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GAFFNEY inequality for vector fields states that there exists a constant C =

C (Ω) > 0 such that for every vector field u ∈W 1,2 (Ω;Rn)

‖∇u‖2
L2 ≤ C

(
‖curlu‖2

L2 + ‖div u‖2
L2 + ‖u‖2

L2

)
where, on ∂Ω, either

ν ∧ u = 0

(i.e. u is parallel to ν and we write then u ∈W 1,2
T (Ω;Rn)) or

ν yu = 0

(i.e. u is orthogonal to ν and we write then u ∈W 1,2
N (Ω;Rn)).



GAFFNEY inequality Let 0 ≤ k ≤ n and Ω ⊂ Rn be a bounded open smooth
set. Then there exists a constant C = C (Ω, k) > 0 such that

‖∇ω‖2
L2 ≤ C

(
‖dω‖2

L2 + ‖δω‖2
L2 + ‖ω‖2

L2

)
for every ω ∈W 1,2

T

(
Ω; Λk

)
∪W 1,2

N

(
Ω; Λk

)
.



Define (‖·‖ stands for the L2−norm)

CT (Ω, k) = sup
ω∈W 1,2

T \{0}

{
‖∇ω‖2

‖dω‖2 + ‖δω‖2 + ‖ω‖2

}

CN (Ω, k) = sup
ω∈W 1,2

N \{0}

{
‖∇ω‖2

‖dω‖2 + ‖δω‖2 + ‖ω‖2

}

It is easy to see that

CT (Ω, k) , CN (Ω, k) ≥ 1.

The cases k = 0 and k = n are trivial and CT = CN = 1.

The discussion deals with the case 1 ≤ k ≤ n− 1 (k = 1 is the case of vector
fields).
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A stronger version (in fact a regularity result) of Gaffney inequality is

‖∇ω‖2 ≤ C
(
‖dω‖2 + ‖δω‖2 + ‖ω‖2

)
, ∀ω ∈W d,δ,2

T

(
Ω; Λk

)
(and similarly with T replaced by N) where

ω ∈W d,δ,2
T

(
Ω; Λk

)
=

ω ∈ L2
(

Ω; Λk
)

:


dω ∈ L2

(
Ω; Λk+1

)
δω ∈ L2

(
Ω; Λk−1

)
ν ∧ ω = 0 on ∂Ω

 .
For smooth or convex Lipschitz domains

W
d,δ,2
T

(
Ω; Λk

)
= W

1,2
T

(
Ω; Λk

)
.

For non-convex Lipschitz domains, in general,

W
1,2
T ⊂
6=
W
d,δ,2
T .
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I) The main theorem

Definition Let Ω ⊂ Rn be an open smooth set and Σ = ∂Ω be the associated
(n− 1)−surface. Let γ1, · · · , γn−1 be the principal curvatures of Σ. Let
1 ≤ k ≤ n− 1. We say that Ω is k-convex if

γi1 + · · ·+ γik ≥ 0 for every 1 ≤ i1 < · · · < ik ≤ n− 1.



Remark (i) When k = 1 : Ω is convex if and only if Ω is 1-convex , i.e.

γi ≥ 0 for every 1 ≤ i ≤ n− 1.

The result is due to Hadamard and to Chern-Lashof.

(ii) When k = n− 1 : Ω is (n-1)-convex if and only if the mean curvature of
Σ = ∂Ω is non-negative, i.e.

γ1 + · · ·+ γn−1 ≥ 0.



Theorem Let Ω ⊂ Rn be a bounded open smooth set and 1 ≤ k ≤ n − 1.

Then the following statements are equivalent.

(i) CT (Ω, k) = 1 (i.e. ‖∇ω‖2 ≤ ‖dω‖2 + ‖δω‖2 + ‖ω‖2)

(ii) The sharper version of Gaffney inequality holds, namely

‖∇ω‖2 ≤ ‖dω‖2 + ‖δω‖2 , ∀ω ∈W 1,2
T

(
Ω; Λk

)
.

(iii) Ω is (n− k)−convex.

(iv) The supremum is not attained.

(v) CT is scale invariant , namely, for every t > 0

CT (tΩ, k) = CT (Ω, k) .



Remark (i) Similar results for N, since

CT (Ω, k) = CN (Ω, n− k) .

(ii) When k = 1, we have the equivalence between

- CT (Ω, 1) = 1 (i.e. ‖∇ω‖2 ≤ ‖curlω‖2 + ‖divω‖2 + ‖ω‖2)

- The sharper version of Gaffney inequality

‖∇ω‖2 ≤ ‖curlω‖2 + ‖divω‖2 , ∀ω ∈W 1,2
T (Ω;Rn)

- Ω is (n− 1)−convex i.e. the mean curvature of Σ = ∂Ω is non-negative,
meaning that

γ1 + · · ·+ γn−1 ≥ 0.



(iii) Still when k = 1, since

CT (Ω, 1) = CN (Ω, n− 1)

- CN (Ω, 1) = 1 (i.e. ‖∇ω‖2 ≤ ‖curlω‖2 + ‖divω‖2 + ‖ω‖2)

- The sharper version of Gaffney inequality

‖∇ω‖2 ≤ ‖curlω‖2 + ‖divω‖2 , ∀ω ∈W 1,2
N (Ω;Rn)

- Ω is convex i.e.

γ1, · · · , γn−1 ≥ 0.



II) Some examples

Proposition Let 1 ≤ k ≤ n− 1. Then there exists a set Ωk ⊂ B (a fixed ball
of Rn) such that CT (Ωk, k) is arbitrarily large (and similarly for CN).

Proof (k = 1) Choose Ω1 an annulus with very small inner radius. Then
choose

ω (x) =
x

|x|n

and observe that ν ∧ ω = 0 on ∂Ω1 and it is a harmonic field i.e.

dω = 0 and δω = 0.

Then
[
‖∇ω‖2 / ‖ω‖2

]
→∞ as the inner radius → 0.



III) The case of Polytopes

Definition Ω ⊂ Rn is said to be a generalized polytope, if there exist

Ω0 ,Ω1 , · · · ,ΩM
bounded open polytopes such that, for every i, j = 1, · · · ,M with i 6= j,

Ωi ⊂ Ω0 , Ωi ∩ Ωj = ∅ and Ω = Ω0 \
(
M⋃
i=1

Ωi

)
.

In this case Ωi , i = 1, · · · ,M, are called the holes.

Theorem Let Ω ⊂ Rn be a generalized polytope. Then the following identity
holds

‖∇ω‖2 = ‖dω‖2 + ‖δω‖2 , ∀ω ∈ C1
T

(
Ω; Λk

)
∪ C1

N

(
Ω; Λk

)
.



Remark In particular if ω ∈ C1
T ∪ C

1
N is a harmonic field i.e.

dω = 0 and δω = 0,

then ω ≡ 0 independently of the topology !!!



IV) Idea of proof

We discuss only the case k = 1 (i.e. d ∼ curl and δ ∼ div). Recall that

(i) CT (Ω, 1) = 1 (i.e. ‖∇ω‖2 ≤ ‖dω‖2 + ‖δω‖2 + ‖ω‖2)

(ii) The sharper version of Gaffney inequality holds, namely

‖∇ω‖2 ≤ ‖dω‖2 + ‖δω‖2 , ∀ω ∈W 1,2
T (Ω;Rn) .

(iii) Ω is (n− 1)−convex i.e.

γ1 + · · ·+ γn−1 ≥ 0.

The implication (ii) ⇒ (i) is trivial and we discuss only

(iii) ⇒ (ii).



For k = 1 we have

|curlω|2 + |divω|2 − |∇ω|2 = 2
∑
i<j

(
∂ωi

∂xi

∂ωj

∂xj
− ∂ω

j

∂xi

∂ωi

∂xj

)

Integrating the above we get, for every ω ∈W 1,2
T

(
Ω; Λk

)
,∫

Ω

(
|curlω|2 + |divω|2 − |∇ω|2

)
=
∫
∂Ω
|〈ω; ν〉|2

(
γ1 + · · ·+ γn−1

)


