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Algorithm for Computing Bernstein—Sato Ideals
Associated with a Polynomial Mapping
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Département de Mathématiques, Université d’Angers, 2 bd Lavoisier, 49045 Angers,
France

Let f1,..., fp be polynomials in n variables with coefficients in a field K. We associate
with these polynomials a number of functional equations and related ideals B, B; and
By, of Kls1,...,sp| called Bernstein—Sato ideals. Using standard basis techniques, our
aim is to present an algorithm for computing generators of B; and Byx.
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1. Introduction

Let n, p be two strictly positive integers, and let fi(x),..., fp(z) € K[z] := K[z1,..., 2]
be p polynomials of n variables with coefficients in a field K of characteristic zero. Denote
by A, = Kl[z1,...,2,](0z,,...,0,,) the Weyl algebra with n variables and let sy, ..., s,
be new variables.

Denote by £ = Klz][f; .. S fyt s,y 8] - ¥ the free module generated by the
symbol f* where f* is a notation for f{*--- f,”. £ has a natural A,,[s]-module structure
where A, [s] :== A, [s1,...,sp]. We have, for instance:

0xi(g($,s)fs’")=<5xlfm+zg$s )G )fs

where g(x, s) € K[z][s] and m € NP.

Consider the following ideals of K[s], called Bernstein—-Sato ideals:
o B={b(s) € Kls] / b(s)f* € Ay[s]f*"'},

o Bj={b(s) € Kl[s] / b(s)f* € An[s]f;f*} for j € {1,...,p},

o By = {b(s) € K[s] / b(s)f* € 327_, Aulslfif*},

where fot1 .= fitt. ~-f§"+1.

Note that, in the local analytic case, these ideals have been studied by C. Sabbah
(see Sabbah, 1987) who showed that they are not zero. In the algebraic case studied
here, B # 0 can be obtained by a method similar to that used when p = 1 (see Bernstein,
1972 and Bjork, 1979). We take the notations of Maynadier (see Maynadier, 1996 and
Maynadier, 1997).
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Our aim, in this paper, is to present an explicit algorithm for computing the ideals B;
and By, (i.e. an algorithm that gives generators of these ideals).
In Oaku and Takayama (1999), T. Oaku and N. Takayama solved the problem for B
using the relation:

B = (Annf* + A, [s]fi - £,) NK]s]

by a computation of Annf* the annihilator of f* in A,,[s]. The ideal Annf* is obtained as
the intersection of the ideal I (the annihilator of f*in A, 4, = Aylty, ..., tp] (Opy,. .., 0,),
see Section 4 of this paper, for instance) and the subring A, [0y, t1,..., =0, tp]. This
intersection is obtained by a Groebner basis computation in 2n + 4p variables.

The relations:

B; = (Annf* + A, [s]f;) N K][s],
By, = (Annfs + An[s]fl + -+ An[s]fp) N K[S}

show that our initial problem is completely resolved using this method.

On the other hand, in the case p = 1, those three kinds of ideals are equal and another
algorithm to compute B has been proposed by Oaku (in Oaku, 1997). In this paper, Oaku
works with a filtration, called the V-filtration, which gives what we call the V-order, and
with these objects he computes a V-standard basis of the ideal I of A,,+1 = A, [t](0;), the
annihilator of f* in A, 1, after which he obtains generators of an ideal of A, [s] denoted
Y(I) and with an elimination algorithm, he finally obtains a system of generators of the
ideal B.

In this paper, we try to generalize this algorithm. In our case, where p > 2, we have
to deal with p filtrations Vi,...,V}, or equivalently with a multifiltration V. For each
ideal J = Bj,Byx, we have the <j-order which allows us to compute a < j-standard
basis of I in A,,4, but the difficulty in our case is the following: to compute v ;(I) (the
analogue of Oaku’s ¥(I)) we have to find generators of I which are adapted to the ideal
J (for instance, V-regular for Bs;, Bj-good for B;, etc.) and for this reason, we use an
homogenization technique (see Section 6) which makes a number of undesirable divisions
impossible. After this homogenization, the rest of the algorithm is similar to Oaku’s.
Note that with this method, Groebner basis computations are done in (at most) 2n + 3p
variables.

In Section 2, we recall how to compute a standard basis with respect to an order which
is not a well-order. Section 3 introduces the V- multifiltration in A, 4, and all the ob-
jects which are linked with it, and all the usual elementary properties of these objects.
In Section 4, following Malgrange (see Malgrange, 1975), we introduce I the annihilator
of f¥in A, 1, and we establish the link between functional equations and this ideal. In
Section 5, we introduce the three Bernstein—Sato ideals that we are interested in, and
following Oaku, we also introduce the ideals ¥5, 15, and 95, of A, [s] and we show the
link between these ideals and the Bernstein—Sato ones. In Section 6, we give the algo-
rithms for computing B; and By (in fact 15, and 15, ), after having described and used
the homogenization techniques which are specific to these algorithms. We end off this
section with some examples. One has been calculated by hand and the rest using KAN
(see Takayama, 1991).

In this paper, ideal means left ideal.
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2. Standard Basis with Respect to a Non-well Order

In this section, we will recall the process of building a standard basis as in Castro and
Narvéez (1997). This is classical except for the fact that we add parameters uq, ..., u,, as
developed later, in view of frequent applications, especially in Section 6.5. Note that in
the case of a polynomial ring and a well-order, this process has been treated in Buchberger
(1970).

We are going to work in A, [u] = Ay[ui,...,uy, with ¢ € N. It is a usual polyno-
mial ring in which u; commutes with the other variables. This section is, nevertheless,
worthwhile even if ¢ = 0, where we work in A,,. Let < be a total order of N?"t¢ which
is compatible with the structure of A, i.e.:

exp_ (1) < exp_(z;0s,) = exp_(0y, ;)

and we suppose this order to be compatible with sums while not necessarily being a
well-order.
We recall that for P € A, [u] written:

P = Zpa,ﬁ,vxaafu’y with Pa.B,y € K’ (a,ﬁ,,y) c N2n+q‘
We define:

e the privileged exponent of P:
exp-(P) = {max<(a, B,7)/Pa,s~ # 0}

e the privileged monomial of P:
mp (P) = pexp< (P) (xv 8&?7 u)exp_<(P)
e the Newton diagram of P:

ND(P) = {(, 3,7) € N*"/po 5., # 0}.

Let I be an ideal of A, [u]. We suppose that we know a finite system of generators of I.
The purpose of this section is to give an algorithm to compute a <-standard basis of
and, more precisely, we are going to prove:

PROPOSITION 2.1. There exists Py, ..., P, € I such that for each P € I there exists
Wi,..., Wy € Ay[u] such that:

o P=W1P+-+ Wy, Py,
e Vi=1,...,m exp (W;P;) < exp,(P) if W; #0.

To construct such operators, we are going to introduce a new variable z and work in
A, [u](z) as in Castro and Narvéez (1997).
Let A, [u](z) be the K-algebra generated by x;, 0, , u;, z with the following relations:

e Vi=1,...,q, u; commutes with the other variables,

e z commutes with the other variables,

b v@,] [.’ﬂ“x]] = [axmam]} = 07

o Vi, j [0y, 1;] = 0;;2% where 6;; =1if i =j and §;; = 0if i # j.
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On N2+t we define the order <" by:
laf + 18] + [y +i < |o/| + 8] + ||+ 7
(@, B,7,0) <" (o, 3, 7,i') = ¢ or (o] + 18]+ | +i= /| + ]3| + ||+
and (o, 8,7) < (o, 8,7")).

We note that <" is an order compatible with sums and a well-order.
For P € A, [u], let us write

P= Zaaﬁﬁxo‘afuw.
We denote ord” (P) = max{|a| + |8] + |V|/da.s.~ # 0}. We define h(P) € A,,[u](z) by:
h(P) = ZaaﬂﬁxaaguwzordT(P)*\alf\BI*M'
Thanks to the relations in A, [u](z), we have:
VP,Q € A,fu]l, h(PQ)=h(P)h(Q).

We define the ideal h(I) C A, [u](z) by the following:
Let @Q1,...,Q, be generators of I |, we define

W) = ZAn[u]<Z> -h(Qi).

ASSERTION 1. We can compute a <"-standard basis H(z),..., H,,(z) of h(I) (in the
sense of 2.1) consisting of T-homogeneous operators (see remark).

REMARK. H € A, [u](z) is said to be T-homogeneous with a total order ord” (H) = d if
it is written:
H= Z (o g 00U 22 1= 18-,
B,y

In order to prove Assertion 1, we just have to note that <" is a well-order and that
divisions in A,[u](z) preserve homogeneity. Then the H; constructed from the h(Q;)
(by division of semisyzygies, see Lejeune-Jalabert, 1985 for the commutative case; see
also Castro and Granger, 1997) will be homogeneous.

ASSERTION 2. The system Hi(1),..., H,,(1) gives the P; of Proposition 2.1.
Let us prove Assertion 2.
Let P € I, there exists By,...,B, € A,[u] such that P = ) B;Q;. There exists
k,ki,...,k. € N such that
Ph(P) = M R(B1Q1) + -+ 2 h(BQr).

We have h(B;Q;) = h(B;)h(Q;) then z*h(P) € h(I). Let us divide z*h(P) by the H;(2),
we have:

o 2h(P) =3 Uj(2)H;(2),

° VJ exp<h(zkh(P)) th exp<h(UjHj) if Uj 7§ 07

e Vj Uj is T-homogeneous.
Denote (o, 3,7,1) = exp_n(2*h(P)) and (ay,B5,7j,i;) = expn(U;jH;). Since all the
terms in the sum are T-homogeneous (with order equal to k + ord” (P)), we have
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(o, B,7) = (o, B5,75). And also because of homogeneity we have («, 8,v) = exp_a(P)
and (a;, 8j,7;) = expn(U;(1)H;(1)).

So P =3 U;(1)H;(1) with exp_(P) = exp_(U;(1)H;(1)).

Assertion 2 is proved and so is Proposition 2.1.

3. V-multifiltration

DEFINITION 3.1. Let P € A,,1,, P # 0, P can be written in only one way as follows:
P = Zaw,t”a;’ with u,v € NP, a,, € A,.
We define:
e for j=1,...,p, the Vj-order of P

ord"i (P) = max{v; — pj / a,, # 0}.
e the V-order of P
ord" (P) = (ord"*(P),...,ord"»(P)).
for j =1,...,p, the Vj-principal symbol of P
oVi(P) = Z ay "oy .

vj—pj=ord "3 (P)

for m € ZP, the V-partial symbol of order m of P

> authoy.

v—p=m

the V-principal symbol of P
oV (P) = cr(‘)/rdV(P)(P).
For m € ZP, we denote
Vin(Apsp) ={P €A, , /Yi=1,...,p ord"(P) <mj;}.

REMARK 3.2. We may have ¢¥(P) = 0 without having P = 0. For instance, if p = 2
and P =t + o, O’V(P) =0.

As usual, we have the following properties:

LEMMA 3.3. Let P,Q € A, 1, P,Q # 0, we have:

° ordv(PQ) = Ordv( )+ Ordv( Q),
@@—U()(@,
oV (PQ) = c"i(P)a"1(Q).

4. Bernstein—Sato Equations and Malgrange Point of View

Consider
:K[m][ffl,..., p_l,s] - f?
the free module generated by the symbol f* where f* := ' --- fp".
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L has an A, [s]-module structure. Thus, for instance, we have:

99

am (g(as, 5)f87m) - (89{:1

P
—m af — —m s
Y gl s) (s —my) S g )f
j=1 '
where g(x, s) € K[z][s] and m € NP.
Now let us introduce an A, ,-module structure on L:
if j=1,...,pand g(s) € K[z][f™!, 5], we define:
tj : (g(s)fs) = 9(51, ceey 85 + ]-7 .. '7Sp)fjfsa

O, - (9(8)f*) = —sjg(s1,...,85 —1,..., sp)fj_lfs.
We can easily check that (0, - t;) - (g(s)f*) = (t; - 0y, +1) - (g(5)f*®).
We have the following relations:

(i) =0, ti(g(s)f*) = s;9(s)f* if g(s) € K[z][f~", ],
(11) (tjif](x))fszo v]: L,...,p,

(iii) (9o, +>2,520,,) f*=0 Vi=1,....n.

We have the inclusions:

An[s]fs g An+pfs g L

Note that the first inclusion comes from (i).
As in Lemma 4.1 of Malgrange (1975), we have:

LEMMA 4.1. Let

n

I= ZAnH)(tj - fj(l")) + ZAnH) <8£1 + Z af atj)'
j=1 """

j=1 i=1

Then I is mazimal in Ay yp.

ProoOF. Let ¢ : K"? — K"P defined by

¢(m1a"'axnvt17"'7tp) :(mla"'axnvtl_fl(x)"",tp_fp(x))'

¢ is bijective and induces an isomorphism ¢, on the ring A,,1,. The image of I is
p n
¢« (I) = Z Aniply + Z AnipOa;-
j=1 i=1

Moreover, it is easy to see that:
I maximal is equivalent to ¢, (I) maximal.

We suppose, in the rest of the proof, that I = > A, pt; + > Ay,yp0s,.
Let P € A,4p \ I, denote I’ = I + A4, P. We shall prove that I’ = A,,4,. Write

P =Y aapyex®0/t'0) with a,0 € N", 3,7 € NP, aapys €K,

then
Pe Z aagool’aatﬂ + 1.
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Thus we can assume that P is of the following form:

P = Zaaﬁxaaf = Zalg(x)a,@@.

Let p(P) = max{|3|,ag # 0}. We shall prove by induction on p(P) that there exists
a(z) e K[z] NI’ a(z) # 0.
If 4(P) = 0 then the assertion is true. Assume that pu(P) > 0.
Write

P=Q+agd with |B]=puP).
Let j be such that 3} # 0 and denote by C' = [P, ;] the commutator of P and ¢;.
Then on one hand C' € I and C # 0, and on the other hand u(C') < p(P). We then apply
the induction hypothesis. At this point, we have proved the existence of a(z) € K]z],
a(x) #0in I'.
For such an a, consider v(a) = max{deg, (a),...,deg, (a)}, and let us show by induction
on v(a) that 1 € I'.
If v(a) =0 then 1 € I'.
Assume v(a) > 0 and let 7 such that deg, (a) = v(a), then

da , Oa
o = la,0,,) € I' and  deg,, <(“)xz) < deg,, (a).

After a finite number of steps we obtain the existence of b(z) € I, b(x) # 0 with
v(b) < v(a). We then apply the induction hypothesis which gives 1 € I'. O

LEMMA 4.2. I is the annihilator of f* in A, 4p.

PROOF. Denote by I' = {P € A,;,/P - f* = 0} the annihilator of f* in A, .
Using relations (ii) and (iii), we have I C I’; moreover I’ # A, 4, because 1 ¢ I’. Then
by the previous lemma [ = I'. O

As a consequence, we have:

COROLLARY 4.3. Let P(s) € A,[s]. We have:
P(S)fs:() m E@P(—atltl,,—atptp)el

PROOF. By relation (i) we have: P(s)f®* = P(—0t) f*, and the previous lemma ends the
proof. O

5. Bernstein—Sato Ideals
DEFINITION 5.1. Consider the ideals of K[s] = K[s1, ..., sp]:
o B={b(s) € K[s] / b(s)f* € Ap[s]f*+},
o B; ={b(s) € K[s] / b(s)f* € A,[s]f;f*} for j=1,...,p,
o By ={b(s) € K[s] / b(s)f* € >25_; Anls]fif*},

with fs+1 = ffl—H . ’f;‘p-i-l.
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We have the inclusions:
B C B; C Bx.

Our purpose is to give an algorithm for computing By, and B;.

DEFINITION 5.2. Let P € A,,,, such that ord” = (m1,...,m,). We define ¢)(P)(s) €
A, [s1,...,sp] by the following:
Y(P) (=0 t1, ..., =0 tp) =0V (S1,...,S,P)

with

g — tjnij v if m; > 0

Toe,™ it my <.

We define the following ideals of A,[s] (we still denote by I the annihilator of f* in
A, ip) by:

o (I)={(P) /) Pel, ord”(P)=0, Vj ord"" (P — o (P)) < 0} U (0),
o Y, (I)={¢(P) / Pel, ord" (P)=0}U(0),
o Yp,(I)={y(P) / Pel, ord"(P)=0, ord"’ (P — oV (P) < 0} U(0).

LEMMA 5.3. Let b(s) € K[s], we have:

(a) b(S) €EB «— b(—@tt) el—+ %(An+p)t1 o 'tp,
(b) b(s) € By <= b(=0t) € I + Vo(Anip)ty,
(c) bls) € By, <= b(—ht) € T+ 3 Vo(Ansn)t;.

PROOF. We shall now prove Assertion (b), the other assertions can be proved in a similar
way.
b(s) € B; is equivalent to the existence of P(s) € A,[s] such that b(s)f* = P(s)f; f*,
or (b(s) — P(s)f;).f° = 0, then by Corollary 4.3, b(—0it) — P(—0:t)f; € I, and using
relation (ii) of Section 4, we obtain:

b(s) € Bj <= b(—0it) — P(—0it)t; € I (1)

thus the direct implication is proved.
Conversely, suppose that there exists @ € Vy(A,4p) such that b(—0;t) — Q.t; € I. Since
Q € Vo(Ay,4p), we can write it as:

Q=Y Qu(-ot)t™

meNP

with @, (—0it) € A, [—0;t]. Using relation (ii) of Section 4, we obtain:

Qt; €T+ | > Qum(-0t)f™ | t;.
P(—04t)

Hence b(—0t) — P(—04t)t; € I. Using equation (1), we end the proof. O
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As a consequence, we have:
PROPOSITION 5.4. We still denote by I the annihilator of f° in A, 4.

(a) ¥s(I) NK[s] = B,

PRrROOF. We only prove Assertion (b) (the other assertions being similar).
Let b(s) € ¢, (I)NK[s]. Then there exists Q € I with ord" (Q) = 0 such that ord"7 (Q —
¥ (Q)) < 0 and such that b(s) = ¥(Q)(s), or b(—dt) = oV (Q). Write

Q- JV(Q) = Q/tj with Q' € Vo(Anip)

We have b(—0;t) + Q't; € I. Then by the previous lemma, b(s) € B,;.
Let b(s) € B;. Then by the previous lemma, there exists Q € I and Q' € Vj(A,,4,) such
that

b(—0it) = Q — Q't;.
Thus we see that ord" (Q) = (0,...,0) and b(s) = ¥(Q)(s), i.e. b(s) € Y, (1) NK[s]. O

REMARK 5.5. If we can compute generators of 95, (I) then we will easily compute gen-
erators of Bj. Actually, if we compute a standard basis G, ..., G, with respect to an
order which eliminates the variables z; and J,, then {G1, ..., G4} NK]s] will gencrate B,
on K]Js|. The same remark can be applied to 15, (I) and Bs;. Thus, in the next section,
we will compute s, (I) and g, (I).

6. Computation of By and B5;

In this section, we present the main result of this paper. As we saw in Proposition 5.4
and in Remark 5.5, it is enough to compute 95, () and v5,(I) to obtain By and B;.
The way we will compute v, (1) and ¢, (1) is the following:

e we introduce new variables y1,. .., ¥y, which commute with A,

e given an ideal J of A, 4ply;,,--.,y;.] and j € {1,...,p}\ {j1,...,jr}, we define
hYs (J) ideal of AVH‘I? [yjl7 s Yges yj]'

Given generators of .J, we show how to find generators of h"7(.J),

e we define an ideal h(I) of Ay, plys,...,yp) as h(I) = KY2(RY3(---hYe(I)---)) (see
Definition 6.7). It is an ideal obtained by p — 1 homogenizations starting from I C
A, ., In fact we construct h¥»(I) C A,yplyp), then AV»=1(hVe (1)) C Apiplyp—1,
etc.,

e by definition, we can compute generators (finite in number) of h(I),

e we introduce a multigraduation on A,4,[y2,...,y,] given by a multiform H =
(Ha,...,Hp,). For G € A, 4ply2,- -, Yyp), we have a notion of being
H-multihomogeneous. An ideal J of A, 4p[y2, ...,y is said to be H-multihomo-
geneous if it can be generated by H-multihomogeneous elements,

e for an element of A, 4, (or A, 4,[ys,...,¥p]) we introduce a notion of V-regularity
(resp. Vj-goodness),
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e we introduce an order <, (resp. <p;) which is used to detect if an element is
V-regular (resp. Vj-good) or not (see Propositions 6.16 and 6.22). If G € A,4,
[Y2, ..., Yp| is H-multihomogeneous, then thanks to Proposition 6.16 (resp. 6.22)
and Lemma 6.11 we can express the fact that G is V-regular (resp. B;-good) or not
by a property of non-divisibility by y; (see Corollary 6.17),

e Lemma 6.12 shows that h(I) is H-multihomogeneous. A consequence is that there
exists a standard basis of h(I) with respect to <p,, (resp. <p;) made of H-multi-
homogeneous elements,

e finally, Proposition 6.19 (resp. 6.23) shows that a standard basis of h(I) with respect

to <y, (resp. <p,) gives a system of generators of 95, (I) (resp. ¥, (I)), by keeping
only the V-regular (resp Vj-good) elements.

6.1. HOMOGENIZATIONS

Let y1,...,y, be p new variables. Let k € {0,...,p — 1}.
Ifke{l,...,p—1}, let {j1,...,Jr} be a part of {1,...,p} of cardinal equal to k.
If k£ = 0 then we set Ay ip[Yjys-- -5 Yj) = Apgp and {j1,....Jk} = 2.
Let j € {1,....,p} ~{j1i,-- -, jx}-

DEFINITION 6.1. Let P € A, p[yj,,---,Yj), and denote m; = ord"’(P). We define
hYi(P) € Apipl¥jss-- - Yjn,yj) in the following way:
let us write

P = Zawt“at” v € NP a,, € Ay, ...y,
Set:
hVi(P) = Zawt“at”y;njf(yjfﬂj).

LEMMA 6.2. For each P,Q € ApiplYjrs-- - Yl

WY (PQ) = VI (P)hY(Q).
PROOF. The proof is based on the following:
If Vj(tﬂag) =m and Vj(t“ 07y ) = m/ then:

o Vi(troptoy') = m+m,
[ ] t"aé’t“ (9;’ = Z C[L”,l/”t'u ail
with V;(t*" 97" ) = m +m' if o # 0.

This follows from the Leibniz rule:

k .
k\ 0'a -
k k—1
O -a= E <Z> o, o "

i=0

In fact we can say that V;-homogeneity is preserved by products. O

LEMMA 6.3. Let P, Py,..., Py € Ay iply),,--.,vj.] be such that P = Py + --- 4+ Py with
Vi ord"7(P;) < ord"7 (P), then there exists l1,...,lq € N such that:

hYi(P) =yl hYi(Py) + -y hYi (Py).
In fact I; = ord"7 (P) — ord" (P).
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DEFINITION 6.4. Let J be an ideal of A, 4y, ,---,yj.]. We define h'7(.J) as the ideal
of ApiplYjrs---sYje,y;] generated by {nYi(P) / P € J}.

PROPOSITION 6.5. Let J be an ideal of Apiplyj,,--..Y .| There exists Pi,...,P, € J
such that for each P € J there exists C1,...,Cq € Anyplyj,, .-, Yj.) such that:

P=> CP with ord"(C;P;) <ord"(P) if C;#0.

Moreover, we can obtain these P; in an algorithmic way if we know a finite system of
generators of J.

PROOF. We just apply Proposition 2.1 to the order <y, defined on N?"T2P*F by the
following:

(Oé, /67 v, 77) <V7‘ (ala ﬂla /le ’/a 77/)
s < v —
<:>{ Vi M Vj/ 'u]/ A=V A A
or (V]_MJ:VJ_MJ and<a7ﬁnuﬂy7n)_<(aﬂﬁa,u7l/7n>)
where < is a total well-order compatible with sums, the parameters of Proposition 2.1
being y;,,...,y;, here.O

COROLLARY 6.6. Let J be an ideal of Apiply),,....y;.] and let Py,..., Py, € J be as in
Proposition 6.5, then hVi(J) is generated by hYi(Py),...,hVi(P,).

PROOF. Let P € J. By Proposition 6.5, there exists C1,...,Cy € Apip[ysys- -+, Y;,] such
that:

P = ZCiPi with ord"(C;P;) < ord"3(P) if C; #0.
By Lemma 6.2 and Lemma 6.3, we have:

WY (P) =y hY5 (Cr)RYS (P) + -+ 4y hYs (Co)h¥s (Py).0
6.2. THE HOMOGENIZED IDEAL h(I)
From now on, y denotes (ya,...,¥p).

DEFINITION 6.7. We still denote by I the annihilator of f* in A, 1,. We define by a
descending induction an ideal h(I) by:

We can write:

h(I) = K2 (hY2 (- B (1) ).
This is an ideal of A, 4p[y] = Apiply2, -, Ypl-
Similarly, for P € A,,;, we define h(P) € A, 4,[y] by:

h(P) =R (h* (- " (P)---)).
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For example, for p = 3, we have:

th {ZE 93 QJ)/QJ SN (y3) € An+p[y3]}

th hVJ {ZF y27y3 th <ZE i,j y3 QL]))}

with Qi ; € I, i j € Apiplys], Fiy2,y3) € Anyply2, ys).
It is easy to see that for P € I we have h(P) € h(I). Lemma 6.12 says that, conversely,
h(I) is generated by such elements, which is not completely direct.

REMARK 6.8. Following Proposition 6.5 and Corollary 6.6, we can obtain in an algorith-
mic way generators (finite in number) of h([).

DEFINITION 6.9.

e For j =2,...,p, we define the linear form H; on N?"T2PP=1 py:
Hj(aaﬁvﬂayan) =Ty +V] — M-
We denote by H the multiform (Ho, ..., H,).
o Let G =G(y) € Apyply]. Write:
G = Zamu,nt“at”y" pv € NP.pe NP ta,,, €A,
— We define 05:'7 (G) the partial H;-symbol of G' with order equal to d; € Z by :
H; v
o4, (@)= Z ot 07y,
njtvj—pi=d;
— @ is said to be Hj-homogeneous with ord™/ (G) = d; if G = O'(gj (G).
— G is said to be H-homogeneous (or H-multihomogeneous) with ord” (G) = d =

(da,...,dp) if for each j =2,...,p, G is H;-homogeneous of order equal to d;.
We define o/ (G) the H-symbol with order equal to d = (da,...,d,) of G by:

(@) = Z Ayt oy y".
Vimitvi—pi=d;
We have:
Hp
0 (G) = 0g2(---0,7(G) ).

Note that the operations O'Zj commute with each other.
This yields the four following results:

LEMMA 6.10. We take the notations of Definition 6.4:
let J be an ideal of Ayipl[yi,,---,vj.), let G € hYi(J). Then for each m € Z, we have

o (G) € Vi (J).



Computation of Bernstein—Sato Ideals 655

PROOF. By definition of hVi(J), there exists Pj,...,P. € J and Ry, .. R €
A plyiy, - Y, ys] such that G = >, R;hY7 (P;). Since on (G) = Z o (R;RYi (),
we can assume that G = RhY7(P) with P € J. Write R=)",_, UlHj(R)7 we have:

RRYi (P Zal 7(R)hYi (P).

By the same calculation as in 6.2, we can prove that o, fi (R)hVi(P) is H;-homogeneous
with ord® equal to I + ord®7 (kY3 (P)) = I 4 ord"7 (P) so we have:

. . H; :
ol (RRY (P) = 0™ . (RIRVI(P)

which ends the proof. O

LEMMA 6.11. For each G € A,1,[y] H-homogeneous, there exists | = (l,...,l,) €
NP~ such that G = y'h(G(1,...,1)).

LEMMA 6.12. h(I) is the ideal of A,yp[ys,....yp] generated by the set {h(P)/P €
I, P#0}.

PRrROOF. First, it is clear that for each P in I, h(P) is in h([).

Conversely, let G € h(I). Since G = ¥, .71 04 (G), we are reduced to prove that
each of1(G) is in the ideal generated by {h(P)/P € I}. In fact we shall prove that for
each k = (ka,...,k,) € ZP~1, there exists | = (lg,...,l,) € NP1 and Q € I such that
ol (G) = y'h(Q), which will prove the lemma. The proof will be constructed by induction
on r the number of homogenizations (the claim in step r of this induction being the

following: hy 41—, (I) is generated by all the hY»+1-r (... AY»(P)...) with P € I).

o Ifr=1:
in this case, we have h(I) = h"»(I), H = H,, k € Z. By 6.10 we have ol (G ) h(I),
SO (TE(G)Up_l € I. As in Lemma 6.11, there exists [ € N such that of/(G) =
yLhVr (o} (G))y,=1). This proves the result for r = 1.

e The induction step:
in order to avoid too many notations, we will assume that the result is true for
r = p—2 and we will prove it for r = p — 1 (i.e. we only make the last step of
the induction which is completely similar to the rth step). Let us assume the result
true for AY3(--- hVe(I)).
We have:

o (G) =off (UfQ(G)) where H' = (Hs,...,H,) and k' = (ks,..., k).
Denote G’ = O'kQ (G)‘yz:1 then using 6.10, we have G’ € hY3(---hV»(I)--+), more-
over there exists 5 € N such that ong(G) = yg" hY2(G"). Thus we have:

o (6) = off (w3 h**(C")
= yropt (h(@).

ASSERTION. 31 € Z such that o/ (hV2(G")) = 422 BV (o' (G)).
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Let G” be such that G’ = off (G') + G then we have:
RYA(G') = g5 WV (ol (G) + 9 h¥(G")
with 1% = 0 or I = 0, after which, ol (hV2(G")) = 42 hV2 (o1 (G")).
Let Iy =I5 + 1%, we have:
ol (G) = yzh** (o (G)).
We apply the induction hypothesis:
ol (G) =y yph' (- hY(Q) ) with Q € 1.
Finally we have

o (@) = y'W(Q) with | = (lo,...,1,) and Qe€I.O
COROLLARY 6.13. For each G € h(I), we have Gy—(,..1) € 1.

Another consequence of Lemma 6.12 is that h(I) is multihomogeneous: if we compute
a standard basis of h(I) with respect to some order, then we will be able to construct an-
other standard basis whose elements will be H-homogeneous. Let us denote by G1,...,G,
such a basis, then {0 (G;)/k € ZP~',i=1,...,q} will be another standard basis.
In fact we shall see that, in our case, only ¢ elements of this system will be useful.

6.3. COMPUTATION OF Bs

From now on, we denote by V1 the linear form on N?7:
V() =vo — pio 4 +vp — i

We naturally extend V+ on N2nt+2ptp—1,
DEFINITION 6.14. Let G(y) € A, 4p[y]. Then we say that G(y) (or G(1)) is V-regular if
oV (G(1)) #0.
DEFINITION 6.15. On N27t2P+P~1 we define the following order:

(0[, ﬂa ", v, 77) =Bs (O/a 6/7 ,U//a Vla n/)

vi — i < v —
or (= and VT (p,v) <V (', v))
or (= and = and || < |7|)
or (= and = and = and (a, 8,4, v,n) < (o, 3,1,V 7))
where < is a total well-order compatible with sums.
PROPOSITION 6.16. Let P € A, 4,
P is V-regular <= mp_, (h(P)) has no y; in its factorization,

where mp (h(P)) is the privileged monomial of h(P) with respect to the order <p,.
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PROOF. Denote v = exp_, (P). We have:
mp_,, (h(P)) has no factors y; <= Vj=2,...,p Vj(y)=ord"7(P).

Assume that Vj = 2,...,p Vj(v) = ord"s (P). By the definition of <g,,, we also have
Vi(7y) = ord"*(P), hence v € ND(¢" (P)) and then o (P) # 0, i.e. P is V-regular.
Conversely, assume that P is V-regular. Then let 7o € ND(cV (P)). By the definition of
=By, we have Vi(79) = Vi(7). Then, by the same definition, we have:

Va(y) 400+ Vp(7) = VH(9) 2 VF(30) = ord™* (P) + - + ord# (P),
but, since Vj = 2,...,p Vj(7y) < ord"?(P) we have
Vi=2,...,p Vj(y)=ord"(P)

and then mp_ (h(P)) has no y; in its factorization. O

COROLLARY 6.17. Let G = G(y) € A1,y such that G is H-homogeneous then:
mp_, (G) has no y; in its factorization = G is V -regular.

ProoF. This is a direct consequence of Lemma 6.11, Corollary 6.13 and Propo-
sition 6.16. O

Computation of By,
We first give a lemma:

LEMMA 6.18. Let ¢, P € A, 1, with ¢ a monomial, such that ord” (¢P) = (0,...,0).
Then oV (gP) € A, [—0st]y(P)(—04t).
ProOOF. We have:
(i) thoF € K[=0,,t],
(ii) t*e(—04t) € K[—0:t]t* with c(z) € K[z].
We prove (i) by an induction on k (for k = 0, (i) is true):
t*of =tk o0
= (0" — k" Hof !
= (Ot — k)tFLokEL,

Hence (i) is true by the induction hypothesis.
For (ii), we note that it is enough to prove the result for ¢(z) = x:

Ryt = (Opt" + kt" 1t
= (04t + k)t

Using these relations, it is easy to see that ¢ € A, [—0,t]S1---S, (see the notations of
Definition 5.2). Thus:

oV (qgP) € A, [-0it]a" (S1 -+ S,P)(—0t). O
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Let G1(y),...,Gq(¥),...,Gqr(y) be a <pg-standard basis of h(I) (in the sense of
Proposition 2.1) such that Gi,...,G, are V-regular and not the next ones. By
Lemma 6.12, h(I) is H-homogeneous so that for each G; from this basis and each
k € ZP~!, we have o} (G;) € h(I).

For eachi=1,...,q+r, let k; € ZP~! such that
exp, (Gi) = exp_,_(of!(C)

and let H;(y) = o{ (G;), H; is H-homogeneous. We shall prove that:
PROPOSITION 6.19. ¢, (I) is generated by ¥(H1(1)),..., ¥ (Hy(1)).

Note that Vi, v (H;(1)) € ¥, (I) by Corollary 6.13

PROOF. Let P € I, P # 0, be V-regular and such that ord" (P) = (0,...,0). We have
h(P) € h(I), and therefore:

S0 € {L.vosq+ 1}/ expy_(h(P)) € exp(Hy,) + N2+,
By Proposition 6.16 (applied to P) and Corollary 6.17 (applied to Hi,..., Hyt,), we
have necessarily jo € {1,...,q}. Let m;, be the monomial such that

mp_, (h(P)) = mjmp_, (Hj,).

Necessarily mj, and mp <5y (Hj,) have no y; in their factorization.
We set P, = h(P) —mj, Hj,, we have P; € h(I).
P, is H-homogenous,
P = ymh(Pﬂy:(l,m,l)) with m € Np_l,
Vji=2,...,p,ordV (P) =0, ) )
it follows that m = (0,...,0) and P; = h(Pyjy=1,..1)) is V-regular,
e in this case, we can apply the process with P replaced by Pl\y:(l,‘..,l)-

We continue the process:
Pk+1 = Pk - mijjk
with V&, 7, € {1,...,q}, .
and we stop the process as soon as 026 0) (Ps+1) = 0, i.e. when all the monomials of

oV (P) are eliminated. Note that the restriction of <g, to {(a, 3, i, v,n) € N2 +2pp=1/
Vj=1,...,p v; —p; =0} is a well-order and that for all £ < s

xp_,, (90, 0y (Pet1)) = exp_, (Prr1) <55 exp_, (Pr) = exp_, (afy o) (Pr))-

Thus we obtain:

h(P) = ijkij +P5+1
k=0



Computation of Bernstein—Sato Ideals 659

with
vk, ji € {1,...,(]}
vk, ord” (mj, Hj,) = (0,...,0)
%o,..., 0)(PS+1) =0.

Finally

UX),...,O)(P) - Z U(‘E),...,O)(mjk(l)ij(l))
k=0

,,,,,

We then find a finite system of generators of 13,,, and by Remark 5.5 we can compute Bs.
6.4. COMPUTATION OF B,

Since we can permute f; and f;, we can assume that j = 1. Thus we shall compute
B;.

DEFINITION 6.20. Let G(y) € Aniply]. We say that G(y) (or G(1)) is Bi-good if we
have the following condition:

ord" (G(1) — ¢V (G(1))) < ord" (G(1)).

DEFINITION 6.21. On N27t2P+P=1 we define the following order:
(. By psvym) <p, (o, 81 ' )
vi — i < vy —
or (= and VT(i/,v) <V*(p,v))
or (= and = and || < |7|)
or ( = and = and = and (Oé, ﬁ) v, 77) = (0/7 ﬁl? /’le V/7 77/))
where < is a total well-order compatible with sums.

PROPOSITION 6.22. Let P € A4,

P is Bi-good <= mp_, (h(P)) has no y; in its factorization.

PROOF. Denote v = expy (P). As in Proposition 6.16, we have:
mp_, (h(P)) has no factors y; <= Vj=2,...,p Vj(y)=ord"7(P).

Assume that P is not Bj-good, i.e. there exists v/ € ND(P) ~. ND(¢"(P)) such that
Vi(y') = ordV*(P) then V*(v) < VT (y) < ord"?(P) 4 - - - 4+ ord"?(P) and then mp_,
(h(P)) has a y; in its factorization.

Conversely, assume that P is Bi-good, then ¢V (P) = o"1(P). But, by the definition of
<5,,7 € ND(c"1(P)). Then v € ND(¢V (P)) and then V;(y) = ord"7 (P) Vj=2,...,p,
Le. mp_, (h(P)) has no factors y;. O
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Computation of By

Let Gi(y),...,Gq(y), ..., Gq+r(y) a <p,-standard basis of h(I) (in the sense of Propo-
sition 2.1) such that Gy, ..., G, are Bi-good and not the next ones.
For each i=1,...,q+r, let k; € ZP~! such that

exp_y, (G:) = exp_, (o} (1)

and let H;(y) = U,Z(Gi): H; is H-homogeneous, and we can prove in the same way as
for ¥ (I) that:

PROPOSITION 6.23. g, (I) is generated by y(Hi(1)),..., ¥ (Hy(1)).

As before, we can obtain generators of B using Remark 5.5.

6.5. EXAMPLES

1. Let f1 € K[z1,...,2m], f2 € K[@Xm1,...,25], with m < n. Let b; and by be the
Bernstein polynomials associated, respectively, with f; and fs. Then we can show
that:

B1 =K[s1,52]b1(s1) and By = K]s1, s2](b1(s1), ba(s2)).
2. An example treated by hand.
Let fi(z1,72) = o1 + 23 and fo(z1,72) = 21.
The ideal I of A, is generated by: Py = t; —x1 —a3, Py = to—x1, P3 = 0, +0;, +0,
and P4 = 8@ + 2$28t1~
Using semisyzygies, we can see that Py, Py, P3, Py is already a Va-standard basis of

I. To make these calculations we decided that mp_, (P1) = —z3 and mp <y, (P1) =
Ox,. Thus h(I) = h"2(I) is generated by Q1 = h(P}), Q2 = h(P), Q3 = h(P3),
Q4= h(Py).

By a number of divisions of semisyzygies, we obtain the following elements of h(I):
Qs = 120y, + 220y, + 2610;, + 2yal20, + 2,

Qo = 2120y, + 2320, Y2 — Ox, Yo,

Q7 = 4t18t21 + 4t28t26t1 + 68751 — 4(9;511‘526752 — 4t2y2821 — 832,
Qg = 4t18t18t2 +4t23t22+68t2+68x1y2+3§2y2 +8t28t28x1y2+4t18t13$1y2+4t28§1y§.
These divisions are made with respect to the order <p,,. Remember that, for two
multi-indices w and w’, we first compare V; (w) and Vj(w’) then V5(w) and Va(w')
and then we compare w and w’ using a well-order <. Here we decided that < is
a lexical order such that exp_(z2) > exp_(t1) > ¢ where ¢ = max_{exp_(§)/§ €
{x1,00,, 0y, ta, 0, Or,, Y2} }. In fact, the computation of a <p.-standard basis of
h(I) is not complete, but at this point we can see that Q7 and Qg are V-regular
and we have:

Y(Q7) = (s1+1)(251 + 252 + 3) and ¥(Qs) = (s2 + 1)(2s1 + 252 + 3).

Let E be the ideal of K[s1, s3] generated by (Q7) and ¢(Qsg). We have the inclusion
E C By. We also prove that By, C KJs1,s2](s1 + 1,82 + 1) (by taking s = —1,
s2 = —1 in a functional equation).

PROPOSITION 6.24. We have By, = E.
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ProOOF. If the inclusion F C By is not an equality, then we can construct an
element b(s1,s2) in By, such that for all ¢ € Z\ 4, (251 4+ 2s2 + ¢) does not divide
b. Using an argument of Maynadier (see Maynadier, 1996), it would follow that

(s14+1)(s2+ DIy, dyeN,di+ds<i—1b(s1 + di, 52 + d2) where [ € N

is in B. But, according to Maynadier, B is principal and generated by (s1 +1)(s2 +
1)(2s1 4+ 282 + 3)(281 + 259 + 5). Contradiction. O

3. The next examples have been made using the software KAN (see Takayama, 1991).
The results for B come from Maynadier (1996).

(f1, f2) (@1, 22) = (w1, 1 + 23)

Bs, = <(81 + 1) 2581 4 289 + 3), (82 + 1)(281 + 259 + 3)>
B = {(s1 +1)(2s1 + 252+ 3))

By = <(82 + 1)(251 + 289 + 3)>

B <($1 —+ 1)(52 —+ 1)(251 + 282 —+ 3)(251 —+ 282 + 5)>

4. (f1, f2)(x1,22) = (21,21 + 3)

By = ((s1+1)(3s1+3s2+4)(3s1 +3s2+5), (s2+1)(3s1 +352+4) (351 +352+5))
By = <(81 + )(381 + 389 + 4)(381 + 389 + 5)>
By = <(52 + 1)(381 + 3s9 + 4)(351 + 3s9 + 5)>
B= <(81 + 1)( So + 1)(381 + 359 +4)(381 + 3s9 +5)(381 + 359 +7)(381 + 359 +8)>

5. (f1, f2)(w1,22) =

(
By = ((s1+1)(3s1+652+5)(3s1 +652+7), (s2+1)(3s1+652+5)(3s1 +652+7))
B = <(51 + 1)(351 + 652 + 5)(381 + 659 + 7)>
<(82 + 1)(381 + 682 + 5)(381 + 682 + 7)(381 + 682 + 8)(381 + 682 + 10)>
= ((s1 +1)(s2+1)(3s1 + 652 + 5)(3s1 + 652 + 7)(3s1 + 652 + 8)(351 + 652 +
10)(3s1 + 652 + 11)(3s; + 652 + 13))

6. (f1, fo)(x1, 22) = (w1, 27 + 23)

Bs, = <(81 + 1)(281 + 6s9 + 5), (82 + 1)(281 + 6so + 5)>

Bl = <(S1 + 1)(281 + 682 + 5)>

By = <(52 + 1)(281 + 6sy + 5)(251 + 659 + 7)(281 + 659 + 9)>

B= <(81 + 1)(82 + 1)(281 +6ss + 5)(281 + 652 —|—7)(281 + 652 -‘1-9)(251 + 652+ 11)>

7. (f1, f2)(z1, w2) = (27 4 23, 23 + 23)

o By = ((s1+1)(4s1 + 652+ 5)(4s1 + 652 +7) (651 +4s2 +5)(6s1 +4sa +7), (s2 +
1)(4s1 + 652 + 5)(4s1 + 652 + 7)(6s1 + 4s2 + 5)(6s1 +4s2 + 7))

o By = ((s1+1)(4s1 +652+5)(4s1 + 652+ 7) (651 + 452+ 5)(651 + 452+ 7)(651 +
dsy +9))

[ ] 82 = <(82 + 1)(481 + 682 + 5)(481 +652 + 7)(681 + 452 + 5)(651 +482 + 7)(481 +
659 + 9)>

2 3
X1, 27 + a3)

Some remarks:

— the computation of B for example 7 seems to be hard. We tried using the algorithm
of Oaku (in Oaku and Takayama, 1999) but the computer did not succeed;

— we can see that in examples 4, 5, 6 and 7, we do not have By, = By + Bs;
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— in these examples, B can be obtained as follows:
take Ba(s1+1,82) := {b(s1+1,82)/b(s1,82) € Bz}, then B = B1.B3(s1 +1, s2). Note that
we also have B = By (s1, $2 + 1).82 where By(s1, 82 + 1) = {b(s1,s2 + 1)/b(s1, s2) € B1}.
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