Optimal transport: introduction, applications and derivation
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In this lecture, our goal is to provide two applications of optimal transport for nonlinear analysis. The
first one concerns hyperbolic PDEs, the second one concerns calculus of variations.

1 Dobrushin’s contraction estimate

Here, we present a result due to Dobrushin in [1]. Our goal is to give existence and uniqueness for the
following PDE:

Op + div (p(A + B % p)) =0,

P|t:0 = po-

(1)

Before describing the exact context in which we will actually show things let us give two preliminary remarks.
First, if B(0) = 0 and (X;);en is a family of curves on the torus satisfying the ODE

Xilt) = ACX(0) + - 3 BOXG(0) — X; (1),
i

then p(t) :== % {0x, (1) +...0x, (1)} solves our PDE in the sense of distributions.

Second, if the base space on which we look at this PDE is the set of positions and velocity (z,v) € R xR?,
if A(z,v) = (v, F(z)) and B(z,v) = (0,G(z)), using as usually done f the unknown measure, we rewrite the
PDE

8tf+U~fo+<F+G*/fdv>-va:O.

This is the Vlasov equation modelling the evolution of a population of particles under the action of an
external force field F', and of a pairwise interaction force G.

We will work in the following context: A and B are two Lipschitz-continuous functions from the d-
dimensional torus T¢ to RY, with d € N*. We assume that B(0) = 0. This is reasonable if we assume it
to be odd, which is often the case. The unknown is the time dependent measure p = p(t) € P(T?), whose
initial condition py € P(T?) is prescribed. Of course, the solution needs to be understood in the sense of
distributions. We define solutions as follows.

Definition 1. A solution of the PDE 1 is a continuous curve t ~ p(t) € P(T¢) such that for all ¢ €
Ce (R} x T),

/O+OO Vo(t) - {A + B+ p(t)} dp(t) dt = 0.

Note that because of the regularity of B, B * p is a bounded function and hence the space-time integral
is well defined.
We prove the following theorem.

Theorem 2. For all py € P(TY), there exists a unique solution of the PDE (1) in the sense of Definition 1.

Proof. The idea is very similar to the proof of the Cauchy-Lipschitz theorem, but in the space of probability
measures, and with the Wasserstein 1 distance. More precisely, we set for all t € R, p°(¢) := po, and for all
n € N, p"*! is the unique solution of the continuity equation

Opp" T + div (p”+1(A + B x p”)) =0

as built in the previous chapter: calling ¢” : R, x Ry x T¢ — T the flow associated to the vector field
v"™ := A+ B x p" (which clearly satisfies the conditions of the Cauchy-Lipschitz theorem because A and B



are Lipschitz), for all t € Ry, we set p"1(t) := ¢™(£;0,)4po. For all n € N, t — p"(t) is continuous for the
topology of narrow convergence, satisfies p"(0) = pg, and whenever n > 1 for all ¢ € C! (R% x T9),

“+o00
/ /w(t) : {A + Bx pnfl(t)} dp"(£) dt = 0. 2)
0

Now, we show a contraction estimate in short times for the family (p™), that is, we will show that for a
sufficiently small € > 0 to be defined later, and which is independent of pg, for all n € N*|

sup W (7 4(1), (1) < 5 sup W1 ("6, 07 1)), (3)

t<e t<e

Solet n € N* and t € R. We want to estimate
Wi (" (0),0" (1)) = Wi (67 (850, )0, 6"~ (0, )0
There is an obvious coupling between p"+1(t) and p"(£): (¢"(t;0,-), ¢"~1(£:0,))po. Therefore,
Wi (10 (0)) < [ d(6"(:0,2),67(6:0.2)) dpofo). @)
But for all z € T¢,
¢"(t:0,2) — " 1(t;0,2)
-/ (A B ()@ (50.2) — (A4 B g ()67 (5:0,)) } ds
= [ {3 @ 50,00 — (A4 B x5 60" (550,00 s

[ A+ B 6@ (500) = (A5 B ()07 (550.0) } s

[ {4+ B 0166000~ (44 B < 506" (50,0 s
+f B ()67 s:0,2)) — B+ g (5)(6" (530, } d

So by the triangle inequality

t

d(¢"™(t;0,2),¢" ' (£;0,2)) < (Lip(A) +Lip(3))/ d(¢"(5;0,2),0"*(5;0,x)) ds
0
t
+/ | B * p"(s) — B * p" " (8) |0 ds.
0
Let us call L := Lip(A) + Lip(B). By the Gronwall lemma, we deduce that

d(8" (t:0,2), 6" (£:0,)) < / exp (L(t — )) [ B * p"(s) — B # "~ (s) | oo ds. (5)

Now, we need to estimate for a given s € [0,] the quantity || B * p"(s) — B * p" 1(8)||oo. For a given y € T4



and a given v € II(p™(s), p" " 1(s)), we have

1B+ p"(s) () — Bx p"(s)(y)| = \ / Bly — 2)dp(s, =) - / Bly — 2)dp" (s, 2)

-| [ {562~ B -} are)
< / ‘B(y —2) = Bly - Z’)‘ dy(z,2)

< Lip(B) [ dlz ) dy (2.2
Taking the sup in y on the L.h.s. and inf in v € TI(p"(s), p" " 1(s)) on the r.h.s. we get

1B # p"(s) = B # p" 7" ()| < Lin(B)Wi(p"(s), p" " (5))- (6)

Plugging this estimate into (5), we get

d(¢™(t;0,x), 6" (t;0,2)) < Lip(B) /0 exp (L(t — s))Wi(p"(s), p" ' (s)) ds.

It remains to integrate w.r.t. pg, to deduce with the help of (4) our main estimate

WA (0.0 (1)) < Lin(B) [ exp (Lt =) Wa(p" (). (5)) .

Therefore, for a given € > 0, we have

sup Wi 0" (1), (1) < 22D (exp() — 1) sup W2 (57 (1) o7 1),

t<e t<e

So if € is so small that LipT(m(exp(Ls) —1) < 3, the contraction estimate (3) follows.

Hence, the family of continuous maps t € [0,¢] — p"(t) € (P(T%), W), form a Cauchy sequence in the
complete space C°([0,¢]; (P(T?),W;)), and hence admit a limit p in this space. Of course, p(0) = pg, and
we easily pass to the limit in (2) (note that because of (6), for all t € [0,¢], (B * p™(t)) converges uniformly
towards B p(t), which is enough to pass to the limit). We have therefore built a solution on the set of times
[0,¢]. To build a solution on the whole R, we just have to iterate this construction.

To show uniqueness, we just need to remark that with the same computations, we can show that if p, p’

are two solutions, for all ¢t € [0, £],

sup Wi (1), /(1)) < 5 50 Wap(0), (1),

t<e t<e

so that p and p’ have to coincide on the set of times [0,e]. We can therefore iterate the argument. O

2 McCann’s geodesic convexity

Our second application of optimal transport concerns the uniqueness of the minimizers of the energy func-
tional
/{V+W* +1 dp}d if p< d
og — , 1 x,
£:pePRY P8 qp o P (7)

+ o0, otherwise,

under various convexity assumptions on the external potential V : R¢ — R, U{+o00} and pairwise interaction
potential W : R? — R U {+o00}. This result is originally due to McCann [2]. A priori, it is not clear how to
define properly the last term in the definition of £. Namely, how to deal with entropy on the whole R? is a
bit technical, and therefore we will not prove everything. We admit the following result.



Proposition 3. The following formula

d
/log p dp = / log dp dz, if p < dz,

+ o0, otherwise.

H:pePy(RY) — (8)

provides a good definition in (—oo,+00]. In addition, for all M > 0, H is lower semicontinuous on the sets
{p € PRY) with [ |z|?dp(z) < M}.

Moreover, calling (7s) the heat kernel on R%, for all p € P2(R?) the map s € Ry + H(p*7s) € (—o0, +00]
is continuous and nonincreasing, and has finite values whenever s > 0.

Proof. Several points of the proof will rely on the following convex inequality holding for all z > 0 and v € R:
uz < zlog z + exp(u — 1), (9)

with equality if and only if u =1 + log 2.

Let us consider M > 0 and let us call Pys := {p € P(R?) with [ |z|?>dp(z) < M}. Let us show that H
is well defined in (—o0, 400] and l.s.c. on Py;. For a given p € Py, we decompose p = p; + p2 with p; < dz
and py L dz, and we call A := °Supp(pz). Finally, we call
dp1 dpl
Eloga X 1A X 1dp1<1
Our first task is to show that f, which is nonnegative, is integrable, and that its integral outside of a ball
decreases to zero as the radius of the ball goes to zero, uniformly in p € Py;. For almost all € A such that

% < 1, using (9) with v = —|£L'| and z = %(1’)7 we find

fi=-

£ < 1l )+ exp(—la] — 1)

It is easy to see that this inequality holds almost everywhere on R?. Integrating it on °B(0,r), for some

r > 0, we deduce
/f )da < / |z| dp(z) +/ exp(—|z| — 1) dz,
B(0,r) <B(0,r)

wh1ch is finite for all 7 > 0. For r = 0, this is enough to conclude that when p < dx, the negative part of
1og d” is integrable, and therefore that H is well defined with values in (—oo, +00]. Then, if r > 0, we
can go further and find

1 M
/f(x) dz < 7/ |z|? dp(x) +/ exp(—|z| — 1)dz < — Jr/ exp(—|z| — 1) dz
T JeB(0,r) <B(0,r) r <B(0,r)

which goes to zero as r — +o00, uniformly in p € Pyy.
From now on, we fix £ > 0, and we consider ry large enough so that for all p € Py, ch(o " flx)dx <e.

Next, we show that for all p € Py, H is Ls.c. at p, and so we consider (p,) € P}, converging narrowly
towards p. First, if H(p) < 400, identifying p and its density w.r.t. Lebesgue, then we can find r > rq such
that

H)< [ pla)logpla)do+=.

B(0,r)

But using a density argument relying on (9), we find that there exists ¢ € C.(B(0,r)) such that
| @osprde < [e@dp@) - [ explo(e) - 1do e
B(0,r) B(0,r)

Hence,

H@S/ﬂ@@@—éwfm@w—Dm+%



On the other hand, for all n > 0,
e 2 [ @ apn@) ~ [ exple) -1

Thus, as [ ¢ dp, pass to the limit, we find

liminf H(p,) > H(p) — 3¢,

n—-4oo

and we get the result sending € — 0.
Finally, if H(p) = +o00, the proof follows the same steps, but replacing

H(p) < /w(x)dp(w) —/B(O )eXp(w(a?) —1)dw +2¢

by .
/ () dp(z) — /B o P D2

and I leave the details for the reader.
Let s > 0 and p € Pas. Then p x 75 € Papsios. Indeed,

/Ix\Qde*p / ly — x[75(y) dy dp(x (/Iyl 7s(y dy+/\fﬂ|2dp )<+O<>~

Therefore, H(p x 75) is well defined in (—oo, +00]. Moreover,

H(px7s) = /p*TS(a:)logp*Ts(x) dz < /(plogp) * 75(x) de = H(p),

where we used Jensen’s inequality. By the flow property of the heat flow (for all ¢, s > 0, p*7s4r = (p*7¢)*7s),
we deduce that H(p * 75) is nondecreasing in s.
Let us show that whenever s > 0, H(p x 75) < +00. Once again by Jensen, we have

H(pxTs) = /p*Ts(LE) log p * 75(z) dz < /(7'3 log 7s) * p(x) do = /Ts(z) log 75 () d.

But as for all z € R,

we have

2 2
7s(x) log 75(x) = <d log(27s) — 2L> X ! 7 €xp (;L) ,

which is clearly integrable. O
We will also need the so-called Li-Yau inequality, that we state here in a weak form.

Proposition 4. For all s > 0, the quantity defined for u € P(R?) by

1 1
5 [1V sl mP dper < 5



Proof. In a similar way as in the last lecture, we can prove that for a given u € P(R?) and s > 0, noticing
that px 75V 1og u* 74 = V(u * 75), we have

1 1
5/\V10g(u*75)\2du*75: sup /ﬁ'V(,u*TS)—§/|§\2u*TS

£€C,(RERE)

= swp[lerw Vr- g [eP

£€C,(RERY)

< swp [exw vn-g [1gnnpn

£€Cp(RERY)

sup /5 VIOgTs Ts /|£|27—s /|v10g7—5‘27—s-
fECb(Rd R4)

The result is therefore a direct computation. O

We do not treat the question of existence, what we are interested in is the question of uniqueness. The
result is the following.

Theorem 5. Let us assume that V and W are convex and that there exists ¢ > 0 such that
V(z) = claf? (10)
for |z| sufficiently large.
1. If V is strictly convex, then £ admits at most one minimizer.
2. If W is strictly convex, then £ admits at most one minimizer up to translation.
The proof of the theorem is a consequence of the following lemmas.
Lemma 6. Let pi,v € Po(R%) and t — p(t) a geodesic between p and v in the sense of Benamou-Brenier.

If V: R4 - R, U{+oc} is conver, then

GMHH/V@@

is convex. Moreover, if V' is strictly convex and p # v, then the map above is strictly convez.
Lemma 7. Let ju,v € Po(R?) and t — p(t) a geodesic between p and v in the sense of Benamou-Brenier.

If W :R? — R, U {+o0} is convez, then

te[auke/iv*mwdmw

is convex. Moreover, if W is strictly conver and v is not a translation of p, then the map above is strictly
convet.

Lemma 8. Let p,v € Po(R?) and t — p(t) a geodesic between p and v in the sense of Benamou-Brenier.
The map
€ [0,1] = H(p(t))

1S CONVELT.

With these lemma, Theorem 5 is very easy to prove.



Proof of Theorem 5. Let us assume that & admits two minimizers u,v € P(R?). Because of (10), u,v €
Po(R?). Let t + p(t) be a geodesic between p and v in the sense of Benamou-Brenier. Note that &€(p(0)) =
E(p(1)), and for all t € [0,1], E(p(t)) > E(p(0)) by optimality. So the map ¢t — E(p(t)) cannot be strictly
Convex.
1. If V is strictly convex, then we have p = v, otherwise ¢t — E(p(t)) is strictly convex and we get a
contradiction.
2. If W is strictly convex, then v is a translation of p, otherwise ¢t — E(p(t)) is strictly convex and we get a
contradiction.

So the result is proved. [

So it remains to prove our three lemmas.

Proof of Lemma 6. By the results of the previous lecture, we know that to the geodesic p is associated a
generalized flow P € P(C°([0,1];R9)) that is optimal for the dynamical optimal transport problem. The
optimality of P enforces it to only charge straight line trajectories. Therefore, for P-almost w, ¢t — V(w(t))
is convex. In particular, as a sum of convex functions is convex,

ts /Vdp(t) = /V(w(t))dP(w)

is convex.

In the case when V is strictly convex and pu # v, then necessarily the set of non constant w is not
P-negligible: there is a subset A of C°([0,1];R?) with P(A) > 0, and for P-almost all w € A, w is not
a constant. But for such w, t — V(w(t)) is strictly convex. So for all s,t € [0,1] and A € (0,1), for all
w € Supp(P)

V(w((T=XNs+ At)) < (1 =NV (w(s)) + AV (w(t)),

with a strict inequality whenever w € A. Integrating w.r.t. P and using P(A) > 0 gives the result. O

Proof of Lemma 7. The proof if very similar to the previous one, but this time, for all ¢ € [0, 1]

/ W p(t) dp(t) = / W(w(t) — o' (1)) dP(w) dP().

When W is convex as for P ® P-almost all (w,w’), t — w(t) — w'(t) is affine, t — W (w(t) — w'(t)) is convex,
and the map under interest is convex.

If W is strictly convex, this map is strictly convex unless for P ® P-almost all (w,w’), t — w(t) —w'(t) is
constant. Assume that this is true. Recalling that P only charge straight line trajectories, then for P-almost
all ', for P-almost all w, the (constant) speed of w coincides with the (constant) speed of w’, that is,

w=uw. (11)

Calling v the speed of an w’ for which (11) holds for P-almost all w, we find that P-almost all w has speed
v. In particular, for P-almost all w, w(1) = w(0) + v, and therefore v = (Id + v)xu. Hence, the result. O

Proof of Lemma 8. This is the most difficult part of the proof of the theorem, and this is the only term of £
that is convex because of the structure of optimal transport solutions, and not only because at the optimizer,
particles travel along straight lines. What we will actually prove is that whenever p and v have finite entropy
and a € (0,1), then
H(p(a)) < (1 - a)H (i) + aH ().

The actual result is then just a matter of reparametrization. So let us assume H(u) and H(v) to be finite,
and a € (0,1). Notice that because of Lemma 6, p(a) € P2(R%) and H(p(a)) is well defined.

Let v be the vector field associated with p, that is, such that (p,v) is a solution of the continuity equation,
and WZ(u,v) = [[|v]*dp(t)dt. The idea is to use the optimality of (p,v) in order to compare its action



with a well chosen alternative competitor. We build a two parameter family of approximated solutions of
the continuity equation as follows: for given € > 0 and § > 0 we build p=-°

) p(t) * Tsicr, ?f t€[0,q],
p(t) * Toyed=t) ift € [, 1],

where (7,) is the heat kernel. It is easy to see that p*® is narrowly continuous (remember that p is narrowly
continuous). Moreover, a quick computation shows that in the sense of distributions,

Drp=° + div(p=9c=%) = 0,

where
( ( )'U(t)g * 7'5-"-8* EVIOg p6,5(t)’ ifte [07a]7
cs,J(t) — ps ( ) (6]
TN ) 7y o
P9 (1) T Viegp™(t), ifte€ fa,1].

Hence, we have built a two parameter family of solutions of the continuity equation (p*9,c*?). Moreover,
when § = 0, p=Y has endpoints p and v, so by optimality of (p,v), we know that for all € > 0

1 [t 1 [t
f//|v|2dp(t) dt < f//|cg’0|2dp5’0(t) dt. (12)
2 0 2 0

To lighten the computations, let us call 5 the term involving the convolution of pv in the definition of
=0 and w®? the other term so that ¢&° = v%% 4w, Our goal is now to estimate for given ¢, § the quantity
J[ |c=°|? dp=° dt. Notice that whenever § > 0, everything is smooth w.r.t. space with uniform bounds in
time, and all the computations are easily justified. So let us make the computations for both € > 0 and
0 > 0. We have

1 1
//‘CE5|2dp8(5 //|,UE§| dp66 dt-l—// 5,6dp5,5(t)dt_5//|w8,6|2dp5,6(t)dt
0
g - =012 dp0 (¢) dt + &0 w0 dp(¢) dt.
2 0 0 P

On the other hand, the map ¢ — H(p%%) is of regularity W' and distributionaly

%Hw%mz/&%»w%f%mw%»

Therefore,

! e €8 9.0 e [*d .5 € 'd 5
w0 dp®(t)dt = —— — H(p%°(t)) dt — &>
/O/C w? dp=° (1) a/o dt (p™°(t)) +1—oz/a dtH(P (t))dt
€

= oty (1 HE0) +aH (57 (1) — H(p(0) ).

Finally, the same argument as in the previous lecture provides

5//W&P@ﬂmws§//w%mm&
0 0

All in all, we have the estimate

//W&ﬂ ap=0 (1) m<:t//hwdp b+ s (1= (4 (0) + 0B (5 (1) = (5 (0)).



Notice that because of Proposition 3, the last term is continuous in €, 4, even at ¢ = 0 and/or § = 0.
Now, we just need to justify that

I 1t
lim inf = / / =32 dp=o (1) dt > + / / =02 dp=0(¢) . (13)
5—0 2 0 2 0
Indeed, if it is true, because of (12) and our last estimate, we find
(1= a)H(p™%(0)) + aH(p™°(1)) = H(p""(a)) > 0.

Taking the limit & — 0, we therefore get the expected result. So let us justify (13). By the same proof as in
the previous lecture, for all (p, ¢),

1 1 1 1 1
! / / ePdpt)di=  sup / / ¢ dpe— / / €[ dp(t) dt.
2 Jo £€Cy([0,1] xR4R) Jo 2 /o

This functional is therefore Ls.c. with respect to narrow convergence of (p, p¢). As clearly, (p=9, p=°c5?)
converges narrowly towards (p=9, p=0c=:0) as § — 0, we get exactly what we needed, and the result follows. [J

10
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