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Abstract. — The volume of a unit vector field V' of the sphere S™ (n odd) is the
volume of its image V(S™) in the unit tangent bundle. Unit Hopf vector fields, that
is, unit vector fields that are tangent to the fibre of a Hopf fibration S* — CP =R ,
are well known to be critical for the volume functional. Moreover, Gluck and Ziller

proved that these fields achieve the minimum of the volume if n = 3 and they
opened the question of whether this result would be true for all odd dimensional
spheres. It was shown to be inaccurate on spheres of radius one. Indeed, Pedersen
exhibited smooth vector fields on the unit sphere with less volume than Hopf vector
fields for a dimension greater than five. In this article, we consider the situation for
any odd dimensional spheres, but not necessarily of radius one. We show that the
stability of the Hopf field actually depends on radius, instability occurs precisely

if and only if r > \/ﬁ. In particular, the Hopf field cannot be minimum in this

range. On the contrary, for r small, a computation shows that the volume of vector
fields built by Pedersen is greater than the volume of the Hopf one thus, in this
case, the Hopf vector field remains a candidate to be a minimizer. We then study
the asymptotic behaviour of the volume; for small r it is ruled by the first term of
the Taylor expansion of the volume. We call this term the twisting of the vector
field. The lower this term is, the lower the volume of the vector field is for small r.
It turns out that unit Hopf vector fields are absolute minima of the twisting. This
fact, together with the stability result, gives two positive arguments in favour of
the Gluck and Ziller conjecture for small r.
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1 Introduction and main results

The volume of a unit vector field V on a compact oriented Riemannian
manifold M can be defined (see [8]) as the volume of the submanifold V(M)
of the unit tangent bundle equipped with the restriction of the Sasaki metric.



It is given by

Vol(V) = / \det(Id +TVV o VV)duol
M

where dvol is the volume element determined by the metric and V is the
Levi-Civita connection. There is a trivial absolute minimum of the volume
functional when unit parallel vector fields exist, but this is not always the
case, since such a vector field will determine two mutually orthogonal, com-
plementary and totally geodesic foliations.

An odd dimensional sphere admits unit vector fields but not parallel ones.
A natural unit vector field is then given by the tangents to the fibers of the
Hopf fibration and it is shown in [9] that this field is critical for the vol-
ume functional. In fact, we can go further, for [8] Gluck and Ziller proved
that Hopf vector fields achieved the minimum of the volume among all unit
vector fields of the unit sphere of dimension three. The method they used
could not be extended to higher dimensions and they opened the question
of whether that result was still true for all odd-dimensional spheres. This
was shown to be inaccurate on spheres of radius one. Indeed, Pedersen [10]
exhibited smooth vector fields on the unit sphere with less volume than Hopf
vector fields for a dimension greater than five.

One remarkable fact with the volume functional is that it is not homoge-
neous with a dilatation of the metric. The influence of radius on the index
and on the nullity of Hopf vector fields of the sphere is studied in [6], [7].
It is shown that Hopf vector fields remain critical for any radius and that,
for n > 5, instability occurs if the radius is strictly greater than \/ﬁ (or
equivalently, if the curvature k is less than n — 4). Whether Hopf vector
fields are unstable for £k > n — 4 was an open question. In this article, we

completely solve the stability problem, which actually depends on curvature.

Stability Theorem. — Let n > 5. The Hopf vector field is stable if and
only if k >n — 4.

Note that the situation for n = 3 is independent of curvature. Hopf vector
fields are not only stable but absolute minimizers of the volume [8], [1].

We then study the asymptotic behaviour of the volume functional with the
curvature. If V is a unit vector field on S"(1), we consider the function
k — Vol(V*) where Vol(V*) is the volume of the corresponding unit vector
field V¥ on the sphere S™(r) of radius r = I ks small, a Taylor
expansion shows that this behaviour is ruled by the bending B(V) of V, a
notion previously introduced by Wiegmink [12] (see the end of section 3).



If k£ is large, this behaviour is ruled by another quantity which we call the
twisting of V

Tw(V) =/ ()\/an_l(TVVoVV) dvol
n 1

(in this expression, 0,1 denotes the (n — 1)-th elementary symmetric poly-
nomial function).

Twisting Theorem. —

1) For every unit vector field V of S™(1), Tw(V) > Tw(H).

2) If Tw(V') > Tw(H) then there is ko > 0 such that for all k > ko, we
have Vol(V*) > Vol(HF).

As a consequence, vector fields constructed by Pedersen cannot achieve the
minimum of the volume functional for large values of curvature since their
twisting is strictly greater than that of the Hopf vector field (see Lemma
4). In fact, we do not know of any unit vector field with less volume than
the Hopf one for these large values. So Gluck and Ziller’s conjecture is still
open for spheres of small radii.

Besides the Hopf field, there is another field which plays an important role
in that problem, namely the radial field R (see the end of section 3 for a
description of it). Indeed, it is shown in [3] that the volume of any smooth
unit vector field is greater than or equal to the volume of R and that equality
uniquely holds for this vector field. Nevertheless, since it has two singular-
ities this vector field is not the minimum of the volume functional among
globally defined smooth unit vector fields. We conclude this article with an
appendix in which we consider a family of globally defined unit vector fields
(R¢) which is built from the radial field. We explicitly compute its volume
and compare it with the volume of the Hopf field H and the volume of the
field P obtained by Pedersen in [10]. Lower values of the volume are reached
by R, for small k, P for medium k& and H for large k.
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2 Hessian of the volume functional

In this section, we state three different expressions of the Hessian, each of
them giving interesting insight into the stability problem. Nevertheless, only



the two last are needed to prove the Stability Theorem.

Let S?™*1(r) € C™*! be the sphere of curvature k = r—2, N(p) = vVkp the
outwards unit normal at p and J the usual complex structure on C™*!, so
the Hopf vector field can then be written in the form H = JN.

We denote by V the Levi-Civita connection on R?*™+2 the Levi-Civita con-
nection V on S§?™*l(r) is VxY = VxY— < VxY,N > N and VxH =
JVxN = %JX. Therefore VgH = 0 and if < X, H >= 0 then VxH =
1

~JX.

Let W : U C C™*1 — C™*! be a vector field, we put DSW = V xW —
JVxW and D}C(W = VyxW + JVxW. Recall that W is holomorphic
(vesp.anti-holomorphic) if for all X, DSW = 0 (resp. DSW = 0).

Let H* be the distribution Span(z,Jx)* on C™*1\ {0} and 7 : T(C™+1\
{0}) — H* be the natural projections {z} x C™*! — H.. We denote by
|7 o DCW ||+ the norm of 7 o DCW|HJ_ : HY — H* that is

2m
Imo DW|3,0 =Y |lw o DEW?
i=1

where FE1, ..., Fo,, is a local orthonormal frame of H - Similarly

2m
lmo DW |3, =Y [lw o DE W,
=1

but in that case
WODCI/I/‘HL = DCM/‘HL . HJ_ — HJ_

so that B )
|m o DEW |3, = [|D°W|[7,..

Recall that, for every r, the unit Hopf vector field H is critical for the vol-
ume functional defined on the space T°°(T'S*"*1(r)) of smooth unit vector
fields of S?™*1(r) (see [7]). An element of the tangent space to the Fréchet
manifold I'*°(T*S?™+1(r)) at the point H is a smooth vector field A every-
where orthogonal to H. In [6] Lemma 10, the Hessian of the volume at H is
computed and the following result gives a new expression of it in which the
role of radius (equivalently the role of curvature) becomes clearer.



Main proposition. — Let A be a smooth vector field on S*™+1(r) such that
<A H >=0. Then

i) (Hess Vol u(A) = (1 + k-)m—2/ (—2mk| A2 + [VAJ?
SQerl(,,.)

RV A+ \/EJAH2) dvol.

k(1 —
i) (Hess Vol )i (A) = (1 +k)m—2/ <M(3+4kz+m)||AH2
S2mt1(y) kE+1
REm a2+ %”w o D(CAH%H> dvol.

ke + DIVaA+ VR

2
iii) (Hess Vol )y (A) = (1 + k)™2 / <_km
S2m-+1(7) k+1

k — 1, =
I+ DT A+ VRS A + S0 AT ) duo.

1A]1*

Proof. — Let (M, < .,. >) be a Riemannian manifold and let W be a unit
Killing vector field which is critical for the volume functional V' and let A
be a vector field orthogonal to W. Then the Hessian of the volume at W
can be expressed using Theorem 7 and Lemma 9 of [6] as

(Hess Vol )w(A) = /M <||A\|2wW(W) + f(W)tr(Ly/ oTVAo Ly o VA)

+%02(KW o VA)) dvol.

where Ly = Id +TVW o VW, f(W) = /det Lw, Kw = f(W)Ly;} oI VW,
ww = O}V Ky is the tensor contraction of VKy, and 205(C) = tr(C)? —
tr(C2). This expression is useful for our purpose since Hopf vector fields can
also be characterized as the unit Killing vector fields of the sphere S?™+1(r).
In that case Ly|yr = (k+1)Id and Ly(H) = H (see [6]). So

fH)=0+k)™, Ky=0+k)™ ' T(VH), wg(H) = —2mk(1 + k)™ L.

Moreover, Ky H = 0 and if < X, H >= 0 then

<Kp(X),Y >=(14+k"™ <X, VyH>= —VEQ+ k)™ <JX,Y >.

So, K (X) = —Vk(1+ k)™ 'J(X— < X,H > H) and therefore
Kg(VxA) = —VE(1+ k)™ LI(VxA— < VxA H > H).

Since VxJA = JVxA—Vk < X,A>H+Vk < JA, X > N, then

(K o VA)(X) = —VEQ+ k)™ (VJA(X) +VE < X,A> H).



To compute oo(Kp oV A) in terms of o9(VJA), we choose a local orthonor-
mal frame (E1,..., Eoyqq) such that Eopy1 = H and B,y ; = JE;, for
1 <j<m.So, (Ei,..., Ey) is an orthonormal J-frame of H+. It is easy to
see that

200 (K o VA) = k(1 + k)22 <2o—2(VJA)

2m
—2vVEY < B, A><VpJAE; > ),
=1
thus

209(Kp o VA) = k(1 + k)¥"2(205(VJA) + 2Vk < VA, JA >).
On the other hand
tr(L' oTVA o Lyt 0 VA) = (1+k)72(|VA|? + K2[[JA|® + K[| VuA[?).

Consequently, we have

(Hess Vol )g(A) = (1+ k)m—2/

SZm+1 (7”)

( — 2mk(1 + k)| A|J2 + 2koo(VJA)

+2kVE < VA, JA > +||VA|2 + k2| JA|? + k:HVHA||2)dvol.

Now for any vector field X on a Riemannian manifold M, we have (see, for
example, [11] p. 170)

/ Ricci(X, X)dvol = 2/ o2(VX)dvol,
M M

from where part 7 follows immediately. To show i and i we compute
|m o DCA||3,, and ||D€A||%, in terms of the matrix B of VA in a local

frame, i. e. B/ =< Vg, A, E; >, obtaining

m

slme P Al = S (B - B)? + (B, + B
—
zgm _ m _ ' ' '
= BJ 2 192 B’ B]+m . B]-l,-mB] 7
¢ i+m™i i+m i
iuj:l i,jzl
and
1 mo _ , |
SIDCAIGL = (Bl + B)? + (BL,, - Bl
=
= Y (B -2 (BL,BI'"" - BB,
t,j=1 ij=1



To go further, we need the following lemma which relates H with vectors on
the orthogonal distribution.

Lemma 1. — We have

a) 2mVEkH = =) [E;, JE| + > div(JE)E; — > div(E:)JE;.
=1 =1 i=1
b 2mVE < VHAJA> = —21<:/ A2
S2m+1(r)

S2m+1 (T)

2 < JVgA Vg A>.
+ /SZm+1(T,)Z Eq T

i=1
Proof. — A simple computation shows that

m 2m+1
Y B, JE]= Y (< E;,Vg,JE; > Ej+ < JE;,V 5, JE; > Ej)
i=1 ij
2m—+1
~ Y (< Ei,VgE; > JE;j+ < JE;,V 5,E; > JE;) — 2mVkH
i7j
hence a) and then

m

omVk <VpA, JA>= Z(— <Vig 5 A JA> +div(JE) <VgA,JA >)

On the other hand

E|AIP =) R(E;, JEi, A, JA) = (JE)(< VA, JA>)
i=1 =1

Y Ei(< Vi A JA>)+Y < Vi A, JA >
i=1 i=1

> < VEAViEJA>+> <VipAVEJA>.
i=1 =1
By integrating and using Stokes Theorem and the identity div(fX) = fdiv(X)+
X(f), we get
2omvV'k < VpA,JA >=

S2m+1(r)



/ <_kHAH2—Z<inAvvJE¢JA>+Z<VJE¢A’VE1'JA>>
§2mti(r) =1 =1

hence the result. O

Using the lemma
/ Liix o DA, dvol =
SZm+1(r) 2 Hl

/ (HVAH2 —3k||A|?> = IVHA|? = 2mVE < VA, JA > )dvol,
SZm+1(r)
and .
“11nC 2 —
/Szmﬂ(r) SIDCAI, . dvol
/ (IVAIP + kI~ [ Al + 2mVE < Vi A, JA > )dvol.
SQerl(,,.)

From here

(Hess Vol)u(A) :/ (1 + Kyl o DA,
SQerl(,,.) 2

F(—2m+ 3+ R)E| A2+ b+ D[V A2 +2(k+m)VE < Vg A, JA > >dvol,

and
(Hess Vol (A) = / (04 Ry 22IDC AL,
s2m+1(7) 2

F(—2m— 14+ R)E| A2+ (k+ 1)V A2 +2(k—m)VE < VA, JA > >dvol.

That the Hessian admits expressions 47 and #i¢ is now an easy computation.
O

Remarks. — We will use i and iii to show the Stability Theorem. Ex-
pression i) relates the Hessian of the volume with the Hessian of the energy
functional that is the functional

vo2 L tr(Id +TVV o VV)dvol.

2 SQerl (,,.)

Just as for the volume, Hopf vector fields are critical for the energy and from
Lemma 10 of [6] we have

(Hess E)u(A) = / —omk|[ A2 + VA2
S

2m—+1 (,,.)

This gives us some idea why the curvature could have an influence on the
signature of (Hess Vol)y; the term —2mk||A|? + [[VA|? is of order k and



k|Vi A4 VEJA|? is of order k2.

Putting m = 1 in the expression i gives

1

(Hess Vol)g(A) = ey

1
(k1)1 9 11 A+VET AP +5 w0 DE Al ) dvol
(r)

so we immediately get that the Hopf vector field on S?(r) is stable for any
radius.

3 Proof of the Stability Theorem

The Stability Theorem will follow from the main proposition of the preced-
ing section and the two lemmas below.

Let A:S?"*+1(r) — H+ c C™*! be a smooth vector field orthogonal to H,
that is A(p) € Span(p, Jp)* for every p € S*™+1(r). We set

1 2 ) )
A(p) = 5 i A(ep)e=™do € Hy

so that the Fourier serie of this smooth map A is

Alp) = Ailp).

leZ

Since A;(e?p) = €% A;(p), we have

VeA=VyA= Z iVELA,
leZ

and, if C(p) denotes the fiber of the Hopf fibration §?™*! — CP™ passing

through p,
/ < A, Aq >=0,
C(p)

if [ # q. We denote the symmetric bilinear form associated to (Hess Vol )i
by By, that is By (A, A) = (Hess Vol ) g(A).

Lemma 2. — If [ # q then Byy(A;, A;) =0, thus

(Hess Vol )g(A) = Z(Hess Vol )i (4;).
leZ



Proof. — We write

1 2
Byoa(A;, Ag) = (1+ k‘)m_z/ (— k‘w < A Ay >
SZm+1(T) k+1
k_
H(k+1) < VA + W—JAI,VHAq + x/Ek—JFTJAq >
+5 Z < D§ A1, D 4, > )dvol.
—1
Let [ # ¢, we have
2
/ _plm )T Ay Ay >=0
C(p) k+1
and
/ (k:+1)<VHAl+\/_—JAl,VHA +xf "A, >=0.
C(p)

Let (Ey, ..., Ey) be an orthonormal J-frame of H+ along C(p) satisfying
V1<j<m, Ej’)=e"Ep).

Then B B
Indeed, let X € H* such that X (e¥p) = ¢ X(p), and Yp,x, be a path on
S?™+L(r) such that v(0) = p and 7/(0) = X,,, we have

(Vx,A)(p) = ()12

( 10 ’Y
1 —ilo
2— e yp,xp t))e "’do
1t=0
d

/02 dt A (¢} 767’9]7 67’9Xp (t)) ‘tzo
/ Veoy, A)(’p)e " df.

‘m‘flwu“’l}*%’ﬂ&Etl

[e=]

On the other hand

Thus, if I # ¢

/ < D, Ay, DF Ay >= / < (D, A), (DF,A)g >=0
C(p) C(p)

10



Lemma 3. — If k > 2m — 3 then for alll € Z, (Hess Vol )g(A;) > 0.
Proof. — Note that

/ |vaAl+m/EJAlH2:(z+a)2k/ A2
¢ ¢

(p

Thus, from expression #¢ of the main proposition, we have

(Hess Vol )g(A;) = (1 + k)m—Z/

SQerl (,,.)

1
(5llm e DAl

(3= 2m + ks + 1((k + D1+ 20 +m)) k]| Ar]|2) dwol

Since k > 2m — 3, (Hess Vol )p(A;) < 0 implies —3 < _2lgjjm) <1l <0,

hence | = —1 or —2. But, from expression i of the main proposition

(Hess Vol )y (A1) = (1 + k;)’H/

S2m+1 (T

1 _
)5\\1)@,4_1\\3{@@01 >0

and
(Hess Vol )g(A_g) =

1
(1+ k)ym2 / o) (05 -+ 2m -+ B)IA | + SIDCA ol )dvol > 0
S2m r
0

Lemmas 2 and 3 prove the Stability Theorem.

4 Asymptotic behaviour of the volume

In this section we prove the Twisting Theorem and then compare the asymp-
totic behaviour of different vector fields, namely the Hopf vector field, the
perturbed parallel field (Pedersen construction) and the perturbed radial
field.

Let V be a unit vector field on S?"*1(1), the volume of the corresponding
unit vector field V* on the sphere S?™*1(r) with radius r = k2 s given by

Vol(VF) :/ \/det(lId + M)dwvol
S2mt1(1) k

1 1 1
:/ \/—n—f—mgl(M)‘i‘+_02m(M)+02m+1(M)del
S2m+1(1) k k k

11



where M denotes TVV o VV and the oj’s are the elementary symmetric
polynomial functions. It is well-known that, since ||[V|| = 1, oom+1(M) is
zero. Hence when k is large, the behaviour of the volume is ruled by

/ \/ng(TVV o VV)dvol.
SQerl(l)

that is the twisting of V. In particular, if W is another unit vector field such
that Tw(W) > Tw(V') then we have ky > 0 such that for every k > k¢ the
volume of W is strictly greater than that of V*. This states part 2) of the
Twisting Theorem.

Proof of the Twisting Theorem, part 1.— Since

T [ Id 0
VHoVH_< 0 0 )

then Tw(H) = vol(S?™*1(1)). It remains to show that if V is any unit vector
field then Tw(V') > vol(S**+1(1)). Note that

oam(TVVoVV) = Y Ve, ,VA..AV, V|
11<...<lp—1

> Ve,V A .. AVe, V|2
So, it S = VVy1, we obtain
Tom( TVV 0 VV) > o9 (1S, 0 §) = det?(S).

Thus

Vo2 TV 0 VV) > [det(S)] > det(S) = o (9).
According to [4],

/ Tom(S) dvol = vol(S*™T1(1)),
S2m+1(1)

henceforth
Tw(V) > vol(S™F1(1)).

Since Tw(H) = vol(S?*+1(1)), the Hopf field actually achieves the mini-
mum. ]

THE PEDERSEN CONSTRUCTION. — In [10], we can see the construction of
smooth vector fields on S?”*1(1) with less volume than the Hopf one. They
are obtained from parallel vector fields, that is a parallel translation along
the geodesics of a given vector at a point p. These parallel vector fields have
a singularity of index 0 at —p but a C°°-pertubation on a small neighbour-
hood of —p gives smooth vector fields on the whole sphere. The volume

12



of these vector fields approaches the volume of the parallel vector field and
similarly so for the twisting.

Lemma 4. — Let P be a unit vector field obtained by the parallel transport
of any given unit vector. Then

1 om

m—

vol(SPmF1(1)).

In particular Tw(P) > Tw(H ), thus the Pedersen construction cannot yield
to the minimum of the volume for large k.

Proof. — Let S*(1) ¢ R"*! with n = 2m + 1, and S = (0,...,0,—1) be
the south pole. The parallel vector field P on S™(1) \ {S} obtained by the
parallel transport of 9, = (0,...,0,1,0) along geodesics has the following
expression
P(z) = 2n(W(@)T — Ons1) + On

where T = 377 2;0; and h(z) = —(1 4+ xpg1)" Let By = 3L, (0 +
hxyx;)0; — x;0n+1. According to [7], the n x n matrix of VP in the basis (E;)
is given by

T
VP:h<x"[d a>

0 0

with a = (=21, ..., —2n—1). Thus

( (W22 + H)Id  z,h*Ta >

1 T
pldt VPoVP= rph%a ha.Ta+ &

k
and a simple computation shows that

det(tId+ TVPo VP) = +(h%zZ + $)"2(h2z2 + h*||a|® + 3)
-1 2)"2(=2h — 1+ ).

Since o9, (TVP o VP) is the % term of the expansion of the above determi-
nant, we obtain

oom(VP o VP) = h2n=4g2n=4(_2h — 1),

Note that h2"4(—2h — 1) = (1 — 1) (1 + 2pp1)>~ 2", s0

Vour(TVP o VP) = (1= 20i1)V2(1 4 20} > 2.
Let xp4+1 = cost, x, =sintcosa, 0 <t <, 0 < a <7, we then have

Tw(P) = I -vol(S"2(1))

13



with

T LT
I://(l — cos t)% (1 + cos t)%_”sin”_zﬂ cos a2 sin" " M sin" 2 adtda.
00

Let _
L = / (1 —cos t)%(l + cos t)%—”(l — cos? t)"3/24t
0. ﬂ
t
- / (1—cost)" 'dt = / 2"l gin® 2 = gt
0 0 5
2 2n—2 2 ™
e 2"/0 Slnn tdt:C477Zl’L22_m7
and
" 5
I, = / | cos | 2sin" 2 o dov = / 052 asin™ 2 o dov
0 B 0
1 2 1 .
= 53 / sin” 2 2a da = T / sin"2 3 dg
0, 0
1 /2 n—2 1
= — sSin Bds = _
2 (2m —1)Cy L,
Since

Tw(P) = 1112v01(sn—2(1))1
— szi m l SZm—i—l 1 ’
im 22m (2m o 1)0%_12 T Vo ( ( ))

we get the result.

We know from the proof of the Twisting Theorem part 1 that Tw(H) =
vol(S?™F1(1)). From this, it is easily checked that Tw(P) > Tw(H). O

THE PERTURBED RADIAL FIELD. Analogously, the behaviour of the
volume for k£ small is ruled by the bending, that is

BV = [ andol= [ oV,
§2m+1(1) S$2m+1(1)

In [3] it is shown that the volume of any smooth unit vector field is greater
than or equal to the volume of the radial field R and equality uniquely holds
for this vector field. This field is the one given by the unit tangent vectors
to the radial geodesics issuing from a given point p. It has two singularities
at points p and —p of opposite index +1. Due to the non-vanishing of these
indices, it is impossible to obtain a smooth unit vector field from the field by
a C'°°-perturbation on small neighbourhoods of p and —p. This perturbation
has to be realised on a small tubular neighbourhood of an arc joining p and
—p. In [2] a construction following these lines is performed to obtain a family

14



R, of smooth unit vector fields. Unfortunately, as € tends to 0, the volume
of R, does not converge to the volume of R (see appendix). Although the
twisting of H is equal to the twisting of R, the limit lim._,o Tw(R,) is strictly
bigger than the twisting of H and then by the Twisting Theorem, for large
k

lim Vol(RF) > Vol(H").

On the contrary, in [2] and [5] it is proven that for every smooth vector field
v
lim B(R.) = B(R) < B(V).

e—0

So for any given V', we have
lim Vol(RF) < Vol(VF)
for sufficiently small k. To sum up, we have

Proposition 5 (“Bending Theorem”). — Let V' be a unit vector field of
S?m+1(1). Then 1) B(V) > lim.—o B(R.) = B(R) (/2], [5]),

2) There are € > 0 and kg > 0 such that, for all k < ko, we have
Vol(VF) > Vol(RF).

5 Appendix

In this appendix we explicitly compute and then compare the volume of the
parallel field and the volume of the perturbed radial field.

Proposition 6. — Let m > 1 and r = k3
1) Vol(H®) = (1 + k)™vol(S™ (1),
2) Vol(P*) =
k(2m + 1)4%m 1 2m+1

aom PG

1
5 3 ,2m+1,1,2m+5;1—k)vol(S2m+1(r)),

4m
o E™ | vol(S*™ (1))

2m 2m

3) lim Vol( RFy = Z
=0

Remark. — In 2) 3F5 denotes the generalized hypergeometric series. This
series is convergent if k < 2. Since k — Vol(P¥) is analytic, the formula for
k > 2 is the analytic continuation of the above expression.

Let
V(k) = min(Vol(H"), Vol (P"), lim Vol(RF)).

The study of these three functions shows that
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Corollary 7. — For every m > 2 there is 0 < k1(m) < ka(m) such that:

V(k) =limc o Vol(R.) if k < ki(m),
V(k) = Vol(P¥) if ki(m) < k < ka(m),
V(k) = Vol(H") if ko(m) < k.

A numerical computation gives k1(2) = 0.269..., k1(3) = 0.494..., k1(4) =
0.618..., k1(10) = 0.848..., k1(100) = 0.985... and k2(2) = 1.815..., k2(3) =
5.563..., ka(4) = 8.729..., ko(10) = 26.29..., k2(100) = 286.1...

Recall that
Tw(H) = vol(S$*™*1(1)),
TwPp) = L G eemiy
22m Cg;bn—l ’

(see the proof of the Twisting Theorem and Lemma 4). The mere power
expansion of the expression 3) in Proposition 6 shows that

Corollary 8. — lime_oTw(R.) = (1 + Fm) vol(ST+1(1)).

2m
The next two subsections are devoted to the proof of points 2) and 3) of
Proposition 6. Point 1) is well-known and easy.
5.1 Volume of the field obtained by parallel transport

The volume of the parallel field P* on the n-dimensional sphere S™(r) of
radius 7 = k73 is given by

Vol(P*) = / \/det (ild + TVP o VP) dvol.
(1)

Let f = \/det (%Id + TVP o VP), from the proof of Lemma 4 we know
that f only depends on x,, and z,41. Putting x,,4+1 = cost, x, = sint cos «,
O0<t<m0<a<m we get

g(t,a) = f(sintcosa,cost) =

n—2

(1 + cos t)an((l —cost)(cos® a —r2) 4+ 2r?) 7 ((r* = 1)(1 + cost) + 2)%

Thus

Vol(P*) = f dvol = vol(S"™%(1)) L.
§™(1)

with o
I = / / g(t, @) sin™ ! ¢sin™ "2 o dtda.
0 Jo
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1
Let u = 5(1 — cost), we obtain

2 —
I = // P2 ()T (L (1 D)

r2

1 1L . n-2
(1—-(1- ﬁ)u); sin"™* aduda
n 1 n+1 cos” v 1
= Fy( 1—  [—
/ 1 7 2 X 7"2 ) 7"2)
rm2n=1B(2, 1) sin" % ada,

where B is the Beta function and F} is the first hypergeometric function of
two variables. Since

o —x
Fl(a,ﬁ,ﬁ',v;x,y):(l—y) Fl(%ﬁﬁ—ﬁ_ﬁ,’%%’%)

we have

1, (/2 1
I=2"r 2"B(Z 2)/ Fl(g,l—g,n,%,siﬁa,l—ﬂ)sm" 2 ada.
0

2

Let x = sin” o, we finally obtain

1
[:2n—1 QHBE -

with
1
n— 1
J:/ x 23(1—:17) %Fl(ﬁ,l—ﬁ,n,i,x,l—rz)dx.
0 2 2 2
_ — _1=_1 _n _n g n+1
Weputp 1=23 6—-1= »a=75,8=1-35, 03 =n,v="~ and

y=1-1r2 As usual (o) denotes I'(a + k) /T (). Then

1
7= [ s g e, y)dw
0
1
_ p— 1 O' 1 k-l-l )l k ld
/0 x Z k+z/€' ll x

_ () z(ﬁ)k(ﬁ )
- ZB(” ko) S

_ Pk (ra(B)e(B )
N ZB Vot ekl Y

= B(p7o-)z(a)l ) 3F2(Oé+l,ﬁ,,0,’)/+l,p+0';1)yl

_ S5 (@) (a+Dr(B)rP)k | 1

- e T <;<w+z>k<p+o>kk!>y

(8
= (!
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Since

L(e)I'(f)I'(s)
(@)L'(b+ s)I'(c+ s)

3F2(a,b,c,e,f;1)zr 3F2(€—(1,f—(1,3,8+b,8+6;1)

with s = e+ f —a — b — ¢ we deduce

sFh(a+1,8,p,v+1,p+0;1) =

and therefore

(
J = K
T(n—3)
where (n) ) )
_ N\ - n 2 1)/
K—El: ! 3F2(27 17271777‘ 271)y
We have

>k ’ >k

and that

Thus

= m 3F2(_7 o
Putting all these successive expressions together, we obtain

1 n 1 r2—1
5757”717’”_ _'—2)7

Vol(P¥) = C, - 3Fy( 5
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with

Cp = 2“—13(3, 5) =" ——vol(S™(1)
It is easy to check that
4t n
Ch ot vol(S"(1)),
thus
n 4t

The preceding computations are valid only if % < r < /2. Nevertheless,
since k — Vol(P*) is analytic and 3F5(3, %,n,1,n— 3;1—k) is converging if
k < 2, the above expression is in fact valid as soon as k‘ < 2. Forn =2m+1,
we obtain the result stated in Proposition 6. O

5.2 Volume of the perturbed radial fields

The perturbed radial field R, built in [2] is such that R, = R out of an
e-neighbourhood G, of a geodesic segment joining the two singular points
p and —p of the radial field. When computing the volume of RF and then
passing to the limit, we obtain a result which splits in two parts, one term
coming from the underlying radial field R¥ and another taking into account
(the limit of) the pertubation on G.

Lemma 9. — lim._o Vol(RF) = Vol(R*) + w\}Evol(S%“( ).

Since
m

Vol(RF) = Z 2 ) vol(S™+1(r))
j=0 2

and om .
vol(§*™(1)) 1 4 e

vol(S2m+1(r)) — 7 Cp ’

we obtain the expression 3) of Proposition 6.

Proof. — See [2] for the construction of R, (in this article, R, is denoted T¢).
Let O be the middle point of the geodesic segment [—p, p]. In the image of the
stereographic projection from —O, let G, be the full (2m 4+ 1)-dimensional
ellipsoid with focal points {—p, p} defined by

Ge = {q € R*"" | d(q,p) + d(q,—p) < 2¢/€® + d?(O,p)}
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We denote by x the coordinate on the line D =|—p, p[and by y = (y1, ---, Y2m )
those of D,

Let Ac = GN{|z| < §}, Bf = Gen{x > p—¢/2}, B = Gen{z > —p+¢/2}
and C. = G, \ (A U B U B]). By dimensional arguments

lim Vol(R*4.) =0 and lim Vol(Rf|z2) =0.

Let S. = RF(C.), S is a submanifold of T'S>"*!(r)|c, and obviously

lim Vol(RF) = Vol(R) + lim vol(Se).

Now let ¥ = 771(] —p, p[) € T'S?™*1(r) where 7 : T'S*™+L(r) — S2mH1(y)
is the projection. Since 7 is a Riemannian submersion, when we consider in
the first manifold the Sasaki metric, the volume of ¥ is 7r times the common
volume of each fiber, which is equal to vol(S**(1)).

To conclude, we only need to show that lim._.ovol(S.) = vol(X). Let

f. . — S h: C. — X
(x,y) = (x,y, R{(z,y)), (z,y) — (2, R{(z,y))

and gg be the Sasaki metric on T'S?*™*1(r). Of course f*gs = h*gs + d?y.
Thus if F, H and Y are the corresponding matrices of f*gs, h*gs and d?y,
we have

dS, = detF)2dxdy = det(H + Y)2dxdy.

Since ”g_gZ” =0(1), H%H = 0(1) (see [2]) we deduce det(H)% = O(==) and
det(H + Y)% = det(H)% +0(z ), thus

vol(Se) = vol(h(Ce)) 4 o(1).

20



When € goes to zero, h(C¢) covers ¥ except on a set of zero measure. There-

fore, lim._,g vol(h(C)) = vol(X). O
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