram |§|7 but not necessarily associated to a given one-parameter subgroup of
T. For € | we set:

(17) ()= tps. )
Theorem 8. Let v e W such that £(v) = dim(G/P) and c¢(v) # 0. Consider the map
II:Y(v)—G/B,
and its ramification divisor Ki € CI(Y'). Then, in CI(G/B), we have
LKn=) (Cl(ﬁ(Qpﬁ")) L0 (me) + 2e(v) = D (A() + 1)C(V")>ﬁ¢;m(w )

4 V4
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!

where the sums over V' and V' respectively run over the covering relations and in the Bruhat

v/ v
v v
graph of G/P, with € and € ®1(G) is the twisted label. Here ¢y denotes the first Chern class.

The first term cl(£(2p|iT)) - 6* (1) is an integer as an element of H24™(G/P)(G/P) ~ Z.

Notation 2. In the case when G ¢ G = G"' and G/P = (G/P)" for some integer n > 2, write
for the coefficient of TL.(Kn) at Lg/p(@a,0,...,0). We let (¢,¢) = (C1,C2,---,Cn), V = (v1,02,...,0p),
(0,0) = (0+,0%,...,0™) and mGCG(g,Q) =mg(C1,C2y -5 Cn)-

Even more specifically, we call “tensor product case” the case when n = 3, since then ma((1, 2, (3) is the
multiplicity of Vi in V¢, ® Ve, In this case, we set I'(G) =T'(G C G).

Corollary 9. Letn > 2 be an integer. Assume that G = G*~* and P = P!, Letv = (vy,...,v,) € (WF)"
such that £(v) = (n — 1) dim(G/P) and c(v) # 0. Consider the map

II:Y(v)—G/B,
and its ramification divisor Ki € CI(Y). Fiz oo € A. If sqv1 LS vy then
g =(n— 1)01(£(2pL))TU1 T+ 2¢(V) — Z(%( )+ 1)e(V"),
VI/

/

!/ !/

where V' = (v],...,v)) = (Sa¥1,V2,...,V,) and the sum runs over the covering relations

V
| P
v Ifsqur = vy
|

V//
does not hold then cf = 0.
Remark 1. In the case when moreover G/ P is cominuscule, strong and weak Bruhat order coincide, so the
4 v/

covering relations may be replaced by the covering relations

V‘H V//
Proof of Corollary[J: We only need to remark that since G/P = (G/P)"', we have ﬁ(prT) = (n—
1)Lg/p(2p") and 6* (/) = Ty ... Ty, - O

Theorem 8] is proved in Section Here we make one comment. Let V' = (v/,9') € WF such that
((v') = dim(G//P) 4 1 like in the first sum of Theorem |8 Set

C(V)=g-BvP/Pn. (g Bi'P/P),

for general elements g € G,g € G. Then C(V)) € G/P is a curve. The degree of the pullback of the
anticanonical bundle E(Zpﬁj) on C(V') is the first term appearing in the expression of II, K11. By Chevalley’s
formula applied to 01(£(2p|LT)) - Ty, we have an explicit formula

(18) cl(L2pf) - 8 (r) = Y (2pfp, 7Y )W),

v
/
Vv
|
!~
|
[

where the sum runs over the covering relations with v € @7 (G).
V/l

If ¢(v) = 1 then II is birational so II,(K) = 0. This gives a funny but combinatorially involved necessary
condition for the equality c¢(v) = 1. Let us check it on the following example.

Example 1. Let G =SL3,G =G x G,P=B,P =B x B, and V = (s351, 5251, 5152). Then II, K = 0.
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Proof. We use Corollary [9] to check this. Recall that the Bruhat graph of SLj is depicted in Figure [I} and
that the Poincaré dual of 75, i8 Tys, = Ts;s5_;- Fix first = (a1,0,0), which implies V/ = (515251, $251, $182).
Then 2¢1 (L(2p)) T - - - Toy, +2¢(V) = 2¢1(L£(2p)) (75, +7s,) +2x 1 = 2(2p, 0 +3') +2 = 10. The possibilities
for with ¢(v"") # 0 are (0, a1 + a2,0), (0,0, 01 + az), (a1,0,0) and (a9,0,0). In these cases ¢(v"') =1 and
px( ) = 2 twice and p-.( ) =1 twice. We get ¢{* = 0 as expected.

Fixnow = (0,0, az) with V' = (s251, 8251, 525182). Then 2¢1(L£(2p))Ty; - .. Ty +2¢(V) = 2¢1(L(2p))(75,) +
2 x 1 = 6. The possibilities for ~with ¢(v") # 0 are (aq,0,0), (0,a1,0) and (0,0, «;) and give 3 x 2 =6 for
the sum.

The remaining cases are either trivial or obtained by exchanging v, and vs. ]

We now consider a family of examples again in the birational case:

Example 2. Let G = G x G and P = P x P. Let v e WP be arbitrary and let v = (v,0¥,wF). Then we
have 11, R = 0.

Proof. We check that Corollary |§| gives IL, Ry = 0. Up to exchanging v and vV, the only case to consider is

when = (a,0,0) with & € A and s,v 5 0. Set 4o = —v~laand V/ = (squ, vV, wh).

Consider the Chevalley formula for ¢1(L£(2p")) - 7,v. The only summand surviving after multiplication
by Teov 18 (2p%,9)T(s,0)v . Moreover, ¢(v”) = 1 for this term and v = wo,p(70). Finally 2¢1(£(2p)) 7 . - Tyt
2¢(v) = (4", wo,p()) +2 = (4p", ) + 2.

The only case with ¢(v’) # 0 and in the first factor is = (90,0,0). Its contribution in the sum is
(p,7y) + 1. Similarly, with in the second factor, we get (wo p(p),vy) + 1.

Assume now that 7 is in the third copy. It is a descent of w’, hence an element of A — A(L). We
have 7,,p, = c1(L(w,)), so the associated coefficient ¢(v") is (w,,7y) by the Chevalley formula. The term

px(fy) + 1 equals (p,7") +1 = 2. The contribution of these terms is > cx_a(r) 2(@, %) = 2(p — pL, %0 )-
Finally,
ot = 4p" ) + 2= (o) +1) = (wo.p(p), %) +1) = 2(p = pr,0)
which vanishes, since pX = p — pr, and wo p(p) = pL — pr. O

In Section [7| we give several examples of Theorem [8|in the case ¢(v) = 2, which is the case we are mainly
interested in. Let us now give an example with ¢(v) = 3:

Example 3. In Gr(4,8), let u = [35681247] = (s2535554)",v = [24681357] = (s25456535554)" and w =
[24681357] = (s25453865554) . Then c(u,v,w) = ¢33ty = 3. We computed with Theorem@ and thanks to
a computer that

[BH} = L(G/B)3 (4(@2 + w4 + WG), 4(@2 + w4 + WG), 4wz + 6@6) .
In particular, [Br| is not divisible by 3, which shows that the following Lemma and Proposition don’t
have obvious analogues for morphisms of degree 3.

3. PRELIMINARIES IN ALGEBRAIC GEOMETRY

3.1. Geometric Invariant Theory for quotients by G and L. In this section, X is any projective
variety endowed with an action of a reductive group G. Let Pic® (X) denote the group of G-linearized line
bundles and Pic®(X)q = Pic”(X) ®z Q. A line bundle £ on X is said to be semi-ample if it is the pullback
of an ample line bundle by some morphism from X to another projective variety or equivalently if it has a
power which is globally generated. Let PicG(X )T denote the set of semi-ample G-linearized line bundles and
let Pic%(X )('5 denote the generated cone in Pic®(X)q. For £ € Pic®(X ):5 , we define the set of semi-stable
points to be
XS(L):={xre X : 3N >0, 3o € H(X, L)Y such that o(z) # 0}
and the GIT-cone to be
I'(X,G) :={L € Pic“(X){ :+ X*(L) # 0}.

It is well known that I'(X,G) is a closed convex polyhedral cone as a subset of Pic® (X )5
Set also

X*(L)//G := Proj ( Or>o HY(X, £®k)6‘).
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It is a projective variety endowed with a G-invariant morphism 7 : X*(L£)—X"(L)//G. These are the
standard definitions as in [MEK94] only if £ is ample. In particular, one needs this assumption to claim that
7 is a categorical quotient of X(L).

We say that two points £ and Lo of I'(X, G) belong to the same face if there exist My and Mo in I'(X, G)
such that

L1,Ly € QP My + QM M.
Proposition 10. Let £1 and Lo in T'(X,G) belong to the same face. Then
dim(X®(L1)//G) = dim(X**(L2) //G).

Proof. Assume that QT L; # QT L, the statement being trivial otherwise. Up to exchanging M; and M.,
one may assume that there exist positive integers a, b and ¢ such that aL; = bLy + c¢M holds in PicG(X ).
Since the line bundle M belongs to the GIT-cone, there exists a positive integer k and a nonzero G-invariant
section oy of ckM;. For any nonnegative integer n, the G-equivariant map

H(X,bknLly) — HY(X,aknLl;)
o — 0" ®o

is injective, the variety X being irreducible. It follows that dim(X®(£,)/G) > dim(X*(L3)//G). One
concludes by symmetry. |

Let 7 be a one-parameter subgroup of G and C' be an irreducible component of the fixed point set X".
Let C* denote the associated Biatynicki-Birula cell. Consider the fibered product G x” C* and the map
n: GxPCt—X, [g: 2] — gr. We say that (C,7) is dominant if n is (see [Res10]).

Let £ € Pic®(X). The action of 7(C*) on the restriction Lc is given by a character of C* which is itself
given by an integer. Let u“(C,7) denote the opposite of this integer. By [Resl0, Lemma 3|, if (C,7) is
dominant and £ € T'(X, G) then p*(C,7) < 0.

Let G™ denote the centralizer of 7(C*) in G: it is a Levi subgroup of G.

Proposition 11. Let £ € Pic®(X)T. Assume that the pair (C,7) is dominant and that p*(C, 1) = 0. Then,
there is commutative diagram

C(L) ——— X=(L)

TC X
0
C=(L)//GT —— X=(L)//G
where 0 is surjective and generically finite.

Proof. This result is proved in [Resl0, Proposition 9] when £ is ample and we show here how to deduce the
general case. Let p : X— X such that £ is the pullback of an ample line bundle (still denoted by £) on X.
Set C be the irreducible component of X7 containing p(C). By construction X*(£) = p~1(X*5(L)). And
by [Res10, Proposition 8], C*(L£) = C' N X*(L) (the similar equality for C and X also holds). We have the
following commutative diagram

X

3 8!
5

>
PtV
4
—
DNE------
=
()
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where the dashed arrows represent rational maps defined on the semi-stable loci. The vertical maps are
GIT-quotients. The map 6 is defined by factorising by the categorical quotient.

The only difficulty is that C' could be bigger than C := p(C). By construction C*(L)//G™ = C*(L)//G".
Hence the inclusion C' C C induces the morphism ¢ since £ is ample on C. Since ¢ is injective, m¢ is surjective
and @ is finite and surjective by [Res10, Proposition 9], it is sufficient to prove that + is dominant.

Since GC™ is dense in X, it is sufficient to prove the mx o p(CT) = v(C). Let x € C* N X%5(L). Set
xo = lim;_,o 7(t)z € C. By |[Resl(, Lemma 2(ii)], z¢ belongs to X% (L). By invariance v(7(C*)x) is a point
named £. By continuity, v(z¢) = &. a

3.2. Recollections on Intersection theory. We now recall useful notions in Intersection Theory and give
some details on degree two morphisms and the associated ramification and branch divisors.

Let f : Y—X be a dominant morphism between irreducible varieties of the same dimension. We say
that f is generically finite. The degree of f is defined to be deg(f) = [C(Y) : C(X)].

Let X be a quasi-projective irreducible variety. We denote by Cl(X) the Weil divisor class group, by
CaCl(X) the Cartier divisor class group and by Pic(X) the Picard group. By [Har77, Prop. I1.6.15],
we have a canonical isomorphism CaCl(X) ~ Pic(X), mapping D on O(D). There is also a morphism
¢1 : Pic(X)—Cl(X) (see [Ful84, p. 30]) that is neither injective nor surjective. Nevertheless, if X is
normal, this morphism is injective and CaCl(X) = Pic(X) can be seen as a subgroup of C1(X). Moreover if
X is locally factorial (e.g. is smooth) then this morphism is an isomorphism.

We also consider the Chow ring A*(X) and identify C1(X) with A'(X). Given two irreducible subvarieties
Z1 and Z5 that intersect transversally in X, we have

(19) 210 2] = [21] - [ Za] in A*(X).

Here [Z1 N Z5] denotes the sum of the classes of the irreducible components of Z; N Zs.

3.3. Canonical, ramification and branch divisors. Set n = dim(X). If X is smooth, the canonical
divisor Kx € Pic(X) on X is defined to be the line bundle A"T*X. Assume that X is normal. Let X,
denote the regular locus of X and T'X,¢; denote its tangent bundle. Then A"T™ X, is a line bundle £ on
Xreg. The first Cern class ¢1(£) € Cl(Xyeg) = CI(X) is called the canonical divisor class of X and denoted
by Kx. The canonical sheaf x is defined to be the pushforward of the sheaf U — L(U) by the inclusion
Xieg C X.

Let f : Y—X be a generically finite morphism between irreducible varieties. Assume moreover that Y
is normal and X is smooth. The determinant of the restriction of f to the smooth locus Y;es of Y define
a Cartier divisor Ry in Y. By construction, the associated line bundle O(Ry) is Ky := Ky — f*Kx. Its
closure, still denoted by Ry has a class [R¢] in C1(Y) called ramification divisor of f. We have

(20) [Rf] = [Ky] = f*[Kx] € CI(Y),
where f* : Pic(X)—Pic(Y') is the pullback of line bundles. Observe that Ry is an effective Cartier divisor.

We write Ry as Ry = Zie ; @i R;, with prime divisors R;, and we define the Cartier divisors

(21) Er = ZaiRi ) R} = ZaiRia
icJ igJ

with J C I corresponding to the contracted divisors. We define the branch divisor By := f (R}) C X.

3.4. Pushforward of the structure sheaf under a finite morphisme of degree 2. We consider a finite
morphism f : S— X and study f.Og. The next lemmas are well-known to specialists, see for example
[Laz80, Lemma 1.1] or [Par91]. We provide details for the singular case we are interested in.

As it is explained in [BKO03S, p.9], we have:

Lemma 12. Let f : S— X be a finite surjective morphism of degree d and assume that X is normal. Then
there exists a splitting f.Os = Ox @& L with L a coherent sheaf on X.

We now consider the degree 2 case and exploit the fact that f is a cyclic cover.
11



Lemma 13. Let f : S—X be a finite surjective morphism of degree 2 and assume that S is normal and
X is normal and locally factorial. Then, in the splitting f«Ogs = Ox @® L as above, L is a line bundle,
and [L®?] = —[By] € Pic(X) ~ CI(X). Moreover, Ry is reduced and f.[Rs] = [By] in CI(X). As Cartier
divisors, we have f*Ox(By) = Oy (2Ry).

Proof. Let us restrict ourselves over an affine open subset U C X and set A = C[U] and B = C[f~1(U)].

Let b € B\ Frac(A4). The ring B being integral over A, there exists a monic polynomial P in A[T] of
minimal degree such that P(b) = 0. Then P is irreducible in A[T]. By assumption, A is unique factorization
domain. Then, P is also irreducible as an element of C(X)[T], by [Eis95, Exercise 3.4.c]. It follows that P
is the minimal polynomial of b € C(S) over C(X). But [C(S) : C(X)] = 2, hence P has degree 2.

Write P = T? + a1 T + a with a; and as in A. Up to changing b by b — %, one may assume that a; = 0.
Assume that —as = t2c in A. Set b = tb’. Then "> — ¢ =0, and b’ € C(X) is integral over A. By normality
of S, this implies that ¥’ € B. In particular, up to changing b, one may assume that the minimal polynomial
of b is T? — a with some square free element a € A.

We claim that B = A® Ab. Let y = a+ b € B with o, 8 € Frac(A). The matrix of z — zy is (g (f) .

Then Tr(y) = 2« and N(y) = a® — a? are integral over A. Hence o € A and af3? € A. Since A is factorial
and a is square free, this implies that 5 € A. This proves the claim.

It follows that f~1(U) = Spec(A[t]/(t> — a)) and f corresponds to the inclusion A C A[t]/(t* — a). Then
L is the kernel of Tr, namely tA C A[t]/(t?> —a). This is a free A-module. This proves that L is a line bundle.

A local computation as in [BPVAV84l Lemma 16.1] shows that Ry is locally defined by ¢, so it is reduced.
We get f*Ox(Byf) = Og(2Ry), since these locally free sheaves are generated by a = t>. Moreover, a being
square-free, is an equation of f(Rf)NU in C[U]. It follows that L®?(U) identifies with a4 = O(—By))(U) C
C(X). This proves that L®? ~ O(—By). Finally, f restricts to an isomorphism from the hypersurface defined
by the equation t = 0 to By N U, proving that f.[Rs] = [By]. O

Remark 2. The degree 2 is a special case since any finite morphism of degree 2 is a cyclic covering. Already
in degree 3, this is no longer true, and the above Lemma fails: see Example[3 below.

3.5. Generically finite morphisms of degree 2. We now consider the case of a degree 2 map, but not
necessarily finite: we let f : Y—X be a generically finite morphism of degree 2, with X and Y projective,

p h
Y irreducible normal, and X normal and locally factorial. We let ¥ —— S ——3 X be the Stein

f

factorization of f.

Lemma 14. With the above notation, assume we have an irreducible divisor C's C S. Then there is a unique
irreducible component Cy of p~1(Cs) which maps onto Cs, the restriction Cy L Oy is birational, and we
have the equivalence

CyCRf<:>05CRh.

Proof. Since p is surjective, there is an irreducible component Cy of p~!(Cs) mapping onto Cs. This
component is unique and Cy —s Cyg is birational since p has connected fibers. Since Y, S and X are
normal, for a generic point y € Cy, Y, S, X are normal and locally factorial at y,p(y), f(y), respectively.
Since Cy £+ Cyg is dominant, T,p is invertible, by Zariski’s Main Theorem again. Therefore T}, f will be
degenerate if and only if T}, h is degenerate. In other words, Cy C Ry if and only if Cs C Ry. a

In the next proposition, we use the notation R;,.J introduced in Section [3.3

Proposition 15. Let f : Y—X be a generically finite morphism of degree 2, with X and Y projective,
Y irreducible normal, and X normal and locally factorial. Then there is a line bundle L on X such that
f+Oy = Ox & L. Moreover, in Pic(X) = CI(X), we have 2L + f.(Ky) — f. f*(Kx) =0 and f.[Rs] = [By].
As Cartier divisors on'Y, we have

(22) f*Ox(By) = Oy (2R} + > biR;:)
ieJ
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for some non-negative integers b;.

Proof. We keep the notation of the beginning of the section, and we want to prove that p.[R¢] = [Rp].
By Lemma Ry, is reduced: [Ry] = D o g, [Cs]. By Lemma for a component Cg of Rp, there is a
unique component Cy of Ry such that p(Cy) = Cg. Since Cy -5 Cjg is birational, we get p, [Cy] = [Cs].
Moreover, p is an isomorphism at a generic point of C'y, so C'y is a reduced component of R¢. For a contracted
component C%, of Ry, we have p,[Cy,] = 0. Thus p,[Rf] = chch p«[Cy] =3 c.cr,[Cs] = [Rn]. Applying
h. and using Lemma [13]| we get f.[Rf] = [By].

By Lemma let L be such that h,Os = Ox & L. By Lemma hy[Rp] = —2L, so f.[Ry] = [Bf] =
—2[L]. It remains to prove that f,Oy = h,Og. This follows from Zariski’s Main Theorem that asserts that
p*OY = OS'

Let us write the Cartier divisor f*Ox (By) as Ziel b;R;. Then is equivalent to b; > 0 for ¢ € J and
b; =2 for i & J. We write the Cartier divisor Ox (By) as (U;, &;), with & a local equation of B on U;. Then
[*Ox(By) is defined by (f~1(U;),& o f). Since & o f is regular, we have b; > 0 for all i. Moreover, if i € .J,
then restricting to a neighborhood of a point of R; where p is a local isomorphism and using Lemma [T3] we
get b; = 2. O

We now describe the branch locus as a set.

Proposition 16. Let f: Y—X be a generically finite morphism of degree 2, with X and Y projective, Y
irreducible normal, and X normal and locally factorial. Then

Supp(By) = {z € X : f~'(z) is connected.}

Proof. We keep our notation. First, we claim that B;, = By. This is equivalent to saying that h(Ry) = f(R})
These two varieties are closed in X and of pure codimension one. Lemma [T4] yields a bijection between the
irreducible components of Ry and those of lec, implying that h(Ry) and f (R}) have the same irreducible
components, proving the claim.

Observe now that By, is the set of z € X such that h=!(z) is a point (see the proof of Lemma . The
fibers of p being connected by Zariski’s Main Theorem, the proposition follows. O

4. PRELIMINARIES ON SCHUBERT VARIETIES

In this section, we fix a semisimple group G with maximal torus T and Borel subgroup B containing 7T'.
Let P D B be a standard parabolic subgroup. We are interested in the Schubert varieties in G/P, their
relative versions in G/B x G/P and their Bott-Samelson resolutions. We collect both combinatorial and
geometric material.

4.1. Reminder on Schubert varieties. For w € W (resp. w € WT), denote by X2 = BwB/B (resp.
XP = BwP/P) the associated Schubert subvariety of G/B (resp. G/P). We use notation for the Bruhat
orders introduced in Section 211
Lemma 17. Let v € WP, Then

(1) The variety X is normal. In particular, Pic(X]) = CaCl(XF) embeds in CI(XT).

(2) We have

cxr) = p zxl.
U—Pw’

Proof. Good references for assertions |1 and [2] are [Mat88, XII, Lemme 75| and [BKO05, §3.2]. O

4.2. Inversion sets.
13



4.2.1. Inversion sets of Weyl group elements. As before, we use notation W, W, Wp, A, ® and ®*. The
inversion set ®(w) of an element w of W is defined to be ®(w) = ®T Nw~1(®~) and it satisfies £(w) = & (w).
One gets a map
W — S(@T)
w — d(w)
(S(®1) denotes the power set of @) that is injective.
The strong and left weak Bruhat orders are characterized by

v<w = XP cxb;

(23) v<yw = B(v) C B(w).

The second point is [BB05, Proposition 1.3.1]. The direct implication is a consequence of the easy fact that
w = sqv and £(w) = £(v) + 1 imply that
(24) ®(w) = (v)u{v ™ (a)}.

A reduced expression w = Sq, ... S, corresponds to a sequence €<y Sa, <wSa, ;Sa, <w - <ww of weak

covering relations and hence to a sequence ) C Z; C Zy C -+ - C ®(w) of inversion sets of T with cardinality
increasing by one at each step. In particular, given such a reduced expression we get a numbering

(25) (I)(’LU) = {717 e a’yf} with Yi = Sap Sag_i+2 (a57i+1) .
Note that w™ = s, ... 54, is also a reduced expression, thus
(26) O(w™t) = {B1,...,Be} With B; = 84, -+ S, _, (i) -

Lemma 18. Letv e W and v g v'. Fix a reduced expression v = Sq, ... Sq
such that a reduced expression of v’ if obtained from v by suppressing ay.

,- Then there exists a unique k

Proof. This is the content of [BB05, Lemma 1.3.1]. A geometric interpretation of this result can be obtained
using the Bott-Samelson resolution. Indeed, if the statement would be false, one would get nontrivial finite
fibers for the Bott-Samelson resolution. By Zariski’s Main Theorem, this contradicts the normality of the
Schubert varieties. O

A useful result on the inversion sets is:

Lemma 19. See e.g. [Kum02, Corollary 1.3.22.3]. Let w € W. We have
Y B =p—wp).
ped(w=t)
0 We also use the following variation, see [Per07, Lemma 4.18]. The roots f3; are those defined by
and the function k by (7).

Lemma 20. Let v 2 v/ = sgv. Let v =S4, ... Sq, be a reduced expression of v and 1 <1 < { such that v’
is obtained by suppressing Sqa,. Then

(1) we have ﬁz = B and (I)(,Ulil) - {517' . ,ﬁi—lasﬁ(ﬂi—i-l)?' . '7sﬁ(6f)};

(2) moreover,
¢
> Bi, 8Y) = A—v'B) + 1.
k=i
Proof. One can easily check the first assertion. We provide an argument for the second assertion simpler

than that in [Per07]. By Lemma [I9] we have

v'(p) —v(p) = Zeep(v—l) b — Zeep(v'—l) 0
= Bi+ 2 pmsir (Br — 55(6x))
= B+ Yjmiy1 (Bry BY)8.

Set S = (X4_,; Br, BY). Since B; =5, S =2+ (X5_iy1 B BY). We get
(W'(p) —v(p), BY) =2(S - 1).
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On the other hand,
(v'(p) = v(p), BY) = (spv(p) —v(p), BY) = —2(v(p), ),
since s3(¢) = ¢ — (¢, 8Y)f for any weight . The lemma follows. O

4.2.2. Diamond lemmas. We first state the following diamond lemma in the weak Bruhat graph.

Lemma 21. Let o, B3,7,0 € A such that

is a subgraph of the weak Bruhat graph. Then a =6, B = and 5,53 = 5854-

Proof. Let v denote the Weyl group element of the bottom vertex. We have s,5,v = sssgv whose length is
¢(v) + 2. In particular s,s, = sss3 has length 2: one may assume that v is trivial. Then, the four inversion
sets of the vertices are

{a,sa(v)} ={68,58(0)}

Since a # 3, we deduce that o = s(d) = 6 — (4, 8Y)5. Hence «, 8 and ¢ are linearly dependant simple roots.
Since o # 8 we deduce that o = §. Now, the linear relation implies (d,3Y) = 0, so ss and sg commute. By
symmetry this ends the proof. O

For a € A, let P,, C G be the corresponding minimal standard parabolic subgroup. We prove a diamond
lemma mixing strong and weak Bruhat orders:

Lemma 22. Let w € W,a € A,y € @7 with sqw # ws,. Let P be a standard parabolic subgroup of G.

SaWSy
WSy SaW .
(i) Any diagram ./ may be completed as the diagram ws., SqW -
w . 7
w
w
w e
(i) Any diagram PN may be completed as the diagram Sqw WSy .
SqW WSy \\ e
SqWS~y
SqWS~y
(11i) Given a diagram ws, \\saw L ifwsy € WP and sqw € WF, thenw € WP and sqws, € WP,
- e

Proof. For (i), since stw contains X7 and not X2, it cannot be P,-stable. Hence {(sqwsg) = {(w) + 2
and the first assertion follows.

In the second assertion, assume for a contradiction that ¢(s,ws,) = £(ws,) + 1. Since XZ is P,-stable
one must have sqws, = w, a contradiction. Thus {(sqws,) = £(ws,) — 1.

15
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To prove (iii), let sor € Whp. Since sqw € WF, E(sawsa ) = L(w) + 2, so l(wsy) = L(w) + 1. Thus,
we WP If sqws, ¢ WP then dim(X” ws,) < dlm( " ) = dim(X7, _)- Then X;Zwsw =xr, = stw and
SqW = WS, a contradiction. O

4.3. Relative Schubert varieties and their cohomology classes. Fix v € W¥. The usual Schubert
varieties XF = BuB/B C G/B and X = BuP/P C G/P are called absolute Schubert varieties. Consider
the relative Schubert variety ), = G x B BvP/P. 1t is a closed subvariety of G/B x G/P and, more precisely,
it is the G-orbit closure of (B/B,vP/P) for the diagonal G-action.
The variety ), can be seen from different points of view:
(1) Yy =G xP BuP/P and Y, = G x¥ Pv=1B/B;
(2) ¥, =G.(B/B,vP/P)=G.(v-'B/B,P/P) C G/B x G/P;
(3) Yo ={(9gB/B,hP/P) : g-*hP/P € BvP/P} C G/B x G/P;
(4) Yy ={(9gB/B,hP/P) : h"'gB/B € Pv-1B/B} C G/B X G/P
Recall that Schubert classes 0", 7, were defined in Section Think about G/B x G/P as a G*-flag
variety endowed with the action of G diagonally embedded in G2 Then YV, is an orbit closure of a spherical
subgroup in a flag variety. Recalling Notation [1} by [Bri98, Theorem 1.5], we have in particular

Proposition 23. The cohomology class of Y, is given by:
V= Y o"®m€H(G/BxG/PZ).
u: uvzuv

4.4. Relative Bott-Samelson varieties. Rational resolutions of Schubert varieties can be produced as
Bott-Samelson varieties. We recall this construction in a relative context.

Definition 1. Letv = (a1, ..., ap) be a sequence of elements in A. We call (relative) Bott-Samelson variety
the variety Y, above G/B defined by

Vo= (G X Pyy x -+ xPaz)/B”l.
Here we consider the action of B! defined by

(9,P15---,p2) - (boy b1, ..., b)) = (gbo ™', bop1br~, bipaba ™!, ... ,be—lpzbzl)-

Let v = 84, +++ Say and assume that v € WE and €(v) = £. As in [BKO5, §2.2(6)], we may define a morphism
w from Yy to the relative Schubert variety V,, by the following diagram:

Vo = (Gx P, ><~~~><PW)/BZJrl

(27)
= G x B’UP/P

/\

Forgetting the last term gives a chain of morphisms

ap_1) M—_i ---—>y(a1) &> G/B,

.....

which are known to be P!-bundles (see [BK05, p.66]). In particular, Y, is smooth, and more precisely, we
have:

Lemma 24. [BK05, Theorem 3.4.3] The morphism w is a rational resolution. Namely, w.Oy = Oy and
fori >0, Riw,0y = 0.
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Since X, and thus ), are smooth in codimension 1, their canonical classes are well-defined as Weil

divisors, and since they have rational singularities, we may compute them using the following lemma:
Lemma 25. [BK05, Lemma 3.4.2] Let w : Y—Y be a rational resolution. Then Y is Cohen-Macaulay with
dualizing sheaf w.Ky.
Lemma [24] thus gives:
Lemma 26. With the notation of Definition[1, we have
Ky, = w«Ky, as sheaves and Ky, = w. Ky, in Cl(},).

Standard Weil divisors and line bundles are defined on those Bott-Samelson varieties as follows [BKO05,
p.67]:
Definition 2. Let k be such that 1 < k < £ and let { be a character of B. Then:

e Dy, is the quotient by BT of G x Py, X --- X B x -+ x P,,, where we replaced P,, by B. This is a
divisor in Yy, and there is an isomorphism o : Y (a,,....an,....00) Pk C V.
o ¢ and k define a character ¢ of B by ((bo,...,bs) = ((bx). We define the line bundle £1(¢) by
its total space (G X Poy X oo X Py, X C_C)/BE“'1 and natural morphism to Y,. Beware that as in
IBKO05, §2.1(7)] we use a minus sign here.
In the following lemma, we use heavier notation than the notation in the previous definition: we denote
by “Li(¢) the bundle on Y, denoted by L (¢) above.
Given v = (aq,...,a¢) as above and 1 < k </, set v(< k) = (a1,...,a;). The map (g,p1,...,p¢) —
(g,p1,---,pr) induces a proper surjection
P<k : y‘u—>yv(§k)-
Note that p; = p<¢—1.

Lemma 27. Letv and k as above. Let 1 <i <k and ( € X(T). Then
pe"EUE(O) = L) and  p(O(Dy) = O(Dy).
This Lemma shows that there is no risk of confusion using the lighter notation £ (¢).
Lemma 28. Let v, k and ¢ as above. Then, in Pic(Y,), we have
L1.(Q) = Lr-1(50,(C)) + (¢, ) )O(Dy,).

Proof. Using Lemma it is sufficient to prove the case k = ¢. This lemma is proved in [Dem74, Propo-
sition 1| with some slightly different notation. Therefore we give here a quick argument. Let as above
v = (a1,...,a0) and v’ = (ay,...,a0-1). A fiber of p; is P,,/B ~ P! and the bundle £,(() restricts to
Op1((¢,ay,)). Thus

(28) Li(C) = piL @ O(((, ) )Dy)

for some line bundle L on Y, to be determined.

To determine L, we apply o* to equation , where 0 : Yy(<r—1) = D¢ C Yy is as in Definition [2, We
have 0*p; L = L, and 0*O(Dy) = Oy, (D¢)p, = Le—1(y) since the normal bundle of Dy is L,_1(ay). Thus
we get

L= ££71(C — <<7 CVZ>04€) = ['ffl(soée (C)) .

U
Since w is proper, the pushforward w, : A'(Yy)—>A()),) is well defined.
Lemma 29. Let k be such that 1 < k < (. Then, in A*(),), we have
_ WVsa,osamsa,] i Say Sy 0 Sa, is Teduced ;
wi[D] = { 0 otherwise.
Proof. This follows from the fact that the restriction of w to Dy is birational onto ysal._.sfb;c.,.sae if the
product Sqa,; - Say - -+ Sa, 1s reduced and contracts Dy, otherwise. O
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4.5. Canonical divisor of a relative Schubert variety. We keep the notation of the previous subsection,
in particular those of Definition (1| and Notation [II We express the canonical classes of ), and Y,,:

Proposition 30. Assume that v = (aq,...,0p) is a reduced expression of v € W and let v, = ay,
Vi = Sap Sap_is(Ce—iy1). We have:

L
Ky, =" Le5 (0 + v(p)) + D (A) + D] in CLYy) = Pic(D).

Moreover, we have:

—Ky, =1 La/p(p+0p) + S (Ar) + DV in CUY,),

v
i* in the twisted Bruhat graph of WT.

where the sum runs over the covering relations

,U/

Proof. An immediate induction using Lemma [28| shows that

k
Ly(ay) = ‘CG/B<80¢1 +e Say (o)) + Z<80¢i+1 " Say (o), a;/>O(D1)
i=1
Applying sa, ---Sa,, we get the equality (sa,,, - Sa,(ar), /) = (Br,B;), since we have the relation
Say * - Say, (k) = —Pk. Finally
k
(29) Li(aw) = Lop(—Br) + Y (B, B)O(D;) .

i=1

The fibers of py are isomorphic to P! and thus the relative tangent bundle of py is L£y(cy). Therefore, the
sequence 0 — Tpg — TYy — p; (TVy(e)) — 0 reads:

(30) 0—Lo(e)—TVy—p; (TYu(0)) —0.
Taking account that Yy = G/B and hence Ky, = Lz,5(—2p), an immediate induction gives

4

Ky, = Li(—a0) + p; (Ky, ) = La/p(=2p) + > Li(—a).
k=1

Injecting (29)), we get
Ky, =La/p(=20+ Y521 B) + Xhes by (B, BY)O(=Dy)
= Lo/p(=2p+ Xho1 B) + i1 (X B BY) O(=Dy).

We already observed that {81,...,8,} = ®(v~!). Then Lemma |19 shows that Zf;:l Br = p — v(p).
Moreover, Lemma shows that <Z£:z B, BY) = px(%) + 1, and we get the given formula for Ky, .

(31)

The formula for Ky, then follows by applying w., by Lemma Since L /p(() is defined by a pullback,
wi(La/p(C)) = 7 (La/p(¢)). Lemma 29| allows to handle the terms O(D;). We can then conclude using
Lemma [T§] that realizes a bijection

{( e WP v B0/} +— {1<i<{:wdoes not contract D;}.

The given formula for Ky, follows. |
18



5. PROOF OF THE MAIN THEOREMS

5.1. Chow class of Y (v) for any v. In this subsection vV = (v,?) denotes any element of W and we
consider Y (v) defined by (15). Observe that the projection Y;—G/P is a locally trivial fibration with fiber

Pi—1B/B. Recall that G/P is embedded in G/P and denote by VS the preimage of G/P in V;. Then
V§ ~ G <" Po-1B/B.
One can obtain Y (v) as a transverse intersection:

Lemma 31. Consider G/B x Y, and G/B x Yy as subvarieties of G/B x G/B x G/P. Then Y (v) is the
transverse intersection o

Y(v) = (G/BxY,) N (G/BxYs).
Similarly, Y (V) is also the transverse intersection (G/B x ¥,) N (G/B x Y$) in G/B x G/B x G/P.

Proof. Tt is plain that Y (v) is equal to the two intersections of the lemma; we prove that these intersections
are transverse. Let © € G/B,% € G/B and % € G/P such that (z,%,2) € (G/B x Y,) N (G/B x V). Let

N IR N
(T(IVM)(yU X G/B)) denote the (conormal) space of linear forms on T, ; »(G/B x G/B x G/P) which
vanish on the tangent space T(; ; 5)(Vy X G/B) We have

(Tta.z.5)(G/B x yv))l C TiG/Bx{0} x T:G/P , and
(T(myf,g)(G/B X y@))l c {0} xTrG/BxT:G/P .

~ a1 1
It follows that the intersection (T(x,@é)(yv X G/B)) N (T(W;:,ZA)())@ X G/B)) of these conormal spaces is

included in {0} x {0} x T3G/P, and thus reduced to {0} since the projection G/B x Yy — G/P is surjective.
This means that the intersection is transverse. O

We now compute [Y (V)] in A*(G/B x G/P) in the Schubert basis.
Proposition 32. With the above notation, in A*(G/B x G/P), we have
(32) [V (v)] = Z ol @ 0% (Tuy) -

P
uv—syv

Proof. By Lemma [31| and formula , we have

(33) [Y(v)] = [G/B x Y.]-[G/B x ¥§] € A*(G/B x G/P).
Proposition [23] gives a formula for [V,] € H*(G/B x G/P) which we pullback in A*(G/B x G/P):
(34) Vo xG/Bl= > 0"@1® 7, .

Consider now the class [V¢] € A*(G/Bx G/P) and the regular embedding i : G/BxG/P—G/BxG/P.
Let i* denote the associated Gysin map. Since yg‘ is the transverse intersection of Y, and G / BxG /P in
G/B x G/P, we have
(35) (VS = i*[Vs]) € A*(G/B x G/P).

But [V;] has an expression given by Proposition as a linear combinaison of terms o% & 74. Using the
relation i* (0% ® T45) = 0 @ 1*(T4s), we get in A*(G/B x G/P)
(36) DE1 = D ot @ (Tas),
2540
and hence in A*(G/B x G/P)
(37) V¥ xG/Bl= > 1®0c" @ (1as),

P
Ud— 40
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Multiplying with |37| and using , one gets the formula of the proposition. O
We now compute its pushforward by II:
Corollary 33. Assume that {(v) = dim(G/P) — 1 and consider the projection I : G/B x G/P—G/B.
Then, in AY(G/B), we have
M(YW)= Y s v .
€ :s VEW

Proof. In general, for a class Y ay 0" ® 7, in H*(G/B x G/P), we have
(38) 11, ( Z ayp o' ®@ Tv) = Z aye 0.
u,v u

But in (32), ¢(uv) = dim G/P — 1 + £(u) with the assumption of the corollary. So, the condition that
Tuv € A*(G/P) have degree dim(G/P) is equivalent to £(u) = 1. Hence the terms in the sum that do

not vanish after applying IT, are indexed the simple roots € such that s v 5 V. The corresponding term
is0® ®§* (75 v) = ¢(s v)o* ® [pt]. This implies the given formula. O

5.2. Canonical class of Y (v) when ¢(v) # 0. We come back to our setting with ¢(v) # 0. In the previous
subsection, we computed the canonical class of a relative Schubert variety, and we now express Y (V) as a
fibered product of two relative Schubert varieties and explain how to deduce the canonical class of II.

Fix reduced expressions v and 9 of v and ¢ respectively, and let us use Definition [1| for v and ©. We define
y,? from Yj in a way similar to what we did for yg’ from )V;. We have morphisms:

A%

Observe that Y(v) as in is nothing else than Y, x/p V< and that IT is the restriction of I = (r,7)
to Y(v). We also let v = (v,9) and Y (V) = Yy Xq/p VS, We have the following natural morphisms:

m
>

Yo Y(v) vy
w Q @
(39) G/B x G/P YY) s yo G/B x G/P
)
G/P G/B x G/B

The first properties of the morphisms appearing in this diagram we need are:

Lemma 34. With the above notation,
(1) € is a locally trivial fibration with fiber Pﬁ—lé/é —xB

wq }5’0'
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(2) € is a locally trivial fibration with fiber Pv—1B/B = Xﬁ)vpv.
(8) € and € are locally trivial fibrations.
In particular, these four morphisms are flat and induce pullbacks between Chow rings.
Proof. We already observed when we defined Y§ at the beginning of Section that Y§' is a locally trivial

fibration over G/P with fiber Po—1B/B. Since Y (v) = ), Xg/p VS, the first assertion follows. The second
one works similarly.

By the Bruhat decomposition, the morphism G—G/P is locally trivial in Zariski topology. Hence the
maps Y5 —G/P and Y,—G/P are locally trivial fibrations. The last assertion follows. O

We can now express the canonical bundle of Y (v) in terms of the canonical bundles of Y, and YV;:
Proposition 35. We have Ky () = € Ky, + ¢ Kye —TI"Kg/p in CI(Y (V)).
Proof. Let us first prove this result at the level of Bott-Samelson varieties. We have by definition of Y (V) a

fibered square of smooth varieties:

Y(v) =5 Y, x VS

Foﬁl O l'y X4

G/P 2 G/PxG/P
Lety = (y,9) € Y(V) and let u =T o Q(y) € G/P. We thus have a fibered square of tangent spaces:

TY (V) —— T,V ® Y5

| =
T.G/P -2 T,G/P 3 T,G/P

The bottom horizontal map being injective, so is the top horizontal one. The right vertical map being
surjective, (T,Y © T;Y5)/T,Y (V) identifies with (T,,G/P & T, G/P)/T,G/P. Moreover, on Y (v), the bundle
(TG/P®TG/P)/TG/P is isomorphic to Q*T*TG/P. We get the short exact sequence on Y (V)

0‘)TY(V) —)Tyu ¥ Tyg —)Q*F*Tg/p—>0 .

From this we deduce that
(40) KY(V) = (Kyv + Iiy,c,;) Y(v) Q*F*KG/P

We now apply €2.. Lemma [24] yields Q.Oyy) = Oy () and Q. Kyy) = Ky (). From the first point and
projection formula, we deduce in Cl(Y (v))

(41) QL QT Kgp = T Kg/p.

Y(v) % p, x ¥

Moreover, we have a fibered product QJ n J{w . By the flat base change (e, ¢) and [Har77,

V() g Yo x VS
Proposition 111.9.3], we deduce that
(42) Qu(€,8") (Ky, © Kyg) = (€6 e (K, ® Kopg)

But, by [KM98, Theorem 5.10], w.Ky, = Ky, and w.Lyc = Kyc. We deduce that

(43) Q. (G*Kyv + é*Kyg) =Ky, + €*Kyg.
By the equalities , , , and , we get the result of the proposition. O

For later use, we also compute IT, o T* (recall from that x is the coefficient of the point class):
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Lemma 36. The map I, oT* : A*(G/P)—A*(G/B) is determined by
Lol*¢ = Y Xg& 0" (rw))o" V€ € A*(G/P).
uvSs v
If ¢ € AYG/P), then all the non-vanishing terms in this summand satisfy £(u) = d.

Proof. Let £ € A*(G/P) and consider the following commutative diagram:

—1, G/BxG/P

(44) \ l

G/P.

By the projection formula, we have
1178 = i, i"p"E = p*E Ui [Y (V)].
Proposition [32| gives i.[Y (V)], and since p*{ = 1 ® £, one gets
(45) LI =) @ (€5 ().
wS v

Since IT,I*¢ = I1,4,I*¢, we deduce the formula of the proposition.
Assume now that £ is homogeneous of degree d. As in the proof of Corollary [33] the terms to keep when

applying II, to satisfy £(u) = d. !

5.3. Computation of the class of the branch divisor. We compute [Br] = I, Kp using the already
done computation of Ky (y).

Proof of Theorem[§ recall that Y (v) C G/B x G/P and that II resp. T is the projection of Y(v) on G/B
resp. G/P. Consider also as before

II:G/BxG/P—G/B,

the restriction to Y'(v) of which is II.
By the definition of K1 in Section [3:3] and Proposition [35] we have

(46) Kn =Ky, + € Kye —T"Kg)p —1I'(Ka/p + K¢ p)-

Consider first Kyg; in Al(yﬁG ). Let j : yg" —Y; denote the inclusion. As the pullback of the inclusion

t:G/ P—G / P itisa regular embedding and we can consider the associated Gysin map j*. At any point
y of V§ with projection § € G/P we have the exact sequence:

0—T, V5 —T, Vs —T;G/P/T;G /P—0.
We deduce that in C1()§), we have
(47) Kye ="Ky, =" (K¢, plia/p) + 7 (Kg/p)-

Using the formulas —Ké/ﬁ, = Eé/p(Zpi), —Kg/s = Lg/B(2pc), and Proposition injecting in ,
one gets

[Kn]=A+B—C—D with

IT*e1(Lg/s(pe — V(ps)))
ey (EG/P(2p|T))

> R + Ve (o)
PINUICHES 1>e o j*([Vorl)
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5 in the twisted Bruhat graphs

0
|
1
[
|

v
where the sums C' and D run respectively over the pictures iv and
v’ '

of WP and WP respectively.

We now pushforward by II each summand of . First of all, Lemma [36| gives

ILB= Y <cl(cg/P(2pLT)) 6" (s V)) o,
s VE)V
which is the first term of the formula of Theorem

For € X(T), the projection formula in cohomology gives II, o II*c; (Lg/g( ) = deg(Il)c1(Lg/r( )), and
the Chevalley formula gives c1(Lg/p( ) =) ¢ (, Y)o® . Thus

(49) LA = c(v) Y (pe —V(pe), V)o* .

€
Consider first a term €  such that s v € VIWp. Then s v=vs with =v~!( )€ ®(L). Sinceve WF,
(V) +1>4(s v)=4L(vs ) =4L(V)+£(s ). Then is a simple root of L. In particular, (v(pg), ¥) =1 and
the corresponding term in the sum vanishes.
Assume now that ¢(s v) = £(v) + 1 and s v € WF. Then (V(pg) — pg, V) = .PL( )—1for =v7i().
Assume finally that £(s v) = ¢(v) — 1 and s v € WF. Then, similarly, we have (pg — V(pg), V)= PL( )+ 1.
for = —v~! . Summing up, we get

(50) LA= Y —ewR()-1o* + > ecwR()+1)0° |

where in both summands is the twisted label between v and s V.

We now compute II, o €*([),]), where v Ko = vsy. Set V' = (v/,8). Set Y =Y (V) = Yy Xg/p VS, s0
that we have

(51) Vo] =Yl € CUY (v)).
Consider the class i, [Y’] of Y’ in A*(G/B x G/P) (recall the diagram (44))). Then
(52) L (e [Vy]) = MY,
We apply Corollary [33|to V' to get
(53) i Y T= Y (s V)o* .
s vV

Then
(54) ILC =Y (R(7) + De(v')o® .

Vv VI/
where the sum runs over the subgraphs N in the Bruhat graph of G/P with €  and

Vl

v € dH(G).

We now compute a term IT, o €* 0 j* () ) with © £> ?’. Since the intersection YV ﬂyf = yg% is transverse,
we have j*([Vor]) = [VS/]. Then

IL 0 & o 57 ([Vir]) = IL([Yv x /P Vir])

is given by Corollary 33] One gets that
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(55) LD =Y (R(9) + De(v’)o” .
Vv V//
where the sum runs over the subgraphs NS in the Bruhat graph of G/P with €  and
V/
4 € ®*(@). Putting together and (55), we get

(56) IL(C+ D) = Y (h( ) + Dev)o"
Vv /!
where the sum runs over the subgraphs ~ S/ in the Bruhat graph of G/P.
V/
By Lemma the terms in with v # V" are exactly the terms in the second sum of Theorem 8| Let us

now consider a term in with v = V", meaning that s v=vs . If (s v) < £(v), then the coefficient of o*
in IT, A and in IT,.(C'+ D) is ¢(v)(h( )+1), by and (56). So these terms cancel, and accordingly Theorem

states that this coefficient vanishes. If ¢(s v) > ¢(v), then the coefficient of o® in II, A is —c(V) (PL( )—1)
and in IL,(C' + D) it is 0. This is also compatible with Theorem O

5.4. Proof of our reduction formula. In this section, we prove Theorem [7}

5.4.1. The birational case. We recall from [ResI1b] the main construction in the proof of Theorem|[6] because
this will allow introducing useful notation. Recall that G = Gx G, v = (v,) and set L = Lx L and = (¢, ().
Consider the variety X = G/B endowed with the diagonal G-action. Let £ — X be the line bundle defined
by . By Borel-Weyl theorem, we have

(57) Mmeea(C,¢) = dim(H(X, £)9).

Let C C X be the irreducible component of the fixed point set X7 of 7 in X containing the point
xo = V' !B/B. Let By, = BNL. Observe that the stabilizor of zg in L is Br, so that the variety C is
isomorphic to IL/Br. Moreover, £|¢ is isomorphic to the line bundle defined by v~! . In particular

(58) my o (071¢ 07 1) = dim(H(C, £)5).
Recall that the Bialtynicki-Birula cell C* is
Ct={zeX| }%T(t)x cC}=Pv 'B/B.
As before consider
Y(V):=GxpCT -5 X
(59) l
G/P

Observe that II : Y(v)— X is nothing but the incidence variety defined in .
The proof in [ResI1b] goes on proving the following, which does not need the hypothesis ¢(v) = 1:

Theorem 37. Assume that v='(¢)|s + ﬁ_l(é)‘s is trivial. With the notation of (59), there is a natural
isomorphism

HO(Y(v), IT*£)% ~ H°(C, L))" .

The fiber of II over any general point in x is isomorphic to the intersection of two subvarieties of G/P
of cohomology class 7, and ¢*75: therefore the assumption ¢(v) = 1 implies that II is birational and gives
further H(Y (v), IT*£) ~ H°(X, £), from which Theorem |§| follows.
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5.4.2. The degree 2 case. We now deal with the case ¢(v) = 2. Then II is no longer birational, but it is
generically finite of degree 2, and we apply the projection formula as in Section We denote by By C X
the branch divisor. Then, in the Schubert basis of X = G/B, [Br| expands as

(60) [Bu] =) na 0 ®@1+ Y na 1@0™ € H(G/B),

for some well defined integers n, and ng. These coefficients are descrAibed by Theorem @
We proved in Lemma that 1[Bn] € Pic(X). Recall that 6 and 6 in X(T') and X (T") are defined by

Ne ~ Nna
Proof of Theorem[7 Observe that C' can be seen as a subvariety of Y (v) = G x P C* via the closed immersion
x + [e,z], and that II*(L)|c is equal to £|c. In particular equality can be rewriten as
my ;(071¢ 87 1) = dim HO(C, 11 (L) o) .

Now, by Theorem [37, there is an isomorphism

H(C, 11" (L) )c) " ~ HO(Y (v), IT*£)“.
By the projection formula and Proposition [15]

1
HO(Y (v), IT*£) = HO(X, £ ® IOy ) = H(X, £) & HO (X7 c(- 5[BH])).
But by Borel-Weyl Theorem
1
(X, £( - 5[Bul)) = Ve-a ® V.

Considering the dimensions of G-invariant subspaces, we get the theorem. O

6. PROPERTIES OF THE BRANCH DIVISOR CLASS

6.1. The Belkale-Kumar product. Fix a one-parameter subgroup 7 of T and set P = P (7). Forw € W7,
recall that 7% = 7,v is a class of degree 2¢(w), see Section For w € WF define the BK degree of
™ e H*(G/P,Z) to be

BK-deg(7") := (w™'(p) — p, 7).
Let wy,wy and w3 in WP, By [BK06, Proposition 17, if c(wy,wy,w3) # 0 that is if 72 appears in the
product 7% - 7%2 then
(62) BK-deg(7*?) < BK-deg(7**) + BK-deg(7"2).

In other words the BK degree filters the cohomology ring. Let ® denotes the associated graded product on
H*(G/P,Z). For later use, note that ® coincides with the usual cup product when G/P is cominuscule (See
[BKOG]).

Assume now that G is embedded in G and set P = P(7). Recall that ¢ : G/P—G/P denotes the
inclusion. In [RR11] a graded ring morphism is defined

1 1 (H(G/P,Z),0)—(H*(G/P,Z),0).
As in (13)), define the integers ¢®(v,9) by
(63) voe W, ()= 3 P, 0)r.
veW?P

Fix v = (v,0) € WPF such that £(v) = dim(G/P). Consider now the incidence variety II : Y (v) =
G xP C+*—G/B as above. Note that ¢(v) is not zero if and only if II is dominant. By equivariance this
means that there exists a point & € CT such the tangent map of II at [e : ] is invertible.

By [RR11, Proposition 2.3] and the definition of +©, the coefficient ¢®(Vv) is not zero if and only if there
exists yo € C such that the tangent map of I at [e : yo] is invertible. Moreover, if ¢®(v) # 0, then 7(C*)

acts trivially on the line bundle (K1), so that for y € C* with yo = lim;_,o 7(¢)y, the tangent map of II at
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[e : y] is invertible if and only if the tangent map of IT at [e : yo] is. Writing yo = (I, ZA).VAIB%/IB, the tangent
map of IT at [e : yo] is invertible if and only if the intersection

W(lv BvP/P)n (io" BoP/P)
is transverse at P/P in G/P. In [BK06], this condition is called Levi-movability. To sum up, we obtain:
Lemma 38. In the setting of Theorem[8, assume that
7o ©19(75) = k[pt],

with k > 0. Then, for general (1,1) in L, the intersection v(lv=*BvP/P) N (lo~*BoP/P) is transverse at
P/P and the tangent map of 11 at [e : yo| is invertible, with yo = (I, l).vle/IB%.

6.2. The branch divisor class in the Levi-movable case. Consider the support
(G, G) = {(¢,0) € X(T)" x X(T)* : mgea(C.0) # 0}

of the branching multiplicities. It is known (see |[Ela92|) to be a finitely generated semigroup and hence
it generates a convex polyhedral cone T'o(G,G) C (X(T) ® X(T)) ® Q, that we call Horn cone since the
introduction. Let S be the center of the Levi subgroup L of G. Given v = (v,9) € W¥ such that ¢(v) # 0,
the points (¢,¢) in T'o(G, G) satisfy

(w Q). 7) + (71O, 7) <0
for any dominant (for G) one-parameter subgroup 7 of S. In particular, the set of pairs (¢,¢) € (X(T) x
X(T)) NIq(G,G) such that v=1(¢)s + 971(¢)s is trivial is a face F(v) of the Horn cone.

Under the Levi-movability assumption, the branch divisor class 1[Br] is the minimal element of F(v) that
does not satisfy the conclusion of Theorem [6}

Proposition 39. In the setting of Theorem@ assume that ¢®(v) > 0. Then £[Br] € F(V), and we have,
for any (¢,¢) € F(v),
chG(Ca C) < mLcI:(U_l(C)a @—1(<)) .

Assume more specifically that ¢®(v) = 2. Then the set of pairs (C, CA) € F(v) where this inequality is strict is
exactly the set
1
2

Proof. First, let us prove that [Br] belongs to the face F(v). If ¢®(v) = 1, then 3[Bp] = 0 and there is
nothing to prove. We assume ¢®(v) > 1. Recall that O(By) = £(6,0) € Pic(G/B). We have (,0) € F(v) if
and only if v_1(9)|5 + ﬁ_l(é)‘s is trivial that is if S acts trivialy on O(Bn)|c-

We pick (1,1) € L as provided by Lemma [38 and we set yo = (I,1)v='B/B. In particular [e : yo] € Y (v) =
G x¥ C* is an isolated point in the fiber I~ 1(yp). By transversality and degree assumption, the fiber
IT-*(yo) cannot be reduced to this point. In particular, this fiber is not connected. By Proposition Yo
does not belong to the support Supp(Bm) of Bry.

Since O(Bry) is the line bundle on the smooth variety X associated to some divisor with Supp(Br) as
support, O(Bip) has a canonical section o that does not vanish at yo. By unicity up to scalar multiplication
of this section and G-invariance of Supp(Br), it has to be an eigenvector for the action of G. Since G is
semi-simple this section is a G-invariant element of H°(X, O(Br)), meaning that o is a G-equivariant section
of O(BH)

But S fixes yo and hence acts on the fiber O(Bry),,. This action has to fix o(yo) and hence is trivial.

Let f € H(G/B, £)€ that restricts to 0 on C. Then f vanishes on C* and thus II* f vanishes on Y (V).
Thus, H°(G/B, £)¢ injects into H°(C, L))", and the inequality of the proposition follows.
Assuming that ¢®(v) = 2, Theorem [7| shows that the inequality will be strict if and only if m g a( —
0, — ) # 0, which means that (¢,¢) belongs to (6,6) + (F(v) NT(G, Q). O
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Corollary 40. In the setting of Theorem@ assume that ¢®(v,0) = 2. Then
ché(Cv CA) = Z(_l)kmLci(v_l(C - k9)> @_1(6 - ké)) .
k>0
Proof. Djrect jnduction from Theorem [7} Indeed Proposition [39] allows to apply the theorem to each weight
(¢ — k6, —k0). ]

6.3. The branch divisor class in the case of type A Grassmannians. In this section, we prove
Theorem [5} We assume that G has type A, that P C G is a maximal parabolic subgroup (so that G/P is a
Grassmannian), and that G = G x G and P = P x P. Fix an integer n > 2 and set G = SL,,(C).

6.3.1. About Littlewood-Richardson coefficients. In this section, we collect some specific poperties of the LR
coeflicients cf -

In type A,_1, it is more convenient to work with representations of GL,(C) instead of SL,(C). For
GL,(C), we have

Ay =X ={> Nei : M > >\, €2},
i=1

with notation as in [Bou02]. Given A € X (T)*, set A\ = Z?;ll()\i — An)ei. Then X is a partition and the
gLn(C)—representation V of heighest weight A is isomorphic to the SL,,(C)-representation of heighest weight
A as an SL,,(C)-representation. For A\, u,v € AgLn, set mar, (A, i, v) = dim(Vy, @ V,, ® V)G (©). Because
of the action of the center of GL,(C), we have

mar, (A, p,v) # 0 = [Al+ |p| +[v] = 0,

where [A| = >, A\; and |p| and |v| are defined similarly. Set v* = ), —v,11_46; so that V- is the dual
representation of V,,. If A, ;1 and v* are partitions (that is A, pin, v, > 0) then

(64) mar, (A 1 v) = &,
is the LR coefficient. The Horn semigroup of GL,(C) is
D(GLA(C) = {(\piv) € (A, )+ ma, (A i) O},
Let 1 <r < n—1 and consider Gr(r,n) = G/P. Given a subset I C {1,...,n} with r elements, define
vr € WP by vr({1,...,r}) =T and set IV = {n+1—i|i € I}. Recall from (2) in the introduction that c;;

denotes the structure constants of the cohomology of the Grassmannian Gr(r,n) equipped with its Schubert
basis. For any subsets I, J, K C {1,...,n} with r elements, we have

(65) c(vr, vy, V) ch(VJV.

Recall also that given a partition A\ and a subset I, A; is the partition whose parts are \; with i € I.
Assume that c¢(vy, vy, vk) # 0. The associated Horn inequality (3)) expressed in terms of I'(GL,,(C)) becomes

(66) (A, 1, v) € T(GL,(C)) = |Af] + |pg| + |vi| <0.

Two interpretations. Fix 0 <r <n. Let I = {i; < --- < i,} be a subset of {1,...,n} with r elements.
Let

M) =iy —1 > >4 — 1
be the associated partition.

An amazing property of the LR coefficients is that they are also the multiplicities of the tensor prod-
uct decomposition for the linear groups. Namely, cf ; is also the multiplicity Cig(),))\( 7 of Vg, (A(K)) in
Vs, (A1) ® Vsr,.(A(J)). Hence
(67) i = Ay

Fix now I, J and K such that c(vy, v, vx) =: ¢(V) is nonzero. Consider II : Y (v)—X = (G/B)3.
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Remark 3. In type A, the semisimple part L*° of the Levi subgroup is L®* = SL, X SL,,_, and C = C7 x Cy
with C7 ~ F1(C")? and Cy ~ F1(C"~")3. Using the base point of C, we fix embeddings of C1 and Co in C.

Denote by B, and B,,_, the Borel subgroups of SL, and SL,,_,. Observe that C is a closed subvariety
of both X and Y (v). Indeed, the map

Jy cC — Y(V)
x — [e:x]

is a closed immersion. Here, Y (V) is identified to the fibered product G’ x* CF. Similarly define the inclusions
jy and j3 of Cy and Cy in Y (V) respectively. By [BKRI12], we have

(68) Gy ) " ([Bu] - = Lsz, /B2 (AIY), AMJY), MEY)) € Pic(Ch) and
G¥) " ([Rul) = Lisz,/B,)p (ATY),ATY), IMEKY)) € Pic(Cy).

Let A\, and v be in AELn. We recall:

Polynomiality. The function k& — mgr, (kX ku, kv) is polynomial. See [DW02]. We call it the LR-
polynomial associated to (A, i, v).

LR coefficients one. If mqr, (A, p,v) = 1 then for any k > 0, mqar, (k, kp, kv) = 1. This is known as the
Fulton conjecture and was first proved by Knutson-Tao-Woodward [KTW04]. See [Bel07, [Ful84, BKR12] for
geometric proofs.

LR coefficients two. If mgr, (A, u,v) = 2 then for any k > 0, mgr, (kX, ku, kv) = k + 1. See [Ikel6] and
[Shel7, Corollary 9.4].

6.3.2. In this subsection, we prove Theorem [5] Since the Grassmannians are cominuscule, Proposition [39]
holds and we can apply Theorem 7| to %[BH]. Then the second assertion of Theorem |5 giving the values
0

3 koS
of the polynomials CZZ{(WQ and cw{(
kY7 T
a smaller hypothesis on those polynomials is enough to prove Theorem [f] by Lemma [f1] below. Recall first

that the characters (61,62, 6%) of T satisfy

o2 implies the first one by an immediate induction on k. Nevertheless,
T

L6, 62,6%) %[BH] € Pic((G/B)®).

Lemma 41. Assume that c(vr,vy,vg) = 2. Let Py, Py and Q be the three LR-polynomials associated to
(01,605,0%), (01,6%,0%) and (6*,0%,0°) respectively.

If deg(Py) = deg(P2) = 1 then Py(X) = P2(X) =X +1 and Q(X) = $(X +1)(X + 2).
Proof. Theorem [7] asserts that
(69) QX) + QX — 1) = 1 (X)P(X).

Thus, if P; and P, have degree 1, then @ has degree 2. Moreover, Q(0) = P;(0) = P»(0) = 1. Write the
three polynomials as Pi(X) = c1 X + 1, Po(X) = coX +1 and Q(X) = aX? +bX + 1. Since P; and P, have
non-negative values on Z>q, ¢; > 0 and ¢z > 0.

From , we deduce that b —a = 1 and 2b — 2a = ¢; + co. It follows that ¢; +co = 2, s0 ¢y = ¢ = 1.
We get a =1/2 and b = 3/2. O

In this proof we work on the Bott-Samelson resolution Y (V), on which by smoothness all divisors are
Cartier divisors. We first observe that Y (v) and Y (V) coincide on the open subset G x¥ C* C Y (v). Fix
reduced expressions v and 9 for v; and (vy,vk). Let j5F : G x CT — Y (v) = G x¥ CT be given by the
inclusion C* c C'+.

Lemma 42. There is an open immersion j‘t such that the following diagram is commutative:
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GxPct ————Y(v)
-+
Jy
Proof. Let F be the fiber at the base point of Y,, — G/P. The projection
Y,=GxF F—Y,=Gx" Pv1B/B

is birational and G-equivariant so it has to be an isomorphism over the open G-orbit in Y,. Hence Y,
contains G x” Pv™'B/B as an open subset. The lemma follows since Y (V) =Y, x¢/p Y. O

Consider the ramification divisor Ry of II : Y (vV)—X. Recall the decomposition Ry = R + En as in
. Write Fqr = ), a; F; where a; are positive integers and F; are irreducible. As in Proposition let b;
be non-negative integers such that

(70) " Ox (Bu) = Oyw)(2Riy + Y _biE;).
Proof of Theorem[J Fix [ in N such that for any ¢, la; > b; and set
D = 2Rj + Fn.

Using jy, think about C; as a subvariety of Y (V). Since Y (V) is smooth one can consider the following line
bundles on Cji: O(Rll'I)ICN O(R]'[)‘Cl, O(D)|C1 and O(EH)K;«I.

By Lemma [38] the support of R does not contain C' and is G-stable. Hence the four considered line
bundles on Y'(v) have a G-invariant section that does not vanish identically on C'. Fixing a general x5 € Co,
we get a nonzero SL,.(C)-invariant section of the restriction to Cy. Hence

(71) O(Rp)c,» O(Ru) ey, O(D)c,, O(Em) e, € T'(C1,SL(C)).
We claim that
(72) dim (CTS(O(D)wl)//SL,«) = dim (CSS(O(D)|C2)//SLHT> =1.

By [Deb01, Lemma 7.11], for any k > 0, HY(Y'(v), O(kEq)) ~ C. This implies dim(Y (v)**(O(En))//SL,) = 0.
By Lemma (C,7) is dominant in Y (V). Since Proposition [11|shows that

0 = dim¥ (V" (O(En)) /8L, = dim (C=(O(Fw) ) /(SL.  SL.) ).

we get dim (CTS(O(EH)WI)//SLT) + dim (C’SS(O(EH)CQ)//SLR_T> =0, and these two dimensions vanish.
An open neighborhood of C in Y (V) being G x* C*, we have
(73) O(Rn)c = O(Rn)|c-
Now, , , and imply that
dim H°(C1, O(Rn) ¢, )*" = dim H%(Co, O(Rn) 0, )t = 2.
So, the end of Section [6.3.1] gives
(74) dim (CTS(O(RH)WI)//SLT) = dim <CSS(O(RH)CQ)//SLnT) =1

If O(Em))c, is trivial then O(Rn)jc, = O(D)|¢, and follows from . If O(Em)c, is not trivial, the
proved equalities for the dimensions of the GIT-quotients show that O(Em)|c, and O(Rn)|c, are linearly
independant in Pic(C)q. Since O(Rf)|c, and O(Em)|c, belong to T'(C1,SL,), O(Rn)|c, and O(D)c,
belong to the same face. Proposition [I0] shows that

dim (055(0(0)01) //SLT) = dim (CTS(O(RH)WI) //SLT> —1.
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Therefore, is proved. By Proposition this implies
dim (Y(V)SS(D)//SLn> =2.

The equation and [Deb01, Lemma 7.11] imply that
Vk>0  H(Y(v),II*(Ox(kBp))) ~ H(Y (V), Oy (kD)).
Hence
dim (Y(V)SS(H*OX(BH)) //SLn) = dim (Y(V)SS(D)) //SLn) =2.

Hence, by Proposition

2 = dim (Y(V)SS(H*OX(BH)) //SLn) = dim <CSS(H*(9X(BH)) J/(SL, x SLn_T)) ,

so dim (C{S(H*(’)X(BH))//SL,) + dim (CSS(H*(’)X(BH))//SLH_T) = 2. On the other hand, by the choice
of I and (71), Oy w)(D)|c, — Ox(Bu)c, is an element of I'(Cy, SL;). Hence

dim (C5(Ox (Br) 5L, ) < dim CF(Ov (D)L ) = 1.
and similarly on Cy. We therefore conclude that
dim (O3 (T Ox (Bn)) L, ) = dim (CF (T Ox(Br) S, ) = 1.
Then, Lemma [T ends the proof. 0

7. EXAMPLES

7.1. Notation. In this section, we only consider the case G C G =G xG, for a given classical group G. In
particular, we use Notation [2| In each case, we have a vector space V endowed with a basis (eq, ..., e,) and
eventually a bilinear form. In types B, C, D, we choose a bilinear form 8 (quadratic or symplectic) such that
B(ei,ej) # 0 if and only if j = n + 1 —¢. With this convention, the set of diagonal resp. triangular matrices
in the corresponding group is a maximal torus 7' resp. Borel subgroup B.

The classical Grassmannians Gr = G/P occur. The Schubert varieties in Gr are indexed by subsets I of
{1,...,n} in the following way:

X; =B -V; with V; :=Span(e; : i € I), and 77 = [X ] € H?>°HmX1)(Gr),

This also gives a bijection between a set of subsets of {1,...,n} and W¥. Moreover, set 7=n + 1 —i. and
IV = {7]i € I}. This operation is the Poincaré¢ duality: 71 = ;v.

In type A, we also consider the two steps flag manifolds Fl(p,q;n) = {F1 € F» C V : dim(F;) =
p, dim(F») = g}. The Schubert varieties are then indexed by “flags” (I, C I,) of subsets of {1,...,n}:

Xi,c1)=B-(V1,,V1,).

7.2. A detailled example in Gr(3,6). In this subsection, G = SLg, G/P = Gr(3,6), and G = G2 We
let I =J =K ={2,4,6} € WF. Set v= (vy,vs,vk). The inversion set ®(vy) of v; is depicted with black
nodes:

Since A(IV) = A(JY) = 21 and A(K) = 321, we have ¢(v) = ¢§i',; = 2, by (65) and (67). We describe
geometrically the divisors Ry and By in this example, but we start with Lemma [43| about configurations of
triangles in the plane.
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Definition 3. Given a 3-dimensional vector space E, a sextuple (A1, Aa, As, B1, Ba, B3) of points in the
projective plane PE is called a bitriangle if the three sets of points {A;, A;, By} fori,j,k distinct in {1,2,3}
are colinear. In the generic situation, Ay, As, Az define a triangle and the three points By, Bo, B3 are on the
sides of this triangle.

The variety of all bitriangles in PE will be denoted by T(FE). Given two vector spaces E and E' of
dimension 3, and two bitriangles

(75) T= (A17A23A3;B17-BQ’B3) € T(E) ) T/ = (A/17A/27A{37317B57-B§) S T(E/)7

a morphism u : T—T" is a linear map v : E—E' such that for all i, u(A;) C A} and uw(B;) C B} (here
A;, B; resp. Al Bl are considered as 1-dimensional subspaces of E resp. E'). Note that the set of morphisms

of bitriangles is a subspace of the vector space of linear maps E — E'.
Observe that T (F) is irreducible of dimension 9 and that the modality of the action of PSL(F) is one.

Lemma 43. There is exactly one divisor D in T(E) x T (E’) such that for all pairs (T, T") in D, the space
of morphisms from T to T' is not reduced to {0}. It may be described as the divisor of pairs of isomorphic
bitriangles.

Proof. First of all, the variety D of pairs of isomorphic bitriangles is a divisor, since the modality of the
action of PSL(FE) on the space of bitriangles is 1. Moreover, tautologically, if T and T” are isomorphic, then
the space of morphisms T—7" is not reduced to {0}.

On the other hand, let u : T—T" be a morphism of bitriangles, with T" and T” as in . If w has rank
3, then T and T” are isomorphic and (T,7T") € D.

Assume first that T is generic. If v has rank 2, then at least 5 of the six points Ay, As, A3, B, Bo, B3
have a well defined image in PE’ and all these images belong to the line in PE’ defined by the image of
u. It follows that 5 of the 6 points A}, A5, A%, B, B}, B; are on a line, and the set of such bitriangles has
codimension 2 in T (E’). If u has rank 1, similarly, we don’t find a divisor in 7 (E’) since 3 of the six points
Ay, AL, AL, By, B), B must be equal in this case. The case where T' is degenerate is similar. O

Proposition 44. The hypersurface By is irreducible, it is equal to the variety A defined below in (@, and
O(G/B)3 (BH) = E(G/B)3 (2@2 + 204, 2w09 + 204, 2002 + 2@4) .

The hypersurface Ry is also irreducible, it is the preimage of By by I1, and it also has the description given

below in (@)

Proof. Let U C (G/B)? be the open subset of triples (; Xe,5Xe,3Xe) such that C6 = | Xp @ 4 Xo @ 3Xo,
1XaNo Xy N3 Xy = {0}, and ;X4 N ; Xy = {0} for 7 # j. We first investigate the intersection By NU. In fact,
let (1 Xe,9Xe,3Xe) € U: the fiber II71(; X,, 5 Xe, 3X,) can be explicitly described as follows.

Let V3 € Gr(3,6). Then (V3;1Xe, X, 3Xe) is an element of Y (v) if and only if

(76) Vie{1,2,3}, dimV3N ,Xo > 1and dimVz N, X, > 2.
From dim V3 N ;X9 > 1, we deduce that V3 can be written as
(77) Va=1L1® L2 ® L3,

with L; C ;X2 a subspace of dimension 1. Moreover, under our genericity assumption, we have an isomor-
phism ;X5 ~ C%/, X, if i # k. If i, j, k are distinct, we get isomorphisms ; X5 ~ C%/, X, and C%/, X, ~ X2,
and we denote ¢; ; : ;Xo—; X5 the isomorphism obtained by composition.

Observe that L; @ Ly @ Lz will meet , X, in dimension 2 if and only if the subspace of C® generated by
L;,L; and , X4 has dimension 5, which is equivalent to the equality L; = ¢; ;(L;).

Thus, V3 = L1 ® Ly @ L3 satisfies if and only if for @ # j, Lj = ¢;;(L;). In other words, Ly =
¢v1,2(L1), Ls = p2,3(L2), and Ly C ;X5 is an eigenline of 31 0 @230 @1 2.

By Proposition B NU is the set of triples (; Xe, 3Xe,3Xe) such that @31 0 @230 @12 has only one

eigenvalue or is the identity.
We denote by A this divisor:

(78) A = {(;Xe,2Xe,3X0) | ©3,1 0 2.3 0 1.2 has only one eigenvalue}
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We now show that there is only one divisor in the ramification of II. To show this, we observe that for
a general element (V3,,X,,5Xe,3Xe) of a divisor of Y(v), dim(V5 N ,;X3) = 1 and dim(V53 N ,;X,) = 2 for
i € {1,2,3}. Therefore, this defines a bitriangle T in PV3, with vertices A; = V3N, X5 and edges E; = V3N, X4,
and this defines also a bitriangle 7" in C°®/V3, with vertices A, = p(V3,X2) and edges E! = p(;X4), where
p : C5—C5/V3 denotes the projection.

In this way, we factorize the morphism Y (v) — Gr(3,6) as a composition of rational maps Y (v) =R
T(E) Xarse) T(Q)—>Gr(3,6), where E and @ denote the tautological bundles on Gr(3,6), and 7 (£) and
T(Q) denote the relative varieties of bitriangles therein. The rational map f is defined in codimension 1 and
equidimensional. It follows that f(Ry) is defined and at least a divisor in 7 (E) x T(Q).

On the other hand, an element u € Ty, Gr(3,6) ~ Hom(V3,C%/V3) belongs to the tangent space to the
Schubert variety defined by , X, if and only if u(A;) C A} and w(E;) C El. Since this must hold for all ¢ in
{1,2,3}, u defines a morphism of bitriangles (recall Definition . It thus follows from Lemma [43| that the
image of Ry by f is the divisor of isomorphic bitriangles in 7T (E) x T(Q):

(79) Rn={yeY: f(y) € T(E) x T(Q) is a pair of isomorphic bitriangles.}
It follows that Ry is irreducible, equal to II7!(By), and that By = A. O
Remark 4. One may check directly that the class of A is the class of Bri as computed by Theorem[8, namely
O(A) = Lic/p)3 (2w + 2wy, 2wy + 2004, 202 + 2w04).

We now check directly Theorem [7] in this case. First we give a full description of the face in the Horn
cone defined by v. Recall that I = J = K = {2,4,6}.

Lemma 45. The face of I'(GLg) defined by the equation |Ar| + |us| + |vi| = 0 has equations
Al + |p] + ] = 0;
)\1 :>\27>\3 :)\4,and)\5 :)\6;

p1 = p2, P = fia, and pi5 = 6 ;
V1 =Ug,V3=1V4,and Vs = Ug.

(80)

Proof. The equalities clearly imply |Ar| + |s| 4+ |vk| = 0. On the other hand, if |A7| + |us| + |vk| =0,
we get
0 = 20| + 20| + 2] < (A + |l + [v] = 0.
This proves that the middle inequality is an equality. So hold. ]

Lemma {45| shows that the face associated to (I, J, K) is contained in no face corresponding to some LR
coefficient equal to one. In particular, Theorem [2] cannot be applied to the points in this face. However,
applying our reduction formula and the hive model by Knutson and Tao [KT99], we compute explicitly those
coefficients:

Example 4. Let A\, i, v € Afy such that |X| + |u| + [v] = 0. Then mqr, (A, i, v) is equal to the number of
integers in the interval
[max(p1 — A2, p2, —v3 — A1, i1 + Vi, —Va — Ao, pu1 + pp + v2), min(p1, —v3 — Az, 1 + po +11)] .
Moreover, set A\* = (A1, A1, A2, Ao, A3, A3), and define similarly p? and v?. Then

maL, (>‘27N27 1/2) _ MGLs (Avua V)(W;GL?) ()‘,/iv V) + 1) ]

Proof. The first equality follows from [KT99]. In fact, it is explained in [PN20, Proposition 9] that c§ , is
the number of integers in the interval

[max(p1 — Az, pi2, v1 — A1, i1 — V3, V2 — Ag, fi1 + pl2 — o), min(p, v1 — Az, p1 + p2 — v3)].

Using the fact that V(*;l vaws) = Vi—vs,—va,—11), We get our formula. We want to compute mar, (A2, 12, v?)
using Corollarywith v=(v,v5,vg)and I = J = K ={2,4,6}. By Proposition one half of the branch
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divisor corresponds to the triple of partitions ((2,2,1,1,0,0),(2,2,1,1,0,0), (-1, —1,—2,—2, -3, —3)). Thus,
a term my (v (y — k), 5~ 1(¥ — k0)) in Corollary 40| is equal in our context to

(mGLB(A — k(210), i — k(210), v + k:(123)))2.

Observe that by the first point, mar,, (A — k(210), u — k(210), v + k(123)) is mar, (A, i, v) —k or 0. Indeed,
when A, i, v are replaced respectively by A — (210), u — (210), v + (123), all the integers that appear in the
max decrease by 1 and all the integers that appear in the min decrease by 2. Corollary 0] therefore gives

marg (A, V)

Y R D O
k=0

maGLg ()‘7M7V)(mGL3 (A\p,v)+1)
2

This is equal to , as stated. O

Remark 5. As we can observe here, the Littlewood-Richardson coefficients are close to being polynomials in
the coefficients of the weights. This is a general phenomenon. Kostant [Kos58, Theorem 6.2] proves that the
multiplicity of a weight in an irreducible representation is a partition function. Steinberg [Ste61] deduces that
the multiplicity of an irreducible submodule in the tensor product of two representations is again a partition
function. Rassart [Ras04, Theorem 4.1] deduces that the Horn cone can be subdivided into subcones where
the Littlewood-Richardson coefficients are polynomial in the three weights (this holds in type A; in general
the coefficients are only quasi-polynomial).

7.3. A bigger example. Here n = 10, r = 6 and G/P = Gr(6,10). Set I = {2,4,5,6,9,10}, J =
{3,4,6,7,9,10} and K = {2,4,5,7,8,10}. Set v = (v;,vs,vk) in such a way that ¢(v) = Cig(v)) AIV) =
33359911 = 2. Then, applying Theorem one gets:

1
(81) §[BH] = [£(G/B)3 (’(EQ + 2wg, wy + wr, we + w5 + w8)]
First, we prove a statement analogous to Lemma [A5}
Lemma 46. The face defined by the equation |Ar| + |ps| + |vk| = 0 in T'(GL1g) has equations

Al +[p] + |v] =03

(A5 + X6) + (7 + p10) + (vs +v8) = 0;
(82) )\1:)\2,)\3:)\4,and)\7:)\8:)\9:)\10;

M1 = {2 = [13 = 4, U5 = [6 , and [1g = [ig ;

V1 =Va,V3 =g,V =V7,and Vg = Vg .

Proof. Let F be the linear space defined by these equations. We observe that the following triples (A, u, v)
span F' and satisfy mqr,, (A, p,v) = 1:

(119,0,(=1)'7) (119,0,(=1)'7)
(1°% (=1)1%,1%) (1, (—1)10»15) (12, (-1)",1%) (1°% (=1)*(=2)%,11%)
(1% (=12 =2,1%) (1% (=1)7(=2)?,17) (1% (=1)°(=2)*,1%) (1%, (=1)7(=2)%,1%)
(18, (~1)7(~2)%,221%) (15 (~1)(~2)0,221%) (15, (~1)*(-2)*(-3)%. 2°1%) (2412, (~2)7(-3)",2°1%)

Conversely, let (A, u, v) satisfying |Ar| + |ps| + [vk| = 0 and mar,, (A, g, v) # 0. To have nicer formulas,
we write a instead of 10. We have

0 = 21|+ 2|ps| +2lvk] [Afi2y] + [Agsay] + 2X5 + 226 + [A(789a} |
lgr2say | + |56y | + 207 + [1gsoy| + 20
[viioy| + [Vgsay] 4 2vs + |vgery| + 2v8 + |v(9a} |

|Ase}| + [1gray] + [V(5sy]
0

(83)

INI 4+ +IA

The last inequality is the Horn inequality associated to the LR coefficient c(v(sey, v7a},V58}) = 02372 =1.
It follows that all inequalities in must be equalities, which implies that (A, u, ) belongs to F. O
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Remark 6. We do not know about a general procedure to compute the face given by a triple I,J, K with
c(vr,vg,v) > 1. When c(vr,vy,vk) = 1, it is known that the corresponding face has codimension 1, but
when c(vr,vy,vg) > 1 it seems an interesting problem to determine the linear span of the corresponding
face, or at least its dimension.

Remark 7. In this case, Lemma[[6 shows that the face is contained in some regular face associated to some
LR coefficient equal to one (namely c(visey, v{7a},V(s8y) = 1). Then both Theorems and can be applied
to the points of the face. These two statements are not concurrent but complementary. Indeed, by applying
these results consecutively, one gets an expression of each LR coefficient on the face of Lemma [{6 as an
alternating sum of products of three LR coefficients. The use of a two step flag variety allows to recover this
result from Corollary [{0 more conceptually. Indeed, set I, = {5,6}, J1 = {7,10} and K; = {5,8}. Set also
L=1I Jo=J, and Ko = K. The pairs (I C I), (J1 C J3) and (K; C Ks) define three Schubert classes
in F1(2,6; 10).

Consider the fibration F1(2,6;10)—Gr(6,10) with fiber Gr(2,6). The three given Schubert varieties in
F1(2,6;10) map onto X1,, X, and Xk, respectively with fibers isomorphic to Xisay, X6y and Xizs) in
Gr(2,6). The associated Schubert coefficient in Gr(6,10) is 2 and in Gr(2,6) it is ¢35, = 1. Then (see e.g.
[Ric12] ), the associated Schubert coefficient for F1(2,6;10) is 2.

Similarly, consider the fibration F1(2,6;10)— Gr(2,10) with fiber Gr(4,8). Here we find a Schubert
coefficient 1 in the base and 2 in the fiber.

Recalling the BK coefficients c© from , these two assertions imply that

(84) CQ((Il C IQ), (Jl C Jz), (K1 - KQ)) =2

and we are in position to apply Corollary . Since the incidence variety Y in F1(2,6;10) x (G/B)3 maps
birationally on that corresponding to (I, Ja, K2) in Gr(6,10) these two varieties have the same branch divisor

given by (81)):
1
5 [Bul = (3°2',2'1°,3%2°1%).

Let (A, p,v) € (AELN))‘?’ on the span of the considered face (see Lemma @)

A= AZA2As g \E
(85) [t = piH3 T pd o
V= 1/12V§I/5Vg1/81/g
The restriction to L(A\) @ L(p) @ L(v) to C is
Ao} = AsAe Afaaga) = MASAF Apigrsy = AiAsA?
H{ta} = H7H10 H{3469} = #%Haus H{1258} = H%%Hs
Vis8} = V58 Vi247a} = V1V3VeV9 V{1369} = V1V3Vel9.
Similarly, the restriction of 3[Bu) to C is as an (SLa x SLy x SLy)-linearized line bundle
22 3200 3200

10 2210 2210
21 3210 3210.

It has the same invariant sections as the (GLgy x GLy4 X GLy)-linearized line bundle

00 3200 3200
10 2210 2210
0-1 -1-2-34 -1-2-3-4.

Hence Corollary[{0 gives:

mary, (A ) = 3, (=1 mar, (As e, pr-k pio, vs vs+k)
X mGL4(/\1—3k )\3*2]41 )\%, (,U172]€)2 [1,57]{} s, I/1+]€ l/3+2]€ l/6+3k l/9+4k’)2 .
For A = [41,41,36,36,35,24,0,0,0,0], ¢ = [—41, —41, —41, —41, —48, —48, —49, —65, —65, —72] and v =
[49,49, 42,42, 40,25, 25,22, 2, 2], this formula gives

6=1x3>—-1x22+1x12%
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Given a point as in , one can also apply Theorem to the triple (I, J1, K1) to get

MaL, (A 11, V) = mar, (AsXe, irii10, Vsvs)maLs (ATAZAT, 1l paps, vivavgvg).

But, for I = {2,4,7,8}, J = {3,4,6,8} and K = {2,4,6,8} we have c¢(I,J,K) = 335951 = 2 and one can
apply Theorem to the second factor. Since %[Blﬂ = (wy + @y, w4 + @e, o + w6) = (2212,2412,2214), one
gets that mar,, (A, i, v) is equal to

MGL, ()\5)\67 M7 lh10, 1/51/8) Z(_l)kaL‘l ()\172]{? /\37]{? )\%, M%+k3 M5+2k /Jg+3/€, V1—2k‘ Ug—k l/Gfk U9)2.
k>0

Applied to the explicit example above, one gets
6=1x (32 —2%41%).
7.4. Our map between LR coefficients equal to 2. Fix a positive integer r and consider the set

LRo(r) = {(A\, m,v) € (M) |5, = 2}

(here A;" denotes the set of partitions with at most r parts). Start with a triple (\, u,v) € LR2(r) and let
n = r 4+ max(A\j, pu1,v1) =r+wvy. Set I,J, K C {1,...,n} corresponding to A, u,v. Our construction in
Section yields a variety Y (v), a morphism II : Y (v) — Fl(n)?, and a branch divisor By C Fl(n)? given
by a triple («a, 8,7) of weights of SL,,. By Theorem

(afvﬁJv’YK) S LRQ(T)a

yielding a map from LRs(r) to itself.

We do not understand the orbits of this map. For example, we do not know if any orbit is finite. We
checked (see [CR]) that for n < 12 the orbits contain at most 4 different elements of LRy(r). Here is an
example in LRy(7):

o 242321 _ 2
C5421,53212 =

+

cl6 151413292 _ 2
03874,927265

4
3421
C3251 321 = 2

)

Cg§3§43421 2
The first studied example with I = J = K = {2,4,6}, corresponding to ¢33, = 2 in LR2(3), is a fixed
point of this map.

7.5. Examples in type B,C, D. Many results in this section were obtained with the help of a computer,
see [CR]. Given a weight ¢, we associate a partition A to it with parts A; such that ¢ = > \e;, with the
notation of [Bou02], (note that, given ¢ all the coefficients A; are in Z or they are all in § + Z). In type
B, C, D, the vector representation has dimension N and we chose by convention that the bilinear form takes
non-zero values exactly on the pairs (e;, en41—;) of vectors, see Section

7.5.1. G = Spin(2n + 1). Number the simple roots as follows: M —O0—C==0. Note that the

n—2 n-1 n
Horn inequality associated to a triple (I,.J, K) of subsets of {1, . .,n} U{n +2,...,2n 4+ 1} such that
(I, J,K) #0 is
(86) IArain) | = Mgzl + Honmn | = ltgaprzzer) + Veonml — Meapasanr) < 0
In the cohomology of the quadric Q7, for I = J = {7} and K = {6}, we have oy ©@ oy © ogey = 2[pt]
and means

(87) As + ps + v > 0.
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Using [CR], we get 0 = (wy, w2, ws3) = (12,12,13) and is an equality, as predicted by Proposition
Here L* = Spin(7). We put superscript wG and @’ to make the difference between Weights of G and
L We have v; 1 (w§) = v, 1 (€§ + €§) = €§ + €, and its restriction to L is X + €&, namely w¥. Similarly,
(v (@$))F = 2w, Using the equality mp, (s, ws, 2ew3) = 1 and the following Remark [§ l we get:

my (kvr~ v91,kU3192,kvl}193) = mp, (kws, kws, 2kws) = 1.

Corollary gives mg (kwa, kwa, kws) = 1 if k is even and 0 if k is odd, consistently with the non-saturation
of the tensor Semigroup F(G) = {(Cla <27 C3) € (Ag)g : mG(Ch CQ? C3) 7& O}

Remark 8. The group Spin, has a dense orbit in OG(2,7) x OG(2,7) x OG(3,7).

Proof. Pierre-Emmanuel: » Si tu raccourcis cette preuve, laisse la en commentaire stp, et je la
mettrai dans la version longue. <

We consider the isotropic space C2 generated by e; and eg, the isotropic space Cg generated by eg
and e7, and the non-isotropic space C? generated by es, e4,e5. Let Vi be the isotropic space generated by
v = ej+e3,v2 = es—e7 and v3 = ea+eq —eg. We claim that the isotropy of the triple (C2, CZ, V3) in Spin, is
1-dimensional, which proves the statement since dim(OG(2,7) x OG(2,7) x OG(3,7)) = 20 = dim(Spin;) — 1.

Let indeed g be in the isotropy. Since g stabilizes C2 and Cg, it stabilizes C? as it is the subspace orthogonal
to C2 @ C?. The action of g on C7 ~ (C2)* is the dual of that of g on CZ.

Observe that g must stabilize the line generated by vy, since it is the intersection of V3 and C2 & C3.
Similarly it stabilizes the line generated by ve. It follows that there exists a scalar A such that g-e; =
Ae1,g-e3 = Aes,g-er = A ler and g-es = A7les. Then g preserves C2 N e+, which is the line generated
by es. It follows that there exists a scalar p such that g-e; = pes,g-eg = u teg and g - eq = e4. Since
g preserves the line generated by vz, we have yu = 1. Thus g is uniquely defined by A and the isotropy has
dimension 1. O

In the cohomology ring of OG(4,9), for I = J = {3,6,8,9} and K = {1,3,6,8}, we have 0y ® 05 O og =
2[pt]. Inequality means

(88) A+ Ao+ Ay g g Fve vy > Az ps vy s,
Using [CR], we get 0 = (w3, ws, w1 + w3) = (130,120,2120) and once again, is an equality.
Here L% = SL( ). We have v; ! (01) = v;1(0?) = ful_l(e1 +€§ +€§) = —€§ — €5 + €§ and this restricts

to 2el + el = wl + wl. We also have Vi (03) =wl + ol + ol We get mp(kvy g1 ka192 kv;(lﬂ?’)
3 %kakk =k+1 Corollary.glves mG(kW3, kws, koo + ws) = [£].

In the cohomology ring of OG(4,9), for I = {3,6,8,9} and J = K = {2,4,7,9}, we have oroj0x = 2[pt]
and oy ® 05 ® og = 0. Inequality means

(89) AL+ Ao+ A+ pn +pz v+ vz > A3+ o+ pg +ve + vy

Using [CR], we get 0 = (w3, @2 + wa, w2 + wa) = (130,3(3212),1(321?)), and this does not belong
to the face. This shows that the Levi-movability assumptlon in Proposition [39] is necessary. Moreover,
dim (V& (0") © Vi (0%) @ Ve (62))9 = 2 and dim (Vi (20") @ Vi (262) ® Vi (26%))¢ = 6. The restriction of £ [Br]
to C is (21,321, 321). Corollary [40] does not apply.

7.5.2. G = Spin(8). Number the simple roots as follows:
12

4
In the cohomology ring of the orthogonal Grassmannian OG(2,8), we have o6 8y0¢3 710371 = 2[pt] and
016,8y © 03,7y © 037y = 0. The corresponding inequality is Ay + A3 + p2 +v2 > p3 +v3. Using [CRI, we get
1[Bn] = (w2, @1 + w3 + w4, @1 + w3 + w4) = (11,211,211), and this does not belong to the face. We have
dim (Ve (0') ® Ve (6%) @ Ve (6?))¢ = 3 and dim (Vg (20") @ Ve (260?) @ Ve(2602))¢ = 7 # 352 (compare with
Theorem .
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7.5.3. G = Sp(8). Number the simple roots as follows: O—0—0==0.
1 2 3 4

In the cohomology ring of the Lagrangian Grassmannian 1G(4,8), we let I = {2,5,6,8}, J = {3,4,7,8}
and K = {2,4,6,8}. Then we have o7 ® 05 ® ok = 2[pt] and we have 0 = (w2, w4, ws) = (1202, 1%,1%).
Moreover L* = SL(4) and L(0),c corresponds to (211,22,22). Hence my (kv; "0, kvy 0% kv 6%) = 1.
Corollary 40| gives the equality meg(kws, kwa, kwog) = 1 if k is even and 0 if k is odd, consistently with the
non-saturation of the tensor semigroup.

In the cohomology ring of the symplectic Grassmannian 1G(2,8), we have o5 7y0¢5 730(4,7} = 2[pt] and
057y © 05,7y ©0oqa7y =0. We get 0 = (w1 + w3, w1 + w3, w2 + @4), and this does not belong to the face.
We have dim (Vg (1) @ Vg (0%) @ Vg (0%))¢ = 3 and dim (Vg (260') ® Ve (20%) @ Vg (262))¢ = 11.

APPENDIX A. APPENDIX: PUZZLES

A.1. Some computations. In this appendix, we give an example for recent results [KP11) [Res11al [Ric12]
about such coefficients when G/P is a partial flag variety. Even more precisely, we consider the flag variety
FI(3,6;9) parametrizing flags (V3 C Vg) in C? with dim(V3) = 3 and dim(Vs) = 6. We have F1(3,6;9) = G/P
and Gr(6,9) = SLg/Q with P C @ C G = SLg the corresponding parabolic subgroups.

Consider the Schubert class w = ({3,6,9} C {2,3,5,6,8,9}) for FI(3,6;9). The projection of the Schubert
variety X, on Gr(6,9) is X; with I = {2,3,5,6,8,9}. Its intersection with the fiber Gr(3,6) is X; with
J ={2,4,6}.

Example 5. We have the equalities
CGr(3,6)(Ja Jv J) =2 5 CGr(6,9) (Ia Ia I) =3 ) and CF1(3,6;9) (wv W, UJ) =6.

Remark 9. Since 6 = 3 x 2, this example is compatible with [DW11l Theorem 7.14|, |[Ric12, Theorem 1.1],
and |[Resllal, Theorem A]. However, it shows that [KP11, Theorem 3] cannot be correct, since the right hand
side of [KP11l Theorem 3| is equal to 2% 22 = 8.

Proof. Recall [KT03| that the Belkale-Kumar coefficients in type A flag varieties can be computed as a
number of puzzles. The 2 puzzles corresponding to the equality cqy(3,6)(/, J, J) = 2 are displayed in Appendix
The puzzles corresponding to the equality cg.(6,0)(f, I, 1) = 3 are displayed in Appendix and the
puzzles corresponding to the equality cpi(3,6;9) (W, w,w) = 6 are displayed in Appendix |

Remark 10. [KP11l Theorem 1| is compatible with this example, but [KP1I, Theorem 2| is not. In fact,
let us denote by R the puzzle displayed on the left in Appendz'a: (with a Rhombus over the edge drawn
with a thick line) and by T the puzzle on the right (with a Triangle). Performing the map (Das, D13, D12) of
[KP11l, Theorem 2] on the siz puzzles of Appendix we get the siz triples (R, R, R), (T, R, R), (T,T, R),
(T,7.7), (R,R,T), (R, T,T). So the map in [KP11l Theorem 2] is injective, but its image misses the two
triples (R,T,R) and (T, R, T).
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1.2. The puzzles for cgys6)(J,J,J) = 2 with J = {2,4,6}.

1.3. The puzzles for cg,9)(I,1,1) =3 with I ={2,3,5,6,8,9}.

AVAVAVAVAVAVAVAVAN

1.4. The puzzles for cr(s 9 (w,w,w) = 6 with w = ({3,6,9} C {2,3,5,6,8,9}).
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