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Péter Lévay: " Qubits from extra dimensions”, Physical
Review D82, 125020 (2011)
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The Black Hole-Qubit Correspondence

Recently a striking correspondence has been discovered between
two seemingly unrelated fields.

@ Black hole solutions in String Theory (ST)

The basic correspondence is between black hole entropy formulas of
extremal black hole solutions in string theory and formulas for pure
state entanglement measures of multipartite entangled systems
with both distinguishable and indistinguishable constituents.
Though the physical basis of the correspondence (if any) is still
unknown it has repeatedly proved to be useful for obtaining
interesting results on both sides. In this talk we emphasize the
QI theoretic side, with occasional references to the ST side.
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Motivation: Entanglement from homology and cohomology

Main idea: Wrapped membranes around homology cycles of
extra dimensions should give rise to qubits.

" To wrap or not to wrap that is the qubit’ (M. J. Duff).

We would like to make this idea precise by obtaining simple
entangled systems from the cohomology of the extra dimensions.
Here we consider merely tori.

Wrapped brane configurations with different winding numbers are
known to give rise to charges of both electric and magnetic
type in our the 4D low energy world. Such winding configurations
account for the microstates of certain elementary black hole
solutions.

The shape and size of the extra dimensions is subject to quantum
fluctuations. These fluctuations can be described by scalar fields
called moduli. Here we show how we can construct and use pure
entangled states depending on both the charges and the moduli.
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Complex structure and Kahler structure deformations
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One-qubit systems from deformed tori

Consider T2 with its deformations labelled by
T=x—1ly y>0

The complex coordinate on T2 is z = u+ 7v. The space of
deformations M has a Kahler metric

dx? + dy?
2 _ =
dSM = 2GT?deT = T
1

Define
Qo = dz = du + Tdv € HYO(T2,C)

Then by virtue of
/ duNdv=1
T2

Qo A ﬁo —ie K
T2
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The volume form on T2 is
w=idz A dz.
The Hodge star * is acting as
xdz = idz, *dZ = —idz

In order to reinterpret one-forms on T2 as qubits we use the
hermitian inner product

€= [ enm  &neH(TAO)
Define the one-form Q2 as
Q= e*/2Q
then the correspondence
iQ < |0), iQ 1)

defines the orthonormal computational base.

Péter Lévay Entanglement from deformed tori



Remark: Notice that the symbols |0) and |1) would rather define
a family of basis states labelled by the complex deformation
parameter 7. Hence the notation |0, 7), |1, 7) would be more
appropriate.

Define the flat covariant derivative as

1 _
D:Q=(T—-7)D:Q=(7T—1) (37 + 2&K) Q=Q

D:Q = (7—1) <(9.r - ;&K)QZO

Then
D; — o, D: —o_, * <> —03

Hence the covariant derivatives act as projective bit flip errors,
and the Hodge star as the negative of the parity check operator.
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In the case of wrapped branes as qubits the homology classes are
real hence [ € H(T2 R)

F=pa—qB, a=du [=dv.
One can express this in the Hodge diagonal basis as
M= —ef/2(p7 + q)iQ + eX/2(pr + q)iQL

According to our correspondence between one-forms and qubits we
can represent this as a state in the computational base satisfying
an extra reality condition

IT) = To|0) + T1[1), M =—To=eX?(pr +q). (1)
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The state |I') is unnormalized with norm squared satisfying
1
IMI® = (TIF) = 2€"lpr + gl* = Zlpr + 4l

It is a unitary and a symplectic i.e. SL(2,R) invariant at the same
time. The latter means that under the set of combined
transformations

i (2690 o

[F]|? remains invariant.
Notice also that in matrix representation the state |I') can be given
the form

0)=75C @) =50 D)5 D)

With new notational conventions our state can be given the
deceptively simple appearance

M) =8h) =USh), v =—pl0) +4ql)
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T? x T? x T? and three qubits

Coordinates
27 =u? + 77, 7 =x7 —iy? y? >0, a=1,2,3
Holomorphic three-form
Qo = dz* A dz? A d23.
We have as usual
- Qo A Qo = i(8yly?y3) =ie K
Gy = Da04K
is a Kahler metric on the manifold M ~ [SL(2,R)/SO(2)]*3 The
flat covariant derivatives are

DyQ = (72 — 72)D.Q = (7 — 77) <aa + ;83K> Q
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T? x T? x T? and three qubits

Q=eXRdzt AdZ2 N dZ3, Q= eX/2dZt A dZ? A dZP,

D-Q = eX/2dz' A dZ2% A dZ3,

D; Q) = ef2dz1 A dz? A dz3, s

DsQ = eX/2dz' A dZ? A dZ®, DsQ = ef2dz" A dz? A dZ°,
D3Q = e"/?dz' NdZ’ N dZ},  DsQ = e"/Pdz' A dZP A dZ?
Now we regard the 8 complex dimensional untwisted primitive part

of the 20 dimensional space H3(T°,C) = H3? @ H>! @ HY? @ HO3
equipped with the Hermitian inner product

(w\mE/TchA*n

as a Hilbert space isomorphic to H = (C2)*3 ~ C8 of three qubits.
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T? x T? x T? and three qubits

We define the basis states of our computational base to be given
by the correspondence

—iQ  [000) —iDjQ < [001) —iDsQ < |010) —iD3Q « |100)

—iQ < [111) —iD:Q « [110) —iDsQ « [101) —iD5Q « [011)
(D3,D5,D3) = (I @1 @0y, @0y @10, @1&1)
(Di,Dﬁ,Dé)<—>(/®/®0'_,/®0'_®/,0'_®/®I)

* < —03 Q03K 03
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Wrapped three-branes on T2 x T2 x T?

Now for a real three-form representing the cohomology class of a
wrapped D3 brane configuration we take

r=play—qp e H3(T% 2),
with summation on / =0,1,2,3 and
ao = dut A du® A dud, B0 = —dvi A dv? A dvd
a1 = dvi A du® A dud, B = dut A dv® A dvB

with the remaining ones obtained via cyclic permutation. With the
choice of orientation

/ (du* A dvt) A (du? A dv?) A (dud Advd) =1
T6

/ Oé//\ﬁ'/:5]/
T6
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A charge and moduli dependent three-qubit state

Define

W = q0+q17'1+q272+q37'3+P17'27'3+P27'17'3+P37'17'2—P07'17'27'3

Using the correspondence between three-forms and three-qubit
states we can write I < |I') where

IT) = Fo00/000) + Mo01]|001) + - - - + I110[110) + 111111},

where
I'111 = —eK/2W(7'3, 7'2, Tl) = rooo,
Foor = —eX2W (73,72, 71) = T11o
and the remaining amplitudes are given by cyclic permutation.

Let us put the 8 charges p’ and gy with / =0,1,2,3toa 2 x 2 x 2
array ki k,j,i = 0,1 as follows

<’Yooo Y001 010 7100)2(—p0 —pl —p? —p3>
Y111 Y110 7101 7011 —qdo Q1 92 a3
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An alternative form

The three-qubit state |I') can alternatively be written in the
following form
]I’) =538 ®81\’y>

[7) = 7000/000) + 7001/001) + - - - + 7110[110) + y112[111)

and the matrix representative of the operator S3 ® S, ® S1 is

1 ™ -1 . ™ -1 . -1
/8y3y2yt \—7 1 -2 1 -t 1
One-half the norm 1||I'||2 is

(W, 72, T PHW(, 72,7 P+ W(r, 72, TR+ W, 72, 7R

This quantity in the string theoretical context can be reinterpreted
as the charge and moduli dependent Black Hole Potential Vigy.
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Fermionic entanglement and T°

We choose analytic coordinates for the complex torus such that
the holomorphic one-forms are defined as

dz? = du® + 7P dv®
b

where now 72°, 0 < a,b < 3 is the period matrix of the torus

with the convention

7_ab — Xab . I-yab. (3)

For principally polarized Abelian verieties we have the additional

constraints
ab ba

T =17 y? >o0.
We choose as usual Q¢ = dz! A dz% A dz3, and the orientation

/ dut Advi AduP AdvEAdE A dvE =1
T6
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Fermionic entanglement and T°

Now we exploit the full 20 dimensional space of H3(T®, C). We
expand [ € H3(T®,C) in the basis

1 ! /
ao = dut A du® A dud, Qap = Eaaa/brdua A du® A dvb

1 ! /
B0 = —dvl A dv? A dvd, 370 = §6ba/b/dua Adv? AdvP.
Now
Qo = ag + 7a,p + 785357 — (Detr)3°,

where 77f = Det(7)1.
An element T of H2(T®,C) can be expanded as

M= pPag + P*Pau, — QB — qof°. (4)
We can rewrite this as
Fr= > qascfAafBafe
1<A<B<C<6
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Fermionic entanglement and T°

Here
(F1, P2, F3,F4 F° %) = (du', du?, du, dv?, dv?, dv?).
and vagc is a completely antisymmetric tensor of rank three with
20 independent components. Using
(1,2,3,4,5,6) < (1,2,3,1,2,3)

the identification between the components of v4g¢c and the
charges is

ptt piz pi3 V231 V232 V233
p° = 123, Pt P2 PR = g1 Y3 a3 |
p3t p32 p3 Y121 M2z 7123
Quu Qi @3 723 Y131 112
¢ = -3, Q@1 Q2 Q3| =|%n 7231 %
@1 Rz Q33 V333 V331 V312

I" can also be regarded as an unnormalzed three fermion state with
six single particle states.
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Fermionic entanglement and T°

Using new moduli dependent basis vectors

e = fA,SA/Aa Spht = </ I>

T T

one can write

1 . P B
= aFA/B/C/ (—leK/2eA A\ eB A eC ) )
where
A B
Fagrcr =Sa”Spr SC/C'YABCa
and

S=—je K651 = —ie_K/6(T — 7)1 (T / ) .

T -1
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Fermionic entanglement and T°

Notice also that the basis states
EANEBANEC = —jeKPeANeBned 1<A<B<C<E6,

now form an orthonormal basis with respect to the usual Hermitian
inner product

el = [ o pne H(TS.0)

It is also important to realize that now we have the same matrix

S € GL(6,C) acting on all indices of yapc.

This reflects the fact known from the theory of quantum
entanglement that the SLOCC group for a quantum system
consisting of indistinguishable subsystems is represented by the
same GL(6,C) matrix acting on each entry of a tensor representing
the set of amplitudes of the system.
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T? x T? x T? alias three qubits embedded in T° as three
fermions

How do we recover the case of three qubits? In order to see this
just notice that in the three qubit case we merely have y4p¢c with
labels 123,123, ...,123,123. Moreover, the 3 x 3 matrix 7 is now
diagonal, hence the form of S is

At 0 0 1yt 0 0
0 —72/y? 0 0 1/y? 0
S — }e—K/ﬁ 0 0 73 /y? 0 0 1/y3
2 71 /yl 0 0 —1/yt 0 0
0 72/y? 0 0 —1/y? 0
0 0 3/y3 0 0 —1/y3

Let us use the correspondence 321 «+ 000,321 « 001 etc. Looking
at the structure of the tensor product S ® S ® S and recalling that
e=K/2 = /8y1y2y3 we quickly recover the structure of the
matrices S3 ® S» ® S1 known from the three qubit case.
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Effective low energy 4D field content in the IIB picture

Geometry: M x Know: K=T?x T?x T?or T®

@ g, (x) < describing the 4D spacetime geometry of M

h*! = dimH>!(K, C)

For T2 x T2 x T? and T?° respectively we have

nPt=3  mlt=9
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@ g, (x) < describing the 4D spacetime geometry of M
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of K

@ G.p(x) < metric on the space of deformations M of K.
o ‘F,LILV(X)7 | =0,1,... h*»(K) < Maxwell-type fields
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For T2 x T2 x T? and T?° respectively we have
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The bosonic part of the 4D Effective Action

_ 1 4 5 _ an =b _uv
S = gig | V-G + Caturarte
+ (ImNyF' F+ ReNyF*FH} + ...

Our aim is to solve the Euler-Lagrange equations arising from this
action under special conditions.—Black Hole Solutions
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Extremal Black Hole Solutions

The solutions we are searching for are
@ Static

The solutions we find are of extremal Reissner-Nordstrom type.
Supersymmetric solitons.
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Extremal Black Hole Solutions

The solutions we are searching for are
Q Static
@ Spherically symmetric
© Asymptotically Minkowski
© Extremal
@ Supersymmetric (BPS)

The solutions we find are of extremal Reissner-Nordstrom type.
Supersymmetric solitons.
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If we take the ansatz for the space-time metric
ds® = g, dx"dx” = —e2U(N gy 4 g2V (dr2 + r2d92)

and introduce a spherically symmetric ansatz also for the
gauge-fields F/ with electric and magnetic charges g; and p’ and
employing the new variable

S| =

%

we get the action (T = [ dt is the elapsed time and dot denotes
d
4)

S/ T = — /Ood 02 + G775 4+ G ||r|2
4D = 2Gn 0 0 ab N2
The equations derived from this effective action describe the
RADIAL dynamics of the space-time warp factor and the

fluctuating extra dimensions in the near horizon ¢ — oo limit.
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The attractor geometry
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Near horizon geometry

The near horizon geometry of the black hole turns out to be
AdSz X 52

4r? Gn|T .
ds2:(_GNHrFH2dt + NJ 2” dr ) ’V||r\|§,o (d6? + sin®0dd?)

The horizon area is
A= 7G5

hence the thermodynamic Bekenstein-Hawking entropy is

A T
— e = Gl

S
BH 4Gy
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Black Hole Entropy and the Three-Tangle. T2 x T2 x T?

Solving the equations of motion yields the stabilized values 77(c0)
in terms of the charges p' and q;, / = 0,1,2,3 which gives the
three-qubit state on the event horizon

Moo = (—=D)/* (€/*]000) o0 — e|111))

0
p
tana =+v—-D
2p'p?p? + p2(p°qo + pla1 + p?q2 + p3qs3)
D = (PPqo+p'qr+p°q+pgs)?
4((p*q1)(P’q2) + (P*q2)(P*as) + (P*a3) (P 1))

+ 4p°q1g2q3 — 4q0p*p°p°

Now the entropy is
Ser =7V —D(|7))
Note that in the theory of three-qubit entanglement the quantity

73 = 4|D(|7))| is a genuine entanglement measure of the charge
state |v).
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Black Hole Entropy and the generalization of the
three-tangle for Three-Fermions on C°. T°

Solving the equations of motion yields the stabilized values 7,5(c0)
in terms of the 20 charges p°, go, P?® and Q. a, b = 1,2, 3 which
gives the three-fermion state on the event horizon

Moo = (-D)V* (" E* NE2 N E® — e ET N EZ 0 EP)

0

p
tana = v -D
2DetP + pO(Tr(PQ) + p°qo)

D = (p°qo + Tr(PQ))? — 4Tr(P*Q*) 4 4p°Det(Q) — 4goDet(P)
Now the entropy is

Ser =7 —D(7)
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Application: Classification of three fermions with six single
particle states

Let V = C® and V* its dual. Let {e”} with A=1,...6 an
orthonormal basis for V*. Then a three-fermion state is
represented by the three-form

1
¥= §’YABCEA AeB net e ndve

The SLOCC equivalence classes are defined as
Y~y iff Y =(S®S®S)y, SeGL6,C)
How to obtain the different SLOCC orbits?

Idea: use D() occurring in the entropy formula as a genuine
tripartite measure similar to the three-tangle in the
three-qubit case. Motivation : D is an SL(6,C) invariant.
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Classification of three fermions with six single particle
states

Notice that D(7) can be written in the alternative form

1 .
D(y) = —§€ABCDEF7ABC’YDEF

where 7 is called the dual state of ~

1 ryr’ !
~ KLMK'L'M
YABC = 56 YAKLYMBCYK'L' M’

It can be shown that 4 is a GL(6,C) covariant i.e.
F—=(S®S®S)y
hence D(7) is an SL(6, C) invariant as claimed.
For normalized states the analogue of the three-tangle is
0<7T=4D(y) <1
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Classification of three fermions with six single particle
states

P. Lévay and P. Virana ,Phys. Rev. A78, 022329 (2008)
G. B. Gurevich, Trudy Sem. Vektor. Tenzor. Anal. 6, 28 (1948)
There are four disjoint SLOCC classes with representatives

V= %(el/\e2/\e3—|—el/\ej/\e§+eTAe2/\e§+eT/\e§/\e3)7 T(7)#0
V= \%(el/\eer3+e1/\eer3+el/\62Ae3), T(y)=0, 4#0
N = \2(e1/\e2/\e3+el/\e2/\e3), T(7)=0, 5=0, Pap(y)#0
v=e'ne?ned,  T(y)=0, 5=0, Pap(y)=0
4

PA,B(V) = Z(_l)iilfyAlAZBifyBl BQB3B4B,‘
i=1
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Conclusions

@ We have shown how qubits are emerging from the geometry
of tori serving as extra dimensions in I1IB compactifications.
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We have shown how qubits are emerging from the geometry
of tori serving as extra dimensions in I1IB compactifications.
By identifying the Hilbert space where these qubits live inside
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"To wrap or not to wrap, that is the qubit” of Duff et.al.
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Conclusions

2]

We have shown how qubits are emerging from the geometry
of tori serving as extra dimensions in I1IB compactifications.
By identifying the Hilbert space where these qubits live inside
the cohomology of tori we clarified the meaning of the phrase
"To wrap or not to wrap, that is the qubit” of Duff et.al.
Our results provide a framework for understanding the
attractor mechanism as a "distillation” procedure.

The idea " Qubits from extra dimensions” also turn out to
be very useful for generalizing our results to flux attractors.
For toroidal models one can also show that the natural arena
where qubits show up is the realm of fermionic entanglement
of indistinguishable constituents. The notion fermionic is
associated with the structure of p -forms related to p-branes.
The idea can also be generalized for Calabi-Yau
compactifications. In this case two and three partite systems
like a qubit and a qudit, and two qubits and a qudit arise.
d=h>!+1.
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