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1. INTRODUCTION

1.1. A brief history of the Horn conjecture. In some sense, the very starting
point of this work is the problem of determining the possible spectra of a sum of
Hermitian matrices each with known spectrum. Problem of which a brief history
reads as follows (see [Ful00, Bril2 [Kumil5]). In 1912, Herman Weyl [Wey12] gave
some necessary conditions on the spectrum of the sum, called Weyl inequalities,
which had many applications. In 1962, Alfred Horn [Hor62] gave a list of necessary
conditions (called Horn inequalities) and conjectured that it is also sufficient, i.e.
solves the problem completely. Horn’s conjecture remained open for 36 years until
the works of Klyachko [KIy98| and Knutson and Tao [KT99] . Klyachko showed
that Horn’s conjecture follows from the Saturation conjecture, and Knutson and
Tao proved this conjecture.

To state the saturation conjecture, consider the set of triples (A1, Ao, ) of ra-
tional dominant weights for the unitary group U(n) such that there is a positive
integer N for which the tensor product of the highest weight U(n)-representations
V(NA1) and V(N Az) contains V(N p); it is called the tensor cone of U(n). One can
show that the closure of this cone is exactly the set of spectra of Hermitian matrices
A, B, C such that A+ B = C. The saturation conjecture (proved by Knutson and
Tao) says that if A1, Ag, p are integral and the product of V(N A1) with V(N )3) con-
tains V(N p) for some positive integer N then the product V(A1) ® V(Az2) contains
Vi(p).

The tensor cone can be defined for any connected compact Lie group, or equiv-
alently, for any complex connected reductive group, or still equivalently, for any
reductive complex Lie algebra. Following Klyachko and Berenstein-Sjamaar [BS00],
Belkale-Kumar [BK06] obtained an explicit finite list of inequalities describing the
tensor cone of any connected compact Lie group. The Saturation conjecture, on the
other hand, is false in this generality, but there exist positive integers d such that
if the product V(N X;) and V(N)3) contains V(N p) for some N and A\ + Ao — p
belongs to the root lattice then it holds for N = d (and hence for any multiple of d).
Such integers are called saturation factors, and Belkale, Kumar, Kapovich-Millson
and Hong-Shen obtained various upper bounds for the smallest saturation factor
for every group. Nevertheless, the precise value is still not known even for classical
groups. For example, Kapovich-Millson’s conjecture stating that 1 is a saturation
factor for any simply laced group is still open.

In 2014 Brown-Kumar [BKO06] studied the tensor cone for symmetrizable Kac-
Moody algebras, and gave an infinite list of inequalities analogous to Belkale-Kumar
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inequalities which conjecturally describes the tensor cone. The main contribution
of the paper is a new approach which allows to prove the Brown-Kumar conjecture
for untwisted affine Lie algebras, which is the most important class of infinite-
dimensional Kac-Moody algebras. Another important result is the calculation of
upper bounds for saturation factors for such algebras. The proof of the Berown-
Kumar conjecture decomposes in several steps, many of which generalize to any
symmetrizable Kac-Moody algebra.

1.2. The tensor cone. Let A be a symmetrizable irreducible generalized Cartan
matrix of size [ + 1. Let h D {ay,...,)} and b* D {ap,...,aq} =1 A be a
realization of A. We fix an integral form bz C b containing each «;’, such that
bz := Hom(hz,Z) contains A and such that hz/ ® Za} is torsion free. Set b =
hz ®Q C []*, P+7Q = {)\ S [)6 | <Oé;/,)\> Z 0 VZ}, and P+ = [)Z OP+7Q.

Let g = g(A) be the associated Kac-Moody Lie algebra with Cartan subalgebra
h. For A € Py, V()\) denotes the irreducible representation of g with highest weight
A. Define the tensor semigroup as

I'n(g) := {(A1, Ao, ) € P} | Vp) C V(M) @V (A2)},

and the tensor cone as

L(g) :={(A1, Ao, ) € P} o|3N > 1 V(Np) CV(NMN) @ V(NX)}.

1.3. The main result. Let G be the minimal Kac-Moody group as in [Kum02,
Section 7.4] and B its standard Borel subgroup. Let (wqy, ..., walv) C ho be el-
ements dual to the simple roots. Let W be the Weyl group of A. To any simple
root «;, is associated a maximal standard parabolic subgroup P;, its Weyl group
Wp, C W and the set Wi of minimal length representative of elements of W/Wp,.
We also consider the partial flag ind-variety G/P; containing the Schubert varieties
X = BwP;/P;, for w € WFi. Let {ey}yewr C H(G/P;,Z) be the Schubert
basis dual to the basis of the singular homology of G/P; given by the fundamen-
tal classes of X,,. Inspired by the Belkale-Kumar definition [BK06, Section 6] in
the finite-dimensional case, Kumar defined in [Kuml10] a deformed product ©&q on
H*(G/P;,Z), which is commutative and associative.

Theorem 1. Assume that g is an affine untwisted Kac-Moody Lie algebra with
central element c. Let (A1, A2, ) € P} o be such that Ai(c) > 0 and Ay(c) > 0.
Then,

(A1, A2, 1) € I'(g)
if and only if

(1) plc) = Aile) + Aa(o),
and
(2) (1, vy ) < (A1, u1@ay ) + (A2, U2,y )

for any i € {0,...,1} and any (u1,us,v) € (W) such that, in H*(G/P;, Z), €,
occurs with coefficient 1 in the deformed product

€y D€y -
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The statement of Theoremis very similar to [BKO0G, Theorem 22] that describes
I'(g), if g is finite-dimensional. In the next subsection, we review shortly, several
approaches used in the literature to study I'(g) and argue why these methods do
not apply in the Kac-Moody setting. Then we present our new approach.

1.4. Various approaches. Several tolls have already been used to tackle the Horn
conjecture and its generalizations. Numerous inequalities (necessary conditions)
[Wey12| [Lid50, (Wieb5l [TET71L [Hor62] were first obtained using the min-max de-
scription of eigenvalues and the Rayleigh trace. Next, the introduction of sym-
plectic geometry and moment map techniques allowed to get qualitative convexity
results (see [Hec82, [Kir84l [Sja98]). The interpretation of the problem in terms
of tensor product decomposition [Nes84, Appendice| is another decisive step. In
1994, Klyachko’s breakthrough was to interpret the Horn inequalities as semista-
bility conditions, allowing him [KIy98| to prove sufficient conditions for a triple of
weights to belong to the Horn cone. Next, semistability, and more precisely the
Hilbert-Mumford theorem is used in [BS00, Bel01l, BKO06), Res10] in a crucial way.

For the Lie algebra sl,(C), the multiplicities of the tensor product decompo-
sition are the Littlewood-Richardson coefficients. These coefficients are also, the
structure constants of the cohomology rings of Grassmannians. This remark allows
to transpose the Horn problem in the world of Schubert calculus. Belkale [BelO6]
used a very nice interpretation of Horn inequalities. Namely, the non-vanishing
of a given Littlewood-Richardson coefficient can be interpreted as the possibility
to translate Schubert varieties to get a transverse intersection. Then, some linear
map between tangent spaces has to be injective. It turns out that this linear map
is block triangular, with rectangular blocks. Here, the Horn inequalities are inter-
preted as necessary conditions on the size of these blocks to allow the existence of
such invertible linear maps.

Still another approach, introduced by Knutson-Tao [KT99|, consists in using
combinatorial models to express Littlewood-Richardson coefficients like BZ-paterns,
honeycombs or puzzles. This approach allowed to prove saturation [KT99|, irre-
dundancy [KTWO04] and gave recent developments [APS17].

The theory of Bruhat-Tits buildings gives a connection between metric geome-
try and representation theory of complex semisimple algebraic groups. In this ap-
proach, the Horn inequalities are interpreted as triangle inequalities (see [KLMOS|
or [Kuml4, Appendix]).

Another tool used to study the Horn problem is representation theory of quiv-
ers. Here, both semi-stability and transversality conditions appear with subtle and
fruitful interplays (see [DWO00Q, [(CBG02, BVW1T]).

One can observe that none of these approaches seem useful to show Theorem
Indeed, Geometric Invariant Theory does not apply to the action of a loop group
on an ind-variety and there is no known extension of the Hilbert-Mumford theorem
in this context. The methods of semistability was adapted to the so called multi-
plicative Horn problem (e.g. the question of describing the possible eigenvalues of
the product of two unitary matrices with known spectra) using principal parabolic
bundles on curves (see [AW98] [BK16, [Res13]). For Theorem [1} no such notion of
semi-stability seems to be known.

The approach in terms of Schubert calculus relies on a numerical coincidence:
the Littlewood-Richardson coefficients encode both tensor product decoposition for
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U (n)-representations and Schubert calculus for the Grassmannians. Such coinci-
dences are not known beyond the type A.

The use of combinatorial models like honeycomb was used only in type A.

In [GR14], Gaussent-Rousseau defined an avatar of the Bruhat-Tits building for
Kac-Moody groups, called masures. It is an intersting open question to see if the
masures can be used to prove Theorem [I]or saturation results like Theorem [3|below.

1.5. Our approach. We now explain (roughly speaking) our strategy.

Consider the cone C(g) defined by equality and inequalities . It remains
to prove that, up to the assumption “A;(c) and A2(c) are positive”, the cone C(g) is
equal to I'(g). The proof proceeds in five steps.

STEP 1. I'(g) is convex.
This is a well-known consequence of Borel-Weil’s theorem (see Lemma [4)).

STEP 2. The set I'(g) is contained in C(g).

This step is proved in [BK14] and reproved here. The first ingredient is the easy
implication in the Hilbert-Mumford’s theorem. Indeed “semistable = numerically
semistable” is still true for ind-varieties and Kac-Moody groups. In the finite-
dimensional case, the second argument is Kleiman’s transversality theorem. In
[BK14], it is replaced by an argument in K-theory which express the structure
constants of H*(G/P;,Z) as the Euler characteristic of sheaves supported by the
intersection of three translated Schubert or Birkhoff varieties. Here, we refine this
argument by proving a version of Kleiman’s theorem that allows to express these
structure constants as the cardinality of the intersection of three translated Schubert
or Birkhoff varieties.

STEP 3. The cone C(g) is locally polyhedral.

This is a consequence of Proposition [4| below. We study the inequalities
defining C(g). In particular, we use some consequences of the non-vanishing of
a structure constant of the ring H*(G/P;,Z) (see Lemmas [17| and [18| below and
[BK14)).

STEP 4. Study of the boundary of C(g).

Let (A1, A2, ) be an integral point in the boundary of C(g). Step 3 implies that
some inequality has to be an equality for (A1, Aa, ). Then, one can use the
following Theorem 2| to describe inductively the multiplicity of V(x) in V(A1) ®
V(A2). Let o be a simple root and let L; denote the standard Levi subgroup of
P;. For w € WP and A € P., w™!'\ is a dominant weight for L;: we denote by
Vi, (w™t\) the corresponding irreducible highest weight L;-representation.

Theorem 2. Here, g is any symmetrizable Kac-Moody Lie algebra and o; is a
simple root. Let (A1, Ao, ) € P3. Let (u1,us,v) € (W)3 such that €, occurs with
coefficient 1 in the ordinary product €, .€,,. We assume that

(3) (1, v@ay) = (A, u1@ay ) + (A2, uaw@ay).

Then the multiplicity of V() in V(A1) ® V(A2) is equal to the multiplicity of
VLi (villu‘) in VLq‘, (u1_1>‘1) & VLi (u2_1)‘2)
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Note that Theorem [6] and its corollary in Section [f] are a little bit more general
than Theorem [21

STEP 5. Induction.

While there are numerous technical difficulties, the basic idea is simple. By
convexity, it is sufficient to prove that the boundary of C(g) is contained in I'(g).
Using Step 4, this claim can be proved by induction.

Namely, consider a face F of codimension one of C(g) associated with some
structure constant of H*(G/P;, Z) for & equal to one. We have to prove that F is
contained in I'(g). By Theorem I, it remains to prove that the points of F satisfy
the inequalities that characterize the tensor cone I'([;) of the Lie algebra [; of L;.
Fix such an inequality associated with a structure constant of H*(L;/(P; N L;),Z)
for ®¢ equal to one. Consider the flag ind-varieties:

L;/(P;NL;) G/(P;NP;))

/\

Proposition [3| shows a property of multiplicativity for structure constants of the
rings H*(G/P, Z) that gives us a structure constant of H*(G/(P, N P;),Z) equal to
one, for the ordinary product. A crucial point is Theorem [7]that proves that, if the
considered inequality of I'([;) is “useful” then this structure constant of H*(G/(P; N
P;),Z) is actually nonzero for ®g. Then we get a structure constant of H*(G/P;, Z)
for ®¢ equal to one. In particular, this gives an inequality of C(g) that corresponds
to the desired inequality of T'(;) when restricted to the span of F.

If we prove Theorem [1| only for the untwisted affine case, the general strategy
should work more generally. For this reason, we prove some intermediate results for
any symmetrizable Kac-Moody Lie algebra. In particular Steps 1, 2 and 4 works
with this generality. Proposition [3] of multiplicativity also holds in this context.

1.6. Saturation factors. Let () denote the root lattice of g. We are now intersted
in the tensor semigroup. The semigroup I'n(g) is not finitely generated when g
is affine. Despite this, we obtain explicit saturation factors dy such that, for any
(A1, A2, 1) € T(g)N(Py)3 such that Ay + X2 —p € Q, V(dop) is a sub-representation
of V(dpA1) ® V(doAz). Observe that the condition A\; + Ay — 1 € @ is necessary to
have V(u) C V(A1) ® V(A2), because of the action of the center of G.

To describe our saturation factors, we need additional notation. Up to now, g
is the affine Lie algebra associated with the simple Lie algebra g. Let us define
the constant ks to be the least common multiple of saturation factors of maximal
Levi subalgebras of g. The value of ks depends on known saturation factors for
the finite-dimensional Lie algebras. With the current literature (see Section [L0J),
possible values for kg are given in the following tabular.

Typeof g || 4 | Byl >4) | Gyl >2) | Dyl = 5) | Ds| Byl =2,3)
ks 1 4 2 4 1 2
Type of g || Fg E; FEg Fy Go Gs
ks 36 144 3600 144 2 3
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Let k; be the least common multiple of coordinates of the highest root @ written
as a combinaison of simple roots. The values of kg are

Type || 4y | Byl =2) [l =3) | Dyl > 5) | B | E7 | Es | Fu | Ga
ky || 1 2 2 2 6 | 12|60 |12 6

Theorem 3. Let (A1, A2, i) € (P1)3 such that there exists N > 0 such that V (N p)
embeds in V(N ) @ V(NX2). We also assume that A\ + Ao — 1 € Q.
Then,
(i) if ks = 1 then for any integer d > 2, V(dkzp) embeds in V(dkghi) ®
V(dkgA2);
(ii) if ks > 1 then V(kgksp) embeds in V (kgksA1) @ V(kgksAz).

Observe that, in type A, kyk, = 1 and Theorem [3| proves that any d > 2 is a
saturation factor. Note that d = 1 is not a saturation factor in this case. The case
Ay was previously obtained in [BK14].

Let § denote the fundamental imaginary root. We also obtain the following
variation.

Theorem 4. Let (A1, Ao, 1) € (Py)3 such that there exists N > 0 such that V (N )
embeds in V(NA1) ® V(NX2). We also assume that Ay + Ao — p € Q.
Then, for any integer d > 2, V(kgksp — dd) embeds in V (kgksA1) @ V(kgksAa).

In Section we collect some technical lemmas used in the paper.
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2. IND-VARIETIES

2.1. Ind-varieties. In this section, we collect definitions, notation and properties
on ind-varieties. The results are certainly well-known, but we include some proofs
by lack of references. They will be applied to ind-varieties derived from flag ind-
varieties of Kac-Moody groups.

2.1.1. The category. Let (X,)nen be a sequence of quasi-projective complex va-

rieties given with closed immersions ¢, : X, — X,+1. The inductive limit

X = limX, is called a filtered ind-variety. The Zariski topology on X is de-
—

fined by setting a subset F' closed if F'N X, is closed for any n € N. A continuous
map f : X — Y = limY,, between two filtered ind-varieties is a morphism if
—

for any n € N there exists m € N such that f(X,) C Y, and the restriction
fam @ Xn — Yy, of f is a morphism of quasiprojective varieties. A closed subset
7 of X is said to be finite-dimensional if there exists n € N such that Z C X,.
Roughly speaking, an ind-variety is obtained from a filtered ind-variety by for-
getting the filtration. Let X/ C X be finite-dimensional closed subsets such that
X = UpenX), and X) C X{ C --- X/ C ---. Then X’ = hi{er/z is a filtered

ind-variety. The filtrations (X,)nen and (X! )nen are said to be equivalent if the
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identity maps X — X’ and X’ — X are morphisms. An ind-variety is a fil-
tered ind-variety endowed with the collection of all the equivalent filtrations or,
equivalently, a filtered ind-variety up to isomorphism.

The above definitions are available on any algebraically closed field. Over com-
plex numbers (or more generally an uncountable field) this definition can be sim-
plified thanks to Lemma[l] We will use it repeatedly to change the filtrations of a
given ind-variety.

Lemma 1. Recall that we work over complex numbers. Let X = UpenXn be a
filtered ind-variety. Assume, we have a family (X])nen of closed finite-dimensional
subsets in X such that X, C X],; and X = UpenX,,.

Then the two filtrations (X, )nen and (X))nen are equivalent.

Proof. Set X’ =lim X],. By assumption, for any n there exists m such that X, C
—

X,,. Hence the identity map Id : X’ — X is a morphism.

Conversely, show that Id : X — X’ is a morphism. Let C' be an irreducible
component of some X,,,. Then C = U, X/ NC and X] NC is closed in C. Assume
that for any n, X! NC # C. Then, for any n, dim(X/ NC) < dim C. Hence C is the
union of countably many subvarieties of smaller dimension. This is a contradiction
since we are working on the uncountable field of complex numbers: there exists n¢o
such that X, NC =C.

Since X,,, has finitely many irreducible components, there exists Ny such that
Xno C X}y, Then the identity map X — X' is a morphism. |

A filtration X = U, X, of an ind-variety is a collection of closed finite-dimensional
subsets X,, such that X is the nondecreasing union of the X,.

For z € X, the tangent space T, X of X at x is defined to be lim 7, X,,.
—

2.2. Irreducibility. An ind-variety X is said to be irreducible if it is as a topolog-
ical space for the Zariski topology. Assume a filtration X = U, X, is given. If the
poset of irreducible components of the X,,’s is directed for inclusion then X is irre-
ducible. Here, a poset is said to be directed if for any two elements x, y there exists
z bigger or equal to both z and y. Contrary to what [Sha81l, Proposition 1] claims,
the converse of this assertion is not true (see [Kam96 [Stal2] for examples). Here,
the filtered ind-variety X is said to be ind-irreducible if the poset of irreducible
components of the X,,’s is directed for inclusion. The following lemma shows that
the ind-irreducibility does not depend on the filtration and can be defined for ind-
varieties.

Lemma 2. Let X be an ind-variety. The following assertions are equivalent:

(i) for any filtration X = U,enX,, the poset of irreducible components of the
X, ’s is directed;
(ii) there exists a filtration X = UpenX, such that the poset of irreducible
components of the X, ’s is directed;
(iii) there exists a filtration X = UpenX,, with X,, irreducible, for any n.

If X satisfies these properties then X is said to be ind-irreducible.

Proof. We prove (i) = (ii) = (i) = (¢). The first implication is tautological.
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Show (#i) = (i4i). The variety X,, having finitely many irreducible components,
the assumption implies that

VYn dN and an irreducible component C'y of Xy such that X,, € Cy.

Then one can construct by induction an increasing sequence ¢ : N — N and

irreducible components C,) of X, such that

(4) Vn Xom) C Comtr) C Xpmt1)-

Note that the Cy,)’s are closed, satisfy Cy,) C Cyrnyr) and X = UpenCy(n)-
Hence by Lemma [T} they form a filtration of X by irreducible subvarieties.

Show (ii%) = (i). Fix a filtration X = U,enX,, by irreducible finite-dimensional
closed subsets X,,. Let X = U,enX, be another filtration. Consider two irreducible
components C;, and C)_ of some X and X . There exist N; and Ny in N
such that C;, UC), C Xy, C Xjy,. Now, Xy, being irreducible, there exists an
irreducible component C§V2 of X 5\/2 containing X, . Hence the poset of irreductible

components of the X/, is directed. (]

Examples.
(i) The simplest examples A(>®) = linA"7 p(e) = linP" of ind-varieties are
ind-irreducible.

(ii) A nonempty open subset of an ind-irreducible ind-variety is ind-irreducible.
A product of two ind-irreducible ind-varieties is ind-irreducible.

(iii) Consider a surjective morphism f : X — Y of ind-varieties. If X is
ind-irreducible then so is Y. Indeed, let X = U, X, be a filtration of X by
irreducible finite-dimensional subvarieties. Denote by Y,, the closure in Y
of f(X,,). Then, by Lemma Y =U,Y,, is a filtration of Y by irreducible
subvarieties. Hence Y is ind-irreducible.

(iv) If G is a Kac-Moody group and P is a standard parabolic subgroup then
G/ P is a projective ind-irreducible ind-variety. Indeed, a filtration of G/P
is given by the unions of Schubert varieties of bounded dimension. The
Bruhat order being directed (see e.g. [BB0S, Proposition 2.2.9]), G/P is
ind-irreducible.

(v) The Richardson varieties being irreducible (see [Kum02]), the Birkhoff
subvarieties of G/P are ind-irreducible.

(vi) Let G be the minimal Kac-Moody group as defined in [Kum02| Section 7.4].
Then G is an ind-irreducible ind-variety. Indeed, for each real root 3,
denote by Ug : C — G the radicial subgroup. Consider an infinite word
w = B1...0,... in the real roots of g such that any finite word in these
roots is a subword of w. Consider the map

6: A — @
(ri)ien  +— 11 Us,(7),
where the product is made in the order given by w. Since G is a group-
ind-variety and the Ug’s are morphisms of ind-varieties, § is a morphism
of ind-varieties. By definition, it is surjective. By Example , G is
ind-irreducible.

Another result we need, is the following.
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Lemma 3. Let X be an ind-irreducible ind-variety. Let ) be a nonempty open
subset of X.

Let (X,)nen be a collection of closed finite-dimensional subsets of X such that
X5 C Xpg1 and Upen X, contains €.

Then X = UpenXy 18 a filtration of X.

Proof. Fix a filtration X = U,enX, by irreducible subsets of X intersecting (2.

Let ng € N. Observe that X, NQ C Upen(X,,, NX,, NQ). But X;, NX,NAQ
is a locally closed subvariety of X, and the sequence n — dim(X; N X, NQ)is
nondecreasing.

Assume that dim(X,, NX,NQ) < dim(X, NQ), for any n. Then X, NQ is the
union of countably many strict subvarieties. This is a contration since the base field
is uncountable. Hence there exists N such that dim(X,, NXxNQ) = dim(X,, NQ).

Then, X,’10 N$2 being irreducible, it is contained in X . But X is closed and X,’l0
is irreducible. Hence X;lo has to be contained in Xy. In particular, X = U,X,.
We conclude using Lemma [T] ([l

2.3. Line bundles. Let X = U,enX,, be a filtered ind-variety. Denote by ¢, :
X, — X the inclusion. A line bundle £ over X is an ind-variety with a morphism
7w : L — X such that ¢} (L) is a line bundle over X,,, for any n.

A section of £ is a morphism ¢ : X — L such that moo = Idx. We denote by
HO(X , L) the vector space of sections. Given a section o, the sequence of sections
(07, = 125(0))nen satisfies

(5) On+lix, = On-

Conversely, a sequence o, of sections of ¢} (£) on X, satisfying condition () induces
a well defined section o of £ such that o,, = ¢} (o) for any n.

3. UsING THE BOREL-WEIL THEOREM

Using the Borel-Weil theorem, we express the tensor multiplicities as the dimen-
sions of spaces of invariant sections of line bundles. The infinite dimensional setting
needs to be careful with duality.

3.1. Tensor multiplicities. Recall that g is a symmetrizable Kac-Moody Lie al-
gebra. For given A; and Ay in P, V(A1)®V (\2) decomposes as a sum of integrable
irreducible highest weight representations (see [Kum02), Corrolary 2.2.7]), with fi-
nite multiplicities:
VO @ V) = €D V).
nePy

Let M be a g-representation in the category O; under the action of h, M decom-
poses as @, M,, with finite-dimensional weight spaces M,. Set MY = @, M it is
a sub-g-representation of the dual space M*.

3.2. Multiplicities as dimensions. Recall that G is the minimal Kac-Moody
group associated with g. Let B be the standard Borel subgroup of G and B~ be
the opposite Borel subgroup. Consider G/B and G/B~ endowed with the usual
ind-variety structures. Set o = B/B (resp. o~ = B~ /B™), the base point of G/B
(resp. G/B~). For A € h% = Hom(7,C*) = Hom(B,C*) = Hom(B~,C*), we
consider the G-linearized line bundle £(\) (resp. £_(\)) on G/B (resp. G/B™)
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such that B (resp. B™) acts on the fiber over o (resp. 0~) with weight —\ (resp.
A). For A € Py, we have G-equivariant isomorphisms (see [Kum02, Section VIII.3])

HY(G/B,L())) =~ Hom(V()),C),
H(G/B~,L£_()\)) ~ Hom(V(\)V,C).
Set
= (G/B™)? x G/B.

A significant part of the following lemma is contained in [BK14, Proof of Theo-
rem 3.2].
Lemma 4. Let A1, Ao, and p in Py. Then the space

HY(X, £ (A1) ® £ (M) @ L(1)“

of G-invariant sections has dimension c’)fl - In particular, this dimension is finite.

Proof. Set L=L_(A1) ® L_(X2) ® L(u). We have the following canonical isomor-
phisms:

H"(X, £)¢ V()Y @ V(A2)' ® V(n),C)¢
V() (V(A)Y @ V(X2)”
Hom(V (u), (V(A A2
Hom(V (u

om(
m(
( )Y @ V(
), V(A1) @ V(A

Thus this space of invariant sections has dimension cﬁl .- We already mentioned

by b-invariance

1R 1RR

~
~
Q\_/

that c’il A, 1s finite. Nevertheless, we prove independently that HO(X7 L)€ is finite-
dimensional, reproving that c’il A, 18 finite.

Consider the T-equivariant map ¢ : G/B~ — X,z — (0, z,0). Then *(L)
is a T-linearized line bundle on G/B~. Consider

o HY(X, L) — HY(G/B™,*(L)).

The orbit G.(0™, 0) being dense in G/B~ x G/B, the restriction of t* to H°(X, £)¢
is injective. Furthermore, the T-equivariance of ¢ implies that *(H°(X,£)%) is
contained in HY(G/B~,*(£))”. But 1*(£) ~ L_(X2) ® (A1 — p), where @(\; — p)
means that the T-action on £_(\3) induced by the G-action is twisted by the
character A\y — p of T. Then

HO(G/Bi’ L*(ﬁ))T ~ HO(G/Bf’ L ()\2))(T)M,A1
~ Hom(V()\Q)V7C)(T)u7x1
~ V(Ag) D=2

Here, if V is a T-representation and y is a character of T, V{T)x denotes the set
of vectors v € V such that tv = x(t)v, for any t € T. But V(A2) belongs to the
category O and the dimension of V(\y)(T)e-21 is finite. We just proved that *
embeds HY(X, £)¢ in a finite-dimensional vector space. O

4. ENUMERATIVE MEANING OF STRUCTURE CONSTANTS OF H*(G/P,Z)

We now consider the cohomology ring of the flag ind-variety G / P, where P is a
standard parabolic subgroup of G. For v € W set XF = BuP/ P. Consider the
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homology group H.(X,Z) = @,cwrZ[XF]. Then H*(X,Z) ~ Hom(H.(X,Z),Z)
has a “basis” (€,)yewr defined by

eu([XF]) = 64, Yo e WP,
For uy, ug, and v € WF, define n® , € Z by

Uiu2

_ v
€uy Cuy = E My Ev-

veWP
By [KN98], ny, ., is nonnegative. The aim of this section is to express n;, ,,, as the
cardinality of an intersection of three subvarieties of X. In the finite dimensional

setting, the job is made by Kleiman’s transversality theorem.

4.1. Richardson varieties. Recall that the neutral component of the automor-
phism group of a finite-dimensional projective variety Y is a finite-dimensional
algebraic group denoted by Aut®(Y) (see [Ram64]).

Let U denote the commutator subgroup of B.

For u,v € WP set X% = B~uP/P and X! = BuP/P. Set also X% = B uP/P
and XF = BuP/P. Let < denote the Bruhat order on W¥: u<v means that
XP c XP. In the following lemma, we collect some well known facts about the
Schubert and Richardson varieties. For w € W, I[(w) denotes its length.

Lemma 5. Let u,v € W7,
(i) The variety XF is projective and has dimension l(v). The group Aut®(XF)
is affine.

(ii) The image of U in Aut®(X[) is a unipotent group denoted by U,,.

(iii) Ifu=w then the intersection X% := X4NXZE is an irreducible closed normal
subvariety (called Richardson variety) of XI of dimension l(v)—1(u). The
intersection is empty if u<xv does not hold.

(iv) If uxv then X}é N Xf is a nonempty open subset contained in the smooth
locus of X.

(v) If ugv and l(v) = l(u) + 1, then the Richardson variety X! is isomorphic
to P! and X}é N XP is isomorphic to C*.

(vi) Assume that usv and x € X}é N Xf Then the sequence induced by the

inclusions

0 — T(XpNX]) — T,XF — L9UE —

zXp

18 exact.

Proof. The normality of Richardson’s varieties is proved in [Kum17), Proposition 6.5]).
The last assertion is an easy consequence of [Kum02 Lemma 7.3.10]). The other
assertions are banal (see [Kum02]). O

4.2. Kleiman’s lemma.

Lemma 6. Let uj,us, and v in WE such that ui<v and us<v. Assume that
[(v) = l(ur) + I(ug). . ! .

For general h € U,, X" NhX¥ = X' Nh(XE N XE) is finite and transverse.
More precisely, for any x € X' N hX}? the following map induced by inclusions
17.G/P T,G/P
T.Xp' ~ T,hX%

T.XF —
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is an isomorphism, where heU satisfies i~L|X5 = h.

Proof. We want to apply Kleiman’s theorem. Decompose X! in B-orbits: X =
Usw X P

Fix oxv such that o # v. For any h € U,, we have X' N hX* N X =
X N hXY,

Assume first that ;<o and us<o. Since l(0) < I(v), (dim X — dim X*1) +
(dim XF —dim X¥2) > dim X?. Kleiman’s theorem applied in the U,-homogeneous
space X2 shows that X' N hX" N X2 is empty for general h € U,,.

Otherw1se X3 or X}P is empty.

The set of ¢ € W such that o<v being finite, we can conclude that, for general
h € U,, the intersection X1 N hX"> NHXPF is empty. Here, 0XF = XP — X P

Similarly, for general h € U, X' NhX%2 and Xp' Nh(OX}E? N XTF) is empty.
Here X% = X% — X%. Indeed, only finitely many B~ -orbits in )2'1’? intersect XF.

Hence, for general h € U, we have X' NhX}? = )0(}31 N h()e(}f? nxXkh).

Now, by Kleiman’s theorem in the U,-homogeneous space )O(f , for general h €
Uy, XJ* NAX)? = )0(1731 N h(j(;? N XP) is finite and for any = € X* N hX" the
map
T.XF T, XF
T, X' 7 Tp,hX,?

is an isomorphism. The point = belonging to X PN X »t, Lemma |5 implies that
the natural map 77: ))((ul — ;:%; is an isomorphism. Slmllarly, % —
Tp-1,G/P

T, 1, X2

T.XF —

is an isomorphism. Since both G/P and X[ are h-stable, by applying h,

T.X] T,G/P
one deduces that Tohx™ — ToRXT?

is an isomorphism. (I

Lemma 7. Let uj,us, and v in WE such that ui<v and us<v. Assume that
I(v) = l(ur) + U(uz). Let h € U, satisfying Lemma[, Then

HXI NAX) =l

Uiuz "

Proof. We first claim that it is sufficient to prove the lemma when P = B is
the Borel subgroup. Indeed, consider the projection 7 : G/B — G/P and the
associated morphism 7* : H*(G/P,Z) — H*(G/B,Z) in cohomology. Then, for
any u € WP, 7*(e,(G/P)) = €,(G/B). In particular, n G/B) =n G/P),
for any u1, us and v in WF.

Note that, for any u € WF, X% = 7~1(X%) and 7 maps bijectively X2 onto X 7.
Then, for any h in U,,, m maps X 5 Nh(XB NX7?) bijectively onto X p! ﬁh()o(fﬂX}’? ).
But, if & is as in Lemma@ X5 N hMXEP N X#2) = Xp N (X N XE2). We just
checked that the two sides of the equality to be proved do not change when one
replaces P by B. Assume now that P = B.

ulug( uluz(

Let G be the Kac-Moody group completed along the negative roots (as opposed
to completed along the positive roots). Let B~ be the Borel subgroup of G. Let
X=G /B be the ‘thick’ flag variety which contains the standard KM-flag variety
X = G/B. If G is not of finite type, X is an infinite-dimensional non-quasi-compact
scheme (cf. [Ka, §4]). For w € W, denote by X% the closure of B~wo in X. Observe
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that X3 N X = X. Let K°(X) denote the Grothendieck group of coherent O -
modules (see [BK14 §3.5] for details). Similarly, define Ko(X) := limy 00 Ko(Xn )
where {X,},>1 is the filtration of X and Ky(X,,) is the Grothendieck group of
coherent sheaves on the projective variety X,. Then, {[OXE]}w cw is a basis of
Ky(X) as a Z-module. Define a pairing

~ i [
() KO @ Ko(X) = Z, (IS],1F]) = 3_(=1)"%(Xa, Tory (S, 7)),
if S is a coherent sheaf on X and F is a coherent sheaf on X supported in
X, (for some n), where y denotes the Euler-Poincaré characteristic. Recall that

Wayg, - - - » Wa, are characters of T' dual of the coroots ag, ..., ). Set p = Zé:o Wy, -
Define the sheaf £* on X (see [Kuml7, Theorem 10.4]) by

£ =L(— )Emto '(Oxy,05) = OXE(—an),

where 85(% = X}; — B_UB/B. Then, as proved in [Kuml7, Proposition 3.5], for
any u,w € W,
(€"], [Oxz]) = 6y
Let A : X — X x X be the diagonal map. Then, by [Kuml7, Proposition 4.1]
and [BK14, §3.5], for any ¢1, g2 € G

(6) 1y = (X x X, Tor] % (€ B, (g7, 957) - Au(Oxp))).

i
Let  in U such that B‘Xf = h.
The support of Tor?’?xg (5“1 Xgv2 (1, ffl) . A*(OX5)> is contained in (Xg,l X

X®)N(1,h~1)A(XP). The assumptions on h implies that this support is contained
in (XN XE) x (X3 N XP). In particular, this Tor-sheaf is equal to

(7) Tor, £x% (oxgl R Oz, (1,h71) - A*(oxf)).

The support of the T or-sheave in formula (7)) is contained in ulB oxusB™o. By
[KS09, Section 8|, there exists an isomorphism ¢ : w B 0o x usB~0 — A® =N
such that B~ U0 X B~ U0 maps onto CNztwi+iuz) . Here CN denote the set of
C-valued sequences viewed as Spec(C[Tp, ..., Ty,...]) and CN2twD+iw2) is the set
of sequences starting with [(u;) + [(uz) zeros. We also set CN<m := {(uy) € CN :
ug = 0 Vk > m}. Then, there exists m > I(u;)+1(uz) such that (u; B~oxusB~0)N
(XB x XB) is contained in CN<m. Now, for any i > 0,

Oxyux _
Tor, X(o B0, (Lh 1)-A*((’)X5))

is the pullback of
OCN<m, —1
Tor; <~ (OCNSanCNZl(“1)+l(U2) (1,77 (A*(OXE))|CN5m)~

The intersection +((1,A")A(XE) N (w1 B~ 0 x ugB~0)) N (CN<m N CN21un) i) )
being transverse in CN<m these Tor-sheaves vanish for i > 1 and nY . is the

cardinality of this mtersectlon The lemma is proved. [
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4.3. The case n, ,, = 1.
Lemma 8. We keep notation and assumptions of Lemmal[fl Moreover we assume
that ny, , = 1.
Then there exist a nonempty open subset Q of U, and a regular map
Y Q— Xf
such that
Vh € Q) X NhXy?: = {¢v(h)},
and

P(h) e XU nh(X%2 N XP).
Proof. Consider
N={(x,h) € X x U, : z€ X% NhX"},

endowed with the two projections px : ® — Xp' N Xf and py : XN — U,.

We first prove that N is irreducible. Set ¥; = X’ ﬂ)c(f, for i = 1,2 and consider
R = {(z,h1, hy) € XF x (U,)? : & € hy X% N hyX 12},
Let k : U, — XP. g —> gvo denote the orbit map. Set ¥; = k~1(Y;). As a

)
unipotent group, the isotropy of vo in U, is connected. Hence Y; is irreducible.

Consider the regular map

0. U, x )71 X 172 —5 R
(g7h17h2) — (gUQ7ghI1,gh51)

One can easily check that 6 is well defined and surjective. Thus R is irreducible,
since U, x Y7 x Y, is.

Observe now that N is stable by the diagonal action of U, and that N identifies
with R N (U, x {e} x U,). It follows that R is isomorphic to U, x N. In particular
N is irreducible.

By Lemmas [6] and [7] the general fiber of py is a singleton. Over the complex
numbers, this implies that py is birational. Then, a partial converse map v of py
satisfies the lemma (at least, its restriction to an open subset of h € U, satisfying
Lemma @ (Il

5. INEQUALITIES FOR I'(g)

In this section, we reprove [BK14) Theorem 1.1] by similar methods in the goal to
introduce some useful notation. Fix once for all, a family of fundamental coweights
Way- -+ Way I ho such that

<wa;’70‘j> = 55)

for any 4,5 € {0,...,1}. Similarly fix fundamental weights wq,, ..., @, in h*.

Let 7 : C* — G be a morphism of group-ind-varieties. Let £ be a G-linearized
line bundle on X and z € X. Since X is ind-projective and the action of C* on
X is given by a morphism of ind-varieties, lim;_,o 7(¢)z exists (i.e. the morphism
C* — X, t — 7(t)z extends to C). Set z = lim;_,o 7(¢)x. The point z is fixed by
7(C*) and 7(C*) acts linearly on the fiber £,. There exists m € Z such that

vVt e C* VieLl, T(t)Z2 =t"Z.
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Set pX(z,7) = —m.

Proposition 1. (see [BK14, Theorem 1.1]) Let P be a standard parabolic subgroup
of G. Let a; be a simple oot that does not belong to A(P). Let uy,us, and v in
WP such that nl . # 0 in H*(G/P,Z).

If (A1, A2, 1) Elf(g) then
(8) (1, vway) < (A1, urway) + (A2, ug@ay).

Proof. Consider CT = Pul_lg’ X Puz_lg’ x Pv~'o. As a locally closed subset of
X, it is an ind-variety. Set

GxpCt:={(gP/P,x) € G/PxX : gz € CT}.
As a locally closed subset of G/P x X, it is an ind-variety. Consider the maps

n: GxpCt — X
(gP/P,z) — =z

and
p: GxpCt — G/P
(gP/P,x) — gP/P.

Lemma 9. Let g1,92, and g3 in G. Then
P (9107, 9207, 930) = 1 X' N g2 X2 N ga X
Proof. The point (gP/P, (g10~, g20~,¢g30)) belongs to the fiber of 7 if and only if

(97'g107,97 " 9207, 9" g30) belongs to

Pul_lg’ X Puglgf x Pv~lo

(991,97 92,97 "g3) € Pu;'B~ x Pu; ' B~ x Pv™'B
gl_lg € B~u, P, gz_lg € B uyP and g3_1g € BvP
gP/P € 1B u1P/PNgaB usP/P N g3BvP/P.

[

O

Consider the morphism of ind-varieties r : U — U, C Aut®(X[) given by the
action. Set G/B~ =Uo~. The map U — G/B, u+—— uo~ being an open immer-
sion, the converse map p* : G/B~ — U is a morphism satisfying p*(z)o™ = z.
Similarly, define G/B=U"goand p~ : G/B—U".

Let © C U, be a nonempty open subset of h’s satisfying Lemma[6] Set

O = { (z1,22,930) € X : g;lxl elG/oBﬂgglx% e G/OB* and }
r(p* (g5 21) "ot (g5 a2)) € Q
It is open and nonempty in X. Moreover, for (z1,z2,g30) € €1, Lemma |§| implies
that

(9) p(n™ (21,22, 930)) = gsp™ (95 w) [XP N R(XE N X)),
where h = r(pT (g5 '21) " 'pT (95 '22)). By Lemma this fiber is nonempty.

Let £ be the line bundle on X considered in Lemma Since (A1, Az, 1) belongs
to T'(g), there exists N > 1 such that H°(X, £L2N)% is positive-dimensional. Fix a

nonzero o € H*(X, L&V)&, The ind-variety X being irreducible, ; has to intersect
the nonzero locus of o: there exists z € € such that o(z) # 0. The fiber (9) being
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not empty, Lemma [9] shows that there exists g € G such that (¢P/P, z) belongs to
G xp CT. Set y = g~ 'a. Since ¢ is G-invariant, o(y) # 0.
Let 7 be a one parameter subgroup of T" belonging to &, gA(p)Z>0wa}/. Con-
sider
0:A' — X, teC' +——7(t)y, 0+— %E%T(t)y.

Then 0*(o) is a nonzero C*-invariant section of #*(L£) on Al. Tt follows that
e (y,m) <0.

Let L denote the standard Levi subgroup of P. Set C' = Luflg_ X Luglg_ X
Lv~to. Since y € C*, 6(0) belongs to C. Then, a direct computation (using that
7(C*) is central in L) shows that

(10) uﬁ(va) = 7<>‘17u17—> - <)\2,U2T> + <.U’a UT> <0.
Inequality being fulfilled for any sufficiently large 7 € @ang(p)Z>owajv,
the inequality of the theorem follows by continuity. O

Remark 5. We use notation of the proposition. Since n%, , (G/P)=n!_ . (G/B),

Uy uz Uy u2

Proposition [I] implies that inequality [§] is fulfilled for any simple root «;, even in
A(P).

6. MULTIPLICITIES ON THE BOUNDARY

We are now interested in triples (A1, Aa, 1) for which inequality is an equality
and in the corresponding multiplicities c’;l A, 1f moreover ny, =1, we prove that
C§1 A, 1s a multiplicity for the tensor product decomposition for some strict Levi

subgroup of G.

Theorem 6. We use notation of Proposition [1 and assume, in addition, that
ny = 1. Let L be the standard Levi subgroup of P. Let T € @ang(p)meajv.

Ui,u2

Let (A1, A2, 1) € (Py)? such that
(11) (A, urT) + (Ao, uaT) = (u, v7).
Consider the line bundle
L=L_(M)®L(A2) ®L(k)
on X, and
C=Lu'o” x Luy'o™ x Lv " to
be the closed subset of X.

Then, the restriction map induces an isomorphism

(12) HO(X, £)Y — H(C, £0)*.

Before proving the theorem, we state a consequence. Set P, (L) = {\ € X(T) :
A\ aY) >0 Va; € A(L)}. For any A € P,(L), we have an irreducible L-
representation V(\) of highest weight \. Let E’;l 5 denote the multiplicities of
the tensor product decomposition for the group L.

gorollary 1. With the notation and assumptions of the theorem, set A\| = ufl)\l,
Ao =uy Ao and i = v~'pu. Then i, Ao and fi belong to Py (L) and

M _ M
Caxe = 65\1 Ao
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Proof. Since u; € W, u;*B~u;NL = B~NL. Similarly, v"!BvNL = BNL. Then,
the action of L? on C allows to identify C' with X, := (L/(B~ NL))> x L/(BNL).
But T acts with weight ul_l)\l on the fiber in £_(\;) over ul_lg’. We deduce that
Lc identifies with £_ (A1) ® £_(A2) ® L(i) on X. Since H°(C, £|¢) is nonzero,
A1, A2 and [i have to be dominant for L. Moreover, the equality of the corollary is
obtained by taking dimension in the isomorphism of Theorem [l using Lemma[d O

Note that Theorem [2]in the introduction is a particular case of Corollary

Proof of Theorem[f up to the 5 lemmas below. We use notation of Proposition [I}
Let C* be the closure of C* in X. Set

GxpCt:={(gP/P,x) € G/Px X : g7lx € CT}.
As a closed subset of G/P x X, it is an ind-variety. Consider the maps

n: G xp ct — X
(gP/P,x) — =«
and
p: G xp ct — G/P
(gP/P,x) +—— gP/P.

Consider the following commutative diagram

HO(X, L)% H(C, L))"
mlﬁ* rest.TI]ZI
H(G xp Ct, 7" (L))C rest. HO(CH, Li6+)F st HY(CH, Lic+)F

It remains to prove that the top horizontal map is an isomorphism. But, Lem-
mas [I1] to [[4] below show that the four other morphisms are isomorphisms. ([

Before proving the four mentioned lemmas, we construct a partial converse map
to 7.

Lemma 10. There exists a nonempty open subset 1y of X such that the restriction
of 1 to 171(Q4) is a bijection onto Q1 and the converse map C is a morphism of
ind-varieties, mapping Q1 on G xp CT.

Proof. Recall that r : U — U, C Aut®(X7[) denotes the action. By Lemma
there exist a nonempty open subset 2 C U, and a morphism 1 : Q — X2 such
that

VheU, {Y(h)}=X%Nh(X%2nXP).

Consider

0, — (21,22, g30) € X :gglxl € G/OB_, gglxg € G/OB_, and
? gso € G/B '

Let (x1,29,x3) € Qo. Write 1 = g10~, 2 = g0~ and x3 = g30, with ¢g; € G.
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Observe that
G Xp N g X NgsXE
=g Xp NgaXp? Np~(23)X)

=p~ (z3)| (0~ (x3) "' g) Xp' N (0~ (23) ' g2) X} me)

=p(z3) [ M X B Nhe X2 N Xf)
=(p~(z3)h1). [X ' NhX 2 N X]],

where

.Tl)
T3)

hy =p*(p~(23)
hy =pT(p~(x3)
h = hy'hs.

=

But h belongs to U and
GXE N g XE Mg XD = (0 (as)h). [Xp nr(h) (X N X))

Let 4 be the set of (z1,z2,23) € Q9 such that r(h) € Q. It is a nonempty open
subset of X. Lemma [§] implies that, for (21, z2,23) € 4,

(13) N Xp' NG XE Ngs X, = (p (x3)h) {0 r(R)},
and

(p~ (z3)h1)bor(h) € 1 X% Nga X2 Ngs X T
Then the formula

(z1,22,23) € 1 — ((p™ (23)h1) Y o r(R), (21,22, 23))
defines a morphism ¢ from ©; to G xp CT such that o { is the identity map of
Q.
Finally, Lemma |§| with 7 in place of n and formula show that the fiber of 7
over any point of 2y is a singleton. O

We now go from X to G xp CT.

Lemma 11. The linear map
7" HY(X,£) — H°(G xp CT, 7% (L))
is a G-equivariant isomorphism.

Proof. The image of 7 containing the dense subset 2; of X, 7* is injective. Fix a
filtration X = Upez. ,Xn such that each X, is a product of three finite-dimensional
Schubert varieties (i.e. (B~ x B~ x B)-orbit closures), X,, intersects €2; and X,, C
Xnt1. Set Y =G xp Ct and

Y, =7 (X N Q1) = C(X, N EY).

Let Y,, be the closure of Yn in Y. Then Y,, is closed, irreducible, finite-dimensional
and projective.

A key point is that the Y,’s form a filtration of Y. Indeed, as the image of
G x Ct — G xpCt, (g,2) — (gP/P,gx), Y is ind-irreducible (see examples
of Section . Moreover, UnEZ>0?n and hence Upez. Y, contains the nonempty
open subset 7771(€). Then, Lemma [3| implies that Y = Unezs, Yn is a filtration of
Y.
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We now prove the surjectivity of 7*. Let o € H*(G xp CT,7*(£)). Consider the
restriction 7, : Y, — X, of . Then 7, is proper, birational and X,, is normal.
Zariski’s main theorem implies that the fibers of 7j,, are connected. Moreover

Tt B (X, Lix,) — BO(Y, 7 (O)py,)

is an isomorphism (see e.g. [Pet04, Chap IV, Corollary 5]).

Let 5, € H(](Xn,£|xn) such that 7, (6,) = oy,. Since 1 N X, is dense in X,,
the restriction of 6,41 to X,, is equal to &,,. Hence (6,,)nen is a global section & of
L on X. Moreover, i7*(6) = 0. O

We now go from G xp C* to CT.
Lemma 12. The linear map
HY(G xp CT.0"(£))% — HY(CT, Lig+)”
is an isomorphism.

Proof. Embed C" in G xp C by mapping « € C to (P/P,z). Since " (L) c+ =
Lc+, the map of the lemma is well defined.

Since C™ intersects any G-orbit in G xp CT, this map is injective. Let o €
HO(C+,£|C‘~+)P. Set
c: G Xp C’Jr — 7_]* (ﬁ)
(gP/P,x) +—— go(g~'x).

Note that & is well defined as a map and G-invariant, since 77*(£) is G-linearized and
o is P-invariant. It is regular, since the morphism G — G/P is locally trivial in
Zariski topology, because of Birkhoff’s decomposition. Hence ¢ € HO(G xp Ot 7*(L))¢
and 0|+ = 0. d

We now go from C* to C*. Let 7 : C* — T such that 7 € Z (7.
Lemma 13. Recall that p*(C,7) = 0. Then the restriction map
H (O, £64)7C) — HY(CF, £)04) 7
is an isomorphism.

Proof. Since Ct is dense in CT, the restriction is injective. For w € W, we recall
that

XB =Bwo X% =B wo,

w
and set
X57 = B~wo~ Xp- = Bwo~
in such a way dim(X%) = dim(XF ) = l(w) and codim(X¥) = codim(X%_) =
I(w). Note also that Puj'o~ = X};l: and Pu; ‘o~ = Xj;;, , whereas X2, is

finite-dimensional and closed in Pv—1o.
For i = 1,2, fix an increasing (for Bruhat order) sequence (w})nen of elements
_ -1
of W such that u; '<w] for any n and (Xf,, NXgy ) is a filtration of the
K neN
-1
ind-variety X;;"'_ . Similarly, fix (w})nen such that v~ gwh<wi ™ and (XBn)
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is a filtration of the ind-variety Pv—1lo. Note that if P has finite type, the sequence
(W] )nen can be chosen to be constant. Setting

— _ —1 _ 1
C = (Xge NXEL ) X (Xop NXG2 ) X X,

we get a filtration of C*. Moreover, C* N C;f is open in C;f and nonempty for
any n. Let o € H(CT,L;c+)" and let o, denote its restriction to C* N C;f. We
have to prove that o extends to a section & on C*. It remains to prove that each

o, extends to a section &, on C;f. Indeed, then & = (7,)nen € HO(C’+,£|C~+)%
extends o.

Fix n € N. By Lemma C;f is normal. Then, to prove that o, extends to C;f,
it is sufficient to prove that it has no pole along the divisors of C;t — C*. Let D,
be such a divisor. Then, either

(a) Dy = (XE; NXJL ) x (X
uptar gw? and 1(4)
(a7) Dy = (X0 ﬁX;;l__l) x (X DXZP__l) x X, for some Gy € WF such that
uy 'y P <wh and 1(fg) = I(ug) + 1; or
(b) Dy = (XZ; NXE ) x (XB, N X4 ) x XE, for some 1 € W such that
wy=swy, U(wg) = l(wh) —1 and Xg, C X — Pv'o.
In each case, we will apply Lemma below in an affine neighborhood of
D,, in C;F. We first construct such neighborhoods and check the assumptions of

Lemma We do not consider Case (a’) that is similar to the first one. We also
skip the power n from w}'. Note that the action of C* in Lemma is given by 7.

_ —1
o NXE ) x X, for some @ € W¥ such that
l(ur) +1; or

w
w

Case (a). Set

X = (XE AXY nar'Boo) x (XE nX"“')x XB |
D=D,NnX and Q=X —D.

The fact that X is T-stable is obvious. Since ﬁl_lBQ*, )D(g;,l and )0(53 are open
inG/B~, X;;{l and X5 respectively, X is open in C;f". By [Kum02, Lemma 7.3.5],
Xf; N a;lBQ— is affine. Then the first factor of X is affine. But, [Kum02]
Lemma 7.3.5] also implies that the two other factors are affine, and X is affine.

Moreover, by Lemma 5} X is normal.

Check Assumption (i) of Lemma m It is sufficient to prove it for the first
_ -1 -1
factor. Let z € (XE N X5 nay'Bo™) — X0 . Set y = limy_o 7(t)z. We have
_ —1
to prove that y ¢ (XZ nX3* Na;'Boo).
° -1
Let w € W such that x € X}_. Since x € XZ,{ , u;lﬁw. The point x belonging
to ﬂleQ_, ﬁflg_ belongs to X3 and w-\<12171. But (@) = I(u1) + 1, hence
~—1
w=1;" oru;'. Now, z ¢ Xgl_ and w = uy '
In particular, Lemma implies that y does not belong to @; * Bo™. The claim
is proved.

Check Assumption (ii). We work successively on each factor of X.
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Let o € X2 such that lim_,., 7(t)z € X2 . For any b € B, lim,_,o0 7(t)b7 (t ")
exists in B. Then limyo7(t)z € XZ. If z is not fixed by 7(C*), 7(C*)x is
isomorphic to P!. Hence it cannot be contained in the affine variety Xuli Hence
y & )2'53. Contradiction. It follows that x is fixed by 7(C*).

— o =1 o, —1
Similarly for z € XE NX;2 | if limy oo 7(t)z € X} then z is fixed by 7(C*).

w2

Now, prove Assumption (ii) for the first factor of X. Let @1, 2o € (X5 N

-1 1
X;l, N ﬂl_lBQ_) — X};E such that y := lims o0 7(t)2x1 = lims 0o 7(¢)x2 belongs
to the first factor of D.

0. —1
We already noticed that x; and x belong to XZL . By assumption, y €
@, ' Bo~ ﬂng = Xgli . Then Lemma below shows that 7(C*)zy = 7(C*)xs.

Check Assumption (iit). This can be proved factor by factor.
Let z € )0(53 (resp. X2~ ﬁ)o(;;'i ). We already observed that lim;_,o 7(¢)x belongs

2
o _ o ., —1
to X53 (resp. sz ﬁXZ,{ ).
_ -1 _ o =1
Let now z € (X2 NX; Nay'Bo™) = (XE NX,' ). Hence, we are in the
situation of the second factor.
Finally, for any z € D, lim;_,q 7(¢)x belongs to D.

Check Assumption (iv). It is sufficient to consider the first factor. Let y €
- a;t o ~ - o gl ~ _ "
(XE nxg- i 'Bo™)" = (XB nX},' )7. We have to find z € (XF nX, N
ﬂleQ*) — Xg,l, such that lim; o, 7(t)z = y.

_ —1
Assume first that y = yo = @5 'o~. Here [(#) = I(u1) + 1 and XZ, N X' isa

Uy

[ o . —1 —1
Richardson variety of dimension one. By Lemma X 5,1 N Xgl, is dense in Xgil .
1 1
C ol et
Let zo € XP, N X L .
1
Let P“~ denote the unipotent radical of P in such a way B~ = P*~ (B~ N L).
But @ € WP and @, 'B~@; N L = B~ N L. Hence
XE, =B ay'o” =P (B~ NL)i o~ =P iy 'o”.
1
In particular, lim;—, o 7(¢)zo = yo.
_ o =1 o—1
Since 111_1-41111, r9 € Xffl . Moreover, o € Xg,l, ; thus zg ¢ X};E . And
—1 ~—1
B~ u ~_1 _ U
- NXgL Nna; Bom) - Xgt .

w

v € XB, Cc ' Bo™. Finally, p € (X

Now y € ()D(f;{l)% = (BNL)a;'o™. Let I € BNL such that y = lyg. Set & = lxg.
The group 7(C*) being central in L, lim;_, o, 7(t)x = y. Since [ € L and XZ,{I and
X' are Lestable, z € X" — Xi . But @ € WF and a7'Biy N L = BN L.
Hence z € ﬂl_lBQ*. Recall that g € P*“~yy. Since [ normalizes P*~, this emplies
that 2 € P“~y. But XJ is B~ -stable, and # € XJ . Finally, 2 works.

Check Assumption (v). Observe that, for any u,v € W, if X},_ NuBo~ is not

L2
Uy

1 1 o -1
empty then u<v. Thus Xgl, N ﬁl_lBQ* =(Xgt U Xgl, )N ﬂl_lBQ* and the first
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_ o o, —1 0, —1 —1
factor of Q is X5 N X;;L Na;'Bo~. But XZ,{ = X};{ Nuj;'Bo~ and the first
factor of € is
— —1
XE nXy nui'Bo Ny 'Bo.
—1
The subset Xgl, being closed, to show that that variety is affine, it is sufficient to

prove that X2 Nuj'Bo~Nay ' Bo~ is. The proof of [Kum02, Lemma 7.3.5], with
minor modifications implies this.

Case (b). Set
X =(XEB nXp ) x (XE nXp2 ) x (XE nasB o),
D=D,NX and Q=X — D.

Lemma [5| and [Kum02, Lemma 7.3.5] imply that X is open in C*, T-stable,
affine and normal.

Check Assumption (i). It is sufficient to prove it for the third factor. Let = €
(XE nwsB~o) — X3, Set y = limy_, 7(t)z. We have to prove that y ¢ w3 B~ o.

Like in Case a-(i), one has = € )0(53. Hence y € (BN L).wzo. But (w3B~0)" =
((11}33_1173_1) N L)wzo. In particular, if y € w3B~ 0 then Pv=to = Pwso = Pwso.
Contradiction.

Check Assumption (i1). Let x1, x9 € Qsuch that lim;_, o 7(¢)x1 = limy_y o0 7(t)x2 €
D. In the proof of Case a - (ii), we proved that the two first factors of each z; are
fixed by C*. We assume now that z1,zs € (Xf3 NwsB~ o) — Xg’S.

Since X Nw3B~ o is contained in )G(fa U)o(gs, T1,T2 € )G(fs. Similarly y € ng

Then Lemma below implies that 7(C*)x; = 7(C*)xa.

Check Assumption (iii). We can work on each factor separately. The two first
one was treated in Case a-(i4i). The last one works since ng NwsB~ o= Xga.

Check Assumption (iv). We can work in the last factor. Let y € ()0(53)%.
Assume first that y = yy = wzo. Consider the Richardson variety l=xBnx §3

- w3
of dimension one. Pick zg € st N XgE®. Then zy € Xf3 N w3B~o. Let v be
the character of the action of 7" on TyOQ. It is a root of g. Since Pyy does not
contain wso, v is not a root of P. Then ~ is a root of P"~. This implies that
limy oo %(t)xooz 70-

Now y € Xg3 and there exists [ € B N L such that y = lyg. Consider the
curve I it is 7(C*)-stable, contained in X53 and contains y. Since X is open

in X2, lnxB n w3B~o is a nonempty open subset of [ Then iz € X. But

ws? w3
lim; o0 7(t)z = y.

Check Assumption (v). It is sufficient to prove that the third factor Q3 of Q is
affine. But
Q= (X5 —XZ)nwzB o= X5 NisB onwsB o
Now, the proof of [Kum02, Lemma 7.3.5] implies that 3 (and hence 2) is affine.
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THE LINE BUNDLE ON THE AFFINE SUBVARIETIES. Since £_(A;) is G-linearized
and the action of U on o™ is free, £_ (A1) is trivial as a line bundle on Uo™. Similarly
L(p) is trivial on U~ 0. As a consequence, L is trivial as a line bundle, on each
affine variety X we have considered.

To determine £y as a C*-linearized line bundle, it is sufficient to compute the
action of C* on the fiber over some C*-fixed point. Consider

zo = (u] 0 ,uy 0 ,ws30),
T, = (] "o~ uy ', w30), and
xp = (uy o™, uy 07, Ws0)

By assumption, C* acts trivially on the fiber £,,. In Case (a), we have constructed
a copy of P1, containing ¢ and z, such that for x € P* — {z}, limy_, o 7(t)2 = 7,.
Moreover, Lip1 is nonnegative as a line bundle. Now, a computation in P! shows
that the action of C* on £, is given by a nonpositive weight k.

Similarly, the action of C* on £, is given by a nonpositive weight k.

Since L is trivial on X as a line bundle, we deduce that, for any considered affine
variety X, we have

(14) H(X, £)"C) ~ Cc[X]®),

for some nonnegative integer k.

We are now in position to apply Lemma [11.5 By assumption the restriction
(01)0 belongs to HO(, £)7(€) ~ C[Q]*). By Lemma CI® = c[x]™).
Hence (0,,)|o extends to a regular section on X. In particular, it has no pole along
D,,. Then o, extends to a regular section on C;}" by normality. This ends the proof
of the lemma. (|

The last step goes from CF to C.
Lemma 14. Recall that p*(C,7) = 0. Then the restriction map
HO(CT, £)0+)7 ) — HY(C, L))
is an isomorphism.
Proof. We first prove the injectivity. Let o € HY(Ct, E‘C+)%(C*) such that ojc =0
and z € CT. Consider the morphism
0, :C — COF
t o F(t) it 0,
0 +— limy_,o7(t)z.
It is C*-equivariant for the natural actions of C*. Moreover, 0%(L) is trivial as

C*-linearized line bundle, since p*(C,7) = 0. But 0%(c)(0) = 0 and 6%(o) is C*-
invariant. Thus 0% (c) = 0. In particular o(z) = 0.

Consider now the map A : Ct — C, x — limy_,o7(t)z. We claim that
A*(L¢) is isomorphic to L.

We can work on each factor of C* separately. So assume for proving the claim
that X = G/B, C* = Pv~'o and C = Lv~'o. Let ¢, : X — P(V()) induced by
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the action of G on the highest weight line of P(V(u)). Set k = (7,0~ !u). Recall
that V(u) has a weight space decomposition V() = ©yex )V (1) Set

Vi = @ viwx VwTF= @ V.
o T)=k OoT)I>k

Define

& ={Jvo+vs] : vo € V()" — {0} and vy € V(1)**)
as a subset of P(V(u)* ® V(u)>*) and so of P(V(p)). Then ¢,(C) is contained
in P(V(u)*) and ¢,(C™) is contained in €. Moreover, A is the restriction of the
canonical projection & —s P(V(u)*). But, £(x)* is the restriction to X of the
tautological bundle on P(V(u)). The claim follows.

Let us prove the surjectivity. Let o € H(C, L’|C)%(C*). By the claim, we have to
prove that o extends to a C*-invariant section of A*(£). The morphism

ot — AC‘C
x +— o(Ax))

induces such an extension. O

7. THE BELKALE-KUMAR PRODUCT

In this section, we purpose a construction of the BK-product &g (see [BKO] if G
is finite-dimensional and [Kum10] if G is Kac-Moody) and prove some properties.

7.1. Preliminaries of linear algebra. Let V' be a complex vector space filtered
by linear subspaces

{0} =vlcvtcvic...cv"c.--
such that V = U, V™. Let U and W be two linear subspaces of V such that U has
finite dimension, W has finite codimension and dim(U) = codim(W). Consider the
linear map
0: V — V/UaV/W
v — (v+Uv+W).

Define the induced filtrations from V to U and V/W:

Ur=v"NU and (V/W)"=V"/(WNV").
Set

§=> n ( dim(U™ /U1 — dim((V/W)”/(V/W)”1)> :

n>0
Lemma 15. If © is an isomorphism then
In particular § > 0.

Proof. Consider ~
6: U — V/W
v o — v+ W
The map © being an isomorphism, so is ©. Moreover ©(U™) C (V/W)™. Then the

first inequality of the lemma is a consequence of the injectivity of the restriction of
O to U™
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Since U and V/W are finite-dimensional, there exists N such that U™ = U and
(V/W)* =V/W for any n > N. Then

§ =Y dim(U"/U"_l)—dim((V/W)”/(V/W)"_l))

=N n( dim(U™) — dim(U™) — dim((V/W)") + dim((V/W)nl))
=SV L dim((V/W)™) — dim(U™),

n=0
since dim(U) = dim(V/W). In particular, § > 0. O
Consider the graded vector spaces

gt = Bnez. ,U"/U"™" and  gr(V/W) = Gnez.,(V/W)"/(V/W)" .

The map © induces a graded linear map
gr® : grtU — gr(V/W).

Lemma 16. Assume that © is an isomorphism. The following assertions are
equivalent

(i) gr® is an isomorphism;

(ii) dim(U™) = dim(V/W)" Vn € Z>o;

(iii) & = 0.
Proof. The second assertion implies the last one by the proof of Lemma If
gr® is an isomorphism then for any n, dim(U") — dim(U""1) = dim(V/W)" —
dim(V/W)"~1. The initial subspaces U° and (V/W)° being trivial, the equalities
of assertion follow, by immediate induction.

Assume now that § = 0. Since § = 3 -, dim(V/W)" — dim(U"), Lemma
shows that dim(V/W)" = dim(U"), for any n. Then, the injectivity of © implies
that © induces isomorphisms from U™ onto (V/W)™, for any n. Then gr® is an
isomorphism. O

7.2. Definition of the BK product. Let P be a standard parabolic subgroup of
G. Let uy, ug, and v in W¥ such that I(v) = l(uy) + l(u2) and n®_, # 0. Set

U1uU2
T =Tp,pG/P
T“ =Tppuy ' Xp T =Tpjpuy ' Xp2 Ty =Tppv XL
Fix a one parameter subgroup 7 of T belonging to @ang(p)waa]v. Observe

that P acts on 7. Under the action of 7, 7 decomposes as T = P, Tn, where
Te ={6€T : 7(t)¢ =tF¢ vt € C*}. Note that 7,, = {0} for all n > 0. Set

T" = Cr<nT—k-

Then (7")nez., forms a P-stable filtration of 7. Moreover 7% = {0}. Consider
also the induced filtrations (7/7*)", (T/T**)" and T,* on T/T", T/T"?, and
To. Set

5,y = S ( dim(T =) dim(((T /T ") /(T /T )™=)
—dim(((T/T“2>”)/<T/T“2)”1>).

Lemma 17. Ifnl , #0 then 6, ,. > 0.

UL U2 Ul uz
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Proof. Consider the map

n: G Xp C+ — X,

as in the proof of Proposition

By Lemma |§|, there exists b € B such that X1 NbX¥2 = X' N X} NbX}? is
transverse and nonempty by Lemmalﬂ Let g € G such that gP/P belongs to this
intersection. There exist p;, po and p3 in P such that

(9P/P, (gp1uy o™, gpauy 'o™, gpav™"0))
belongs to the fiber 71 (0™,bo~, 0). Observe that
g(pruy ' XE Npouy ' X2 Npgo™ ' X)) = Xt NbX2

is transverse. By Lemmalf] the canonical map

T T
— D
p1TH  paTe

(15) p3Ty —

is an isomorphism.
The lemma follows by applying Lemma [[5| with V. =T &7, V" =T o T",
W =p1T" @ pT"2 and U ~ T, embedded in V by & — (ps&, ps). O

For w € W, we denote by ®, = w™!®* N &~ the inversion set of w. Then, ®,,
consists in {(w) real roots. Recall that p = Zé:o W, -

Lemma 18. With above notation, we have
5711)/1 u = <_,Uilp + ul_lp + u2_1p - p? T>
Proof. Since

T/T" ~ ®@aco,, §a T/T™ ~Daca,,8a and T, ~ Saca,fa,

uq ug

551u2:7 Z<OZ,T>+ Z <O‘a7_>+ Z <OZ,T>.

acd, a€dy, a€d,y,
But by [Kum02, Lemma 1.3.22], w™'p—p =3 4. « and the lemma follows. [

we have

Because of Lemma Lemma [17] can be restated as: by assigning the degree
(v7ip—p,T) € Z to €,, one obtains a filtration of the cohomology ring H*(G /P, Z).
Then ® is defined to be the product of the associated graded ring.

In particular, ®¢ satisfies (with obvious identifications):

P _ ®0,,v
Vul,u2 ew €uy O0€u, = E Onul ug v

veWPr
where 5
oY — 3 v
Noyuy, =0 if 65, ,, # 0,
J— v 3 v J—
=Ny 0, 105 4, =0.

Let Z(L) denote the center of L and Z(L)° denote its neutral component. Given
an L-representation and a character x € X(Z(L)°) we denote by V, = {v €
V .Vt e Z(L)° tv = x(t)v} the associated weight space. A priori, the above
construction of ®¢ could depend on our choice of an element T € ©q g ( p)Z>0wajv.
Actually, it does not depend on:
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Lemma 19. Let uy, up, and v in WF such that QOnZIuQ # 0. Then, for any
x € X(Z(L)°)

dim(( Ty = dim(( 7 ) )+ aim(( ) )

Proof. As in the proof of Lemma [I7} choose pi, pa, and ps in P such that the linear
map is an isomorphism. Up to multiplying by p3 ! we assume that ps is trivial.

Then
T T
@
piTH o paT2
is an isomorphism. For ¢ = 1,2, write p; = g;*l; with ¢} € P* and [; € L.
Let k € Zand £ € T_j. Then

e:7T, —

(16) grE e E+ T
Fix bases of T, p}ul and p277:u2 adapted to the filtrations. Using , one can
check that the matrices of gr® and of

~ T T

e: 7T, — &)

1T [T v2

wy up, = 0 if and only if © is an isomorphism.

coincide. Now Lemma shows that 7
But, © being Z(L)°-equivariant, we have

dim((T;)) = dim((h;l)X) ¥ dim((b;)xx

for any x. Now, Z(L)° being central in L, we have for ¢ = 1,2

() )= () )

The lemma is proved. (]

7.3. On Levi movability.

Proposition 2. We keep notation and assumptions of Section[7.9 and assume in
addition that P has finite type. Recall that ny, ., # 0. If there exist I1,lz,1 € L
such that
Lhup*XE Niguy P X2 Nl XP
is finite, then
Op e = 0.

U1 U2
Proof. Identify P*~ with an L-stable open subset of G/P. For any n > 2, con-
sider the normal group P;;L_ of P“~ such that P"“~ /P;*n_ is a finite-dimensional
unipotent algebraic group with Lie algebra

P o

a€d, 1<(a,T)<n

(see [Kum02, Lemma 6.1.11]). Let m,, : P~ — P“~/PJ;" be the quotient map.

Observe that the actions of 7 and L commute and that PY;~ is L-stable.
The sets ®,,, and @, being finite, there exists N such that for any i =1, 2,

u; "B u; NP D PLy
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and
~1 u—
v BN Py = {e}.

Then WN(ugl)z'“i) has codimension (u;), for i = 1,2; and wx (v~ X7F) has dimen-
sion [(v). Moreover, my maps bijectively lju; ' X5 N louy ' X% Niv™t X2 onto

(17) o (hul X5 Ny (louy P X5 Ny (o™ XE).
Consider now the exponential map
Exp : @ ga — P /PYY.

a€d, 1<(a,T)<n
Since P*~ /PY; is unipotent, Exp is an isomorphism of varieties. Let uy, us and ug
denote the Lie algebras of WN(llul_l)D(}‘,l = llul_lU*ulll_1 N P*“~), WN(llugl)o(l’iZ)
and 7 (lv~1XF) respectively. These subspaces are stable by the action of 7 and

decompose as u; = @p<ouf. The intersection being finite, u; Nuy Nuz = {0}.
Since dim(ug) = codim(uy) + codim(us), it follows that the natural map

@aecb, 1<{a,7)<nBa ® @aefb, 1<({a, 7y <nBa
Ug us
is a T-equivariant isomorphism. Then for any integer n the 7-eigenspace uj has

dimension codim(u}) 4+ codim(uy). The actions of L and 7 commuting, one deduces
that d; .. = 0. (]

Uy uz

us —

8. MULTIPLICATIVITY IN COHOMOLOGY

8.1. The multiplicativity. Let B C P C @ be two standard parabolic subgroups
of G. Let L* and L? denote the Levi subgroups of P and @ containing 7. Then
L2 N P is a parabolic subgroup of L9 and Q/P = L% /(L9 N P).

In this section, we study relations between structure constants of H*(G/P,Z),
H*(G/Q,Z) and H*(Q/P,Z). To be more precise, we extend results of |Ricl2]
Resll] from the classical case to the Kac-Moody case.

Let Wg be the set of minimal length representative in Wy of the classes Wg /Wp.

Lemma 20. The map
we ng — WP
(0, W) — 0w
is bijective.
Proof. Recall that (see [Kum02, Exercice 1.3.E]) WP = {w € W : w™l®d~ n

O+ (LY) = 0}. We first check that w = ww belongs to W¥; this shows that the
map of the lemma is well defined. Write

w e NOT(LY) = wlw(w e NwdT(LY)).
Note that @+ (L) C ®(L?P) = w®(L¥) and that @&~ NP(L?) = &~ (L?) (since
w € W?). Hence
w e NOH (L) = o w et Ne(L)N w@*(LP))

= o H O (LL) NwdT (L)
= 71O (L) NdT(LP).

This last intersection is empty since w € Wg . Then w € WP.
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Fix now w € WP, If w = 0w (with w € W and w € W(g) then wWg = wWg

and w is necessarily the unique representative of wWWg in WQ. Since @ = v lw,

this proves that the map is injective.

Consider now the representative w of wWy in W and set 1w = w~'w. To prove
the surjectivity, it remains to prove that w € Wé’ . The equality wWgq = wWqg
implies that w € Wg. Moreover

DO (L) N T (LY) =w lwd~ (LR) N d*(LF)
Cw o~ No+(LP),
since wd~(LP) C &~ (w € W®). This last intersection is empty since w € W7,
The lemma is proved. ([

Recall that, for w € W
XP = BwP/P XP = BwP/P
X% =B wP/P X% = B-wP/P
Lemma 21. (See [BK06, Lemma 1]) Let w € W and g € G.
(i) If gXP contains P/P then there exists p € P such that gXE = pw=1XE.
(ii) If gX¥ contains P/P then there exists p € P such that gX¥ = pw=1X¥.
Proof. Fix a representative w of w in N(T'). Let b € B and p € P such that

gbw = p. Then g)%qf = pw’lb’l)o('f; = pw’l)z'fj. The second assertion works
similarly. 0

Lemma 22. Let w € Wg and W € WQ. Set w = ww. Consider Q/P as a closed
subset in G/P. Then

(i) @ XINQ/P = (LN ByaP/P = XJ'";

(i) @' XpNQ/P=(LeNB )iP/P = X p.

Proof. Note that @ 'XE N Q/P is stable by the action of @ 'Bw N Q. Since
w € W2, w'Bw N Q contains L9 N B. Moreover each (L? N B)-orbit in Q/P
contains a T-fixed point. Hence
o' XPnQ/P = U (L? N B).z.
ze(w-1XPNQ/P)T
But (0 'XE2NQ/P)T c w *(XE)T = {tP/P}. The first assertion of the lemma
follows. The second one works similarly. O

We can now prove the main result of this section.

Proposition 3. Let ui, us, and v in W, Write uq = U181, us = tolia, and v = o0
as in Lemma[20l We assume that 1(v) = l(u1) + l(uz) and [(v) = I(@1) + l(@2).

Consider the structure constantsn, ., n5 o, andnf . inH*(G/P,Z), H(G/Q,Z),
and H*(Q/ P, Z) respectively.
Then
’I’LZI us nglﬁzngl Uo "

Proof. Since B is irreducible, Lemma [6] implies that there exists b € B such that
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(i) X% NbX¥ = X% N XPNbXY is transverse, and
(ii) Xgl NbXY = Xgl NX¢n b)o(gf is transverse.
By Lemmal[7] it remains to determine the cardinality of the intersection (i). We do
this by counting in each fiber of the G-equivariant projection 7 : G/P — G/Q.
Fix g € G such that gQ/Q € X' NbX;2. Then Q/Q € g~ ' Xg' Ng1X%n
gflegz. As in Lemma there exist ¢, g2, and ¢ in @ such that ¢g=! € ¢v !B,
g ' €quy B, and g7tb € qoiiy ' B™. Let Iy, lo, and [ in Q such that ¢;1;, gol5
and g/~! belong to Q*. Then
=g Y X% NnbX2 N XPnr1(9Q/Q))
= i XY Ny ' X2 Ngo ' XPNQ/P

o en .
=qX2'"n 0 X5 p NeX5p by Lemma 27

. ° Q/P o il o il

=X NhXg)p NbXg)p
The last equality holds since Q" acts trivially on @/P. Moreover, since Xpg' N
bXY2 = Xp' N X NbXE2, we also have

_jyvQ/P i @
I=1X; ﬂllXQl/PQZQXQ"‘/P.

Claim. The intersection l)ofg/P N ll)oi'gl/P N lg)D(gZ’/P is transverse.

Let 2 be a point in this intersection. By Lemma [6] the map

LG/P  T.G/P
Tpg 1 X% Tog~'bX %

ngfl)f)(f —

is an isomorphism. Hence, the natural map

T.Q/P o T.Q/P
Tog XY NT,Q/P  Tog~'bX% NT,Q/P

Ty ' XX NT,Q/P —

is injective. Since Tml)o(ﬁQ/P C Tog~'XP NT,Q/P (and similar inclusions hold for
up and ug), we deduce that the natural map

LQ/P . T.Q/P

Xy Tela X3 p

TleﬁQ/P —

is injective. The assumption on the length of elements of Wé’ implies that it is in
fact an isomorphism. The claim is proved.

U
any one of the ng ;. points in X' NbX5?, we get that Xp' NbX 2 has cardinality

u1 Uz

n . nt We conclude by applying Lemma [7|in G/P. (]

Uy Uz ' “Up U ®

The claim and Lemmaimply that the cardinality of I is ngl a,- Lhis holding for
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8.2. Application to the BK-product. The following lemma allows to apply
Proposition 3] to any nonzero structure constants of the BK-product.

Lemma 23. Let P C Q be two standard parabolic subgroups of G. Let uy, us, and
v in WP such that ®n? . #0.

Then 1(v) = l(u1) + I(t2).
Proof. Let @~ be the opposite subgroup of @ and Q" its “unipotent” subgroup.
Let q*~ be the Lie algebra of @“~. Note that

q”
Tuwi O q—
There exists a one parameter subgroup 7¢ of Z(L%) such that q*~ is the sum of
the negative weight spaces for 7¢. Since Z(L?)° is contained in Z(LF)°:

Twng®™ = @ (Tw)x

XEX(Z(LP)°) {x,7q)<0

[(v) = dim(7, N g™ ™) and I(@;) = dim( ) Vi=1,2.

for any w € W. Now the equality of the lemma is a direct consequence of Lemma
|
9. THE UNTWISTED AFFINE CASE

9.1. Notation. Let g be a complex finite-dimensional simple Lie algebra with Car-
tan subalgebra Ij and Borel subalgebra b> l] Let &y, ..., ¢; denote the simple roots,
&Y, ...,&)’ the simple coroots, # the highest root and " the highest coroot. For
any simple root ¢, we denote by wg the corresponding fundamental weight and by
wgv the corresponding fundamental coweight. Let P+ denote the set of dominant
integral weights for g. Set p = 22:1 W, -

Endow g = § ® C[z, 27 1] @ Cc ® Cd with the usual Lie bracket (see e.g. [Kum02}
Chap XIII|). Set h = h @ Cc @ Cd. Define A and § in h* by

§:h—0,c—0,d— 1;
A:bh—0,c—1,d—0.

We identify h* with the orthogonal of Cec @ Cd in h* in such a way that h* =
h* @ CA @ Co. The simple roots of g are

aozé—e,dl,...,al.

The simple coroots of g are
Vo VsV Vv
oy =c—0",&7,...,¢4].

For any simple root ¢&; of g, set w,, = wa, + Wa, (GV)A € b*. Set wy, = A. A
choice of fundamental weights for g is @, ..., ™q,. In particular

v
(18) p=p+ha,
v :
where i =1+ (p,0V) is the dual Coxeter number. Set
by =Zwa, - ® Zwog, © Z6,

and
P+ = Zzowao DD ZZOwal S 257

={(A+0A+b5: Ae Py and (A 6v) <[}
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Denote by Pyt = Z50Wa, P - - BZLs0wa, BZJ, the set of regular dominant weights.
The chosen fundamental coweights are

Way = d Way = Way + <wdiV,9.>d.
Set Q¥ = @l_,ZaY. An element h € QY acts on b by
h,h
(19) h~(as+k:d+Qc):x+kh+k:d—|—(Q—(m,h)—k(’2)>c.
Then W = QV.W.
9.2. Essential inequalities and BK-product. We are now interested in the

inequalities of Proposition [I] that are equalities for some regular elements of
I'(g). We prove that such inequalities necessarily appear in Theorem

Theorem 7. We use notation of Proposition (1| and assume that ny, ., = 1. Let
TE @ang(P)Z>0wa;/. Let (A1, A2, 1) € (Py)? such that

(20) (M, urT) + (Ao, ueT) = (u, v7).

Assume that p is reqular and that

(21) N >0 V(Np) CV(NA) @ V(NAg).

Then, €, appears with multiplicity 1 in €,, Oo€qy, -

Proof. To prove Theorem [7| we use Proposition [2| and hence have to find Iy, I> and
[ in L such that
(22) llufl)z;él N lQ'LLElX;;Z Niv 1 XP is finite.
Consider C' = Lul_lg’ X Luglg’ x Lv~lo, CtT = Pul_lg’ X Puglgf x Pv~lo
and the map
n: GxpCt — X
(gP/P,x) +— .
By Lemma [J] it remains to prove that there exists a point Zo in C such that the
fiber
(23) n~ (o) is finite.

For ¢ = 1,2, consider the maximal parabolic subgroup @; containing B~ such
that A; extends to Q;. Set X = G/Q1 x G/Q2 x G/B and © : X — X the
G3-equivariant projection. Set C = 7(C), C* = 7(C*) and n: Gxp ct —
X. Rather than demonstrating claim 7 we will show the following stronger
statement: there exists zg in C such that the fiber
(24) 7~ (zo) is finite.

Indeed, writing zo = (Liu; ' Q1/Q1,laus 'Q2/Qo, lv~'B/B) with Iy,ly,1 € L , the

proof of Lemma |§| shows that assertion implies that the intersection
Lhuy'Quuy P/P N lauy 'Qous P/P N Iv~ ' BuP/P

is finite. In particular, claims and hold.

Consider the line bundle £ = £_(A\) ® L_(X2) ® L(11) on X. Recall that, since
g is affine, L is a finite dimensional reductive group and C is a finite dimensional
projective variety. Let L% be the maximal semi-simple subgroup of L. Now, the
proof proceeds in two steps:
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Step 1. Up to perturbing the weights (A1, A2, i), there exists stable points for the
action of L on C relatively to L.
Step 2. A general point x( in C satisfies property .

We denote by C**(L¢c, L) the set of points z € C such that there exists a L-
invariant section o of some positive power E%N of L such that o(z) # 0. Note
that this definition is the standard one (see [MEK94]) only if £ is ample. Similarly
define C*(£,¢, L).

The following lemma is a consequence of Theorem [} We include here a more
direct proof. It allows to take a quotient by Z(L)°.

Lemma 24. With the assumptions of Theoremlj the set C**(Lc, L) is nonempty.
In particular, Z(L)° acts trivially on Lc.

Proof. By Lemma [4 there exist a positive integer N and a nonzero G-invariant
section ¢ € H(X,£L®N)¢. By Lemma the image of n : G xpCT — X
contains a nonempty open subset of X. We deduce that there exists x € C* such
that o(x) # 0, X being irreducible and G-invariant,

Set y = lim;_,o 7(t)x. Consider the map 6, defined in the proof of Lemma
The vanishing of *(C,7) means that 6% (L) is trivial as a C*-linearized line bundle
on C. We deduce that § := lim;_,o 7(t)o(z) exists and belongs to £, — {y}. But, o
being G-invariant, §j = o(y). In particular y belongs to C*(L¢, L).

Since Z(L) acts trivially on C' and o is G-invariant, it fixes §. Then Z (L) acts
trivially on [,%N and Z(L)° acts trivially on £c. |

We can now prove Step 1. Consider the group X (7% (L)° of characters x of T
such that x|z(z)e is trivial. By Lemma 24 £_(A;) ® L£_(X2) ® L(1) belongs to
Pict/Z(B)° (C). Set

v X(T)?(B)° Q — PicM?B(C)®Q
W — (L-(M) @ L-(A2) @ L(p+p))ic

The set of i/ such that some positive power of v(u') is ample and C*(~(u'), L/Z(L)°)
is nonempty is a convex set denoted by C*(C). But, the image of 7 is abundant in
the sense of [DH98)| Section 4.1]. As a consequence, for xi general in C*(C), there ex-
ist stable points in C for v(u') and the action of L/Z(L)°. Fix such a p/ and N’ such
that N'y/ € X(T). Then, (N'A1, N' X2, N'(pn+ p')) still satisfies equality . But,
for any line bundle M in C', H°(C, 7*(M)) is canonically isomorphic to H°(C, M).
We deduce that some posive power of L_(A1) ® L_(A2) ® L+ 1)) on C admits
nonzero G-invariant sections. Now, Theorem [6|implies that (N'Ay, N’ Ao, N (pu+p'))
satisfies condition for some N.

Replacing (A1, Ao, 1) by (N'A1, N'Xo, N'(n + 1)) if necessary, we may assume
that C*(L, L/Z(L)°) is nonempty.

Before proving Step 2, we construct a G-invariant map from an open subset
X*(£L) onto the GIT-quotient C**(L,c, L)// L.

Since L and C are finite-dimensional, the graded algebra G}kHO(Q, Ll%k)L is
finitely generated. Fix d > 0 such that HO(Q7 Q%)L generates @kHO(Q, él%ik)]‘.
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Let 0g,...,0p be a C-basis of H'(C, L‘lgcd)L. By Theorem |§|, for any 4, o; extends
to a G-invariant section &; on X. Set
X¥(L):={zeX:Ti &ix)#£0},
and
¢ X¥(L) — CPP
x —  [6o(z): - op(x)].
We want to describe the image of ).

Consider n : G xp Ct — X. Let CT*(L, L) denote the set of points y €
C* such that lim;_7(t)y € C*(L,L). Since the &;’s are G-invariant, (G xp
CT%(L, L)) is contained in X**(L£). By the proof of Proposition [1} this set is dense
in X*(L£), and hence in X by irreducibility. But ¢ (n((¢P/P,z))) = ¥(g~*x) for any
g€ G,z e XS(L)such that (¢P/P,x) € G xp C. Then ¢ on(G xp CT*(L, L)) is
contained in /(C* (L, L)) = C*(L, L)//L. The quotient variety C*(£, L)//L being
projective, this implies that

HX(L)) = C(L, L)/ L = Proj(@xH°(C, L)),

Fix a general point zo in C. Let g € G and y € C" such that (gP/P,y) €
7~ (o). Set z = lim;_,o 7(t)y € C. We prove the three following:
Claim a. z belongs to L.xg.

Claim b. y belongs to P.xg.
Claim c¢. G, P/P is finite.

These claims allow to conclude. Indeed, Claim b implies that g € G, P. Now
Claim ¢ shows that gP/P has finitely many possibilities. Since the restriction of
the projection G xp C* — G/P to any fiber of 7 is injective, we can conclude
that n=1(x¢) is finite and that asserion holds.

Proof of Claim a. Since C°(L, L/Z(L)°) is open and nonempty it constains x.
In particular, zg is semistable and there exists ¢ such that o;(xo) # 0.

Consider § := &;(y) = g~ 'Gs(z0) € (L"), — {y}. Since p£(C,7) =0, 2 ==
lim; o 7(t)7 € (£L%9), — {z}. But &; being G-invariant, &;(z) = 2. Hence z €
X¥(L)NC = C™®(L). Moreover, ¢ being G-invariant, we have 9 (z) = 1(xg). The
point xg being stable for the (L/Z(L)°)-action, z belongs to the L-orbit of zg.

Now, Claim b is a direct consequence of Lemma [11.3] since y and z belongs to
the G-orbit of zg.

Proof of Claim c. Since us and w belong to W7, u;nguQ and w—!Bw con-
tain B~ N L and B N L respectively. Then L/(B~ N L) x L/(B N L) maps onto
LU;IQQ/QQ x Lv~1o. One deduces that the L-orbit of the base point (u;ng/Qg, v~ 1o)
is dense in Lungg/Qg x Lv~'o. Then, zy being general, there exists [ € L such
that lxg = (llulel/Ql,ungg/Qg,vilg) =: x1, for some [; € L.

It is sufficient to prove Claim c, for x; in place of xy. Note that G, C u;nguQ N
v~ ! Bu is finite-dimensional. Moreover, it contains 7(C*). Then, the Lie algebra of
G, decomposes as Lie(G,,) = (Lie(Gy,) NLie(P* ™)) @ (Lie(G,,) NLie(P)). Thus
Lemma @ below show that the neutral component G3 of G, is contained in P.
Claim c follows. O
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Lemma 25. Let x € C¥(Lc, L). Then Gy N P™“~ is trivial.

Proof. Fix & € C such that 7(#) = 2. By Theorem [6] one can find a G-invariant
section o on X of some positive power LEV of £ such that o(z) # 0. But H(7(X), £)
is isomorphic to HO(X, L) and o descends to a G-invariant section o of £ on X. The
set X, ={y € X : a(y) # 0} is a G-stable affine ind-variety containing z.

Write x = (llulel/Ql,lgungg/Qg,lv_lg), with Iy, lo and [ in L. Then G, N
P%~ is contained in [(v"*Bv N P*~)[~!. By [Kum02, Example 6.1.5.b], v"1Bv N
P*~ is a finite-dimensional unipotent group. In particular, G, N P*~ is connected
and it is sufficient to prove that its Lie algebra is trivial.

Assume that there exists a nonzero vector £ € Lie(G, N P*~). Consider a
morphism

QZS : SLQ(C) — G,

such that T1¢(F) = &, given by Proposition below. Look the induced SLy(C)-

action on X. The unipotent subgroup Us = (1) ;) of SLy(C) fixes the point x.

Since SLy(C)/Us ~ C? — {(0,0)}, one gets a regular map
6 : C*—{(0,0)} — X.

Since X, is G-stable, the image of ¢ is contained in X,. But X, is an affine ind-
variety and Arthog’s lemma implies that ¢ extends to a regular map

6 :C*2— X

By density, ¢ is SLy(C)-equivariant. In particular the point ¢(0,0) is fixed by
SLy(C). This is a contradiction, since v~1bv contains no copy of sly(C). O

9.3. About I'(g). For any n € Z, V(nd) is one-dimensional acted on by the char-
acter nd of g. It follows that

I'(g) = I'rea(g) + Q(6,0,0) +Q(0,4,9),
where
Irea(g) = {(A1, A2, ) € T(g) : Ax(d) = Az(d) = 0}.
For any A € Py, the center Cc of g acts on V() with weight A(c) € Z. Then

Trea(8) € T(g) € {(A1, A2, 1) € (53) = ule) = Ma(e) + Az(0)}-

As an application of the GKO construction [GKOS85| of representations of Vi-
rasoro algebras, Kac-Wakimoto obtained in [KWS§]| the following properties of the
decomposition of V(A1) ® V(A2).

Lemma 26. Let A\i, A2 in Py such that A\i(d) = Xao(d) = 0, Ai(c) > 0 and
A2(€) > 0. Let 1 € P and set fi := i+ (A1(c) + Aa(c))A € Py
Then, i — A1 — Ay € Q if and only if there exists b € Z such that V(i + b)) is a
sub-representation of V(A1) ® V(A2).
Moreover, if i — A1 — Ao € @ then one of the following two assertions holds:
(i) there exists by € Z such that V(i 4+ bd) C V(A1) ® V(A2) if and only if
b < bO;
(ii) there exists by € Z such that V(i + bd) C V(A1) @ V(A2) if and only if
b:bo 0’/‘b§b072.
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Proof. The first assertion is proved in [KW88| p. 194]. The fact that {b € Z :
V(i + b8) € V(M) ® V(X2)} has an upper bound is proved in [KWS8S8, p. 171].
Let by be the maximum of such b € Z. It remains to prove that, for all n > 2,
V(i + (b — n)d) is contained in V(A1) ® V(A3). This is a direct consequence of
[KWS8E|, Proof of Proposition 3.2]. See also [BK14, Proposition 4.2]. O

Lemma [26] allows to define
bo(A1, do, i) =max{be Z : V(i+bd) C V(A1) ®V(A\)}.
Remark 8. (i) [KWS8S|, Inequality 2.4.1] implies that
A +250) | (Ca+2h)  (+2p.0)

ol + Ry 2dh+ Ry 2+ L+ R

This inequality is quadratic in (A1, A2, z). In this paper, we show stronger
linear inequalities.

(ii) If one takes Ql =01in Lemma one get A =0. Set Ay = A\ + QlA =0,
X2 = Ao+ A and g = i+ A, We have V(N0) @ V(NXy) = V(NAg),
for any positive integer N. Hence (0, A2, pt) belongs to I'(g) if and only

bo(A1, A, 1) <

4

if 4 = Ag. In particular, the assumption “Y; positive” is necessary in
Lemma [26] Observe that this implies that I'(g) is not closed.

Set
Ioa(e) = {(A1, A2, 1) €Thea(@) : AMi(c) >0 and  A2(c) > 0},

and
A= {(\, M, /1) € (X(T)o ®QA)® : A, )\ and i are dominant
A1(c) >0, Aa(c) >0
fi(c) = A1(c) + Az (c) 2
Define a function ¥ : A — R by
bo(N A1, NAa, N i)
N )

\I/()\laAQ,/j) = sup
N€Z>O s.t.
N)\17N)‘2aNﬂ€ b%
Nﬂ—N)\l—N)\Q €qQ

where by is defined just after Lemma[26] This lemma implies that, for any (A1, A2, 1) €
A, (M, A2, i + b6) belongs to the closure of I'S,;(g) in A x R if and only if

b< U(Ar, Ao, fi).

9.4. A cone defined by inequalities. Consider the cone C of points (A1, A2, 1) €
(bg)? such that

(i) A1(c) > 0 and Ay(c) > 0;
(i) A1, Ag, and p are dominant;
(iif) A1(d) = Aa(d) = 0;

(iv) Ai(e) + Aa(e) = pule);
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(v) the inequality

(25) (1, v@ayv) < (A1, u1@ay) + (A2, ua@ay)
holds for any i € {0,...,1} and any (u;,us,v) € WT* such that
(26) ©ony =1 in H*(G/P;, Z).

The aim of this section is to prove Theorem |1 or equivalently that I'C ;(g) = C
(see Theorem |10 below). We first study the cone C.

9.5. Realisation of C as an hypograph. We just proved that I'C ;(g) is the
gypograph of . We are now proving a similar statement for the cone C.

We endow b with a WW-invariant Euclidean norm || - || such that ||§||> = 2. For
w € X(T)o ® QA @ QJ, we denote by [ (resp. fi) its projection on X (T')q (resp.
X(T)o @ QA).

Let T be the set of (u,u2,v,i) € (WF)3 x {0,...,1} satisfying condition (26).
Fix (u1,ue,v,i) € Z. Assume first that ¢ = 0. Let hy,ho and h in QV such that
uWp, = hiWp,, uaWp, = haWp, and vWp, = hWp,. Define the restricted linear
function ©(y, u,v,0) @ A — Q that maps (A1, Ao, i) to

(27) (b1, h) + (haodo) = (hof) + %(IhII2 = [lhal?) + %(IIh2 — |lhal*),

where Ql = Mi(c¢) and Qg = A2(c). Note that w,y = d and for h € QV, by equa-

tion (19), we have h-d = h+d — (hzh)c For any (A1, A2, i) € A, inequality (25)
with ¢ = 0, is fulfilled by (A1, A2, i + bd) if and only if

b < Qp(uhuz,v,O)()\la /\27/2)'
Assume now that ¢ € {1,...,1{}. Write uy = 41hy, us = ishy and v = 0h with
U1, o, 0 € W and hq, he, h € QV. Define the linear function Oluyusywyi) - A—Q
that maps (A1, A2, i) to

o) a2 o) = (ot ) )

(i (h1 + 7

(w Vo, h hl)

(28) +%mmw—nhul+z7;7@7»
] v, h— ha)

+3 (171> = e HQ"'Qw)-

Recall that w,y = @,y + <1'ﬂaiv,9>d. Moreover, for w = wh € W, by equation (19),
we have

(wh) - Way = WWey + <wa¥,9>wh + <way79>d — <way79>T + (waiV,h) c.
Then inequality (25), is fulfilled by (A, A2, i + bd) if and only if

b < Dy usw,i) (A1, A2y 1)
Define
@ A — RU{—o0}
(A A2, 1) V= A0f(yy un,0,i)eZ Plur usw,i) (A1, A2, 1)
Then ¢ is a concave function and C is the hypograph of ¢:

C= {(A17>\27ﬁ+b5) : (/\1,)‘27 )G A and b< 90()‘13)‘2, )}
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9.6. The convex set C is locally polyhedral.
Proposition 4. Let Xo € A. Then

VM e€R 3 an open setU > Xo 3T C T finite

such that
YVael—-J VYaelu wa(A) > M.

Proof. Let X = (A1, Ag, i) € A. Fix M € R. Let (us,us,v,0) € Z. By Proposition|i]
the inequality is satisfied by (QA, O,QA) for any > 0. Hence

IR]* = 1Al > .
Similarly, ||A[|? — ||h2||?> > 0. Hence, go(uhuz,uo)(X) is greater or equal to
| | 0
(29) (b M)+ (ha, Aa) = (o ) + 5 2RI = [l |* = (172 ]|?),
where [l = min(A;(c), A2(c)). Using Lemma one gets 0, ., = (p,—d—h-d+hy -

d+ hy - d). Hence
. b
Oy uz = (A1t ha = h) + = ([[B]I* = [ ]]* = [[h2]]*).
Lemma [I7) implies that d; ,, > 0 and
2 .
117 = alf? = [[h2l® = =< (h = h1 — ha, ).
R
Then @(ul’u%v’o)(;\’) is greater or equal to
/ - - o 2lal
§||h||2 = [P ll-[[ A2l = [Pl [[ A2l = (1]l 2]l = W(Hhﬂl + ([l + [|R]]).-
By construction there exist w1, 2 and ¥ in W such that u; = hitq, us = hotiy and
v = ho. But I(v) = l(u1) + (uz). Then Lemma implies that

N +V2N|h| > 1(v) > (u1) > K|[h1] — N,

where K € R™* and N = #d™.
We deduce that

(30)

(31) max([[hal, [h2]]) < (2 + V2[|R).

==

The point is that this implies that ¢y, u,.v,0) X) is greater or equal to %||h||2 minus
terms that are linear in ||h||. We deduce that there exist an open neighborhood U
of \g and Ap € R such that

VX € Uy Va = (uy,u2,v,0) € Z l(v) > Ay = cpa(X)ZM.

—~

Fix (u1,u9,v,i) € Z with ¢ > 0 and consider the associated linear function
Pluruzw,i)- Since (QA, O,QA) € I'(g) for any [~ 0, Proposition |1/ implies that
(Yﬂo%v ) h - hl)

hlZ = ||hy]]? + 2
[A]1% = Al =

> 0.
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Set E := <|zzavv£> and F := <1'ﬂaiy,0->. Then, cp(ul,quvyi)(X) is greater or equal to
(32) — (B -+ W2l A+ AL = B+ A2l + (1)

+4 @RI = 1] = |12l = 2B(lh = b || + |5 — Ba]))-

where [ = min(Aq(c), A2(c)). But 67 . > 0 implies that

Uy Uz

1212 = NIl = lh2ll® = £ (1 = {5, =0Tay + i1 Day + l2ay))

— & ((p, —0h + iahy + tigha))
—2(@ay, h— hy — hy).
Combining these inequalities with inequality one can get a lower bound for

cp(uhuz,m)(X) equals to %HhH2 minus terms that are linear in ||h]. One can easily
deduce that there exist an open neighborhood U of Xo and A € R such that

-

VAXEU Va=(uj,uzv,i) el  Iv)>A = @a(X) > M.

But there exist only finitely many triples (uq,uq,v) with I[(v) < A and I(v)
I(u1) + l(uz). The proposition follows.

Ol

Remark 9. Proposition [ is still true with the family of equations corresponding to
any parabolic subgroup P, any o; € A — A(P) and any coefficient n;, . # 0. The
same proof works.

We now use Proposition 4| to prove that C is locally polyhedral. Let XO =
(A1, A2, 1) in A. By Proposition [4] there exists a neighborhood U of A\ and J C Z
finite such that

(33) VaeT—J YXEU  pa(N) > (Xo) + 1.
In particular, there exists ag in J and hence in Z such that
Xo) = inf ©a(Xo) = min @a(Xo) = @ag (Xo)-
#(R0) = inf ga(Ao) = min ¢a(Ao) = Paq (Mo)

By continuity of the function ¢,,, up to changing & by a smaller neighborhood if
necessary, one may assume that

VX eu Pag (X) < Pag (XO) + 1.
Then, assertion implies that for any XelU
34 X) = min @q (V).
(34) P(A) = min pq(A)

Choose a simplex S containing Xo in its interior such that SN.A C U. Up to replacing
U by SN A, one may assume that U is a convex polytope. Then formula shows
that C N (U + Q(0,0,4)) is a polyhedron.

For any a € Z, we set
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The properties of these sets are summarized in the following lemma. The dimen-
sion of a convex set is defined to be the dimension of the spanned affine space.

Lemma 27. With above notation,

(i) For any a € A, the set A, is convex.

(ii) Set 7y = {(a € Z| dim(A,) = dim(A)}. Then
(35) A = U(ZEIlAa'

(iii) The sets associated with two different elements of Iy only intersect along
their boundaries.

Proof. The first assertion follows from the linearity of functions o(y, u,,v,q). Since
C is locally polyhedral, it is the union of its codimension one faces. The two last
assertions follow. O

The cone C being locally polyhedral, we have

C:{()\17>\2,ﬂ+b5) : ()\17>\27ﬂ)€v4
bg@a()\h)‘%ﬂ) VGEII}-
Two convex sets A, and A, are said to be adjacent if their intersection has codi-
mension 1 in A.

9.7. An example of a codimension one face. Consider the element (e, e,e,0) €
Z. The associated inequality is b < 0. Moreover, G/ Py is the affine Grassman-
nian Grg and the semi-simple component of the Levi subgroup Ly is G.

Lemma 28. Let (A +AA, Ao+ BA, i+ (L +B)A) € (Py)3. Then V(ji+ (4 +5)A)
is contained in V(A; + /1/\) ® V(A + /QA) if and only if V(i) is contained in
Ve (A1) @ Ve (A2).

In particular, Ac.c.e0y has nonempty interior in A. That is (e, e, e,0) belongs
to Il.

Proof. The first assertion is certainly well known. It can also be obtained as a
consequence of Theorem @ Indeed, in H*(Gr, Z), we have ng . = 1. For 7 = w,y,
()'\1 + QlA, Ao + QQA, i+ (Ql + QQ)A) satisfies equality . Corollary |1{ shows that
the multiplicity of V(i + (Ql +Q2)A) in V()'\l + QlA) ® V()'\g +QQA) is equal to those
of V(1) in V(A1) @ Vis(ho).

It is well known (see e.g. [PR13l Theorem 1.4]) that I'(g) has nonempty interior
in (X (T)0)3. But for any given (A1, A2, 1) € T(@), A+l A, g+l i+l +15)A) €
I'(g) for any 0 > (A1,60Y), by > (A2,60Y) and by +10, > (f1,0"). The second assertion
follows. 0

9.8. The main result.
Theorem 10. With the above notation, we have
[ea(g) =C.

Proof. The inclusion I'_4(g) C C is a direct consequence of Proposition[l] We have
to prove that C is contained in I'Y, ;(g) or in I'(g); that is, that

- -

(36) Ve A (X)) < TX).
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Still equivalently, we have to prove that
(37) Ve A  X+(0,0,0(X)8) € I'(g)
Let X = (A1, A2, 1) € A. Since C is locally polyhedral (see ), there exists a € Z;

— -

such that ¢(A) = p4(N). To sum up, it is sufficient to prove that, for any a € 7y,
we have

(38) VAXeAs X+ (0,0,0(X)0) € I(g).

Let Z9 denote the set of elements in Z; satisfying condition . In order to
prove that Z) = 7, for a € Z, consider the following assumption

(H) 3X € A, regular such that X + (0,0, p(\)d) € I'(g).

We prove that Z{ = Z; in three steps:
Claim 1. Any a € Z; satisfying assumption (H) belongs to Z?.
Claim 2. The element (e, e, e, 0) belongs to Z; and satisfies assumption (H).
Claim 3. If one of two adjacent elements of 7; satisfies assumption (H) then both

satisfy assumption (H).

These claims are sufficient. Indeed, for any a € Z;, there exists a sequence
a = ag,...,a, = (e,e,e,0) such that A, and A, , are adjacent for any i. By
Claim 2, a,, satisfies assumption (H). Thus by an immediate induction and Claim 3,
a satisfies (H). Now Claim 1 shows that a € Z9.

Proof of Claim 2. It is a direct consequence of Lemma 28

Proof of Claim 1 = Claim 3. Let a and o’ in Z; be such that A, and A, are
adjacent along their face A’. Assume that a satisfies assumption (H). Then the
interior of A’ is contained in the interior of A, U Ay/. In particular, A’ contains
regular weights and o’ satisfies assumption (H). Since @, and ¢, coincide on A’,
if one of a and «’ satisfies (H) both satisfy it by Claim 1.

Proof of Claim 1. Let a = (41,us9,0,1) € I, satisfying assumption (H). Set C =
Liﬂflg_ xLiaglg_ x L;v~to. For (A1, A2, i) € (P1q)?, denote by C*5(A\1, A2, i, L;)
the set of points in C that are semi-stable for the action of L; and the restriction
of the line bundle £ on X associated to (A1, Az, it). Consider

Chi(C) = {(X,b) € AxQ : CF(X+ (0,0,b8), L;) # 0}.

Let X = (A1, A2, /1) in A, bin Q. Set p = i + bd. By [BKQ6], CLi(C) is a convex
polyhedral cone determined by an explicit finite list of linear inequalities. Namely,
(X, b) belongs to CLi(C) if and only if
(1) @y A1, @5 A and 5!y are dominant for L;;
(ii) Z(L;)° acts trivially on £|c;
(iii) for any j € {0,...,i} — {3}

(39) (ﬁwa]v,@_lm < <a1wa]y,a;1A1> + (agwa;,a;%),

for any (i, U, ) € Wf” such that e;(L;/Pj) appears with coefficient one
in (S (Ll/PJZ)@QEaz (Ll/PJZ)
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Here Pj is the maximal standard parabolic subgroup of L; associated with j. Note
that condition (iz) can be rewritten as

(40) (Vway, p) = (W @ay, A1) + (U2@ay, A2).

In particular it implies that b = o, (X).
On the other hand, Theorem |§| shows that A 4 (0,0,bd) belongs to I'(g). Thus
b < U(\). Finally, the points (X, b) of CFi(C) satisfy

(41) b= () = o(X) = ¥(X) and X € A,.

Conversely, we claim that for any X in A,, (X, @a(X)) belongs to CLi(C). By (@1,
this claim implies Claim 1 and ends the proof of the theorem.

Consider the set CLi(C) of X € A such that (X, p,(X)) belongs to CXi(C). It
is the linear projection of C*#(C). By assumption (H) and Theorem @ CLi(0)
intersects the interior of \A. Let [}° be the semisimple part of the Lie algebra [;
of L;. Since I'(5*) is full dimensional and C%(C') intersects the interior of A, one
deduces that CL+(C') is full dimensional in A.

Recall that we want to show that the two full dimensional sub-polyhedron of
A, CLi(C) and A, coincide, knowing that CLi(C') is contained in A,. The general
theory of convex polyhedrons implies that it is sufficient to check the conditions (39))
such that the associated face of C%i(C) has codimension one and intersects the
interior of A. Consider such an inequality associated with (@1, @9, 7, j) and the four
flag varieties

Li/(P})

(]

G/
RN
/P G/ P

Here P; ; = P; N P; and we used that Pj =L;NP;.

By Lemma (uy = Uyiiy, up = tUalin,v = v0) € (WFii)3. By Proposition
€, appears with multiplicity one in €y, .€4,, in H*(G/P; j,Z). Set 7 = @,y + Way-
Then, by Proposition [I]

(42) (o, 1) < (uam, A1) + (uaT, AY),

for any (A}, A5, 1) € T'(g). Let X' be an integral point in the interior of A, in CLi(0)
and such that 1nequahty is an equality. Then inequality (42) is an equality for
X' +(0,0, (a1, 2,5,1) ()\ )5) The last weight of N being regular Theorem [7| implies
that €, appears with multiplicity one in €,, ®g€y,-

Consider now the three elements @}, @ and ¥’ in W¥ such that @{Wp, =
uy Wp,,usWp, = usWp, and v'Wp, = vWp,. Lemma 23| and Proposition (3| imply
that, in H*(G/Pj,Z), e; appears with multiplicity one in €5, ©geqy. By definition
of C, any point (A1, Ag, pt) in it satisfies

(43) </U'71_)/wo¢v> < </\1,ﬂ/1wav> <>\2,ﬂl2wav>.
But, modulo equahty . mequahty is equlvalent to 1nequahty . Since

for any pomt X of Ay, the point X+ (0, O,(pa()\)é) satisfies both ({ and ., 1t
satisfies . We conclude that A, is contained in CL¢(C).
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10. SATURATION FACTORS

In this section, we prove Theorems [3]and [4of the introduction. Let us first check
the computation of the constants k.

In the finite-dimensional case, known saturation factors are collected in the fol-
lowing tabular. These results was obtained in [KT99] for the type A, in [KMOG]
for By and G, in [HS15] for type B), [BK10] for the type Cj, in [KKMOQ9| for Dy
and in [KMOS| for the remaining cases.

Type A Bl =3) [l =2) | Dy | Dyl > 5)
Saturation factor | 1 2 2 1 4

Type FEg E; FEg Fy Ga
Saturation factor | 36 144 3600 144 2,3

Using these datas, one can easily check the computations of ks given in the
introduction by reading the Dynkin diagrams. Indeed, k; was defined to be the
least common multiple of saturation factors of maximal Levi subalgebras of g. But
these Levi subalgebras are finite dimensional.

i A lz2) Bl>3

Ay g
&0 = >®o—o—o%
) Dy (>4

Gy G (> 2) :

>WH<

& O0—0>=0—0

Proof of Theorems[3 and [} Let (A1, A2, 1) € (P4)? such that p— A — Ay € Q and
there exists N > 0 such that (NA;, NA2, Nu) € I'y(g). Up to tensoring with V(0)
one may assume that Aj(d) = Aa(d) = 0. Write p as i + nd, with n € Z and
i€ X(T).

Set b = ¢(A1, A2, i). By formula (34), there exists (u1,us,v,i) € Z such that
b= Pur,uz2,v,4) ()\h )\2; :L_L)

We claim that bkg is an integer. The norm on Q" is normalized by ||&V||> = 2
for a short coroot &V € $V. Then, case-by-case consideration allows to prove that,
for any h € QV, % € Z. Now, formula shows that b € Zif i = 0. If i > 0,
formula shows that kb € Z.

Consider (kgAi, kgAe, kgfi+ (kzb)d). Recall that Q = Q+Z6 and p—XA1— X € Q.
In particular kzf + (kgb)d — kyhi — kgha € Q. For any X\ € hy and w € W,
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A—wA € Q. Hence, v kyfi+ (kgb)d — ui 'kyhi —uj "k Ao also belongs to Q. Since
(NA1, N2, N(i+b3)) € Tn(g), Corollary [L]implies that (Nup Ay, Nug *Aa, No~! (i+
bd)) belongs to I'n([;). But kg is a saturation factor for the group L;. Then
(u;lkskg)\l,uglkskg)\g, v_lkskg(ﬂ + b)) belongs to I'n(I;). Corollary |1| implies
that (kskgAi, kskgha, kskg (it + bd)) belongs to I'n(g).

Proposition |1 implies that n < b. Then k(b —n) € Z>o.

If b = n, we already proved that (kskgAi, kskgAo, kskgp) belongs to I'n(g). The-
orem [3]is proved in this case.

Moreover, Proposition [1| implies that

bo(kskgAi, kskgha, kskgii) = kokgb.

Then, Lemma |26 implies that (kskghi, kskghe, kskgft + mod) belongs to I'n(g), for
any
(44) m < kgkgb — 2.
Assume that kg(b — n) € Zso. If ks > 1, m = k,kgn satisfies condition (44).
Similarly, for any d > 1, kskgn — d satisfies condition . The theorems follow in
these cases.

Assume now that ks = 1 and fix d > 1. We may assume that n # b. Then, the
integer

bo(dkgi, dkgha, dkgii) = dkgb.

Since m = dkgn = d(kgn — kgb) + dkgn satisfies m < dkgb— 2, Theorem [3also holds
in this case. O

11. SOME TECHNICAL LEMMAS

In this section we collect some technical results on Birkhoff and Bruhat decom-
positions, on Geometric Invariant Theory, on affine Kac-Moody groups. . .

11.1. Bruhat and Birkhoff decompositions. In this subsection, G is the mini-
mal Kac-Moody group associated with any symmetrizable GCM. Fix T, W, B and
B~ as usually. Let P D B be a standard parabolic subgroup with standard Levi
subgroup L. Fix a one parameter subgroup 7 of T such that for all 3 € ®, § € ®(P)
if and only if (8,7) > 0.

Lemma 11.1. Let u € W and v € WP such that u # v. Let x € X'
Then limy_,o 7(t)x does not belong to v~'Bo~.
Proof. Recall that (G/B~)" can be decomposed in the two following ways:
(G/B™)" = UpewrLw 0™ = Uyew (BN L)wo™.
Moreover {wo~ : w € W} is the set of T-fixed points in G/B~. Hence, if Y C
G/B~ is (BN L)—stable then Y7 = U, cyr(BNL)z. For Y = )c(g:l = Bu~lo~ we
get
(Bu='o™ )" =(BNLu ‘0.
If v € W then (v='Bv) N L= BN L. Hence, for Y = v~'Bo~, we get
(v'Bo™) = (BNLyv o
Since lim;_,o 7(t)z belongs to (Bu~'o™)", we deduce that it does not belong to
v~ 1Bo~. O
Lemma 11.2. Let u,v € W such that I(v) = l(u) + 1.
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(i) Let x1,m0 € X% such that limy_,oo 7(t)z1 = limy_oe 7(t)zy belongs to
Xy
Then 7(C*)x; = 7(C*)x2.
(ii) Let x1,29 € Xf such that imy_, oo 7(t)x1 = limy—, o0 7(t) 2o belongs to Xf
Then 7(C*)x; = 7(C*)xa.

Proof. Let us prove the first assertion. Set y = lim; oo 7(¢)21. Theny € ()O(%_ )T =
(BN L)vo~. Fixl € BN L such that y = lvo~. Note that for any g* € P»~,l' € L
and w € W, we have

: wjl - _q/ —
tlg(r)loT(t)g l'wo™ =l'wo™.

The equalities Py = Px; = Pxs allow to find g € P“~ such that z; = g'v,
for i = 1,2. Then [~'z; = (I"1g“l)vo~ belongs to X2 . Since | € B, ["'z; also
belongs to Xu . Finally, [~'z; belongs to Xu_ N )0(1],3_.

But I(v) = {(u) +1 and X%_ N X2 is isomorphic to C*. Since I~ a; and [~ a5
are not fixed by 7(C*) they belong to the same 7-orbit. The actions of 7 and L
commuting, one deduces that 7(C*)x; = 7(C*)xs.

The second assertion works similarly. Up to translating by an element of BN L,
one may assume that lim;_, o 7(¢)z1 = lim¢—, o 7(t)z2 = uo. Then x; and x5 belong
to X% N X2 that is isomorphic to C*. g

We are now interested in the Biatynicki-Birula cells of G-orbits in X. We prove
an anologue of [Resl0, Lemma 12] in your infinite dimensional setting.

Lemma 11.3. Assume that P has finite type ie that L is finite-dimensional. Let
Q1,Q2 be two parabolic subgroups of G containing B~. Consider X = G/Q1 X
G/Q2 x G/P with base point (01,05,0). Fixl € L. Let uy,ug, and v in WF. Set
To = (luflgl,uz_ng,v_lg) e X and O = G.xg.
Then
{zr €O : lim7(t)x € L.xy} = P.xo.
t—0

Proof. Consider first the analogous situation in G/Q2 x G/B, with its two pro-
jections p; and ps on G/Q2 and G/B. Set x; = (u;ng,v_lg), 0O; = G.z; and
O = L.;. Set also OF = {z € Oy : limy_o7(t)z € L.v;}. We claim that
O;r == Pl‘l.

We have p;(0;) = G/B~ and p;(0Y) = Luy '0,. Moreover,

{r e G/Q2 : tli_%T(t)x € Luy o} = Puyto.

Since Of‘ is stable by P, it follows that
Of = PT where T = ({u;lgz} x G/B)NOY.

Set w3 = v~lo. Then, py(Z) is the set of points z € (U2_1Q2’LL2)..’B2 such that

lim; o 7(t)z € (LN U;lQQUQ).TQ. In particular ps(Z) is contained in Pxzg. The
weights of 7 acting on T,,p2(Z) are nonnegative. On the other hand they are
contained in Ty, (uy 'Qauz)zs. It follows that T,,po(Z) is contained in T, (P N
Uy 1Q2U2)x2. Note that, since P has finite type, PNuy 1Qsus is finite-dimensional.
Moreover, the dimension of Z (at x3) is at most equal to dim((P N uy ' Qouz)xs).
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It follows that (P Nus 'Qaus)zs is open in po(Z). Since (P Nuy ' Qous)xs contains
(LN u;ngug)mg, we deduce that

p2(Z) = (P Nuy ' Qauz)za,
and
(45) Of = Pa;.
Consider now
m 2 X —> G/Q2 X G/B, (1,22, 73) — (2, 23).

Set Ot = {z € O : limy_,o7(t)z € L.xo} and Oy = L.z;. Equality and the
fact that O is P-stable imply that

Note that
(G/Q1 x {z1}) N O = (uy 'Qouz N v~ Bu).xg and
(G/Q1 x {z1}) N O = (uy'Qaus Nv~'BuN L).xo
Then, since u;nguQ Nv~!Bw is finite-dimensional, [Res10, Lemma 12| shows that
(G/Q1 x {21}) NOF = (P Nuy ' Qaus Nv~ ' Bu).ag.
With equality this ends the proof of the lemma. O

11.2. Affine root systems. In this subsection, we consider an untwisted affine
root system and use the notation of Section @ Recall in particular, that hg is
endowed with a W-invariant Euclidean norm || - || such that [|0]|? = 2.

Lemma 11.4. Consider the affine Weyl group W = QY. W and set N = ot _
There exists a positive real constant K such that for any h € Q¥ and w € W,
we have

K||h|| = N < I(hw) < N 4+ V2N||h].

Proof. Set w = hw. The length of w is the cardinality of w='®* N ®~. One can
deduce (see e.g. [IM65]) that:

(47) I(hi) = > [(h, &)| + > [(h, ¢ — 1].
aedt w—taedt aedt w—ltaed—

The inequality on the right just follows from

|<h7d> - 1| < ‘<h7d>| +1

|(h, é)] < [[Allllall < V211
Moreover,

(hw) = 1(h) = I(w)
2D aedr |(h @) = N.

The set ®* spaning b, the map h — > aci+ |(h, &)] is a norm on the real vector

space h%. This norm is equivalent to || - ||, and there exists K such that K|h| <
> acit |(h, &)]. The lemma follows.
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11.3. The Jacobson-Morozov theorem. Let g be an untwisted affine Kac-Moody
Lie algebra and p be a standard parabolic subalgebra. Let G be the minimal Kac-
Moody group associated with g and P be the parabolic subgroup corresponding to
p. Fix a one parameter subgroup 7 of 7" in &, §ZA(p)Z>0wa]v. Consider the action
of 7 on g and the corresponding weight space decompositions
g = Dneczdn p= @nezzoﬁm
In sl5(C), we denote by (E, H, F') the standard triple

=) =( %) =)

[E,F)=H [H E|=2E [H F|=-2F

satisfying

Proposition 11.1. Let & be a nonzero vector in g, Nwu~w™! for some positive
integer n and w € W.
Then there exists a morphism ¢ : SLo(C) — G of group-ind-varieties such that

TeH(E) = €.

Proof. Set K = C((t)) = C[[#]]t"!] and R = C[t,t"!] C K. Consider the Lie
algebras g®@ R and g ® K. Recall that Cd® g® R is a semi-direct product and that

0 Cc g Cdpg®R —— 0

is a central extension. We first construct an sly-triple in g ® K. Then, we modify
it to get one in g ® R. Using R-group schemes we get a morphism from SLo(C) to
G ® R that we finaly raises to G. Here, G ® R denotes the set of R-points of G.
Consider the canonical C-linear embedding ¢ : g ® R — g. Be careful that it
is not an homomorphism of Lie algebras.
Note that the one parameter subgroup 7 is equal to 7 + md for some one pa-
rameter subgroup 7 of T and some positive integer m. Then, 7 acts on § ® R by

C-linear automorphisms and we have the decomposition
IOR = Drez(d @ Rk

in T-eigenspaces. Since each (§ ® R) is finite-dimensional and m is positive, we
have

(48) 9K =brez, (@R ® [ @@R)k.
kEZZO

Observe that, for any nonzero integer k, g = (§ ® R)x. In particular, £ belongs
to § ® R. We denote by ¢ (resp. fN) the element £ viewed as an element of the Lie
algebra g @ R (resp. g ® K).

The space g,, being contained in u, £ belongs to uNwu~w~! and by [Kum02), The-
orem 10.2.5], ad¢ € End(g) is locally nilpotent. Being K-linear, ad€ is also nilpotent.
Applying Jacobson-Morozov’s theorem (see e.g. [Bou05l, VIII-§11 Proposition 2|)
in the Lie algebra g ® KC over the field K of characteristic zero, we get an sly-triple
(X,H,Y) in § ® K such that X = ¢.

Write Y =}, > Y} according to the decomposition . The Lie bracket being
graded, we have in g ® K

[X’ [Xv Y—n]] =-2X.
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Set Hy = [X,Y_,] and n = Ker(ad¢). Since X is homogeneous, n decomposes as
Brez_oM @erz>o ng, where n, = nN(gRK),. Note that [X,Y_,,]+2Y_,, belongs
to n_,. By [Kosh9, Corollary 3.4], adHy + 2ldge i is injective and stabilizes each
n,. Moreover, n_,, is (adHy — 2Idzgx)-stable and finite-dimensional as a complex
vector space. Then there exists Y’ € n_,, such that

(X, Y_,]+2Y_, = [X,Y' ] +2Y',.

Then, (X, Hy,Y_,—Y" ) is an sly-triple contained in (§QK),, X (§RK)o X (§RK) .
In particular, this slo-triple is contained in g ® R. Hence, we get an R-linear Lie
algebra homomorphism

@ :5lh(R)— goR
such that ¢(F) = £. Since SLy is simply connected and R contains Q, [ABD™ 66,
Exposé XXIV, Proposition 7.3.1] implies that there exists a morphism

®:SLy — G

of R-group schemes with ¢ as differential map at the identity. In particular, we get
a morphism of group-ind-varieties

d : SLy(C) — GOR
such that T,®(E) = &.

Consider now the semidirect product C* x G ® R associated with the derivation
d, and the central extension

1} c* G ——C* x G(R) —— {1}.

Then 7~ (®(SLz(C))) is a central extension of (P)SLy(C). Hence, it is isomorphic
to either C* x (P)SL2(C) or GL2(C). In each case, ® can be lift to a morphism to
7 1(®(SL2(C))). This concludes the proof of the proposition. O

11.4. Geometric Invariant Theory. For a given C*-variety X and a given in-
teger k, we denote by C[X]®*) the set of regular functions f on X such that
(t.f)(x) = f(t~'z) = t* f(x), for any t € C* and z € X.

Lemma 11.5. Let X be a normal affine C*-variety and D be a C*-stable irreducible
divisor. Set Q=X — D. We assume that

(i) Ve € Q  limyotz does not exist in X.
(ii) For all z1,x9 € Q, if the two limits limy_,o0 txy and lims_, o txo exist, are
equal and belong to D, then the C*-orbits of x1 and xo are equal.
(iii) Ve € D limy_,otz does exist in D.
(iv) Yy € D¢ dr e Q limy oo tx = y.
(v) Q is affine.
Then, for any nonnegative integer k, the restriction map induces an isomorphism
CIX]®) ~ C[Q)*).

Proof. Set X = X xC, 0 =QxCand D = D x C. We endow X with an action
of C* by setting ¢.(z, 2) = (t.2,tz) for any t € C*, 2 € X and z € C. Observe that

C[X]®" = @renC[X]®2F and C[QC" = @4enC[Q)®2F. Then, it is sufficient to
prove that C[X]¢ = C[Q]".
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But, one can easily check that X satisfies all the assumptions of the lemma. As

a consequence, it is sufficient to prove it for £ = 0.
Consider the commutative diagram

Q

TQ TX

Q//c*

Xj/cr,

where //C* denotes the GIT-quotient. It remains to prove that 6 is an isomorphism.

We first prove the surjectivity of . Let £ € X//C* and O C X be the unique
closed C*-orbit in 7' (€). Tt O C Q, it is clear that 6(m(0)) = & Otherwise
O C D. The orbit O being closed, assumption implies that O is a fixed point.
By assumption (iv]), there exists O’ C Q such that O > O. Then §(mo(0')) = &.
We conclude that 6 is surjective.

Let us now prove that 6 is injective. Assume that & # & € Q//C* satisfy 0(&;) =
0(&2) =: €. Let 01,05 C Q and O C X be the closed C*-orbit in w5 (&1), 75" (£2)
and W)_(-l(f) respectively. Since mx(0;) = 1x(0s) = &, we have O C O; N Oy. In
particular, O is a C*-fixed point and O; and O are one-dimensional. Pick z; € Oy,
zo € Oy and y € O. By assumption , the limit lim;_,q t.21 does not exist. But
y € O — 01,50 limy_, o t.zzy = y. Similarly lim;_, t.zo = y. Now, assumption ,
implies that @1 = 0. Hence 0 is injective.

Over the complex numbers, the fact that € is bijective implies that it is birational.
By assumption X and hence X//C* are normal. Then Zariski’s main theorem (see
e.g. [Kum02, Theorem A.11]) implies that € is an isomorphism. O
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ABSTRACT. The support of the tensor product decomposition of integrable
irreducible highest weight representations of a symmetrizable Kac-Moody Lie
algebra g defines a semigroup of triples of weights. Namely, given A in the set
P, of dominant integral weights, V() denotes the irreducible representation
of g with highest weight \. We are interested in the tensor semigroup

In(g) := {(A1, A2, 1) € PE|V(n) C V(M) @V (A2)},

and in the tensor cone I'(g) it generates:

T(g) i={(A1, A2, ) € P} | 3N > 1 V(Np) CV(NA) @ V(NA2)}

Here, P, g denotes the rational convex cone generated by P. .

In the special case when g is a finite-dimensional semisimple Lie algebra,
the tensor semigroup is known to be finitely generated and hence the tensor
cone to be convex polyhedral. Moreover, the cone I'(g) is described in [BK06]

by an explicit finite list of inequalities.

In general, I'(g) is nor polyhedral, nor closed. In this article we describe
the closure of I'(g) by an explicit countable family of linear inequalities for
any untwisted affine Lie algebra, which is the most important class of infinite-
dimensional Kac-Moody algebra. This solves a Brown-Kumar’s conjecture

[BK14] in this case.

The difference between the tensor cone and the tensor semigroup is mea-
sured by the saturation factors. Namely, a positive integer d is called a satu-
ration factor, if V(NA1) ® V(NX2) contains V(Np) for some positive integer
N then V(dA1) ® V(dA2) contains V (du), assuming that g — A1 — A2 belongs
to the root lattice. For g = sl,, the famous Knutson-Tao theorem [KT99]
asserts that d = 1 is a saturation factor. More generally, for any simple Lie
algebra, explicit saturation factors are known. In the Kac-Moody case, I'n(g)
is not necessarily finitely generated and hence the existence of such a factor
is unclear a priori. Here, we obtain explicit saturation factors for any affine
Kac-Moody Lie algebra. For example, in type Ay, we prove that any integer
d > 2 is a saturation factor, generalizing the case A; shown in [BKI14].
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