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I. Introduction

\]^ _`abcd ^aecf gdhijecak^ i_ leihhgam egd ^l ga e]^ kfcllgkcf e]^ijn i_
lei k]clegk hji k^ll^l bi^l aie a^^b ei o^ b^dialejce^b can dij^ p \]ce gl c j^cq
lia r]n e]^ bgs k`feg^l ei b^ta^ c l^jgi`l cab ^s kg^ae e]^ijn i_ leihhgam egd ^l
ga e]^ _jcd ^riju i_ v`cae`d hji k^ll^l kca o^ _^fe cl ca ioleckf^ ei gdhijecae
b^w^fihd^ael p

\]^ e]^ijn i_ v`cae`d hji k^ll^l cab v`cae`d aigl^l ]cl ]cb ca gdhj^llgw^
b^w^fihd^ae lgak^ e]^ fcle xy n^cjl cab ]cl _i`ab d can b^^h chhfgkcegial ga
v`cae`d h]nlgkl p zij ^{cdhf^ | e]^ v`cae`d leceglegkcf b^lkjghegia i_ e]^ bgfcegia
i_ e]^ bnacd gk i_ c v`cae`d ih^a lnle^d | r ge] e]^ ]^fh i_ v`cae`d aigl^l | gl ia^
i_ e]^ dile j^d cjucof^ chhfgkcegia i_ v`cae`d hjiocogfgen e]^ijn }~�q��� p
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\]^ e]^ijn i_ v`cae`d leceglegkcf d ^k]cagkl gl air ]cwgam c w^jn v`gku
b^w^fihd^ae cab _iffir l ga hcjcff^f e]^ ejckul i_ e]^ ifb^j }kfcllgkcf� leceglegkcf
d ^k]cagkl e]^ijn � � goo l lece^l o^kid^ � p� p� p lece^l | m^a^jceijl i_ z^ff^j hjiq
k^ll^l o ^kid ^ � gabofcb m^a^jceijl i_ v`cae`d bnacd gkcf l^d gmji`hl |� � �p \]^
gdhijecae ih ^a hjiof^d l ga v`cae`d leceglegkcf d ^k]cagkl cj^ e]il^ i_ j^e`ja
ei ^v`gfgojg`d | j^k`jj^ak^ | ^{ gle^ak^ i_ gawcjgcae lece^l | lh^kejcf mchl |� � �p �e gl
r^ffquaira e]ce e]^ dile j^d cjucof^ calr^jl ei e]^ kijj^lhiabgam hjiof^d l ga
e]^ kfcllgkcf e]^ijn r^j^ ioecga^b r ge] e]^ ]^fh i_ � cjuiw hji k^ll^l cab leihhgam
egd ^ e]^ijnp

�`e r]n cj^ leihhgam egd ^l li bgs k`fe ei ]cabf^ ga v`cae`d e]^ijn	 \]^
tjle ioleckf^ gl h]nlgkcf cab h]gfilih]gkcf p �e gl w^jn b^fgkce^ }cab lid ^egd^ ecoii�
ei cllikgce^ ca iol^jwco f^ r ge] e]^ egd ^ r]^a lid ^e]gam ]chh^al ga c v`cae`d
lnle^d p \]^ d cga j^clia gl e]ce ga ijb^j ei iol^jw^ l`k] c egd ^ ia^ l]i`fb o^
kiaega`i`lfn diageijgam e]^ lnle^d p \]gl gl i_ ki`jl^ w^jn b^fgkce^ ga v`cae`d
d^k]cagkl cl e]^ lnle^d gl b^tage^fn c
^ke^b on e]^ iol^jwcegia p \]^ oj`ecf
kiaega`i`l iol^jwcegia i_ c v`cae`d lnle^d f^cbl ei l`jhjglgam kial^v`^ak^l l`k]
cl _j^^� gam e]^ lnle^d ga e]^ gagegcf lece^ }v`cae`d �^ai ^
^ke � p �`e ia e]^ ie]^j
]cab ge gl cfli ej`^ e]ce e]^ e]^ijn i_ kiaega`i`l iol^jwcegia i_ v`cae`d lnle^d l
]cl d cb^ gdhj^llgw^ hjimj^ll^l j^k^aefn| o ie] e]^ij^egkcffn cab ^{h^jgd ^aecffn
}aiaqb^difgegia d ^cl`j^d ^ae� p

�e gl ^w^a dij^ j^dcjucof^ e]ce | _ijm^eegam e]^ h]nlgkcf kialejcgael | ge gl
w^jn ^cln ei d ce]^dcegkcffn clli kgce^ ca iol^jwcof^ ei e]^ egd ^ r]^a lid ^ ^w^ae
i kk`jl ga c v`cae`d lnle^d p zij ^{cdhf^ | r]^a le`bngam e]^ v`cae`d lei k]clq
egk bg
^j^aegcf ^v`cegial b^lkjgogam e]^ bnacd gkl i_ lid ^ v`cae`d ih^a lnle^d l
}l`k] cl ga v`cae`d ihegkl _ij ^{cdhf^� | ia^ kca ^{]goge co^fgca l`ocfm^ojcl i_
iol^jwco f^l r]gk] cj^ gawcjgcae `ab^j e]^ bnacd gk p \]gl e]`l mgw^l jgl^ ei kidd`q
ecegw^ hji k^ll^l r]gk] kca o^ j^cfgl^b }bgcmiacfgl^b� ia lid ^ hjiocogfgen lhck^ p  l
c kial^v`^ak^ | can kfcllgkcf leihhgam egd ^ clli kgce^b ei e]gl hji k^ll }^{ ge egd ^l |
]geegam egd ^l |� � �� mgw^l jgl^ ei c v`cae`d leihhgam egd ^ r]^a h`ff^b ocku ga e]^
m^a^jcf l^e`h p

\]^ e]^ijn i_ v`cae`d leihhgam egd ^l ]cl o^^a gagegce^b on � p � p �`bq
lia }~�`b�� ga e]^ _jcd ^riju i_ zi ku lhck^ p \]^ oclgk gb^c gl ei lcn e]ce c
kfcllgkcf leihhgam egd ^ gl c hilgegw^ jcabid wcjgcof^ }r ge] wcf`^ �� cbd gee^b�
r]gk] lceglt^l lid ^ cbche^ba^ll hjih ^jen r ge] j^lh^ke ei c mgw^a t fejcegia i_ � q
t^fbl p \]`l c v`cae`d leihhgam egd ^ gl c v`cae`d jcabid wcjgco f^ }c l^f_qcb�igae
ih ^jceij ia c lh^kejcf d ^cl`j^� r]gk] gl hilgegw^ | r]gk] cbd gel e]^ wcf`^ �� cab
r]gk] lceglt^l lid ^ cbche^ba^ll hjih ^jen ia e]^ ziku lhck^ p \]gl e]^ijn ]cl o ^^a
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b^w^fih ^b on l^w^jcf c`e]ijl ga e]^ lcd ^ _jcd ^riju � ~hh� | ~�q�� | ~ q�� | ~ee� |
o`e cfli ga e]^ _jcd ^riju i_ t fe^j^b _cd gfg^l i_ � qtage^ cab tage^ wia �^`d caa
cfm^ojcl � ~�� ¡� | ~�� x� | ~� q� � cab ~� q\� p

�a e] gl cjegkf^ | c leihhgam egd ^ gl ca gakj^clgam _cd gfn i_ hji� ^kegial ia c
tfe^j^b � gfo^je lhck^ | cbche^b ei ca gakj^clgam _cd gfn i_ cfm^ojcl p \]gl chhjick]
e]`l kiw^jl cff e]^ hj^k^bgam kcl^l p

�a e]^ tw^ tjle hcjel r^ le`bn leihhgam egd ^l ia tfe^j^b � gfo^je lhck^l
}� � }� � ���� � | r ge]i`e j^cffn d ^aegia gam cfm^ojcl cab r^ b^ta^ _ij c leihhgam
egd ^ � | e]^ lhck^l �� | �� � | e]^ hjih ^jen 	 
 � _ij eri leihhgam egd ^l cab e]^
aiegia i_ hj^wglgo f^ leihhgam egd ^ p \]^ fcle eri aiegial o ^gam cke`cffn e]^ j^cf
a^r ia^l r ge] j^lh^ke ei e]^ `l`cf fgee^jce`j^ p

\]^ tjle chhfgkcegia i_ e]gl tjle hcje gl e]^ kcl^ i_ e]^ lndd^ejgk zi ku lhck^
iw^j �� }X � p �e gl r^ffquaira e]ce can kfcllgkcf d cjegamcf^ }g p^ p r ge] camf^ ojcku^e

 � � � �� ^v`cf ei � _ij cff � � X � r]gk] hill^ll^l e]^ hj^bgkecof^ j^hj^l^aecegia
hjih^jen| cbd gel gel k]ciegk lhck^ ei o^ ace`jcffn glidijh]gk ei e]^ lndd^ejgk zi ku
lhck^ iw^j �� }X � p \]gl e]^ lecjegam higae i_ e]^ kiaa^kegial o ^er^^a kfcllgkcf
cab v`cae`d lei k]clegk kcfk` f`l p �e ]chh^al e]ce cff e]^l^ kfcllgkcf d cjegamcf^l
cke`cffn l]cj^ caie]^j hjih ^jen � e]^gj ace`jcf t fejcegia gl v`clgqf^_e kiaega`i`l
}g p^ p ^w^jn ckk^llgof^ leihhgam egd ^ gl hj^bgkeco f^ | ij ^v`gwcf^aefn e]^ �`dhl i_
e]^l^ dcjegamcf^l cj^ eiecffn gackk^llgof^� p �a e]^ hcje � � i_ e]gl cjegkf^ | r^ l]ir
e]ce e]gl hjih ^jen gl cke`cffn gab^h^ab^ae i_ e]^ hjiocogfglegk gae^jhj^ecegial i_
e]^ ziku lhck^ | ge gl c kidhf^e^fn gaejgalgk }cab lejiam^j� hjih ^jen i_ e]gl lhck^ �

�� � � ��

_ij ^w^jn hj^bgkeco f^ v`cae`d leihhgam egd ^ � | e]`l ga hcjegk`fcj _ij e]^ kfcllgkcf
hj^bgkecof^ leihhgam egd ^l p

�a e]^ fcle hcje | r^ chhfn e]^ hj^k^bgam b^tagegial cab j^l`fel ei e]^ kcl^l
i_ e]^ caeglndd^ejgk zi ku lhck^ iw^j �� }X � cab e]^ v`clgq_j^^ j^hj^l^aecegial i_
e]^ ��� cab �� p �^ cfli hjiw^ e]ce ga cff e]^l^ kcl^l e]^ v`clgqf^_e kiaega`gen
hjih ^jen gl w^jgt^b p

II. Quantum stopping times

 �� ����� ������ �  ! " #� gl c kidhf^{ l^hcjcof^ � gfo ^je lhck^ � eim^e]^j
r ge] c _cd gfn i_ ije]imiacf hji � ^kegial }$� ��%& ' rge] jcam^ }� � ��%& ' lcegl_ngam
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��� $ 
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 � $ 
 _ij cff � � � }� �� � � 
 � � � _ij � � �� p
���� �� fgd

����
$ � � $� }� �� � ����

� � � � � � p
�^ rjge^ � �� � �
��

� 
 cab $�� gl e]^ ije]imiacf hji� ^kegia iaei � �� | � � X

}r ge] e]^ kiaw^aegia ��� � � � � p
a ih^jceij � ia � gl lcgb ei o ^ "�"! ��� " � ��� � � g_

�� $ � }�id � � � �id � | _ij cff � � � |
cab

��� $ �� � � $ � ia �id � | _ij cff � � � p
  ��!! ��� ��� � }ij ��"� ���  ��!! ��� ��� � � � ia c tfe^j^b � gfo ^je lhck^

}� � }$� ��%& ' � gl c }jgm]eqkiaega`i`l� lh^kejcf d ^cl`j^ ia X  !�� " rge] wcf`^l
ga e]^ l^e i_ ije]imiacf hji � ^keijl ia � | l`k] e]ce | _ij cff � � X | e]^ ih^jceij
� }~# � ��� gl cbche^b ce egd ^ � p

�a e]^ _iffir gam r^ cbihe hjiocogfglegkqfgu^ aiecegial � _ij ^w^jn �ij^f l`ol^e
$ � X  !�� " r^ rjge^ ¡¡� %$ gale^cb i_ � }$ � p �a e]^ lcd ^ rcn ¡¡� %� d^cal
� }~# � ��� | ¡¡� & � d^cal � }!�"� | � � �p

�ie^ e]ce ga hcjegk` fcj
¡¡� %� � �� fgd

'�('�(
¡¡� %�) �

cab
¡¡� �� � �� fgd

'�('�(
¡¡� %��) �

�a hcjegk` fcj | ¡¡� �� gl cfli cbche^b ce egd ^ � | _ij cff � � X p
�^e `l l^^ ojg^*n ]ir e]gl b^tagegia kiaa^kel ei e]^ kfcllgkcf ia^ p �_ � gl

c kfcllgkcf leihhgam egd ^ ia c t fe^j^b hjiocogfgen lhck^ }+ �, � }, � ��%& ' � - � | e]^a
ecugam � � �� }+ �, � - � | � � � �� }+ �, � � - � }g_ r^ cll`d^ e]ce e]^ t fejcegia w^jgt^l
e]^ .`l`cf kiabgegial/ i_ kidhf^e^a^ll cab jgm]eqkiaega`gen � cab $� � 0 ~1 2, � �
d cu^l `h c tfe^j^b �gfo ^je lhck^ p \]^ ih^jceijl 3 ¡¡4 5� i_ d`feghfgkcegia on
¡¡6� %�7 ia � e]^a b^ta^ c v`cae`d leihhgam egd ^ ia � p

�iaw^jl^fn| g_ � gl c v`cae`d leihhgam egd ^ ia c tfe^j^b � gfo^je lhck^
}� � }$� ��%& ' � e]^a e]^ ih^jceijl ¡¡� %� | � � X  !�� " | cj^ eri on eri kidd`egam p
\]`l e]^n lgd`feca^i`lfn bgcmiacfgl^ ia c hjiocogfgen lhck^ }+ �, � - � ei mgw^ jgl^
ei ih ^jceijl i_ d`feghfgkcegia on gabgkceij _`akegial i_ e]^ _ijd ¡¡68 %�7 _ij lid^
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jcabid wcjgco f^ � wcf`^b ga X  !�� " p \cugam , � ei o^ e]^ � qt^fb m^a^jce^b
on e]^ gd cm^ i_ � � gaei �� }+ �, � - � | d cu^ � o^gam c kfcllgkcf leihhgam egd ^ p

\]`l r]^a kialgb^jgam ia^ v`cae`d leihhgam egd ^ }ij c kidd`egam _cd q
gfn i_ v`cae`d leihhgam egd ^l� f^cbl ei c e]^ijn r]gk] gl ^{ckefn ^v`gwcf^ae ei
e]^ kfcllgkcf ia^ p � _ ki`jl^ e]^ bg
^j^ak^ chh^cjl r]^a kialgb^jgam l^w^jcf aiaq
kidd`egam leihhgam egd ^l ia � p �ck] i_ e]^d kca o^ gabgwgb`cffn gae^jhj^e^b
kfcllgkcffn| o`e aie eim^e]^j p \]^n kid ^ _jid bg
^j^ae hjiocogfglegk kiae^{e cab
e]^n cj^ h`e eim^e]^j ga e]^ lcd^ kiae^{e | ^{ckefn fgu^ iol^jwcof^l ga v`cae`d
d^k]cagkl p

 higae � � X gl c #�� ����� �� ! ��� � _ij c v`cae`d leihhgam egd ^ � g_
¡¡� & � � # p �ie^ e]ce cl � gl l^hcjcof^ | e]^a can leihhgam egd ^ � cbd gel ca ce
dile ki`aecof^ l^e i_ higael r]gk] cj^ aie i_ kiaega`gen _ij � p  fli aie^ e]ce g_ �
gl c kiaega`gen higae _ij � e]^a e]^ d ch � �� ¡¡� %
 gl lejiamfn kiaega`i`l ce � p

 leihhgam egd ^ � gl �� #�� �� g_ e]^j^ ^{ glel c tage^ l^e $ � !# � �� 
 �� 

1 1 1 
 �� � �� " ga X  !�� " l`k] e]ce ¡¡� %$ � � p

 l^v`^ak^ i_ leihhgam egd ^l }�� ��%� gl lcgb ei #��	��� � ei c leihhgam egd ^
� g_ �� fgd���

¡¡�
 %� � ¡¡� %� _ij cff kiaega`gen higae � i_ � p
 leihhgam egd ^ � gl �� � �� g_ ¡¡� &� � # p
\ri leihhgam egd ^l 	 | � lcegl_n 	 � � g_ ¡¡�%� � ¡¡� �� _ij cff � � X }ga

e]^ l^al^ i_ kidhcjglia i_ hji� ^keijl� p �a hcjegk`fcj
¡¡� %� � ¡¡�%� ¡¡� %� � ¡¡� %� ¡¡�%�

_ij cff � � X p
�^e 	 cab � o^ eri leihhgam egd ^l ia � p �^ b^ta^ e]^ leihhgam egd ^l

	 � � cab 	  � ia � on| _ij cff � � X |
¡¡��� %� � ije]imiacf hji � ^kegia iaei �ca ¡¡�%� � �ca ¡¡� %�

¡¡��� %� � ije]imiacf hji � ^kegia iaei �ca ¡¡�%� � �ca ¡¡� %� �

�,���*�+ ��� � / 0 ��� "�� ���  ��!! ��� ��� � 	 � � �� � �� �"	�

�� 	  � � 	 "� � 	  � � � �
��� 	 � � � 	 "� � 	 � � � � �
���� �� � � "��  ��!! ��� ��� �  " �� �� ��� � � 	 "� � � � � �� �� �� � �" 

� � 	  � �
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�	� �� � � "��  ��!! ��� ��� �  " �� �� ��� � � 	 "� � � � � �� �� �� � �" 
� � 	 � � �

� ���� �
�� �^ ]cw^ �ca ¡¡��� %� � �ca ¡¡�%�  �ca ¡¡� %� p �a^ kiakf`b^l ^clgfnp \]^

hjii_ i_ ��� gl gb^aegkcf p
���� �_ � � 	 cab � � � e]^a � ca ¡¡� %� � �ca ¡¡�%�  �ca ¡¡� %� p \]`l

�ca ¡¡� %� � �ca ¡¡�%� � �ca ¡¡� %� � �ca ¡¡��� %� p �a^ kiakf`b^l ^clgfnp \]^
hjii_ i_ �	� gl gb^aegkcf p

�ie^ e]ce e]^ leihhgam egd ^ � mgw^a on
¡¡� %
 � � # _ij � 
 �

� _ij � � �

gl aie]gam o`e e]^ b^e^jd gaglegk egd ^ � � �� | b^aie^b � lgdhfnp
z gacffn| _ij c leihhgam egd ^ � | on c  ����� #� �� ���� ��� � �! "� �� ����  �� X

r^ d^ca c l^v`^ak^ }$ � ��%� i_ tage^ l`ol^el $� � !# � ��� 
 ��� 
 1 1 1 
 ��� 

�� " i_ X l`k] e]ce �

�� cff e]^ ��� cj^ kiaega`gen higael _ij � | � � � | 	 � ¡ 

��� $ � � $� � _ij cff � � � 

���� e]^ bgcd ^e^j �� � l`h !��� � � ��� 
  � � " i_ $ � e^abl ei # r]^a � e^abl ei

�� 

�	� l`h $� e^abl ei �� cl � e^abl ei �� p

�ie^ e]ce | _ij can leihhgam egd ^ � l`k] c l^v`^ak^ cfrcnl ^{ glel p

�,���*�+ ��� � / 0 ��� �	���  ��!! ��� ��� � � �� ��� �� � � "  ����� #�
}�� ��%� �� �� #����  ��!! ��� ��� �  �#� ��" � �� � � � � 1 1 1 � � "� � }�� ��%�
#��	��� � �� � �

� ���� � � �^e $ � !# � �� 
 �� 
 �� 
 1 1 1 
 �� 
 �� " o^ c hcjegegia i_
X p � ^ta^ e]^ lh^kejcf d^cl`j^ �$ on

� �$ }!� � "� � � }~� ��� � � � ~� _ij  � ¡ � � � � � � |
�$ }!�� "� � � }~�� ��� �� �

\]^a �$ gl kf^cjfn c v`cae`d leihhgam egd ^ p
�ir f^e }$� ��%� o^ c l^v`^ak^ i_ j^tagam � qhcjegegial i_ X cab h`e

�� � �$
 _ij cff � � � p �^e `l tjle k]^ku e]ce �� � �� � � � _ij cff � � � p zij
�
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�^e ` l le`bn c jce]^j hce]ifimgkcf ^{cdhf^ p �ialgb^j c t fe^j^b �gfo^je
lhck^l }� � }$� ��%& ' � p \]^a e]^ lh ^kejcf d ^cl`j^ }$� ��%& ' gel^f_ b^ta^l c v`cae`d
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 � _ij cff � p \]`l ��
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 leihhgam egd ^ � gl ! ��	� � ��� g_ e]^j^ ^{ glel ca gakj^clgam l^v`^ak^ i_
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VI. The Fock space case
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VII. Applications to (strictly non-Fock) quasifree boson
or fermion quantum stochastic theories
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