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1. C*-ALGEBRAS

1.1 First definitions

A C*-algebra is an algebra A equipped with an involution A +— A* and a
norm || -|| satisfying:

i) A=A

ii) (\A + uB)" = \A* + uB*

iii) (AB)" = B*A*

i) ||A]| > 0 and ||A|| = 0 if and only if A =0

ii’) [[AA]] = [Al[|A]

it’) [|A+ Bl < ||Al| +[|B]]

iv’) [|AB|| < [|A[l | B]|

i”) A is complete for |||

i) ||AA*(| = []4]]*.

An algebra with an involution as above satisfying i), ii) and iii) is called a
x-algebra.

An algebra satisfying all the conditions above but where ii”) is replaced by

ii”) || A*]] = [|Al

is called a Banach algebra.

The basic examples of C*-algebras are:
1) A = B(H), the algebra of bounded operators on a Hilbert space H. The
involution is the usual adjoint mapping and the norm is the usual operator norm:

1Al = sup [|Af]|
1£11=1

2) A = K(H), the algebra of compact operators on H. It is a sub-C*-algebra
of B(H).

3) A = Cy(X), the space of continuous functions vanishing at infinity on a
locally compact space X. Recall that a function f is vanishing at infinity if for
every ¢ > 0 there exists a compact K C X such that |f| < € outside of K. The
involution on A is the complex conjugation f and the norm is

|1f1] = sup [f(z)|.
zeX

We will see later that examples i) and ii) contain all the cases of C*-algebras.

Proposition 1.1- On a C*-algebra A we have ||A*|| = ||A]| for all A € A.

Proof
We have ||A||> = ||A*A|| < ||A*]|||A|| and thus ||A|| < ||A*||. Inverting the
role of A and A* gives the result. |



An element I of a C*-algebra A is a unity if
TA=AI=A

for all A € A.

If a unity exists it is unique and norm 1 (except if A = {0}). But it may not
always exists. Indeed, in the example K(H) there is a unity if and only if H is
finite dimensional. In the example Cy(X) there exists a unity if and only if X is
compact.

But if a C'*-algebra does not contain a unity one can easily add one as follows.
Consider the vector space A" = A @ € and provide it with the product

(A, A)(B,p) = (AB + AB + pA, Ap),
the involution B
(A, 0" = (A"
and the norm

(A, M)l = sup [|[AB+AB||.
1B]=1

Equipped this way A’ is a C*-algebra. It admits a unity (0,1). The algebra A
identifies to the subset of elements of the form (A,0). The only delicate point is
to check that |[(A,A)|| = 0 if and only if A =0 and A = 0. One can assume that
A # 0 for if not we are in \A. Thus one can assume that A = 1. We have

1B = AB|| < [|B]|[[(=A4, [

Thus if [|(—A,1)|| = 0 then B = AB for all B € A. Applying the involution gives
B = BA* for all B € A. In particular A* = AA* = A and thus B = AB = BA.
This means A is a unity. Contradiction.

Note that the above definition of the norm in A’ comes from the fact that in
any C*-algebra we have

1]l = sup [[AB]].
1B]|=1

Indeed, there is obviously an inequality > between the two terms above. The
equality is obtained by considering B = A*/ || A]|.

1.2 Spectral analysis

Let A be a C*-algebra with unity I. An element A of A is invertible if there
exists an element A~! of A such that

ATTA=AA"T =T
One calls resolvant set of A the set
p(A) = {X € C; A\ — A is invertible}.

We put
o(4) = €\ p(A)

and call it the spectrum of A.



If |A| > ||A]|| then the series

> =

>(5)

is normally convergent and equals (A — A)~'. This implies that o(A) is included
in B(0, [[A]l).

Furthermore, if Ao belongs to p(A) and if A € € is such that |\ — Xg| <
[|Aol — A||, then the series

(Aol — A ; (QOI—__ZY

normally converges to (AI — A)”'. In particular we have proved that:
1) the set p(A) is open
2) the mapping A — (Al — A)~" is analytic on p(A)
3) the set o(A) is compact.

We define
r(A) = sup{|A[; A € o(A)}

the spectral radius of A.

Theorem 1.2— We have for all A € A
r(A) =lim [|A"||'/" = inf [|A™]| " < || A]].

In particular the above limit always exists and o(A) is never empty.

Proof

Let n be fixed and let |A| > ||A”||1/”. Every integer m can be written m =
pn + q with p, g integers and ¢ < n. Thus we have

2Tty (5
< (1+ %+...+ (%)TH) ; (H,f’zH)p .

1 A\™
Z(3)
converges and is equal to (A — A)~'. This proves that r(A) < ||A”||1/n and thus

r(A) < liminf, ||A"]|"".
Let us prove that r(A) > limsup,, HA”Hl/”. If we have

r(A) < limsup ||A™[|*"

Thus the series
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then consider the open set

O ={\ e C;r(A) < |\ < limsup||A™||*"}.

On O all the operators AI — A are invertible, thus so are the operators I — %A. The

mapping A — (I — %A)_1 is analytic on O and its Taylor series Zn(é)” converges.

But the convergence radius of the series ) | 2" A" is exactly (limsup,, HA"Hl/ )
This would mean

1 . n|l/n -1

3 < (imsup 147
which contradicts the fact that A € O. We have proved the first part of the
theorem.

If r(A) > 0 then it is clear that o(A) is not empty. It remains to consider the
case r(A) = 0. But note that if 0 belongs to p(A) this means that A is invertible
and 1 = [|[A"A7"|| < ||A™]|||A™™||. In particular, passing to the limit, we get
r(A) > 0. Thus if r(A) = 0 we must have 0 € 0(A). In any case o(A) is non
empty. |

Corollary 1.3—A C*-algebra A with unity and all of which elements, except 0,
are invertible is isomorphic to C'.

Proof
If A € A its spectrum o(A) is non empty. Thus there exists a A € € such
that Al — A is not invertible. This means A\l — A =0 and A = \l. [ |

An element A of a C*-algebra A with unity is
normal if A*A = AA*,

self-adjoint if A = A*,

isometric if A*A =1,

unitary if A*A = AA* = 1.

Theorem 1.4
a) If A is normal then r(A) = ||A]].
b) If A is self-adjoint then o(A) C [—||A]|| , [|A]]]-
c) If A is isometric then r(A) = 1.
d) If A is unitary then o(A) C {\ € C;|\| = 1}.
e) For all A € A we have 0(A*) = 0(A) and o(A™1) = o(A) "
f) For every polynomial function P we have
o(P(A)) = P(a(A)).

g) For any two A, B € A then

o(AB)U{0} = o(BA)U{0}.



Proof
a) If A is normal than

-1 -1

HAQn 2 HAznA*an _ H(AA*)QRH _ H(AA*)Qn A

% * n n+1
= [|(aay? = llAA ) =

n_1H2

One now concludes easily with Theorem 1.2.

b) We only have to prove that the spectrum of any self-adjoint element of A
is a subset of IR. Let A = z + iy be an element of o(A), with z,y real. We have
x+i(ly+t) € oc(A+itl). But

|A+atI||* = [|(A+atD) (A —itD)|| = ||A? + £21]] < ||A|]* + 2.
This implies
. 2 2 2 2 2
[z +i(y + )" =27+ (y+)° <[|A[]" + ¢
or else
2yt < [|A|]° —a® —y?
for all ¢. This means y = 0.
c¢) If A is isometric then
n||2 *M A *Nn— n— *
1477 = [Jaman) = [[amtant| | = = jana) = )] =1
d) Assume e) is proved. Then if A is unitary we have
o(4) = o(A) = o(AT) = o(4) |
This and ¢) imply that o(A) is included in the unit circle.

e) The property o(A*) = o(A) is obvious. For the other identity we write
M—A=MAT =X and A7 - A7 = X"1A71(A - \D).

f) Note that if B = A; ... A, in A, where all the A; are two by two commuting,
we have that B is invertible if and only if each A; is invertible. Now choose o and
ai,...q, in € such that

P(z) — A= O—H(x — o).

In particular we have

P(A) =M =a ] [(A - al).

As a consequence A € g(P(A)) if and only if a; € o(A) for a i. But as P(a;) = A
this exactly means that A\ belongs to o(P(A) if and only if A belongs to P(c(A)).

g) If X belong to p(BA) then
(M — AB)(I + A\ — BA)™'B) = \I.
This proves that \I — AB is invertible, with possible exception of A = 0. This

proves one inclusion. The converse inclusion is obtained exchanging the role of A
and B. ]



Theorem 1.5— The norm which makes a x-algebra being a C*-algebra, when it
exists, 1S unique.

Proof
By the above results we have

A" = ||AA*]| = r(AA7)

for AA* is always normal. But r(AA*) depends only on the algebraic structure of

A. |

Proposition 1.6 — The set of invertible elements of a C*-algebra A is open and
the mapping A — A~ is continuous on this set.

Proof
If A is invertible and if B is such that ||B — A|| < HA‘IH_l then B =
A(I — A~1(A — B)) is invertible for
r(A""(A-B)) <||[A7"(A-B)|| <1
and thus I — A~'(A — B) is invertible. The open character is proved. Let us now
show the continuity. If ||B — A|| < 1/2 HA*1H_1 then

B A= (A (A-B)" A —A!
n=0
<M lAtA-Bt a7
n=1

_ a7 a- s

~1-|[A7H (A - B)|

<2||a7|*||A - B]|.

This proves the continuity. |

Theorem 1.7 [Functional calculus]— Let A be a C*-algebra with unity. Let A be a
self-adjoint element in A. Let C(c(A)) be the C*-algebra of continuous functions
on o(A). Then there is a unique morphism of C*-algebra

C(o(A) — A
f — f(4)
which sends the function 1 on I and the function idy 4y on A.
Furthermore we have

a(f(A)) = f(o(4)) (3)
for all f € C(c(A)).

Proof

When f is a polynomial function the application f — f(A) is well-defined
and isometric for

FAI = sup{|Al; A € o(F(A))} = sup{|A[; A € fa(A))} = [If]]-
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Thus it extends to an isometry on C(o(A)) by Weierstrass theorem. The extension
is easily seen to be a morphism also. The only delicate point to check is the identity
(3). Let p € f(o(A)), with u = f(X). Let (fn),cn be a sequence of polynomial
functions converging to f. The sequence (fn(A\)I — fn(A)),cn converges to ul —
f(A). As none of the f,(A\)I — f,(A) is invertible then ul — f(A)is not either
(Proposition 1.6). Thus f(c(A4)) C o(f(A)). Finally, if u € €\ f(c(A)) then let
g(t) = (u— f(#))~". Then g belongs to C(c(A)) and g(A) = (uI — f(A))~". Thus
i belongs to €\ o(f(A)). |

An element A of a C*-algebra A is positive if it is self-adjoint and its spectrum
is included in RT.

Theorem 1.8 Let A be an element of A. The following assertions are equivalent.
i) A is positive.
ii) A is self-adjoint and ||tI — Al| <t for some t > ||A]|.
iii) A is self-adjoint and ||tI — A|| <t for all t > ||A]].
iw) A= B*B for a B € A.
v) A= C? for a self-adjoint C € A.

Proof

Let us first prove that i) implies iii). If i) is assumed then ¢ — A is a normal

operator and
[|tI — Al| = sup{|A|; A € o(t] — A)} =sup{|A —t|; A€ 0(A)} <t
This gives iii).

Obviously iii) implies ii). Let us prove that ii) implies i). If ii) is satisfied
and if A € 0(A) then t — XA € o(tI — A) and with the same computation as above
[t — Al < ||tI — A|| <t. But as A <t we must have A > 0. This proves i).

We have proved the equivalence of the first 3 assertions.

We have that v) implies iv) obviously. In order to show that i) implies v) it
suffices to consider C' = v/A (using the functional calculus of Theorem 1.7 and
identity (3)). It remains to prove that iv) implies i). Let fi(¢) = ¢V 0 and
f-(t) =(-t)vO0. Let Ay = f1(A) and A_ = f_(A) (note that when ii) holds
then A is automatically self-adjoint and thus accepts the functional calculus of
Theorem 1.7). We have A = A, — A_ and the elements A, and A_ are positive
(by (3)). Furthermore the identity fi f- = 0 implies Ay A_ = 0. We have

(BA_L)*(BA_)=A_(Ay — A_)A_ = —A3.

In particular —(BA_)*(BA_) is positive.
Writing BA_ = S + 4T with S and T self-adjoint gives

(BA_)(BA_)* = —(BA_)*(BA_) +2(S% + T?).

In particular, as the equivalence established between i), ii) and iii) proves it
easily (exercise), the set of positive elements of A is a cone, thus the element
(BA_)(BA_)* is positive. As a consequence o((BA_)(BA_)*) C [0,||B]|||A-]|]-
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But by Theorem 1.4 g) we must also have o((BA_)*(BA_)) C [0,||B]||||A-]]]. In
particular o(—A3) c [0,]|B])?||A—||*]. This implies o(A3) = {0} and A% =
0=||A_|]>. Thatis A_ = 0. |

This notion of positivity defines an order on elements of A, by saying that
U>Vin Aif U -V is a positive element of A.

Proposition 1.9 Let U,V be self-adjoint elements of A such that U >V > 0.
Then

i) WUW > W*VW >0 for all W € A;
i) (V4+X)"' > U+ M) forall X > 0.

Proof

i) is obvious from Theorem 1.8.
ii) As we have U + A\l > V + A, then by i) we have

(V4+AD)Y2U +ADV +AD) 2 > 1.

Now, note that if W is self-adjoint and W > I then o(W) C [1, +oo[and o(W 1) C
[0,1]. In particular W—! < I. This argument applied to the above inequality shows
that

(V+ D2 U+ ANV +ADY2 < I

Multiplying both sides by (V + A\I )_1/ % gives the result. |

1.3 Representations and states

A x-algebra morphism is a linear mapping II : A — B, between two x-algebras
A and B, such that II(A*B) = II(A)*II(B) for all A, B € A.

Such a morphism is always positive, that is it maps positive elements of A on
positive elements of B. Indeed we have II(A*A) = II(A)*II(A).

Theorem 1.10— If I is a morphism between two C*-algebras A and B then 11 is
continuous, with norm smaller than 1. Furthermore the range of 11 is a sub-C* -

algebra of B.

Proof
If A is self-adjoint then so is II(A) and thus

[HI(A)|] = sup{[A[; A € o(II(A))}.
But it is easy to see that o(II(A)) is included in o(A) and consequently
[HI(A)]| < sup{[A[; A € o(A)} = ||A]].
For a general A now, we have
[TI(A)[[* = [[TI(A*A)|| < [|A*A|| = || Al
We have proved the first part of the theorem.
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For proving the second part we reduce the problem to the case where ker II =
{0}. If this is not the case, following Annexe 1.1, we consider the quotient of A by
the two-sided closed ideal kerII : A = A/ kerII which is a C*-algebra. We can
thus assume ker IT = {0}. Let Br be the image of II, it is sufficient to prove that
it is closed. Consider the inverse morphism II™! from By onto A. As previously,
for A self-adjoint in A we have
1A4]] = [T (TL(A)) || < [TA)]] < [JA]].

Thus II! and II are isometric and one concludes easily. |

A representation of a C*-algebra A is a couple (H, II) made of a Hilbert space
H and a morphism II from A to B(H). The representation is faithful if ker IT = {0}.

Proposition 1.11— Let (H,II) be a representation of a C*-algebra A. Then the
following assertions are equivalent.

i) 11 is faithful.
i) [|TI(A)|| = ||A]] for all A € A.
iii) TI(A) > 0 if A > 0.

Proof

We have already seen that i) implies ii), in the proof above. Let us prove that
ii) implies iii). If A > 0 then ||A|| > 0 and thus ||[II(A)|| > 0 and II(A) # 0. As
we already know that II(A) > 0, we conclude that II(A) > 0. Finally, assume iii)
is satisfied. If B belongs to kerIl and B # 0 then II(B*B) = 0. But ||B*B|| =
|B||?> > 0 and thus B*B > 0. Which is contradictory and ends the proof. |

Clearly we have not yet discussed the existence of representations for C*-
algebras. The key tool for this existence theorem is the notion of state.
A linear form w on A is positive if w(A*A) > 0 for all A € A.
Note that for such positive linear form one can easily prove a Cauchy-Schwarz
inequality:
lw(B*A)|> < w(B*B)w(A*A).

Proposition 1.12—- Let w be a linear form on A. Then the following assertions
are equivalent.

i) w is positive.
i1) w is continuous with ||w|| = w(I).

Proof

By Theorem 1.8 ii), recall that a self-adjoint element A of A, with ||A|| =1 is
positive if and only if ||(I — A)|| < 1. In particular, for any A € A, we have that
||A*A|| I — A* A is positive.

If i) is satisfied then w(A*A) < ||A*A||w(I). By Cauchy-Schwarz we have

w(A)] < w2 w(A* )2 < [|A* AP w(1) = || Al w(D). (1.2)
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This proves ii).

Conversely, if ii) is satisfied. One can assume w(I) = 1. Let A be a self-adjoint
element of A. Write w(A) = a + i3 for some «, 3 real. For every A € IR we have
|A +iM||? = [|A2 + 21| = ||A]]? + A%

Thus we have
B2+ 208+ X% < [0 +i(B+ )| = [w(A+ix)]? < ||A]> + A%
This implies that § = 0 and w(A) is real. Consider now A positive, with ||A|| = 1.
We have
1 —w )| = ol =A< [[I - Al <.
Thus w(A) is positive. |

We call state any positive linear form on A such that w(l) = 1.
We need an existence theorem for states.

Theorem 1.13— Let A be any element of A. Then there exists a state w on A
such that w(A*A) = ||A||?.

Proof
On the space B = {al + fA*A; o, 3 € C} we define the linear form
flal +BA"A) = a+ Bl Al]
One easily checks that || f|| = 1. By Hahn-Banach we extend f to the whole of A
into a norm 1 continuous linear form w. By the previous proposition w is a state.

We now turn to the construction of a representation which is going to be fun-
damental for us, the so called Gelfand-Naimark-Segal construction (G.N.S. con-
struction). Indeed, note that if (H,II) is a representation of a C*-algebra A and
if 2 is any norm 1 vector of H, then the mapping

w(A)=<Q,IIA)Q2 >
clearly defines a state on A. The G.N.S. construction proves that any C*-algebra
with a state can be represented this way.

Theorem 1.14 (G.N.S. representation)— Let A be a C*-algebra with unit and w
be a state on A. Then there exists a Hilbert space H,,, a representation I, of A
in B(H,,) and a unit vector ., of H,, such that

w(Ad) = < Qy, I, (A)Q, >
for all A. Furthermore the space {Il,,(A),; A € A} is dense in H,,.
Such a representation is unique up to unitary isomorphism.

Proof

Let V, = {A € A;w(A*A = 0)}. By Cauchy-Schwarz inequality one easily
sees that V,, is a closed two-sided ideal. We consider the quotient C*-algebra
A/V,. On A/V,, we define

<[4], [B] > = w(B*A).
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It is a positive sesquilinear form which makes A/V,, a pre-Hilbert space. Let H,,
be the its closure. We put

LA . A/Vw — .A/Vw
[B] +— [AB].
We have
<LalB], LalB] > = w(B"A*AB) < ||A|Pw(B"B)
for C — w(B*CB) is a positive linear form equal to w(B*B) on C' = I. In partic-
ular < La[B], La[B]> < ||A||’<[B], [B] >. One can extend L, into a bounded
operator II,(A) on H,. If we put Q, = [I] then the construction is achieved.
Let us check uniqueness. If (H',II’, Q') is another such triple, we have

<II,(B)S, , I,(A)Q, > = <Q,, II,(B*A)Q, > = w(B*A)
=<, II'(B*A)Q > =<II'(B)Q, II'(A)Q >.
The unitary isomorphism is thus defined by U : II,(A)$, — II'(A)SY. |

Theorem 1.15- Let A be a C*-algebra . Then A is isomorphic to a sub-C*-
algebra of B(H) for some Hilbert space H.

Proof

For every state w we have the G.N.S. representation (H,,I1,,Q,). Put H =
DoH, and II = @11, where the direct sums run over the set of all states on A.

For every A € A there exists a state wy4 such that ||, (4)|| = ||A|| (Theorem
1.12). But we have |[II(A)|| > |1, (A)|| = ||A]|. Thus we get |[II(A)|] = ||A]|.
This means that II is faithful. |

1.4 Commutative C*-algebras

We have shown the very important characterization of C'*-algebras, namely
they are exactly the closed *-sub-algebras of bounded operators on Hilbert space.
We dedicate this last section to prove the (not very useful for us but) interesting
characterization of commutative C*-algebras .

Let A be a commutative C*-algebra . A character on A is a linear form y on
A satisfying

X(AB) = x(A)x(B)
for all A, B € A. On then calls spectrum of A the set o(.A) of all characters on A.

Proposition 1.16 — Fvery character is positive.

Proof

Let A€ Aand A € 0(A). Then there exists B € A such that (Al — A)B = I.
Thus x (A —A)x(B) = (Ax(I)—x(A))x(B) = x(I) = 1. This implies in particular
that A # x(A). We have proved that x(A) always belong to o(A). In particular
X(A*A) is always positive. [ |

13



As a corollary every character is a state and thus is continuous. The set o(.A)
is a subset of A*, the dual of A.

Theorem 1.17— Let A be a commutative C*-algebra and X be the spectrum of A
endowed with the x-weak topology of A*. Then X is a Haussdorf locally compact
set; it is compact if and only if A admits a unit.

Furthermore A is isomorphic to the C*-algebra Cy(X) of continuous functions
on X which vanish at infinity.

Proof

Let wg € X. Let A positive be such that wy(A) > 0. One can assume
wo(A) > 1. Let K = {w € X;w(A) > 1}. It is an open neighborhood of wy.
Its closure K is included into {w € X;w(A) > 1}. The latest set is closed and
included in the unit ball of A* which is compact. Thus X is locally compact.

If A contains a unit I, then the same argument applied to A = 21 shows that
X is compact.

Now, for all A € A we put A(w) = w(A). Then A is a continuous complex
function and A — A is a morphism. Furthermore

HA\HQ = sup |A(w)
weX

2 —
= sup | 47A@)| = 14l
weX

for it exists an w such that |w(A*A)| = ||A||. Thus A — A is an isomorphism.
The set K. = {w € X;w(A) > ¢} is +-weakly compact and thus A belong to

Co(X). Finally A separates the points of X, thus by Stone-Weierstrass theorem,

the mapping A gives the whole of Co(X). |

Appendix: Quotient algebras and approximate identities

A subspace J of a C*-algebra A is a left ideal if for all J € J and all A € A
then JA belongs to J. In the same way one obviously defines right ideals and
two-sided ideals.

If J is a two-sided, self-adjoint ideal of A, one can easily define the quotient
algebra A/J by the usual rules:

DALX] + p[Y] = [AX + pYT],
i)[X][Y] = [XY],
i) X ] = [X°],
where [X] = {X + J;J € J} is the equivalence class of X € A modulo J. We

leave to the reader to check the consistency of the above definitions.
We now define a norm on 4/ by

X = inf{}|X + JI|; J € T}
The true difficulty is to check that the above norm is a C*-algebra norm. For this

aim we need the notion of approximate identity.
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If J is a left ideal of A then an approximate identity in J is a generalized
sequence (eq), of positive elements of J satisfying

i) leall <1,
ii) a < B implies e, < eg,
iii) lim, || Xeq — X|| =0 for all X € J.

Proposition 1.18 — Every left ideal J of a C*-algebra A possesses an approximate
unit.

Proof
Let J+ be the set of positive elements of J. For each J € J; put
es=JI+ ) =I—(I+J)""
It is a generalized sequence, it is increasing by Proposition 1.9 and ||es|| < 1. Let

us now fix X € J. For every n € IN there exists a J € J, such that J > nX*X.
Thus

(X—Xej)*(X—Xej) :(I—QJ)X*X(I—GJ) S (I—GJ)J(I—GJ)

S|

by Proposition 1.9. It suffices to prove that
sup HJ(I—eJ)2H < 0.

JeJ+
But note that J(I —ey)? = J(I + J)~? and using the functional calculus this
reduces to the obvious remark that A\/(1 + A?) is bounded on IR™. |

We can now prove the main result of the appendix.

Theorem 1.19-If J is a closed, self-adjoint, two-sided ideal of a C*-algebra A,
then the quotient algebra A/J, equiped with the quotient norm, is a C*-algebra.

Proof
Let us first show that

I[X][] = lim [|eq X — X|
for all X € J. By definition of the quotient we obviously have
11| < im|lea X — X||.
As o(eq) C [0,1] we have o(I —eq) C [0,1] and ||I — eq|| < 1. This implies
(X +eaX) + (Y +eaY)|| = [[(I —ea)(X +Y)[| < | X +Y]|.

In particular limsup,, [[(X + e, X)|| < ||X + Y| for every Y € J. This proves our
claim.
Now we have

XTI = Tim [|X — eo X[[2 = Tim [(X" — X*ea) (X — ea X))
= lim [|(7 — ea)(X"X + V)T — e0)]|
<|1X°X + 9
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for every Y € J. This implies
XN < NXT (x|

and thus the result.
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2. VON NEUMANN ALGEBRAS

2.1 Topologies on B(H)

As every C*-algebra is a sub-k-algebra of some B(H), closed for the operator
norm topology (or uniform topology), then it inherits new topologies, which are
weaker.

On B(H) we define the strong topology to be the locally convex topology
defined by the semi-norms P, (A) = ||Az||, = € H, A € B(H). This is to say that
a base of neighborhood is formed by the sets

V(As21,...,2n;8) ={B € B(H);||[(A— B)z;|| <e,i=1,...,n}.

On B(H) we define the weak topology to be the locally convex topology defined by
the semi-norms P, ,(A) = |<z, Ay>|, x,y € H, A € B(H). This is to say that a
base of neighborhood is formed by the sets

V(A;2z1,....Zn Y15, Unse) ={B € B(H);|<x;, Ay; >| < e,i,j=1,...,n}.

Proposition 2.1 -

i) The weak topology is weaker than the strong topology which is itself weaker
than the uniform topology. Once H is infinite dimensional then these comparisons
are strict.

ii) A linear form on B(H) is strongly continuous if and only if it is weakly
continuous.

i11) The strong and the weak closure of any convex subset of B(H) coincide.

Proof

i) All the comparisons are obvious in the large sense. To make the difference
in infinite dimension assume that # is separable with orthonormal basis (e, ), -
The sequence (P,),c, of orthogonal projections onto the space generated by
ey, ...,e, converges strongly to I but not uniformly. Furthermore, consider the
unilateral shift S : e; — e;;1. Then S* converges weakly to 0 when k tends to
400 but not strongly.

ii) Let ¥ : B(H) — C be a strongly continuous linear form. Then there exists
Z1,...,Zyn € H such that

T(B)| < ||Bai|
i=1

for all B € B(H) (classical result on locally convex topologies, not proved here).
On B(H)" let P be the semi-norm defined by

P(Ay,.. . Ay) =) || Asai]]
=1

17



On the diagonal of B(H)™ we define the linear form U by (A4, ..., A) = ¥(A). We
then have \TI(A, ...,A)| < P(A,...,A). By Hahn-Banach, there exists a linear

form ¥ on B(H)" which extends ¥ and such that
|W(Ay,...,A,)| < P(Aq,..., An).
Let ¥y be the linear form on B(H) defined by
U(A) =v(0,...,0,4,0,...,0). (A is at the k-th place)

Then |V (A)| < ||Az|| for every A. Every vector y € H can be written as Az, for
some A € B(H). The linear form Axj, — Wy (A) is thus well-defined and continuous
on H. By Riesz theorem there exists a yx € H such that Wi (A) = <y, Axg >.
We have proved that

n
V(A) =D <y, Azy>.
i=1
Thus V¥ is weakly continuous.
iii) is an easy consequence of ii) and of the geometric form of Hahn-Banach
theorem. |

Another topology is of importance for us, the o-weak topology. It is the one
determined by the semi-norms

p(mn)ngwr(yn)new(A) = Z |< xna Ayn >|

n=0
where (2,),,c v and (yn),,c v Tun over all sequences in H such that )_ ||z||” < 00
2
and 32, [lynll* < oo.

Let 7(H) denote the Banach space of trace class operators on H, equiped
with the trace norme ||H||; = tr |H|, where |H| = VH*H.

Theorem 2.2— The Banach space B(H) is the topological dual of T (H) thanks to
the duality

(A, T) — tr(AT),
A € B(H), T € T(H). Furthermore the x-weak topology on B(H) associated to
this duality is the o-weak topology.

Proof

The inequality [tr(AT)| < ||A||||T||; proves that B(H) is included in the
topological dual of 7(H). Conversely, let w be an element of the dual of 7 (H).
Consider the rank one operators E¢, = | >< v/|. One easily checks that
1Beull, = lIgll lIvll. Thus [w(Be,)| < llwll ligll [[v]]. By Riesz theorem there
exists an operator A € B(H) such that w(E¢, = <v, A¢>. The linear form
tr(A-) then coincides with w on rank one projectors. One concludes that they
coincide on 7 (H) by density of finite rank operators. This proves the announced
duality.

18



The x-weak topology associated to this duality is defined by the seminorms
PT(A) = tl“(AT)

where T runs over 7 (H). But every trace class operator T writes

T:iknmn >< Uy

n=0
for some orthonormed systems (), v, (§n),c v @and some absolutely summable
sequence of complex numbers (A,), .- Thus

tr(AT) = Y Ap<vy, AE, >
n=0

and the seminorms Pr are equivalent to those defining the o-weak topology. W

Corollary 2.3— Every o-weakly continuous linear form on B(H) is of the form
A tr(AT)
for some T € T(H). |

We can now put the first definition of a von Neumann algebra.
A von Neumann algebra is a C*-algebra acting on H which contains a unit I
and which is weakly (strongly) closed.

Of course the whole of B(H) is the first example of a von Neumann algebra.

Another example, which is actually the archetype of commutative von Neu-
mann algebra, is obtained when considering a measured space (X, u), with a o-
finite measure p. The x-algebra L (X, ) acts on H = L?(X, ) by multiplication.
One can assume that X is locally compact. The C*-algebra Cy(X) also acts on
H. But every function f € L®(X,u) is almost sure limit of a sequence (fn),,cpn
in Cy(X). By dominated convergence, the space L>°(X, p) is included in the weak
closure of Cyp(X). But as L>(X, p) is also equal to its weak closure, we have that
L>°(X, ) is the weak closure of Cy(X). We have proved that L> (X, u) is a von
Neumann algebra and we have obtained it as the weak closure of some C*-algebra.

2.2 Commutant
Let M be a subset of B(H). We put
M' ={B € B(H); BM = MB for all M € M}.
The space M’ is called the commutant of M. We also define
M= (MY, M = (MDY

Proposition 2.4 For every subset M of B(H) we have
i) M is weakly closed;
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i) M' = M" = M®) =
and M Cc M" = MW = .

Proof

i) If (An),,cn is a sequence in M’ which converges weakly to A in B(H) then
for all B € M and all x,y € H we have

|<z, (AB—BA)y>|<|<z,(A—-A,)By>|+|<z, B(A— A,)y>| —2n-oo 0.
Thus A belongs to M’.

ii) If B belongs to M’ and A belongs to M then AB = BA, thus A belongs
to (M’) = M". This proves the inclusion M C M”. But note that if M; C My
then clearly M/, C M. Applying this to the previous inclusion gives M"”" C M’.
But as M is also equal to (M’)"” we should also have the converse inclusion to
hold true. This means M’ = M"’. We now conclude easily. |

Proposition 2.5-Let M be a self-adjoint subset of B(H). Let £ be a closed
subspace of H and P be the orthogonal projector onto £. Then & is invariant
under M (in the sense ME C € for all M € M) if and only if P € M.

Proof

The space £ is invariant under M € M if and only M P = PM P. Thus if € is
invariant under M we have M P = PM P for all M € M. Applying the involution
on this equality and using the fact that M is self-adjoint, gives PM = PM P for
all M € M. Finally PM = MP for all M € M and P belongs to M’. The
converse is obvious. |

Theorem 2.6 [Von Neumann density theorem| — Let M be a sub-x-algebra of B(H)
which contains the identity I. Then M is weakly (strongly) dense in M" .

Proof
Let B e M". Let x1,...,7, € H. Let

V={AeBMH):||(A-B)zi||<e i=1,....n}

be a strong neighborhood of B. It is sufficient to show that V intersects M.
One can assume B to be self-adjoint as it can always be decomposed as a linear
combination of two self-adjoint operators which also belong to M.

Let H = @} yH and 7 : B(H) — B(H) be given by n(A) = & ;A. Let
x = A{r1,...,x,} € H. Let P be the orthogonal projection from H onto the
closure of m(M)x = {r(A)z; A € M} C H. By Proposition 2.5 we have that P
belongs to 7w(M)’.

If one identifies B(H) to M, (B(H)) it is easy to see that m(M)' = M, (M’)
and T(M") C M,(M’)" (be aware that the prime symbols above are relative to
different operator spaces!).

20



This means that 7(B) belong to m(M") C M,(M") = m(M)"”. In particular
B commutes with P € w(M)’. This means that the space m(M)z is invariant
under 7(B). In particular

B$1
m(B) (r(Hx) = |
Bz,
belongs to m(M)z. This means that there exists a A € M such that ||(B — A)z;||
is small for all = 1,...n. Thus A belongs to M NV. [ |

As immediate corollary we have a characterization of von Neumann algebras.

Corollary 2.7 [Bicommutant theorem|— Let M be a sub-x-algebra of B(H) which
contains I. Then the following assertions are equivalent.

i) M is weakly (strongly) closed.
it) M= M".
As I always belong to M”, we have that a C*-algebra M C B(H) is a von

Neumann algebra if and only if M = M".
[

2.3 Predual, normal states

Let M be a von Neumann algebra. Put M; = {M € M;||M|| < 1}. It is
a weakly closed subset of the unit ball of B(H) which is weakly compact. Thus
M is weakly compact. Note that the weak topology and the o-weak topology
coincide on M; (exercise).

We denote by M, the space of weakly (o-weakly) continuous linear forms on
M. The space M, is called the predual of M, for a reason that will appear clear
in next proposition. If ¥ belongs to M, then W(M}) is compact in C, thus ¥ is
norm continuous. Thus M, is a subspace of M™* the topological dual of M.

Proposition 2.6 -
i) M, is closed in M*, it is thus a Banach space.
ii) M is the dual of M.

Proof
i) Let (fn),cn be a sequence in M, which converges to a f in M*, that is

[[Al[=1

We want to show that f belongs to M., that is f is weakly continuous on M;.
Let (An),cn be a sequence in M; which converges weakly to A € M;. Then

[f(An) = FIA)] < [f(An) = Fn(An)| + | fm(A) = F(A)] + | fim(An) = fm(A)]

<2 H;1|1|21 |fm(B) - f(B)‘ + ’fm(An) - fm(A)l
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This proves i).

ii) For a A € M we put

Allge = sup  [w(A)]
UJEM*;H"‘)H::[

the norm of A for the duality announced in the statement of ii). Clearly we have
Al g, < [1AI]-

For z,y € H we denote by w, , the linear form A — <y, Az > on B(H) and
Wz pq the restriction of we y to M. We have

Al = = sup  [<y, Az>| < sup  |w(A)] < [[Alg, -

llz]|=Ilyl|=1 w=wg 3| |w[|=1

Thus M is indeed identified linearly and isometrically to a subspace of (M.,)".
We just have to prove that this identification is onto.

Let ¢ be a continuous linear form on M,. Let ¢'(z,y) = qﬁ(wx,wM). Then ¢’
is a continuous sesquilinear form on H, it is thus of the form ¢'(z,y) = <y, Az >
for some A € B(H).

If T is a self-adjoint element of M’ then WTey = Yo, T'y| pm and

<AT'z,y>=<T Az, y>
for all x,y € H. Thus A belong to M” = M.

As wyy(A) = <y, Az> = ¢'(z,y) = qb(wx’y'M) then the image of A in
(M.)" coincides with ¢ at least on the w, ,. Now, it remains to show that this is
sufficient for A and ¢ to coincide everywhere. That is, we have to prove that an
element a of (M.)" which vanishes on all the w, , is null. But all the elements of

M., are linear forms w of the form w(A) = tr(pA) for some trace class operator p.
As every trace class operator p writes as

P = Z An [@n) (Tn ]
n
for some orthonormal basis (z,,),, .y and some summable sequence (A,), ¢, We

have that
W= z : )\TL wZEn,ZIZn
n

where the series above is convergent in M,. One concludes easily. |

The two main examples of von Neumann algebra have well-known preduals.
Indeed, if M = B(H) then M, = 7 (H) the space of trace class operators.
If M = L>*(X,pn) then M, = LY(X, ).

Theorem 2.7 [Sakai theorem|—A C*-algebra is a von Neumann algebra if and
only if it is the dual of some Banach space.
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Admitted. [ |

A state on a von Neumann algebra M is called normal if it is o-weakly
continuous. The following characterization is now straightforward.

Theorem 2.8 - On a von Neumann algebra M, for a state w on M, the following
assertions are equivalent.

i) The state w is normal

ii) There exists a positive, trace class operator p on H such that trp =1 and
w(A) = tr(pA)
for all A € M.
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3. MODULAR THEORY OF VON NEUMANN ALGEBRAS

3.1 The modular operators

The starting point here is a couple (M,w), where M is a von Neumann
algebra acting on some Hilbert space, w is a normal faithful state on M. Recall
that w is then of the form

w(A) = Tr(pA)
for a strictly positive p, with Trp = 1.

Let us consider the G.N.S. representation of (M, w). That is, a triple (H, I, )
such that

i) IT is a morphism from M to B(H).

i) w(d) =<Q, II(A)Q >

iii) II(M)€Q is dense in H.

From now on, we omit to mention the representation II and identify M and
M’ with TI(M) and TI(M’). We thus write w(A) = <Q, AQ >.

Proposition 3.1— The vector 2 is cyclic and separating for M and M’.

Proof

Q is cyclic for M by iii) above. Let us see that it is separating for M. If
A € M is such that AQ) = 0 then w(A) = 0, but as w is faithful this implies A = 0.

Let us now see that these properties of Q2 on M imply the same ones on M’.
If A’ belongs to M’ and A’QQ = 0 then A’BQ = BA'Q = 0 for all B € M. Thus
A’ vanishes on a dense subspace of H, it is thus the null operator. This proves
that ) is separating for M’.

Finally, let P’ be the orthogonal projector onto the space M’€Q). As it is the
projection onto a M’-invariant space, it belongs to (M’)’ = M. But PQ) = Q and
thus (I — P)Q = 0. As Q is separating for M this implies / — P = 0 and Q is
cyclic for M’. [ |

As a consequence the (anti-linear) operators

So : MQ — MQ
AQ —  A*Q)

FO : M’Q — MIQ
BQ +—— B*Q)
are well-defined (by the separability of §2) on dense domains.

Proposition 3.2 - The operators Sy and Fy are closable and Fo = S5, So = E5.
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Proof
For all A € M, B € M’ we have
<BQ, S)AQ>=<BOQ, A*Q>=< A0, B*Q> =< AQ, FyBQ >.
This proves that Fy C Sg and Sy C F{y. The operators Sy and Fp are thus closable.

Let us show that Fp = Sg. Actually it is sufficient to show that S; C Fl.
Let € Dom S; and y = Sjx. For any A € M we have

<AQ,y>=<AQ, Sjr> =<z, S)AQ> =<z, ATQ>.
If we define the operators Qg and Qg’ by
Qo : AQ +— Ax
Qb : AQ — Ay
we then have
<BQ, QuAQ>=<BQ, Ar>=<A"BQ, x>
=<y, B"AQ> =< By, AQ>
=<QfBQ, AQ >.
This proves that Qf C Qf and Q) is closable. Let @ = Q,. Note that we have
QoABSQ) = ABx = AQoBX.

This proves that QoA = AQo on Dom Qg and thus AQ C QA for all A € M. This
means that Q is affiliated to M’, that is, it fails from belonging to M’ only by the
fact it is an unbounded operator; but every bounded function of @ is thus in M’.
In particular, if @ = U |Q)| is the polar decomposition of @ then U belongs to M’
and the spectral projections of |@| also belong to M’.

Let E, = 1} ,,(|Q|). The operator Q,, = UE, |Q| thus belongs to M’ and

Q.Q2=UE,|Q|Q=UE,UU |Q|
=UE,U*QyQ?=UE,U"z.
Furthermore we have
QN =FE,|QU*Q=E,QiQ = E,y.

This way UE, U*z belongs to Dom Fy and Fy(UFE,U*x) = E,y. But E, tends to
I and UU™ is the orthogonal projector onto Ran (), which contains x.

Finally, we have proved that x € Dom Fy and Foz = y = Sgz. That is,
Sy C Fo.

The other case is treated similarly. |

We now put S = Sy anf F' = F\.

Lemma 3.3— We have
S =871

Proof
Let z € Dom S*. We have
<SpAQ, ST2> =< A, Siz> =<z, S0ATQ> =<z, AQ>.
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Thus S*z belongs to Dom S; = S* and (S*)%z = 2.
Let y € Dom S and z € Dom S*, we have S*z € Dom S* and
<S*z, Sy>=<y, (8*)z>=<y, 2>

This means that Sy belongs to Dom S** = Dom S and S%y = S**Sy = y.
We have proved that Dom S? = Dom S and S? = I on Dom S. [

We had proved in Proposition 3.2 that F' = S*. Thus the operators F'S and
SF are (self-adjoint) positive. The operators F' and S have their range equal to
their domain, they are invertible and equal to their inverse.

Let A = F'S = S*S. Then A is invertible, with inverse A~! = SF = §S*.
As S, A and thus A'/2 have a dense range then the partial anti-isometry .J
such that
S = J(5*S)1/2

(modular decomposition of S) is an anti-isometry from H to H.
Furthermore

S=JAY? = (882 = A1)
Let x belong to Dom S. Then

= S5%=JAYVPATY2 Jp = T2
and thus J? = I.

Note the following relations

S = JAY/?
F=8"=AYJ
A~ = JAJ

The operator A has a spectral measure (Ey). Thus the operator A= = JAJ
has the spectral measure (JEy,J). Let f be a bounded Borel function, we have

<f(A Mz, z>= /7()\) d<JE\Jx, x>
:/7()\) d< Jx, ExJzx >

:/T(A) d< ExJz, Jx >
=<fA)Jz, Jr>

=<Jz, f(A)Jz >
=<Jf(A)Jx, z>.

This proves



In particular
A = JA"T
A" J = JA™.
Finally note that SQ = FQ = Q and thus AQ = F.SQ = Q which finally gives
A2 = Q.

Let us now resume the situation we have already described.

Theorem 3.4— There exists an anti-unitary operator J from H to H and an
(unbounded) invertible, positive operator A such that

A=FS, At=8F J*=1
S = JAI/Q — A—I/QJ
F = JA_1/2 — A1/2J
JA" = AT
JOQ =AQ =Q.
|

The operator A is called the modular operator and J is the modular conjuga-
tion.

It is interesting to note the following. If the state w were tracial, that is,
w(AB) = w(BA) for all A, B, we would have
S0 AQ|” = ||A*Q|)® = < A*Q, A*Q> = w(AA*) = w(A*A) = ||AQ|]*.
Thus Sy would be an isometry and thus
S=J=F
A=1.

3.2 The modular group

Let A, B,C € M. We have
SASBCQ = SAC*B*Q) = BCA*Q = BSAC*Q = BSASCA.
This proves that B and SAS commute. Thus SAS is affiliated to M’.

Let us assume for a moment that A is bounded. In that case the operators
A=l = JAJ, S and F are also bounded.
We have seen that

SMS c M
FM'F c M.
This way we have
AMA™ = AYV2JJAYVZMATY2 J A2
=FSMSF Cc FM'F Cc M.
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We also have
A"TMA™T" C M
for all n € IN.
For any A € M, A’ € M’, the function
F) =lAII7* <6, [ATAAZ, A'lp>
is analytic on (. It vanishes for z = 0,1, 2, ...
As HA*H [|JAJ|| = ||Al]| we have

)] =0 (1Al (1al™h?) = o)

when ¥z > 0.
By Carlson’s theorem we have f(z) = 0 for all z € €. Thus

AMMATFC M =M
for all z € C'. But
M= A* (AT MA*)A™* C A*MA™*
and finally
A*MA™* = M.

Furthermore

JMJT = JAYVZMAT2] = SMS ¢ M

JM'J = JATVPMAY2] = FMF C M.

We have proved
JMT =M.

The results we have obtained here are fundamental and extend to the case
when A is unbounded. This is what the following theorem says. We do not prove
it as it implies pages of difficult analytic considerations. We hope that the above
computations make it credible.

Theorem 3.5 [Tomita-Takesaki’s theorem| - In any case we have

JMIT =M
APMA™" = M.
[ |
Put ' '
o1(A) = AT AANTH,
This defines a one parameter group of automorphisms of M.
Proposition 3.6 — We have, for all A,B € M
w(Acy(B)) = w(orss(B)A). 1)
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Proof

<Q, AA"BAT'O> = < AT"A*Q, BQ>
= <ATH2450  AY2BO >
= < ATHTIAZ 4% AV2BO >
= < JATHFLIAYZA*Q ) AV2BQO >
= <JAY2BQ, AT IAY24*Q >
= < B*Q, A7 AQ >
= <Q, BATUT)AQ >
= <, Al A=) 40 >
= w(o14i(B)A).

It is interesting to relate the above equality with the following result.

Proposition 3.7 Let w be a state of the form
w(A) = Tr(pA)

on B(K) for some trace-class positive p with Trp = 1. Let (o) be the following
group of automorphisms of B(K):

O't(A) _ eitHAe—itH

for some self-adjoint operator H on IC. Then the following assertions are equiva-
lent.

i) For all A,B € B(K), allt € IR and a fized B € IR we have
w(Aoy(B)) = w(oi-pi(B)A).
i1) p is given by

1
p = 26_6117
where Z = Tr(exp(—FH)).
Proof
ii) implies i): We compute directly

1 , .
w(Aoy(B)) = ETr(e_BHAe”HBe_”H)

1 . A
= ETr(AeZtHBe(*”*mH)

1 . )
_ ETr(AefﬁHe(thrﬁ)HBe(ﬂt*B)H)

= %Tr(e_ﬁHe(it’Lﬁ)HBe(_it_ﬂ)HA)
= (.U(O't_gl(B)A)
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i) implies ii): We have
Tr(ABp) = Tr(pAB) = w(AB)
= w(o_pi(B)A) = Tr(pe’ Be P A) = Tr(Ape® Be PH).
As this is valid for any A we conclude that
Bp = pePH Be=PH
for all B. This means
B (peﬁH) = (peﬁH) B.

As this is valid for all B we conclude that pexp(GH) is a multiple of the identity.
This gives ii). |

Another very interesting result to add to Proposition 3.6 is that the modular
group is the only one to perform the relation (1).

Theorem 3.8—0. is the only automorphism group to satisfy (1) on M for the
given state w.

Proof
Let 7. be another automorphism group on M which satisfies (1). Define the
operators U; by
UtAQ = Tt(A)Q
Then Uy is unitary for
U AQ|] = < 7(A)Q, 7 (A)Q> = <Q, 7, (A" A)Q >
= w( (A" A)) = w(re: (1) AT A)
= w(A*A) = ||AQ|]%.
The family U. is clearly a group, it is thus of the form U; = expitM for a self-
adjoint operator M.
Note that U;Q2 = €2 and thus MQ = 0.
Let A, B be entire elements for 7., then the relation w(m;(B)A) = w(AB)
implies
<B*Q, AAQ> = < AY2B*Q, JIAY?2AQ >
=<A*Q, BQ>
= w(AB)
= w(ri(B)A)
=<0, e MBeMAQ >
=< B*Q, eMAQ>.
This means
A=eM

and 7 = 0. [ |

31



3.3 Self-dual cone and standard form

We put

P ={AJAIQ; A € MJ.

Proposition 3.9 -
i) P=AYVAIMLQ = A"VAM Q and thus P is a convex cone.
ii) AP =P for all t.
i11) If f is of positive type then f(log A)P C P.
w) If £ € P then J§ = €.
v) If A€ M then AJAJP C P.

Proof

i) Let Mg be the *-algebra of elements of M which are entire for the modular
group o. (that is, t — 04(A) admits an analytic extension). We shall admit here
that M is o-weakly dense in M.

For every A € M, we have

AYVAAA Q= 0_)4(A)oi4(A)*Q
=0 _i/a(A)JAY?5,,,(A)Q
= U—i/4(A)JU—i/4(A>JQ
= BJBJ

where B = 0_;/4(A). By 0_;/4(Mo) = My and by the density of My in M we
have

BJBJQ € AYVAM, Q C AYVAM QO
for all B € M. Thus

P C A1/4M+Q C A1/4M+Q.
Conversely, M(J{Q is dense in M Q. Let ¢ € M, Q. There exists a sequence
(A,) C M such that A,Q — 1. We know by the above that AY*A,Q belongs
to P. But
JAY2A,Q = A,0 — = JAY?y
and thus

2
HA”‘W - AnQ)H — = A, AV2(h— A,0) > — 0.
Thus A'/*y) belongs to P and AV4AM_ Q C P.

This proves the first equality of i). The second one is treated exactly in the
same way.

ii) We have
ATAYAMLQ = AVAATM Q= AV (ML)Q = AYVAMLQ.

iii) If f is of positive type then f is the Fourier transform of some positive,
finite, Borel measure p on IR. In particular

fllog ) = [ A" du(e).
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One concludes with ii) now.
iv) JAJAJQ = JAJAQ = AJTAJQ.
v) ATAJBJBJQ = ABJAJJBJQ = ABJABJS. |

Theorem 3.10 -
i) P is self-dual, that is P = P where

PV ={recH;<y,z>>0,Vy € P}
ii) P is pointed, that is,
PN (=P)={0}.
iii) If J§ = & then & admits a unique decomposition as & = & — & with
£1,&2 € P and & orthogonal to &s.
iv) The linear span of P is the whole of H.

Proof
i) If Ae M, and A’ € M!_ then
<AYVAAQ, ATVAAQ S = < AQ, AQ> =< Q, AVZA A0 > > 0.

Thus P is included in PV.
Conversely, if £ € PV, that is <&, v> > 0 for all v € P, we put

‘fn = fn (log A)f

where f,(x) = exp(—x2/2n?). Then &, belongs to Nyec Dom A® and &, converges
to . We know that f,(log A)v belongs to P and thus

<&, v>=<E, follogA)r>>0.
Let A € M, then AY/*AQ belongs to P and
<AV, AQ> = <&, AV AQ> > 0.
Thus A'/%¢, belongs to mv which coincides with M/, Q (admitted). This
finally gives that &, belongs to A~/ 4W+Q C P. This proves i).
HIEePn(—P)=PN(—PY) then <&, —£>>0and £ =0.

iii) If J€ = £ then, as P is convex and closed, there exists a unique &; € P
such that

1€ = &l = inf{[[§ — v|[;v € P}
We put & =& — €. Let v € P and A > 0. Then &; 4+ Av belongs to P and
1€ —&l® <+ 2w —¢I*.

That is [|&]|> < ||€2 + Av||?, or else A2||v||> +2AR< &, v > > 0. This implies that
R< &, v > is positive. But as J& = & and Jr = v then

<&, v>=<J&, Jr>=<&, v,
That is <&, v>>0and & € PY = P.
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iv) If £ is orthogonal to the linear span of P then £ belongs to PY = P. thus
<&,&>=0and £=0. [

Theorem 3.11 [Universality]| —
1) If € € P then & is cyclic for M if and only if it is separating for M.
2) If £ € P is cyclic for M then Je, Pe associated to (M, ) satisfy
Je=J and Pe=7P.

Proof
1) If € is cyclic for M then J¢ is cyclic for M" = JMJ and thus £ = J¢ is
separating for M. And conversely.
2) Define as before (the closed version of)
Se + AL — A%
Fe : A — A

We have
JFeJAE = JFe JAJE
= J(JAJ)"¢
= S A¢.
This proves that S¢ C JF:J. By a symmetric argument Fe C JS¢J and thus
JS¢ = FeJ.
Note that

(JSe)" = S¢J = FegJ = JS¢.
This means that JS¢ is self-adjoint. Let us prove that it is positive. We have
<AL, JSAE> = <AL, JATE> = <€, ATJA™E>
which is a positive quantity for £ and A*JA*J belong to P. This proves the
positivity of JS¢.
We have
Se = JeAY? = J(JSe).
By uniqueness of the polar decomposition we must have J = Jg.

Finally, we have that P¢ is generated by the AJ:AJ:{ = AJAJE. But as
€ belongs to P we have that AJAJE belongs to P and thus P C P. Finally,
P:PVCszpgandP:Pg u

The following theorem is very usefull and powerfull, but its proof is very long,
tedious and cannot be resumed, thus we prefer not enter into it and give the result
as it is (cf [B-R], p. 108-117).

For every & € P one can define a particular normal positive form
w§(A) = <€, A€>
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on M. That is, £ € M.

Theorem 3.12 -
1) For every w € M,y there exists a unique £ € P such that

W = We.
2) The mapping & — we is an homeomorphism and

2 2
1€ = vII” < flwe = wpl|” < 1€ = vl [I€+ 7.

We denote by w —— &(w) the inverse mapping of & — w.

Corollary 3.13— There exists a unique unitary representation
a € Aut(M) — U,
of the group of x-automorphisms of M on H, such that
i) UbAU = a(A), for all A € M,
ii) Uy P C P and, moreover,
Ua(w) = £(a™ " (w))
for allw € M.y and where (a*w)(A) = w(a(A)).
i11) [Uq, J] = 0.
Proof
Let o € Aut(M). Let £ € P be the representant of the state
Ar— <Q, a1 (A)Q>.

That is,
<€, AE>=<Q,a H(A)Q>.

In particular £ is separating for M and hence cyclic. Define the operator
UAQ = a(A)E.
We have
IUAQ|)? = <€, a(A*A)e > = <Q, A*AQ> = ||AQ|[.
Thus U is unitary. In particular
U*A¢ = a1 (A)Q.
Now, for A, B € M we have
UAU*B¢ = UAa~Y(B)Q = a(Aa" Y (B))¢ = a(A)BE¢

and
a(A)=UAU".

We have proved the existence of the unitary representation.
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Note that
SU*A¢ = Sa™ 1 (A)Q
=a 1 (A)*Q
=a (A"
=U*A%¢
= U"ScAL.
Hence by closure
JAV2US = U Je AP = U TN
That is
UJUUAV2U* = JAL”.
By uniqueness of the polar decomposition we must have UJU* = J. This gives
iii).
For A € M we have
UAJAIQ = a(A)Ja(A)JE.
Since ¢ belongs to P we deduce

If € M, we have
<U&(¢), AUE(¢) > = <&(9), UTAUE(¢) >
)

By uniqueness of the representing vector in P

U(e)é(¢) = (a7 (¢)).

This gives ii) and also the uniqueness of the unitary representation. |
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