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ABSTRACT. — Parthasarathy and Sunder have proved in [P-S] that the set of coher-
ent vectors associated to the indicator function of Borel sets is total in the boson Fock space
I'( 2 (R*; ©)). In this article we study the space generated by coherent vectors associated to
the union of n intervals. We give a complete characterization of their orthogonal space in
terms of their chaos expansion. By the way, we recover Parthasarathy -Sunder’s result in a
very simple way. In the cases of the Brownian motion or Poisson process interpretation of
the Fock space, our result characterizes those random variables which are orthogonal to the
exponential of any sum of 7 increments of the Brownian motion or Poisson process.

| - The Fock space and main results

Let P be the set of finite subsets of R™. Then ? = |J P, where P,, is the set of n-

neN
element subsets of RT (with Py = {(D}). The set P, can be clearly identified to the simplex
5, ={0< 1 <--- <t, € R} and thus inherits the Lebesgue measure structure of R".

By putting the Dirac mass 8y on Py, we have finally equipped P with a measured space
structure. Elements of P are denoted by small greek letters o, «, B, - - - Any element f of
L*(P; C) is thus of the form

fZan

neN
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with fo € Cand f, € L*(Z,;C), n > 0and

£ 52y = 1ol + Y 1fallizs,)
n=1

oo
= |fo|2+2/ [fultr, .o t))? dty - - dty
n=170

<t) <<l

The above expression is simply denoted, with obvious notations,

- 2 4o
ey = [ @) dor

The space I? (73) is denoted ¢ and called the Fock space (it is the usual symmetric, or bo-
son, Fock space over L?(R")).

The following lemma is very helpfull (cf. [L-P]).

;-LEMMA. — If f is a positive (resp. integrable) measurable function on P x P,
then the function

g0) =) flmo~a)

xCo

is positive (resp. integrable) measurable on P and we have

/P /P £(o,B) dowdf = /P g(0) dor.

Particular elements of ¢ will be of interest for us: the coherent (or exponential) vec-
tors: for any u € L2(R") define £(u) to be the element of ® defined by

[e()(o) = [T uls)-

N<loa

2
We then have ||e(u)]|3 = Ml

The coherent vectors are linearly independent and total in ®. If M is a dense subset
of I2(R"), it is also easy to check that £(M) = {e(u); u € M} is total in &. The open
problem is to characterise all those subsets M C L*(R*") such that £(M) is total in ¢
(this problem is far from being obvious even in the case where LZ(R+) is replaced by C!).
In [P-S], Parthasarathy and Sunder have proved that if one take M = {]1 g; Bisabounded
Borel subset of R™ } then £(M) is total in . Note that by the continuity of the mapping
u — &(u), it suffices to take M = {15 ; B is the union of disjoint bounded intervals of
R* } to get the same conclusion.

In this article we consider, for all n € N, the space E, generated by the {&(u) ; u
is the indicator of the union of n bounded intervals of R }. We first recover Parthasarathy
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-Sunder result in a much simpler way. We characterise E;-, the orthogonal space of E,, in
&, completely, showing that the typical element f of E;- is as follows:

f= qu, where f,; € Lz('Pq), qg€eN

qeN
with
e fo,fi,..., fonull
¢ font+1, fant2, ... can be chosen arbitrarily (modulo a small integrability condition)

o fut+1, fnt+2, - .., fon are uniquely determined by the choice of fo,+1, font2, .- .

Il - Probabilistic interpretations

It is interesting to note that our results have nice probabilistic interpretations in

terms of the Brownian motion and Poisson process.

Let (Q, F, P) be the Wiener space and (w;)>¢ be the canonical Brownian motion
on Q. Itis well-known that every random variable f € L2(Q, F, P) admits a unique chaotic

expansion

f= ]E[f +Z tl,...,l'q)dwtl---dwtq

0<1 <<ty

with f; € L*(Z,) for all ¢ € N*. We also have

”f” 2(0) = [ELf] |2+Z f(t,... tg)f?dn---dt,

0<n<-- <tq

Thus the space L?(Q, F, P) canonically identifies to our Fock space & (simply by identify-
ing the coefficients (f;)gen ; the norm is then the same in both spaces).

If u belongs to L?(R"), the element of L?(Q, F, P) which corresponds to &(u) is
simply the Doleans’ exponential

e(u) = exp (/000 u(s) dwg — %/000 u(s)? ds) .

If u = Q5 4]u---Ulsnt,] IS the indicator of the union of n bounded intervals then

1
E(U)Zexp(wn—wsl+"‘+wtn_an)eXp(_5(t1_31+“‘+tn—3n))-

Thus our space E,, is exactly the space of random variables generated by exponentials of
the sum of n increments of the Brownian motion.



What we have said for the Brownian motion, also holds for the compensated Pois-
son process X; = N; — t, t € RT, on its canonical space. In this context, we have

s(u) _ e‘];)oo u(s) dXs H(l + u(s)AXs)e—u(s)AXS

N

Z u(s)ANs—foo u(s) ds—z u(s) AN
—e> ’ ; [1 + uts)any)

e~ o BT+ u(s)aNy)

N

In the case where u = 1 p this gives, where A denotes the Lebesgue measure,

e(u) = e MB) H(l + ANj)

SEB

= ¢ MB) H 2

SEB;
AN #0

— e—A(B)Z#{SEB;ANs#O}
thus
_ _—(ti—s1+--+tn—5n) 9Ny, —Ns, +++-+Ny, — .
f(l[sl,tl]u---u[sn,tn]) —e (h—s1 n Sn)z t, —Ns; tn—Nsn

Thus, in this case, our space E, is the space generated by the exponentials of sums of n
increments of the Poisson process (times In 2).

Il - A simple proof of Parthasarathy -Sunder’s result

We come back to the general setting of the Fock space ¢. For any f € ¢ we put for
allt € R, allo € P,

[Def1(0) = floU{t})Locpo,q -

It is easy to check by the f—lemma (cf. [Att]) that

Amﬁﬂaﬂdeom=uﬂﬁ—vwW<w.

Thus D, f is a well-defined element of ®, for almost all ¢. Furthermore, for all g € & we
have (same reference as above)

(ﬁ@=f@ﬂ@+£mme@dp

Finally note that
Dye(u) = u(t)e(ulp,y)
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for a.a. t.

Let n € N be fixed. Define E,, to be the subspace of finite linear combinations of
e(u), with
u= ]]-[sl,tl]u---u[sn,tn]
fors; <n <<t <---<s, <1, €RT.
Let E;- be the orthogonal space of E, in ®. As £(0) = &y, we clearly have E, =
L*(Py) = Cop and Eg- = {f € ®; f(0) = 0}.

Note that E, C E, and E; C E;- foralln < m.

PROPOSITION 1. — If f belongs to E;- for some n > 1, then D,f belongs to E;- ,
for almost all t.

Proof. — 1If f belongs to E;- then f belongs to E;- and thus f(#) = 0. Now, we
have, foralls; < f <--- <5, <ty

0= {f,&(Ls,n]u--Ulsmm]))

n ti
= Z/ (Def, e(Lis, f)ue-Usid])) @t -
i=1"Si

Deriving with respect to t, at t,, = t gives the following: forall s; < f < --- < sy, for
almost all t > s,

(Def, &L, 4 qu-Usng)) = O-

The above expression is continuous in sy, f1, .. ., S, thus we have: for almost all ¢, for all
s<n < <5 <t

(thrf(l[sl,tl]u---u[sn,t])) =0.
Taking s, = t we get
(Def &(Lg 4]0-Ulspy i) =0
Now,ifs; <ty <--- < sy—1 < fy—1 and ¢ € [s;, t;] we have
(Def (L) 10 Ulsnertn])) = {Defr €(L[g 0 )u-Usi))
= }llglt <th'5(1[51,t1]u~~~u[s,—,ti]))

ti>t

=0.

Finally, if ¢ € [, si41], we have

(th’ E(]]‘[Sl,l’l]U---U[Sn_l,tn_l])) = <th’ g(]]'[sl,l’l]U---U[Si,ti])) =0. n

We thus have an easy proof of Parthasarathy -Sunder’s result.

5



THEOREM 1. — The space | J E, is densein @ .
n

Proof. — 1f f belongs to () E;-, f(#) = 0 and D,f belongs to () E;- for almost

n n
all z. Thus [D,f](#) = 0but [D, f](®) is equal to f ({}). Thus the first chaos of f vanishes.
Furthermore, D;D;t belongs to () E;- for almost all (s, t) and thus f({s, t}) =

n
[DsD;](@) = 0 for almost all (s, #). And so on, by induction we get f(o) = 0 for a.a.
oeP. |

IV - A characterization of E,J[

IV.1. Introduction.

Forany f = ) f, belongingto ®wewrite f;; = fi+- -+ fg, fig = fo+fgr1+--
q

q o]
etc. The space ®l9 is the space L?(P;), the space &7 is L2 |J P;) and ¢l9is L2( |J P;).
i=0 i=q

The characterization we are going to prove implies that the space {h € Plan+1,
there exists f € E;- with fent1 = h} is dense in @271 and that, given any such & there
exists a unique f € E;- such that fizn+1 = h. Furthermore, we will make explicit the so
announced bijection between this dense subspace and E;-.

IV.2. The enlarged Fock space.

In order to state our result we need to introduce a family (A,)4en of projectors and
this will be easier on an enlargement of the Fock space. Let ® be defined by

= {measurable functions f on P such that, forall N > 1,all T > 0,

/P N*|£(0)| Locpp.ry do < 0o}

The following remarks and notations will be of constant use in the sequel:

Remark 1. — Let g € N. For each f € ®, the vectors fo fq and fj, are in ®
(obvious).

Notation. — Foreachq € N let 5[‘7], ola , &9 be defined in the obvious way, in the
same way as the corresponding definitions for ¢.
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Remark 2. — The space ¢ is a subspace of ® (left to the reader).

Remark 3. — Forany f € & and any t € R, we put

[Vifl(o) = flou{t}).
Then V. f belongs to  for almost all ¢. Indeed, take N >1land T > 0,forany S < T we
have

S S
/ / IV £)(0) Lo,y N*dor dt < / / (0 UL MougncogN* 1D do dr
0 JP o Jp

— [ #B)7B)cioqNap by the Fremma
P

which is finite for #8N*# < (N + 1)*8.

Remark 4. — If f belongs to &, if B is a bounded Borel set in R*, then fe(14)
is integrable on P. Indeed, take T € R* such that 8 C [0, T], then |f(0)e(1)(0)| =
|f (0)[Locp < |f(0)|Lecpo,r) Which is integrable.

Notation. — If f belongs to ® and if B is a bounded Borel set in R, we write

(f,&(1p)) for
/f(‘x):ﬂ-(xCBdO(-

IV.3. The characterising projectors.

Foro € ’Pq, we write 07, 03, ..., 0, the elements of 0, arranged in the increasing
order.

If #0 = 2p, we write [o] for union of n intervals
[01,02] U -+~ U [o2p—1,02];

if#0 = 2p + 1, then [0] denotes the union of intervals
[01,02]U---U[o2p_1,02,)].

In any case, we write &[] for s(]l[g]). Note that if #0 is odd the £[;} does not depend on
maxo.

For any o € P, we write V for Vg, --- Vg, , and Vg = I. Note that for all s, f,
stt = Vtvs.

LEMMA3. — Letf € ®, then Af defined onP by
[Af](0) =(Vof, &)
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belongs to .

Proof. — Let N > land T > 0 be fixed. Write

(o, 0) = f(aU U)]lac[o]]loc[o,T]N#U

defined on P x P. Then @ is measurable and satisfies

/ (o, 0)| dox do < / |f (U U)|1auac[o,T]N#(aUU) doa do
PxP PxP

= / Z#ﬁl]]'BC[O,T]N#ﬁ dﬁ <.
P

Thus, by Fubini’s theorem, we have that the mapping

o~ / @(a,0) da = (V,f, s[g])lloc[o,T]N#U
P
is measurable and integrable on P. [ |

For any g € N, we define A, as the operator from ® to ® such that

[4471(0) = [Af1(0) Lso=g -

ProrosiTiON 4. — Let g € N. The operator A, is a projector from & onto o7,
Moreover AjAr = 0ifr < q. Ifg = O thenA;f = fo. Ifq = 1thenA,f = fi.Ifq =2p+1
then

[Azpt1fl({on, .., 02p11}) = [A2pDoyyi, f1({00, -, 02p})

foraa o= {o1,...,041}.
Proof. — All these results are simple verifications from the definitions. [ |

PropPoSITION 5. — Letp € Nand f € ®, then the mapping
(0—1’ 02,..., 0—219) — <f’ g(]]'[O'],0’2]U~“U[0’2p_],0'2p]))

derivative and one has

. 2%
admits a.e. onX, a 30102

0%p

[A2pf](0) = (1) (f €o]) Lso=2p ae.on P,

801 ---802,,

and
o2p

[A2p41f](0) = (=1)"

m<v02p+1fr 5[0]>]l#0=2p+1 ae.onP.

The above proposition is an easy consequence of the following lemma, which will
be of constant use in the sequel.



LEMMA 6. — Letf € ®, let B, B, be two bounded Borel sets of R*. Let [a, b] be
an interval of Rt with
maxB; < a<b<minB,.

Then
i) the mapping (s, t) — {f,&(1Lp, u[squs,)) is continuous on[a, b] x [a, b] ;

ii) the mapping (s, t) = (f, &(1L g u[squs,)) is derivablein s and t €]a, b[ with deriva-
tives given by

0
E(f’ E(]]'B1U[S,I]UBQ)) = (th’ E(]]'B]U[S,I]UBQ)> a.e.

0
a(f’ g(]]‘B]U[S,t]UBz)) = <V5f’ g(]]'B]U[S,t]UBz)> a.e..

Proof.

i) comes from Lebesgue’s theorem:
when (s, t,) tends to (s, t), then f(0)Lgcp s, sjus, tends to f(0)Locp upsqus, a-e.
on P and |f(0)|Lgcp,ufsy 1,]us, is dominated by |f (0)|Lyco,7] (Where T satisfies T >
max B,) which is integrable.

ii) Let us prove the formula for #:

we have

r r
/ (Ve e(Locpuponun,)) dx = / /P £ U () Locnupsnion, dodx
= /Pf(B)]lﬁcslu[s,t]usz1#(ﬁm[s,t])21 dap

= /f(B)]l,BCB]U[s,t]UBde - /f(ﬁ)]lﬁc&uzsz dap
={f,e(Lp,usqus,)) — (f €(1pus,))

which gives the desired formula. ]

For n € N, let us define

By=1—(T—A)(I—A)--(I—Ay).

PROPOSITION 7. — The operator B, is a projector from ® onto ",

Proof. — The fact that B, is a projector comes immediately from Af] = Ay and
AsAr = Oforr < g. Aseach Ay, for g < n, has its range included in 52”], the same
holds for B,,. To show that By, is onto, just notice that if f € !9 for some qg < 2n, then
(I—A)I—A)---(I—=Am)f =I—Ay)---(I—Ay)f =0andthusB,f = f. |

9



Let B,, be the set of f € & such that B, f belongs to ®.

PROPOSITION 8. — The space B, is dense in ®.

Proof. — Let®ggbe {f € ®; Ik > 1 and T > 0 with

f(o) = f(o)Lso=iTocior)} -

Then & is dense in ® and is contained in B, (for A;f € &g for all ¢ € N and all
J € Po). |

Remark. — The above proof also implies that B,, N ®2"1 is dense in 21,

IV.4. Characterization of E;-.

We finally come to our characterization.

THEOREM 8. — Letn € N. Let f € . The following assertions are equivalent.
i) f €E;.
ii) Agf = O0forallg < 2n.
iii) B,f = 0.
iv) There exists h € ® such that

f=U—-A){I—A)--(I—Ay)h.
V) fizn+1 € Bnand fo,) = —Bnfians1-

Proof of Theorem 8.

ii) = iii) is obvious since A, f = 0for each g < 2nimplies (I — Ag)(I— A1) --- (I —
Aon)f = f.

iii) = iv) comes from the fact that B,, is a projector.

iv) = ii) comes from A;A, = 0if r < g and Af, = Ag.

v) & iv) since iv) is equivalent,by definition of B,, to “Ih € B, ; f = (I — B,) I,
and since By, projects B, onto 21,

We are just left to prove i) = ii).
The case n = 0 is obvious. So by induction our result is equivalent to proving

fEE <> fE€EL,, Anf=0, Ayyurf =0,
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knowing that f € E;‘ <~ f € E;‘_l , Aopf =0, Azp_1f = 0foreachp < n.

= : Take f € E,,L Of course f belongs to E,,{l. By Proposition 1, we know that
D.f € E,;L_l for almost all + € R*. Thus by induction hypothesis Ay,_»D;f = 0. This
exactly means [Az,_1f](0) = 0,a.e. onP,ie. Ay, 1f = 0. We are left to prove Az, f = 0,
nnnn ie. (Vo f, &) = 0 for almost all o such that #o = 2n. This comes immediately

from (f, &,1) = 0 (since f € E;) and (Vo f, g1) = (—1)" a;

n
a01 92n

(£ €01) a.e. on Py

< :Take f € E;- |, with Ay, f = 0and A,— 1 f = 0. We want to prove {f, Eop) =0
for every o such that #0 = 2n. By a continuity argument it is enough to do it a.e. This will
come step by step as follows.

First step: From Azpf = 0, i.e. (Vo f,€,)) = 0ae. we deduce, by Lemma 6, that
(VUI...UZn_lf, 5[0]) does not depend on 07, and is equal (making o>, tend to 02,—;) to
(Vorom_r [ Egzn=rzn), where 0?"~12" = o N {0241, 02,}. But this last equality is
[A2n—1f](01, ..., 02n—1) which is null by hypothesis. We have proved that

Vo, o1 fr€0]) =0 ae.on Poy.

General step: Suppose we have (V..o f, €¢]) = 0a.e. on Py, with j < 2n — 1.
Then, as above, (Vm...gj_1 f,g[g]) does not depend on ¢;_; and is equal (making o; tend
t0 0j41) 10 (Voy..o;_, [ [gii+1]) (Where o7/t = o N {o/,07"'}). But this quantity is
%(ﬁ €lii)) ae. and (f, &,1417) = Osince #0/*! = 2n — 2and f € E,_, by
hypothesis. So we have

(Voroi1fr€0)) =0 ae.on Pyy.
Last step: With j = 1, i.e. (Vg f, €[g]) = 0a.e. on Py, we arrive to (f, £5]) = O a.e.
on Py, andso f € E;-. [ ]

The following consequence of Theorem 8 together with Proposition 1 gives more
details on the construction of the elements of E;-.

ProposITION 9. — Let n € N, The orthogonal projection of E;- on ®[2"+1 js equal
to B,,N®2"+! . For each h belonging to this dense subspace of ®[2"*!, there exists aunique
f € E,Jl‘ such that fj5,., = h. The coeflicients fy, f1, ..., fon Of f are given by

fo=—(Bn)gh, 0< g<2n
where (B,,) Is the g-th coefficient of By, given by

Bu)g=A4,x [[ (-4), 0<qg<2n.
G+1<j<2n

Moreover, the n + 1 first coefficients fy, f1, ..., fn of f all vanish.
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Proof. — The equivalence between i) and v) in Theorem 8 shows that the space
{h € "1 3f ¢ E such that fizny1 = h}isequalto B, N ®[2n+1 (which is dense in
®[2n+1 see remark at the end of IV.3), and that any f € EnL is determined by its projection
h= fi:2n+1 with f2n] = —Bnh
To compute the coefficients (By) 4, 0 < g < 21, write down, for g € &
(Bng)g = [I— (I = A))(I = A1) -+~ (I = Azn)g]
=g~ [(1—49)-- (1 A)g],
= Aq(I — Ag1) -+ (I — A2n)g

(the result for g = 2nis evident).

q

The fact that the n + 1 first coefficients fy, f1,..., fn ofany f € EnL must vanish
comes from repeated applications of Proposition 1. [ |

Remark. — The fact that each element of Ej- is determined by its projection fp,41
is equivalent, by linearity, to E,Jl- Ny, = {0}. This last equality is an immediate conse-
quence of the following lemma, which we think could be of independent interest.

LEmMmA 10. — Let uy, ..., u, be the indicators of n disjoint bounded intervals of
R*. Then one has, fora.a. o € P

> > () + -+ w,)(0)

0<p<n1<ji<jp<-<jp<n
. 0k, _ Ok ok
—E z: [ty 0 uy 2 0 -+ 0 1y ] (0)

k>n kytetkn=k
kj21, ¥j=1,.n

where [u) 0 13* 0+ - -0 ulf"] (o) = 1 ifthe ki first elements of o lie in u;, the k» following

ones lie in uy, . . ., the k,, last elements of o lie in u,, and [u(l]kl o ugkz 0---0 u%k”] (o)=0
otherwise.

Proof. — Writing down the left hand side for a fixed o, the formula above is just an
expression of the usual inclusion-exclusion principle. [ |

Proposition 9 shows that for each 0 < g < n, the coefficient (By,), is equal to the
natural projector I; of ® onto ®7. We have not been able to derive a direct proof of this fact.
That is, to prove that

Aq(I—Aq+1)"'(I—A2n) = Iq for q S n.

Another challenge is to develop B,, in order to give more explicit formulas for f,,+1, ..., fon.
The coefficient (B,)2, = Az, is evident. We give in Propositions 11 and 14 below expres-
sions for (By,)2,—1 and (By,)2,—2, just to put in evidence a certain underlying complexity.
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IV.5. Some additional computations.

ProrosITION 11. — Letn > 1. One has, foreach h € ®, fora.a. o € Pan-1,
[Agn_l(l — Agn) h] (0') = Z (—1)i+1 [Azn_Qvo—i h] (OJ) .
1<i<2n—1

The proof of Proposition 11 is based on two lemmas.

LEMMA 12. — Letg € ® be such that Asng = 0. Then for almost all & € Py,
the quantity [Asn—2V 4, f](0") is independent of i € {1,...,2n — 1}.

Proof of Lemma 12. — Leti € {1,...,2n — 2}. By hypothesis we have, for a.a.
0 € Piy_q and a.a. t €|oy, i1, that (Veug, E[gUt]) = 0. By Lemma 6 this im-
plies (V8, €ouy) is independent of . Making ¢ tend to 0 or 0141 gives (Vog, €[gi)) =

(Vgg, 5[0i+‘])- |
LEMMA 13. — Leto € P,,_1, then
Z (—I)H—l]l[gi] =0.
1<i<2n—1

Proof of Lemma 13. — Evaluating the left hand side on any x € RT, gives the
same number of sign 4 and sign — in the sum. [ |

Proof of Proposition 11. — Define C,2,—1 on ® by

(Cranaal)(@) = > (1) (A2n—2V 6, 1) (0" Dhomzns
1<i<2n—1

foreach h € ®andaa. o € P. By Lemma 12, if g € & is such that Aypg = 0 then
Cnon—18 = Azp_18. Thus foreach h € . Cnon—1(I — Agp)h = App—1(I — Azp) h. But by
Lemma 8 we have Cj, 2,1 A2, = 0. Finally Cy 2,1 = Azp—1(I — Azp). ]

PROPOSITION 14. — Letn > 1. One has foreach h € danda.a. o € Pos
[Azn—2(I = Agn—1)(I — Azy) k] (0)
= 3 (DA Voo, H(0) = (= 2)[Aen (o).

1<i<j<2n—2

We again need two lemmas.

LEMMA 15. — Letg € ® be such that Aspng = 0 and Az,—18 = 0. Then for a.a.
0 € Pap_o, the quantity [Az, 4V o,0,1)(0"7) is independent of i, j with1 < i < j < 2n—2.
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Proof of Lemma 15. — Apply Lemma 12 to [ngf](O'j) and to [V, f](c”). |

LEMMA 16. — Leto € P,,_». Then

Z goii (&) = (n = 2)gg) () if #o =1 or #ox = 2.
1<icj<2n—2

Proof of Lemma 16. — Foreach k € {1,...,2n — 1} define
Je={(i,j); 1<i<j<2n—2and [0k 0%41] C [0™]} .
Note that:
o if kis odd then (i, j) € Ji if and only if i and j are on the same side of k + 1 ;
o if kiseventhen (i, j) € Ji ifand only if i and j are not on the same side of k + % .

o for p < gwehave

Z (—1)iHit! = Z (—1)HHit! = Z (=1)i+itt

2p<i<j<2q 2p+1<i<j<2q 2p+1<i<j<2g+1
SIKJS AN SIKJS
= > (-D)" =g-p.
2p+2<i<j<L2q+1

To get Lemma 16 for #x = 1 we have to prove that for 1 < k < 2n — 3 the quantity

S>> (—i)™/*+! equals n — 2 if k is odd and equals 0 if k is even. This comes immediately
(i) EJx
from the remarks above:

o if k =2p+ 1then
Z (_1)i+j+l — Z (_1)i+j+l + Z (_1)i+j+l
(i,))E Tk 1<i<j<2p+1 2p+2<i<j<2n—2
=p+t(-1)—(p+1)=n=-2
e ifk =2pthen

Z (_1)i+j+l — Z (_1)i+j+l —-0.

i 1<i<j<2p
i, <igjg
(1) €k 2p+1< j<2n—2

Finally, to get Lemma 16 for #x = 2 we have to prove that if & and k are between

land2n — 1,wehave Y. (—1)"/*! = n— 2if hand k are odd, 0 otherwise. That
(L.J) €Tk
comes again in the same way as above. [ |

Proof of Proposition 14. — Define C,2,—2 on & by
[Cn,zn—zh](o-) = [ Z (_1)i+j+1(A2n—4thrj h) (O'i’j)

1<i<j<2n—2

— (n—2)(A2n—2h)(0) | Lyo=2n—2
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foreach h € danda.a. o € P.

By Lemma 15, if g € @ is such that Aspng = 0and Az,—18 = 0then Cy2,—28 =

App_sguse S (—=1)"i*! = —1).Soforeach h € d, we have
1<i<j<2n—1

Cpan—2(I — Asn—1)(I — Asn)h = Appn—o(I — Asn—1)(I — Asn)hr.

But by Lemma 16, we have C,2,—242, = 0 and Cyp2,—242,—1 = 0. Thus Cp2y—2 =

Asp—o(I — Asp—2)(I — Azp). ]
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