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Beaucoup d'approches proposées : MCT, spin glasses, RFOT, Coulomb
frustrated models (arguments thermodynamiques).

Un autre angle d'attaque [Fredrickson-Andersen '84] : étudier des modéles
» avec un mécanisme de facilitation,

» sans interactions thermodynamiques.

KCM (Kinetically Constrained Models)



Modele de Fredrickson-Andersen
Processus aléatoire Markovien (7;)¢>0, ot ¢ € {0, 1}Zd.

e 1:(x) =1 <> particule en x
O  ne(x) = 0 <> vide/trou/zéro en x

> p € [0,1] densité (de particules).

Zd

» Contrainte (FA-1f) : avoir au moins un
voisin vide. ¢,(o) € {0, 1}.

> Configuration initiale 7o € {0, 1}%".
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Autres modeles : Est (voisin de droite vide), FA-jf (j voisins vides), etc.
Modéles conservatifs.
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Front progression in kinetically constrained models



Propagation of zeros
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t

— — VvV a.s.
t t—oo
+ — vt 2
7 = N(0,07).

For the East model, with 7y ~ Ber(p)®N* on N*, the LLN is also a consequence
of [B.-Hilario-Teixeira], where it comes with concentration bounds: for any

K >0,
P(‘tv
t

> s) < C(e)t™K.



Main ingredient: non-equilibrium relaxation

If there are initially many zeros in the system, and p < p,

7 close to p, for large t.
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Step 1: generating enough zeros

FA-1f: comparison with a (threshold) contact process.

| Contact & | FA-1f n;

BT
e — ()

p pcx(n)
gex(n) ge(n)

Basic coupling:

§o = no =& = e

o

! ]

“~~restart

surviving contact
process
if p<p

—ut dens

) )
ity of zeros vt



Step 1: generating enough zeros
time /(

W. h. p., satisfies the
conditions to apply
the non-equilibrium
results.




Step 2: invariant measure behind the front

Theorem (ibid.)

Consider the process seen from the front 7j;(-) :== n(Xe + ). If p <P, 7t
admits a unique invariant measure 1 and converges rapidly towards it.

Proof: Construction of a coupling between the processes seen from the front
started from two different initial configurations. Based on Step 1 and
non-equilibrium relaxation results.



Step 3: general CLT for mixing sequences

T e+l

gy o

: O

_a s\i@ & C/

CONOD MNLY>

(I for k)

By the previous result, 7j, and are not very correlated for |k — k’| large
enough.
= The increments form a mixing sequence.



A consequence: cutoff phenomenon

Theorem (GLM , Ertul)
If p<ponl0,L] with b.c. 0 on L+ 1,1 on —1, there is cutoff at time \%I with
window O(V/L).

In other words, if d(t) := sup,, [[£(n:) — ppllTv, for all € > 0 there exists
afe) > 0 s.t.

d <€| - a(e)ﬁ> 1

L—oo

d (L + a(e)\fL) — 0.

‘V| L—oo



Strategy of proof

FA-1f [Ertul]:

onlu ones no s\nm% & &L oy
0 3 {
L= INE
s
Ly
2l 7
W\ Lv\er\-eC(u\\\\oﬁW‘ de(nox\\l




Open questions

o
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p=0<« LPP

Final time=30

FA-1f, d = 2 77
p=0+ FPP



Stefan problem for the facilitated exclusion process



Facilitated exclusion process

On the torus Ty := Z/NZ or Z, configuration n € {0,1}™ or {0, 1}Z.
eeo0 — eoe atratel

Evolution: .
cee — eoe atratel

Introduced to study active/inactive phase transitions in the presence of a
conserved quantity [Rossi—Pastor-Satorras—Vespignani PRL'00].

KCM ?
» Kinetic constraint
» Not reversible

1
® 000 — @0 @0
0



Active/inactive phase transition

Proposition
For fixed k, N, the process on Ty with k particles satisfies:

1. Ifk< % every invariant measure is concentrated on frozen configurations
(absorbing states).

2. If k> % the invariant measure 7y is reversible and uniform on €.
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Active/inactive phase transition

Proposition
For fixed k, N, the process on Ty with k particles satisfies:

1. Ifk< % every invariant measure is concentrated on frozen configurations
(absorbing states).

2. If k> % the invariant measure 7y is reversible and uniform on €.
As % —p> % Tk,N — 7, an explicit measure on {0, 1}Z which is translation
invariant.
Lemma (B.-Erignoux-Simon '21)
Let i be a translation invariant, stationary measure for the FEP on 7. Then

there exists A € [0,1] and a probability measure 3 on [5,1] such that

1

= A/’frozen + / ﬂ'/)dﬁ(p)

1/2



Facilitated exclusion process




Hydrodynamic limit

See Ty as a discrete approximation
of T:=R/Z (N — o).

po : T — [0,1] initial profile.

Initial configuration

{0,13" 3 1o ~ ] Ber(po(x/IV)).

x€Tn
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Hydrodynamic limit for the FEP

Theorem (B.-Erignoux-Sasada-Simon, B.-Erignoux-Simon)
The hydrodynamic limit of the FEP with initial profile pg is given by the Stefan

problem
2p—1
Op =0 ——1,51/2 (S)

with initial condition py.
More precisely, for all smooth G, € > 0,

P < % > G(x/N) t,\,z(x)—/TG(u) (u)du

x€Tn

>e> — 0,
N—o0

where p, is the (unique) weak solution to (S) with initial condition pq.



Moviel

by Clément Erignoux.



Ingredients of proof

t
Nenz(x) — no(x) = / N? [10.. tleeo — le@o — 100.] (nsnz)ds + martingale
0

t
= / N? [Txi1h + Tx_1h — 27ch] (nsp2 ) ds 4 martingale
0
t
= / Ay h(nsyz)ds + martingale,
0

where h(n) = n(0)n(1) + n(0)n(—1) — n(—1)n(0)n(1) (gradient model!).

For p > 1/2, m,(h) =

%; for n frozen, h(n) = 0. Taking the expectation and
N — oo, we expect

t 2ps — 1
f—po:/ A( 1 5>1/2> ds.
0 s

Main argument: for any translation invariant stationary measure v,

1 2pf —1
2071 2 ) =T e | 220



Active/inactive phases

Proposition
For po € C?(T) with |po~1(1/2)| < oo and non-vanishing derivatives on this set,
the weak solution to the Stefan problem is also a strong solution: there exist

finitely many open intervals s.t.
O :A(g) and p>1/2 on
P = po and pp < 1/2 on

with appropriate conditions at the boundaries

A A time

1
Po A\
/ A\

Q

S

I
5]
DO

"
i

u\ p

N
N
Z S

272

1
1/2 / \




Microscopic phase separation

Theorem (B.-Erignoux-Simon)

For such po, with high probability, the FEP system on Ty, at time t\N? can be

split into finitely many active/inactive phases, which coincide in the limit with
the I;(t)’s.



Microscopic phase separation

Theorem (B.-Erignoux-Simon)

For such po, with high probability, the FEP system on Ty, at time t\N? can be
split into finitely many active/inactive phases, which coincide in the limit with
the 's.

Lemma (B.-Erignoux-Simon)

For po as before, at time N/, the FEP system on Ty can be split intofinitely
many active/inactive phases, which coincide in the limit with the [;(0)’s.

Proof by coupling arguments.



Open questions

Higher dimension:
» Critical density? densities?
» Invariant measures?

» Hydrodynamic limit? Interface?






