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_ for vector fields states that there exists a constant C' =

C () > 0 such that for every vector field u € W12 (Q; R")
IVulZ < C (lleurlulZ2 + lidivullfz + [|ull32)
where, on 0€2, either
vAu=0
(i.e. w is parallel to v and we write then u € W%’2 (Q2; R™)) or
vau =20

(i.e. u is orthogonal to v and we write then u € WJ{;Z (Q2; R™)).



_ Let 0 < kK < mnand 2 C R" be a bounded open smooth

set. Then there exists a constant C' = C'(£2, k) > 0 such that
2 2 2
Vw32 < C (lldwl32 + 16w]l72 + [|w132)

for every w & W%’z (Q; /\k> U W]b’z (Q; /\k) :



Define (||-|| stands for the L?—norm)

Vw 2
T .
wewt?\ oy Uldwl|” + [|ow]]* + lw]]
V|
On (@)=  sup {
|dew||? 4 [|6w||® + [|w]|?

weWyA\{0}
It is easy to see that
Cr (Qa k) , ON (Qa k) > 1.

The cases k = 0 and kK = n are trivial and Cp = Cy = 1.

The discussion deals with the case 1 < k < n —1 (k = 1 is the case of vector
fields).
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A stronger version (in fact a regularity result) of Gaffney inequality is

d,5,2
|[Vel|? < C (Jldwl|® + [[6w]® + [[w]]®), Vw e Wy (2:AF)

(and similarly with T" replaced by ) where

( [ dw € L2 Q;/\kle )
we WEZ (QAF) =dwe L2 (@A) {50 e 12 (o Ak-1
\ | VAw=00n900Q |

For smooth or convex Lipschitz domains
d,5,2 A k\ 1,2 Ak
W (@ A7) = Wip® (Q AF).
For non-convex Lipschitz domains, in general,

W2 C W02,
£
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I) The main theorem

Definition Let 2 C R"™ be an open smooth set and ¥ = 02 be the associated

(n — 1) —surface. Let ~q,---,7,_1 be the principal curvatures of X. Let
1 <k <n-—1. We say that €2 is k-convex if

iy, 20 forevery 1<y <o <ip<n—1



Remark (i) When k = 1 : Q is convex if and only if € is 1-convex, i.e.

v, >0 foreveryl <i<n-—1.

The result is due to Hadamard and to Chern-Lashof.

(ii)) When k =n —1: Qs (n-1)-convex if and only if the mean curvature of
> = 0L is non-negative, i.e.

N+ o+ g 20



Theorem Let 2 C R™ be a bounded open smooth set and 1 < k < n — 1.
Then the following statements are equivalent.

(i) Cr (2.k) =1 (i.e. |[Vowl||? < [Jdwl]|? + [|6w]|* + [|w][?)

(ii) The sharper version of Gaffney inequality holds, namely

2 2 2 1,2 Ak
|Vl < [ldwl® + [[dw])®,  Vw e Wp* (2 AF).
(iif) Q is (n — k) —convex.

(iv) The supremum is not attained.

(v) C is scale invariant , namely, for every t > 0

Cr (tQ, k) = Op (k).



Remark (i) Similar results for N, since
Cr(Q,k)=Cn(Q2,n—k).

(ii)) When k = 1, we have the equivalence between
_ : 2 2 . 2 2
-Cr(,1) =1 (ie [[Vol© < [leurl ]| 4 [|div w]|* 4 [|w][%)

- The sharper version of Gaffney inequality
IVw|? < [leurlw]® + |[divw||?, Vwe W2 (2 R?)

- Qis (n — 1) —convex i.e. the mean curvature of ¥ = OS2 is non-negative,

meaning that

N+ o+ 1 20



(iii) Still when k = 1, since
CT(Q, 1) — CN (Q,n — 1)
- Oy (2,1) = 1 (ie. [V < [leurlw|? + ||divw|[? + [|w[|?)

- The sharper version of Gaffney inequality
2 2 . 2 1,2 ]
[Vw||® < leurlw]] 4 [[divw|[©, Vw e Wy (2;R")
- Q2 is convex i.e.

Y1y s Vn—1 ZO



I1) Some examples

Proposition Let 1 < k < n — 1. Then there exists a set 2, C B (a fixed ball
of R™) such that C'p (2, k) is arbitrarily large (and similarly for Cy).

Proof (k = 1) Choose €1 an annulus with very small inner radius. Then
choose
x
w(x) =——=
L

and observe that v A w = 0 on 9€27 and it is a harmonic field i.e.

dv =0 and dw =0.

Then [\|Vw||2 / ||w||2} — 00 as the inner radius — 0.



I11) The case of Polytopes

Definition 2 C R" is said to be a generalized polytope, if there exist

907917"' 7QM
bounded open polytopes such that, for every 2,7 = 1,--- , M with 7 # 7,

<

ﬁiCﬂo, ﬁiﬂﬁj:@ and Q:QO\<U§i>-

In this case Q,,7 =1, , M, are called the holes.

Theorem Let 2 C R™ be a generalized polytope. Then the following identity
holds

V| = |ldwl]® + [[dw]®, Vw e CF (LAY) uCk (2AY).



Remark In particular if w € C’% U le\f is a harmonic field i.e.

dvo=0 and ow =0,

then w = 0 independently of the topology !!!



IV) Idea of proof
We discuss only the case £k =1 (i.e. d ~ curl and § ~ div). Recall that
(i) Cr (2,1) =1 (ie. [V < [|dw||? + [|6w[|* + [|w]|)

(ii) The sharper version of Gaffney inequality holds, namely
|Vl < fldwl® + [[5w]?,  Vw € Wz (2 R™).
(iiif) Q is (n — 1) —convex i.e.
T et 20,
The implication (7z) = () is trivial and we discuss only



For K = 1 we have

curl w|? + |divw|? — Vw2 =2Y"

((%fi Owl  Ouwl (%Ji)
1<J

Integrating the above we get, for every w € W%’z (Q; /\k) :

/Q (|cur|<,u|2 + |divw|? — |Vw|2> = /89 {w; v) |2 <’Yl +o Tt ’Yn—l)



