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ABSTRACT. In this paper we prove the stability of quasi-static paths of
finite dimensional mechanical systems that have an elastic-plastic be-
havior with linear hardening. The concept of stability of quasi-static
paths used here is essentially a continuity property relatively to the size
of the initial perturbations (as in Lyapunov stability) and to the small-
ness of the rate of application of the external forces (which plays here
the role of the small parameter in singular perturbation problems). The
discussion of stability is preceded by the presentation of mathematical
formulations (plus existence and uniqueness results) for those dynamic
and quasi-static problems, in a form that is convenient for the subse-
quent discussion of stability.
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1. INTRODUCTION

The Newton law, force equals mass times acceleration, determines the gov-
erning equation for the dynamic evolution of mechanical systems. A classical
approximation for the equations that govern the slow evolution of mechan-
ical systems is to neglect inertia effects and take the balance equations as
static equilibrium equations, i.e. force equals zero. The slow evolutions
made up of the successive equilibrium configurations are called quasi-static
evolutions.

Martins et al. [7] have established the relation that exists between dy-
namic and quasi-static evolutions and theory of singular perturbations. For
this purpose a change of variables is performed that consists of replacing
the physical time ¢ by a (slow) load parameter A\, whose rate of change with
respect to time, e = d\/dt, is eventually decreased to zero. This leads to a
system of dynamic (ordinary or partial) differential equations that defines
(in finite or infinite dimensions) a singular perturbation problem, i.e. a
problem governed by a system of equations where, in some equations, the
highest order derivative with respect to A appears multiplied by the small
parameter ¢.
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An issue that is relevant in the study of quasi-static trajectories is their
”stability”. The concept of Lyapunov stability has been used for long to
study the stability of dynamic trajectories of mechanical systems, namely
the zero acceleration trajectories of the equilibrium configurations under
constant applied loads. But the application of that concept to quasi-static
paths with slowly varying loads faces the difficulty that such paths are not,
in general, true dynamic solutions [7].

In order to overcome the limitations of some criteria or procedures used
earlier in the literature to study the stability of quasi-static paths (cf. [4],
[7], and the references therein), a mathematical definition of stability of
quasi-static paths was recently proposed by Martins et al. ([4], [3]). That
proposal (i) takes inertia into account, (ii) recognizes the distinction between
quasi-static and dynamic governing equations and time scales, (iii) consid-
ers a finite interval of the load parameter, which, for vanishing load rates,
corresponds to infinitely large intervals of physical time, and (iv) selects the
quasi-static paths close to which the dynamic evolutions will remain when:
(a) the dynamic evolutions initiate sufficiently close to the quasi-static path,
and (b) the load is applied sufficiently slowly.

After the study of some finite dimensional smooth cases in [3], the present
paper applies the same definition to a class of problems that has a not very
severe non-smoothness: the finite dimensional elastic-plastic problems with
linear hardening.

The structure of the article is the following. In Section 2, the mathemat-
ical formulations for dynamic and quasi-static elastic-plastic systems with
hardening are presented, and in Section 3, existence and uniqueness results
are recalled, which use the theory of m-accretive operators (see [1], [2], [5],
[6], [8]). In Section 4.2, a priori estimates are obtained which enable us
to prove the stability of the quasi-static path in the sense of the definition
proposed in ([4], [3]).

2. GOVERNING EQUATIONS

We consider a finite dimensional elastic-plastic system with linear kine-
matic hardening and we assume geometrical linearity. The governing dy-
namic equations can be non-dimensionalized by using the non-dimensional
time (7) and load paramater (A, A = A\; + £7), yielding

(1) €2Mu” - fext(A) + fint(u7 7’),

where M is the non-dimensional (constant, symmetric, positive definite)
mass matrix, and u, f. and f;, are the non-dimensional vectors of gen-
eralized displacements, external forces and internal forces, respectively; the
latter are related to the forces o;, ¢ = 1,...,n, that act on each of the
elastic-plastic elements of the system and are grouped in the vector o

(2) Fine = Fing(w, ) = =L o (u, 7).

We assume that the (n x N) matrix L has linearly independent rows. The
forces r;, © = 1,...,n, in the plastic elements are grouped in the vector
r. The non-dimensional elongations e;,¢ = 1,...,n, of the system elastic-
plastic elements are grouped in the vector e, and can be related to the non-
dimensional generalized displacements u by means of the constant matrix L.
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In view of the presence of the elastic-plastic elements, it can be decomposed
into elastic, e®, and plastic, eP, parts:
(3) e=Lu=e+¢€’.
The forces o are related to the elastic parts of the non-dimensional elonga-
tions by means of Hooke’s law,
(4) oc=r+He’ = FEe® = E(Lu— €?),
where E and H are diagonal positive definite (n x n) matrices. Therefore
using (4) in (2), we get

(5) Sfint = _LTU(U, r) = -L'D (Lu + H_lr),
where D = (E_1 + H_l)fl. Carrying (5) into (1), we obtain
(6) eMu"+L"D(Lu+ H™'r) = f.

The behavior of the plastic elements is characterized by the non-dimensional
inequalities and flow rule:

>0 if r; = +1,

de? i .
(7) Iri| <1, Y =0if —1<r;<+41, Vi=1,...,n
SOif?“Z':—l,

The governing dynamic equations (6), together with the conditions (7) that
characterize the behavior of the plastic elements, can be put in the form
of a singular perturbation system of first order differential equations and
inclusions. For that purpose, let C denote the following closed convex set in
RTL

(8) C={reR":|n| <LVi=1,...,n},
and let sign™!(r) be the normal cone to C at » € R” defined by
if r ¢ C then sign™(r) = 0,
if r € C then sign™(r) = {x € R" : 2; > 0, if r; = +1;2; = 0,
if —1<r<4l;2;<0,ifr;=-1,Vi=1,...,n}.
Then we observe that (7) can be written in the differential inclusion form:
(9) (eP) € sign™(r).
Relations (4) lead to
(10) D(e?) = ELu' — v’ where D = E + H.
Substituting (10) in (9), we get
(11) ELv' — v’ € Dsign™(r).
From (6) and (11) we finally obtain the governing dynamic system
eu —v =0,
(12) eMv' + L"DLu+ L"DH 'r = f_,
ELu' — 1’ € Dsign™(r),
which must be satisfied together with some initial conditions
(13) (w(A1),v(M), (M) = (u1,v1,71) € RV x RN x C.
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The corresponding quasi-static system is then (let € = 0 in (12))

(14) {LTDLﬂ + LTDH_IF = fexta

EL#@ — # € Dsign™! (7),
with initial conditions
(15) 'F()\l) =7 €C.

Note that, consistently with the above, the quasi-static displacement rate
with respect to the physical time vanishes (o = 0). Besides, if X is a space
of scalar functions, the bold-face notation X 4 will denote the space X% and
NT will denote the transpose of a matrix N.

3. EXISTENCE AND UNIQUENESS OF SOLUTION FOR THE DYNAMIC AND
THE QUASI-STATIC SYSTEMS

We observe that the dynamic and the quasi-static systems introduced in
Section 2 can be rewritten in a form that may be studied with the theory
of m-accretive operators. The definition and some properties of m-accretive
operators are recalled in Section 3.1. Existence and uniqueness results for
the systems of Section 2 are presented in Section 3.2.

3.1. Reminder about m-accretive operators. We recall now the defi-
nition of m-accretive operators which is contained in many text books, see,
e.g., [1] or [8].

Definition 3.1. A mapping A: D(A)={x € R?: Az # (0} C RP — RP is

called m-accretive operator, if it is monotone,
(A:]Zl — Awg) . (wl — wg) > O, Va)l,:ltg S D(A),

and if it is mazimal in the set of monotone operators, i.e. for all [x,y] €
R? x R? such that

(y— AC) - (x — ¢) >0, V¢ € D(A) then y € Ax.

If o =>2 | ¢(x;) is a convex proper and lower semi-continuous function
from R? to (—o0, +00|, we can define its sub-differential 8¢ : D(d¢p) = {x €
RP : 9p(x) # 0} — RP x RP by

y€dp(x) &VheRP p(x+h)—p(x)>y-h.

Notice that d¢p is an m-accretive operator. On the other hand, the m-
accretive operator p(x) = sign~!(z) is a sub-differential of a convex proper
and lower semi-continuous function defined by

0 ifzel-1,1]

(16) Ve e R, p(x) = {+oo ife ¢ [—-1,1].

For more details, the reader can see the example 2.3.4, p.25 of [1].
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3.2. Existence and uniqueness of solution. Recall that existence and
uniqueness of solution to the differential inclusion problem

(17a) '+ Az > g a.e. on (A1, \2),

(17b) ZL'(>\1) = I,

follows from the following Proposition (cf. [1], [5] and Appendix):

Proposition 3.2. Assume that A : D(A) C RP — RP is an m-accretive
operator, g belongs to W};OO()\l,/\Q) and x1 € D(A). Then there exists a
unique solution x of (17) belonging to W;;OO(/\l, A2).

By applying Proposition 3.2, we prove existence and uniqueness of solu-
tion for the dynamic system (12)-(13) and for the corresponding quasi-static
system (14)-(15). We introduce the following notations:

(18) i = (L"DL)*u, 5 = MY, 7 =D *r.

Carrying (18) into (12) and denoting * = (u,v,7), we get (17a) where
Ax = Ax 4+ Bx with

0 0
A:l? == O = 0 R
D"*sign=1(D"*7) D04 (D"*7)
and
, —(L"DL) P M/
Be=_ | M~(L"DL)""a+M-PL"ED " |,
-D PELMV%
and
. 0
g=- Mﬁl/z‘fext
c 0

A is m-accretive since E and H are diagonal positive definite matrices and
() is a convex proper and lower semi-continuous function. Moreover B
is a monotone and Lipschitzian operator. Then A is a m-accretive operator
(cf. [1]) and Proposition 3.2 yields the following Corollary:

Corollary 3.3. Assume that f. belongs to W}\}oo()\l,)\g) and that (13)
holds. Then there exists a unique solution (u,v,r) of (12)—(13) belonging

to (WX (A1, A2))? x WE® (A1, Ag).

On the other hand, we deduce from the identity in (14) that
(19) @=(L"DL) 'fo.— (L"DL) 'L"TDH'7.
Carrying (19) into (14) and using the injectivity of LT, we get
(20) 7 + Hsign™'(7) > DL(L"DL) ™" fL,.

As for the dynamic system, the sub-differential 9 (7) = Hsign™1(7) is an
m-accretive operator since H is a diagonal positive definite matrix and ¢(7)
is a proper convex and lower semi-continuous function. Denoting x = 7,
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A = Hsign™!, g = D(LTDL)flf/ with p = n in (17), then we apply

ext
Proposition 3.2 and we obtain the following Corollary:

Corollary 3.4. Assume that f.. belongs to le\}oo(/\l,)\g) and 71 € C.
Then there exists a unique solution ¥ of (20) belonging to W EL>(\1, \2),
with initial conditions 71 € C.

Remark 3.5. According to Corollary 3.4 and identity (19), @ belongs to
1,00
W i (A1, A2).

4. STABILITY OF QUASI-STATIC PATHS OF ELASTIC-PLASTIC SYSTEMS

In Section 4.1 we adapt the definition of stability of a quasi-static path
([4],13]) to the present elastic-plastic problem, and in Section 4.2 we prove
a priort estimates that show that, in order to guarantee that those two
solutions remain close to each other in some finite interval of load, it suffices
that the dynamic solution of (12) is initially close to the quasi-static solution
of (14) and the loading rate ¢ is sufficiently small.

4.1. Definition of stability of a quasi-static path. The mathematical
definition of stability of a quasi-static path at an equilibrium point is pre-
sented in the context of the governing dynamic system (12)-(13) and the
quasi-static system (14)-(15).

Definition 4.1. The quasi-static path (@(\),7(\)) is said to be stable at
A1 if there exists 0 < AN < Ao — A1, such that, for all 6 > 0 there exists
p(6) > 0 and £(6) > 0 such that for all initial conditions wi, v1, r1 and 7
(r1€C,71 €C) and all € > 0 such that

jo1]* + |ur — @(\)]? + |r1 = 71|* < p(6) and e < £(5),
the solution (w(X),v(\),r(N)) of the dynamic system (12)-(13) satisfies
(A2 + [u(N) —a(\) > + [r(\) = FN)[2 <6, VA € A, A\ + AN
For more details, the reader is referred to [4].

4.2. A priori estimates and stability. Let us introduce the regularized
problem:

EQM’U,Z + LTD%—/U:H + LTDH_IT,U = fex‘m
(21)

D .
ELu;L — rL = ; (Tu — pro_]cru),

with initial conditions
(22) (uu()\l),vu()q),r#()\l)) = (uy,v1,71) € RY x RN x C.
Here proj. denotes the projection on the convex C, i.e.
proje,
proje = : where C; = {r; e R: |r;| <1}, Vi=1,...,n,
proje,
and v, = Eu;. We introduce the following notations:

(23) i, = (L'DL)*u,, 3, = M?v,, 7 =D *r,.
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Carrying (48) into (21) and denoting x, = (w,,v,,T,), we get

(24) scL +Aux, + Bz, =g,
where
0
A 0
xr = ~
Ly Dl/2

7# (]51/2?"M + proje (ﬁ1/27’u))

Since A,, is Lipschitzian with constant 1/p and m-accretive operator (see
Proposition 2.6. p.28 of [1]) and B is monotone and Lipschitzian operator,
then A, + B is an m-accretive operator (cf. [1]) and Proposition 3.2 yields
the following Corollary:

Corollary 4.1. Assume that f.. belongs to W}\}OO()\l,)\g) and that (22)
holds. Then there exists a unique solution (w,,v,,r,) of (21)-(22) be-
longing to (le\’,oo()q,)\z))z x WL(X\1, Xa). Moreover, as p tends to zero,
(wy, vy, T,) converges strongly to the solution of (12)-(13).

Lemma 4.2. Assume that (13) holds and f ., belongs to W?\}OO(/\l,)\g).
Then there exists a positive constant c(\1,A2) that depends on the interval
of \ and such that

) ev' (V)2 < C(>\17>\2)(|1’1|2 +lur — @) + [ — 7
25
+ 1 FlnO) 1 + (1 FeatllToo ag a0y + €2||fgxt|’%2(A1,A2)>'

Proof. This estimate results from the application of Gronwall’s lemma to
energy estimates that are obtained by differentiating the governing system
(21) with respect to A and multiplying the result by E2uz. Integrating the
resulting expression over (A1, A), we get
A A
/ e'(Mu))) - u), dé + / e (L"DLw),) - ), d¢
)\1 )\1
(26) N N
+/ e(L"DH™'r,) - u) d¢ = / € et - Wy dE.
)\1 >\1
We shall pass to the limit in (26) when p tends to zero. Denoting v, = cu,,
and integrating (26) by parts (except the third integral on the left hand
side) and using Cauchy-Schwarz’s inequality, we obtain
A A
|:62(M’UL) ‘v, + (L"DLwv,) - 'Uu]/\ + 2/ e(L"DH 'r}) - v/, d¢
1 A

1

(27) ' .
< 2e(|(Fexe - o) (V)] + féxt(h)'vllH/A |5fgxt‘2d£+/)\ ARt

On one hand, we subtract the first equation in (21) at A\; to the first one
in (14) at A;. From (22) and since M and D are respectively symmetric
positive definite and diagonal positive definite matrices, then there exists a
positive constant ¢y such that

e? (M}, (\)) - v},(\1) + (LT DLvy(M)) - vu(M)

(28)
< e (jor]? + Jur — a(Ay)? + [r — 71[?).
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On the other hand, the second identity in (21) leads to

A
/}\ 5(LTDH_17°:L) - v, dE
(29) '

A 2751 " A52 / /
:/ € (D TM) r, d§ + —T, (Tu —projcru) dg,
)\1 /\1 lU/

which implies immediately, since the second integral on the right hand side
~ 1
in (29) is nonnegative and D  is a diagonal positive definite matrix, that
A T —1,. / e =1 / Ak
(30) /)\1 S(L"DH'7)) v, d¢ = S [(D 7)) .r“}h.

Let us remark that the initial conditions (22) and the second identity in (21)
imply that there exists a positive constant cp such that
~ 1

(31) g2 (D TL()\l)) "I“L()\l) < co|vy |2
Carrying (31) into (30), we obtain

A 2

T —1,./ / e 5t / 2

(32) /}\ E(L DH ru) v, d€ > 5 (D r#(A)) -'rﬂ()\) — colv|”.

1

Introducing (28) and (32) in (27), and using Cauchy-Schwarz inequality, we
get

(82(M’U;L) v, + (L"DLv,) - v, + € (ﬁ_lr;) : TL) (\)
(33)

A A
< cfe) + 26l ) 0+ 22 [ FP e+ [ o,
)\1 )\1
where
c(e) = (L+ e+ ea)vr* +e1(Jug — @A)+ [r1 — 71f?) + 2 Flo (M)

Since M, LT DL and D are positive definite matrices, we deduce from (33)
that there exist strictly positive numbers v;, i = 1, 2, 3, such that

[0, (N2 + 7o, (W + sler, (V)
A A
< cle) + 2efu ) 0+ 22 [ P+ [ o
)\1 /\1

We estimate the product |e o (A) vu(A)] by €[ £ (VP /1272 v,u(M)[?/4,
and then the inequality (34) leads to

(34)

A

72

2 1ouE <90 + [ T, e
1

where
2 2 20 g1 |2
g(e) =cle) + P [ FextllZoo (a,00) T € 1 Fext 2200 20)-

By classical Gronwall’s lemma, it is clear that

5 _ 29(e) 2(A2 — M)
(35) lv,(N)|* < 7 exp <72> )
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Therefore the last term on the right hand side of (34) can be estimated by
using Hoélder’s inequality and (35):

72
lev WP + 5 0N +sler], (V)

(36) e <1 LN <2()\2 - m))) .

72 V2

Differentiating the first identity in the system (21) and integrating the result
over (n1,72), n1 and 72 belonging to (A1, A2), we get, since v, = 5u1“

72
eMw),(n2) — e MY/, (m1) = / (fixe — L"DLu), — L"DH'7),) d¢,

m

which implies, thanks to (36) and Cauchy-Schwarz’s inequality, that for fixed
€ > 0 there exists a positive constant c3 such that for every positive u,

(37) lev’, (n2) — evy,(m)| < eslnz —m.

/
I

uous and bounded in C%;(\1, \2). Therefore, thanks to Ascoli’s theorem,
there exists z belonging to C%;(\1, \2) and a subsequence, still denoted by
ev),, such that

As a consequence, (36) and (37) show that the sequence ev), is equicontin-

(38) ev, — z in C% (A1, X2) as p tends to 0.

By uniqueness of the limit, z = v’ and thanks to (36), we obtain the result
in the Lemma. U

Remark 4.3. The inclusions in (12) and (14) can be written in slightly dif-
ferent but equivalent forms: for all r* belonging to C and for all A belonging
to [\, A2], we have

>\ ~
(39) /A (D BLW — ') - (r — 17)de > 0,
and

>\ ~
(40) A (D™ (BEL@ — 7)) - (F — v*) d > 0.

Proposition 4.4. (Stability). Assume that (13) and (15) hold and that f ..,
belongs to W?\}OO(M, A2). Then there exist v; > 0, i = 1,2, such that

[N+ (V) = @)+ [r(A) = 7V

(41) i _
<1 (Jo1? + |ur — @A) + |r1 = 71]?) + 272

Proof. We subtract the equality in the quasi-static system (14) to (6), then
we multiply the resulting expression by (u' — @) and we integrate over
(A1, A), A belonging to (A1, A2). On the other hand, we choose r* = 7 in
(39) and r* = r in (40), and we add (39) to (40). We get the following
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system:

N A
/ EQ(Mu") - d€ + / (LTDL(u — ﬁ)) . (u’ — ﬂ,) dé
A A1

1

(42) o+ /A ' (L"DH '(r —7)) - (v — @) d¢ = : (M) - @ de,

Since M is a symmetric positive definite matrix, D is a diagonal positive
definite matrix, and v = eu/, we have

A A
/ 2(Mu") - u' d\ + / (L"DL(u —@)) - (v — @) d¢
(43) AL AL

[(Mv) v+ (L"DL(u — @)) - (u — fa)}

[\D\H

A1

Notice that DH ™! = ﬁ_lE, so that the inequality in the system (42) leads
to

X4 A
/ (D (r'—=7)) - (r—7)d¢ < / (L"DH '(r — 7)) - (v — @) d¢,
A A

which immediately implies
L =-1 — 17 A T -1 — I —/
(44) 5[(D (r—7)) -('r—'r)])\l < /Al(L DH '(r — 7)) - (v — @) de.
Define now
hE) = ((Mv) v+ (L"DL(u

—a)) - (u—1a)) (¢
—i—((ﬁ_l(r—r r—r)

(45)

Carrying (43) and (44) into the identity in (42) and using the Cauchy-
Schwarz inequality, the notation (45) and denoting || M |[oo = max; » ;[ M;;],
we obtain the following inequality

(46)  h(X) < h(M) + [[M |0 (/:\av’ﬁdg) v (/:\ﬁ’deg)l/Q.

~—1
Observing that M, LT DL and D~ are symmetric positive definite matri-
ces, we conclude from (46) that there exists « > 0 such that

[N+ [u(N) — @) + [r(2) = 7))

A 1/2 A
< ah(\) +a < lev'|? dg) </ |fa’]2d£>
)\1 >\1

The conclusion follows then from Lemma 4.2. O

1/2



Stability of quasi-static paths for finite dimensional elastic-plastic systems 11

APPENDIX

We prove existence and uniqueness of solution to the differential inclusion
problem (17) with g depending on A and on & and not only on A\, A € (A1, A\2).

Proposition A.1. Let g(-,x) be a function from [A1, A2] X RP to RP such
that, for some w > 0, the following assumptions are satisfied

(478’) VA€ [)‘17>‘2]7 V(m,y) € R2p7 ‘9(7:1:) _g(vy)’ < W|£L‘—y‘,
(47b) Ve €RP, g(-,x) € L (M, Ag).

Assume that A : RP — RP is an m-accretive operator. Then there exists a
unique solution x of (17) belonging to WII)"X’()\l, A2).

Proof. Let J, and A, be the resolvent and the Yosida regularization of the
m-accretive operator A, respectively,

1
(48) J,=1+pA)"" and A, = p (1-J,).

The proof has two steps: first, using the Carathéodory’s theorem, we prove
that for all > 0, there exists a unique solution x, € W})"X’(}q, A2) of the
regularized problem

(49a) @, + Ay, = g(-,x,) ae on (A, Aa),

(49b) wu()\l) = I,

next, passing to the limit, in the regularized problem, as ;1 — 0, we prove the
existence of a solution to (17). Uniqueness is obtained thanks to a classical

Gronwall lemma.
Let p > 0 be fixed. Define

(50) hu(-,®n) = —Apey +g(- ).

Recall that A, is Lipschitzian with constant 1/u and is an m-accretive op-
erator (see Proposition 2.6, p.28 of [1]). Therefore (50) and (47) yield

(51a) VA € [A1, Ag], V(wmy,y,) € R,
|hu('7$u) _h/i('ay,u” < (w—l—l/u)\xu _yp’7
(51b) Va, € RP, hy(- @) € L (A1, Ag).

We conclude from (49a) that
(52)  [hu(s@)] < Ihu(-,0)] + (w -+ 1/p0) ], YA € [Ar, o], Vi, € RP.

Thanks to the Carathéodory theorem, (51) and (52) imply that for all A €
(A1, A2), there exists a solution x,, € Wzl;oo()\l,)\) to (49). By a standard
reasoning, we are able to extend the previous local solution to an interval
[A1,A2]. Let x, be a solution of (49) on [A,A\]. We integrate (17) over
(A1, ), and we obtain

A
(53) x,(\) — :/A hu(-,x,)dE.
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Using (51), we show that

[2u(A) = 21| <(h2 = A)lRy( s 20l oo a0
A2

+(w+ l/u)/ & — | dE.

A1
A classical Gronwall lemma leads then to

2] <[] + Qo = Al @0l Lo, 20y (R = A) (@ +1/8))-

Since the previous estimate is uniform in A, we conclude that x,, is a global
solution of (49).

We show now that x, is unique. Let x;, and y, be two solutions of
(49) belonging to WII)’OO()\l, A2). We subtract (49a) applied to y,, and (49a)
applied to x,, we multiply the resulting expression by x, — y, and we
integrate over (A, A). Since A, is m-accretive, we get for all A € [A1, Aa],

A
(54) () —y, (V) <2 A (R () — (- y,)) (2 — )| dE.

Introducing (51a) in (54), we see that, for all A € [A1, Ag],

A
(V) — 9, (VP < 2w /A 2, — 2 de
1

which implies, according to Gronwall’s lemma, that x, = y,,.

Let Az be the element of Az having the minimal norm. The proposition
2.6, p.28 of [1], yields
(55) [Apmy| < ’A0$u| < p.

Applying (53) to the global solution x, of the regularized problem (49),
using (55) and Gronwall’s lemma, it is possible to show that there exists a
positive constant ¢; such that

(56) |£B,u(/\)’ < ¢y, VM > 0, Ve [)\1, /\Q].

We apply once again (53) to the global solution x,, of (49); we subtract (53)
applied to 71 and (53) applied to 72, we get, for all x> 0 and for all 1y, 79
belonging to [A1, Aa],

2
(1) — 2 (12)] < / (1Auzal +1g(- @)l de.
m

Therefore (47), (56) imply that there exists a positive constant ¢z such that
(57)  Jeulm) — zu(m)] < cofm —n2f, V>0, Vi, m2 € [Ar, Ao

As a consequence, (56) and (57) show that the sequence x,, is equicontinuous
and bounded in Cg()\l, A2). Therefore, according to Ascoli’s theorem, there

exists z belonging to CS(/\I,)\Q) and a subsequence, still denoted by x,,
such that

(58) x, — zin C’g(/\l,)\g).
Moreover we deduce from (49a) that for all u > 0,
(59) || < [Auzu] +1g(- )]
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Substituting (47a), (56) in (59), we immediately see that there exists a
positive constant c3 such that

2l L2 a0y < €35 V> 0.

Then there exists Z belonging to L;°(A1, A2) and a subsequence, still denoted
by x,, such that

(60) @, — Z weakly * in L°(A1, A2).

By uniqueness of the limit, z belongs to Wll,’oo()q, A2) and
(61) @, — z' weakly x in Ly°(A1, A2).
With the help of (48), (49a) can be written now

1
Vi >0, " (1—=Ju)z, =g(-,x,) —x, ae. on (A1, A2)

where 1 is the identity matrix. It is easy to see that
V>0, —p(g(-, o) — :I:L) +x, =J, ae on (A, \2)
which implies, using the definition of the resolvent J,, that for all x> 0,

(62) Axy, —p(g(-,zy) —2),)) 2 g(-, ) — ), ae. on (A1, Ag).
Observe that (61) implies, thanks to (47a), (58), that
©3)  gl-w) - = g(-.2) - 2 weakly in L2(0. o),
and thus there exists a positive constant ¢4 such that
/
It follows from (58) and (64) that
(65) x, —pn(g(-,x,) — mL) — z in Li()\l, A2).

Let A be a m-accretive operator on LIQ,()\l,)\z) (see examples 2.1.3, p.21,
and 2.3.3, p.25, of [1]) such that for all x,,y, belonging to LZ()\l,)\g), we
get,

(66) x, € Ay, & x, € Ay, a.e. on (A1, \2).
Thanks to (66), (62) is equivalent to
(67) Az, — plg(-,2,) — ) 29(-,2,) — ), Yu>0.

In view of Proposition 2.5, p.27 of [1], and (63), (65), (67), we may conclude
that

!/

Az>g(-,z)— 2,
in other words, we get
2 +Az>g(-,2)ae on (A, \).
We also see, by (49b) and (58), that

Z()\l) =x.
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