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*
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C J 95K 4954- G9,34F,4- c ∈ L
H
σ(cM) = cN

H
C J 95K 4954- E9,G4;9, nLF;K- f ∈ L

-4 J 95K 4954
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* =� -6 FKN5- B 4954 J89,Q-6 -,4 -345, ;3969KJX;36 - JFK4;-8 *AT * M, <;KF N5 D5,- EF6 ;88- ,9, :;<-

F
< D;3969KJX;36 -3 JFK4;-83 <-

M
<F,3

N
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M
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N
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H
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*M, GX9;3;4 J 95K G-8F H , D;6 J9K4- N5-8 P8P6 -,4 <-
F
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σ0
* �5JJ939,3 N5-

σi ∈ F-34 GX9;3; * �FK :FL-4L: ;-,4 H ;8 -� ;34-
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JK989,Q-F,4
σi
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-4
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n
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L
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i
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ā ∈ (Dom(σi))
n * M, F <9,G
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 ���
� <-3 G9KJ3 F8QP7K;N5-6-,4 G893 *M, J95KKF F533; JFK8-K <- G-K4F;,-3 JFK4;-3 < D5,- G8F33- <- 34K5G45K-3 H 8-3 ����	 ����
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L
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L4-K6 -3 -4 -,35;4- 8-3

L
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� 2?@/�02 ( +,- E9K658- -34 5, 694 ="#$A 35K 8 DF8JXF7 -4 L∪{x, y, z, t...}∪{¬,∨,∧, ∃, ∀}∪
{, , (, )}

*
��2?� U2 '('� ( S-3 4-K6 -3 <-

Lord

39,4 8-3 :FK;F78-3 � 8-3 E9K658-3 F496 ;N5-3 <-
Lord39,4 8-3 PQF8;4P3 -4 8-3 ;,PQF8;4P3 * S-3 E9K658-3 35;:F,4-3 39,4 <-3 P,9,GP3 <-

Lord

N5;<PGK;K9,4 H 5,- E9;3 ;,4-KJKP4P3 H 8-3 9K<K-3 494F5� B



�

)*
∀x ¬ x < x

H
T *

∀x∀y((x < y ∨ y < x) ∨ x = y)
H

Z *
∀x∀y∀z ¬((x < y ∧ y < z) ∧ (z = x ∨ z < x))

*
�953 F889,3 4K�3 KFJ;<-6 -,4 JF33-K F5 3-,3 =�,F45K-8�A N5- 8 D9, <9,,- R G-3 E9KL658-3 <F,3 5,- 34K5G45K- * �95K �4K- 4954 R EF;4 K;Q95K-5� <F,3 ,93 E545K3 <P�,;4;9,3 -4<P6 9,34KF4;9,3 JFK ;,<5G4;9, 35K 8F G9,34K5G4;9, <-3 E9K658-3 H ;8 -34 ,PG-33F;K- <- :PLK;�-K N5- 8F 8-G45K- <-3 E9K658-3 -34 5,;N5- * �953 8F;339,3 8F :PK;�GF4;9, <- G- KP3584F43W,4F� ;N5- F5 8-G4-5K B

�@$% '('� ��21%0/2 0#$�02 � (
� � ������ ���� � ���� � 
�� �� � ��������� � 
�� �� � 	
�������� � 
�� 
� �� � 
�� �

f(t1, . . . , tn)
�
f

��� �� � � 
� 	��
� 
 ������
n

��
t1, . . . , tn

� 
�� 
�� ���� �� � ����� �	������ ���0#$�02?2#% >!%2/? $#!2 �
� � ������ � 
����� ��� 	


 � 
�� ��
� ���� �� 
� �� � 
�� �
R(t1, . . . , tn)


�
R

��� �� � ������
� 
 ������
n

��

t1, . . . , tn
� 
�� 
�� ���� ���


 � 
�� 
� �� � 
�� �
¬φ


�
φ

��� �� � � 
������

 � 
�� 
� �� � 
�� �

(φ1 ∧ φ2)

� 
� �� � 
�� �

(φ1 ∨ φ2)

�

φ1

��
φ2

� 
�� 
���
� 
�������


 � 
�� 
� �� � 
�� �
∃xφ


� 
� �� � 
�� �
∀xφ


�
φ

��� �� � � 
����� ��
x

��� �� �
���������

����� �	������ ��� 0#$�02?2#% >!%2/? $#!2 �

��� ������������
�95K <P�,;K 8 D;,4-KJKP4F4;9, <-3 4-K6 -3 -4 8F 3F4;3EFG4;9, <-3 E9K658-3 <F,3 5,-34K5G45K- H 9, G9,3;<PK-KF 495O 95K3 5, 4-K6 -

t
F:-G 5, GX9;� <- :FK;F78-3

x̄ = (x1, . . . , xn)4-8 N5-
x̄
G9,4;-,,-,4 F5 69;,3 4954-3 8-3 :FK;F78-3 FWF,4 5,- 9 GG5KK-,G- <F,3

t
-4 <-6 �6- 9, G9,3;<PK-KF 5,- E9K658-

φ
F:-G 5, 5J8-

x̄
<- :FK;F78-3 4-8 N5- 4954- :FK;F78-FWF,4 5,- 9GG5KK-,G- 8;7K- <F,3

φ
3- 4K95:- <F,3 8 D5J8-

x̄
* M, 54;8;3-KF F89K3 8-3 ,94F4;9,3

t(x̄)
-4
φ(x̄)

*
\&%@%$&# ( �95K 4954- 8F 35;4- <5 G95K3 8-3 ,94F4;9,3

x̄
H
ȳ
H *** <P3;Q,-K9,4 <-3 5J8-3"#$. <- :FK;F78-3 -4 8-3 ,94F4;9,3

ā
H
b̄
H
m̄
*** <P3;Q,-K9,4 <-3 5J8-3 "#$. < DP8P6 -,43 *

 !"#$%$&# '('� ( �9;4
M

5,-
L
L34K5G45K- *

)* �9;4
t(x̄)

5, 4-K6 - -4
m̄ = (m1, . . . , mn)

5, 5J8- < DP8P6 -,43 <-
M

<- 6 �6-89,Q5-5K N5-
x̄
* M, 974;-,4 5, 4-K6 -

t(m̄)
H R �@/@? 
%/2.

m̄
H -, 35734;45F,4

miR 4954- 9 GG5KK-,G- <-
xi

<F,3
t
* M, <P�,;4 F89K3 8 D$#%2/�/!%@%$&#

tM(m̄) ∈ M<5 4-K6 -
t(m̄)

JFK 8 D;,<5G4;9, 35;:F,4- B
C 8 D;,4-KJKP4F4;9, < D5,- G9,34F,4- c -34 cM H



�

C 8 D;,4-KJKP4F4;9, < D5, JFKF6 �4K-
m
-34

m
H

C 8 D;,4-KJKP4F4;9, <- f(t1, . . . , tn)(m̄)
9I

f
-34 5,- E9,G4;9,

n
LF;K- -4

t1, . . . , tn39,4 <-3 4-K6 -3 -34
f(t1, . . . , tn)M(m̄) = fM(tM1 (m̄), . . . , tMn (m̄))

*
T * ]- 6 �6- J95K 5,- E9K658-

φ(x̄)
H 9, 974;-,4 5,- E9K658-

φ(m̄)
H R JFKF6 �4K-3

m̄
H -, 35734;45F,4

mi

R 4954- 9GG5KK-,G- 8;7K- <-
xi

<F,3
φ
* M, <P�,;4 F89K38F .@%$.�@1%$&# <-

φ(m̄)
<F,3

M
H N5- 8 D9, <P,94-

M |= φ(m̄)
H JFK 8 D;,<5G4;9,35;:F,4- B

C M |= R(t1, . . . , tn)(m̄)
33;

(tM1 (m̄), . . . , tMn (m̄)) ∈ RM H
C M |= ¬φ(m̄)

33;
M 2 φ(m̄)

H
C M |= (φ1 ∧ φ2)(m̄)

33;
M |= φ1(m̄)

-4
M |= φ2(m̄)

H
C M |= (φ1 ∨ φ2)(m̄)

33;
M |= φ1(m̄)

95
M |= φ2(m̄)

H
C M |= ∀xφ (x, m̄)

33; J 95K 4954
a ∈M

H
M |= φ(a, m̄)

H
C M |= ∃xφ (x, m̄)

33; ;8 -� ;34-
a ∈M

4-8 N5-
M |= φ(a, m̄)

*
Z * � ;

φ(m̄)
-34 3F4;3EF;4- <F,3

M
=
M |= φ(m̄)A H 9, <;4 PQF8-6 -,4 N5- φ(m̄)

-34 �/@$2<F,3
M
H N5-

M
.@%$.�@$%

φ(m̄)
95 N5-

m̄
3F4;3EF;4

φ(x̄)
<F,3

M
*

� * �9;-,4
φ(x̄)

-4
ψ(x̄)

<-5� E9K658-3 * M, <;4 N5-
φ(x̄)

$?� U$�02
ψ(x̄)

3; J 95K 4954-
L
L34K5G45K-

M
-4 4954

m̄ ∈M
H 3;

M |= φ(m̄)
F89K3

M |= ψ(m̄)
*

S-3 E9K658-3
φ(x̄)

-4
ψ(x̄)

39,4 !�0$�@U2#%2. 3;
φ(x̄)

;6J8;N5-
ψ(x̄)

-4
ψ(x̄);6J8;N5-

φ(x̄)
*

��2/1$12 '('� ( �954- E9K658- -34 PN5;:F8-,4- R 5,- E9K658- ,- G9,4-,F,4 ,; 8- G9,,-GL4-5K 7998P-,
∨
H ,; 8- N5F,4-5K

∀
*

M, :PK;�- EFG;8-6 -,4 N5- <F,3 5,- G9,O 9,G4;9, 95 5,- <;3O 9,G4;9, <- J853;-5K3E9K658-3 H 4954 GX9;� <- JFK-,4X�3-3 <9,,- 5,- E9K658- PN5;:F8-,4- * M, 35JJK;6 -KF<9,G -, QP,PKF8 8-3 JFK-,4X�3-3 35J -K�5-3 *
�FK 8F 35;4- H ,953 54;8;3-K9,3 8-3 F7KP: ;F4;9,3 35;:F,4-3 B
C φ→ ψ

J95K
¬φ ∨ ψ

H
C φ↔ ψ

J95K
(φ→ ψ) ∧ (ψ → φ)

*
��2/1$12 '('
 ( ]-5� E9K658-3

φ(x̄)
-4
ψ(x̄)

39,4 PN5;:F8-,4-3 3; -4 3-58-6 -,4 4954-
L
L34K5G45K- 3F4;3EF;4

∀x̄(φ(x̄) ↔ ψ(x̄))
*

��2/1$12 '('� ( �954- E9K658- -34 PN5;:F8-,4- R 5,- E9K658- �/!#2�2 H G D-34LRL<;K- R5,- E9K658- <- 8F E9K6 -
Q1x1Q2x2 . . . Qnxnφ

9I 8-3
Qi

39,4 <-3 N5F,4-5K3 -4
φ
-34 5,-E9K658- 3F,3 N5F,4-5K *

� F;,4-,F,4 N5- ,953 F:9,3 <P�,; 8-3 E9K658-3 H ,953 J 95:9,3 JFK8-K <-3 34K5G45K-3:PK;�F,4 8-3 6 �6-3 P,9,GP3 * ]F,3 8- JFKFQKFJX- ��!&/$2. ,953 JFK8-K9,3 J853 JKPG;L3P6 -,4 <- G8F33-3 <- 34K5G45K-3 :PK;�F,4 G-K4F;,3 P,9,GP3 *
 !"#$%$&# '(�� ( ]-5�

L
L34K5G45K-3

M
-4

N
39,4 !U!?2#%@$/2?2#% !�0$�@U2#%2.=,94P

M ≡ N A 3; -88-3 3F4;3E9,4 8-3 6 �6-3 P,9,GP3 *
��2?� U2 '(�'(



�

)*
〈Z,+〉 ≡ 〈2Z,+〉

GFK G-3 <-5� 34K5G45K-3 39,4 ;396 9KJX-3 =:9;K �9K )*T� A *T *
〈Q,+〉 ≡ 〈R,+〉

* =� E J 853 89;, H 4XP9K;- <-3 QK95J -3 F7 P8;-,3 <;: ;3;7 8-3 3F,3 49KL3;9, A *Z *
〈Z,+〉 /≡ 〈Q,+〉

GFK
∀x∃y x = y + y

-34 3F4;3EF;4- <F,3
Q
6F;3 JF3 <F,3

Z
*

��2/1$12 '(�� ( � ;
M

-34 5,-
L
L34K5G45K- �,;- -4

N ≡ M
F89K3

|N | = |M|
*

SF 6 P4X9<- <- :FL-4L: ;-,4 3-KF 395:-,4 54;8;3P- J95K 6 9,4K-K N5- <-5� 34K5G45K-339,4 P8P6 -,4F;K-6 -,4 PN5;:F8-,4-3 B
� /&�&.$%$&# '(�
 ( � �

F
��� �� ����������� ����� 
��� ���� 	�����

M
��

N
��
�� � 
��

�
��
σ ∈ F

� �
��
m̄ ∈ (Dom(σ))n ��	� n � �������� ���� �� �
��� � 
�����

φ(x̄)
�

M |= φ(m̄)
���

N |= φ(σ(m̄)).
�� �����	������

M ≡ N
�

� �� 
�������
� � �966-,�9,3 JFK K-6 FKN5-K N5 D5, ;396 9KJX;36 - JFK4;-8 JKP3-K:- 8-3E9K658-3 F496 ;N5-3 * �9;4
σ
5, ;3969KJX;36 - JFK4;-8 <-

M
<F,3

N
* � 9,4K9,3 JFK;,<5G4;9, H N5- J95K 4954 4-K6 -

t(x̄)
-4 4954

m̄ ∈ (Dom(σ))n H tM(m̄) ∈ Dom(σ)
-4

σ(tM(m̄)) = tN (σ(m̄))
* �95K 8-3 G9,34F,4-3 -4 8-3 :FK;F78-3 H G D-34 P:;<-,4 GFK

Dom(σ)-34 5,- 3953L34K5G45K- <-
M

-4
σ
-34 5, ;396 9KJX;36 - <-

Dom(σ)
35K 8F 3953L34K5G45K-

Im(σ)
<-

N
* � ;

t(x)
-34 8- 4-K6 -

f(t1, . . . , tn)
9I
f
-34 5,- E9,G4;9,

n
LF;K- -4

t1(x̄), . . . , tn(x̄)39,4 <-3 4-K6 -3 J95K 8-3N5-83 8- KP3584F4 -34 :KF; * � 89K3
fM(tM1 (m̄), . . . , tMn (m̄)) ∈

Dom(σ)
GFK

Dom(σ)
-34 5,- 3953L34K5G45K- <-

M
* ]- J853

σ(tM(m̄)) = σ(fM(tM1 (m̄), . . . , tMn (m̄)) = fN (σ(tM1 (m̄)), . . . , σ(tMn (m̄)))GFK
σ
-34 5, ;396 9KJX;36 - JFK4;-8 * �FK XWJ94X�3- < D;,<5G4;9, H 9, 974;-,4

σ(tM(m̄)) = fN (tN1 (σ(m̄)), . . . , tNn (σ(m̄))) = tN (σ(m̄)).M, -, <P<5;4 N5 D5, ;396 9KJX;36 - JFK4;-8 JKP3-K:- 8-3 E9K658-3 F496 ;N5-3 -4 H JFK G96L7;,F;39,3 7998P-,,-3 H 4954-3 8-3 E9K658-3 3F,3 N5F,4-5K *
�953 69,4K9,3 6 F;,4-,F,4 8- KP3584F4 JFK ;,<5G4;9, 35K 8F G9,34K5G4;9, <-3 E9K658-3J95K 4953 8-3 P8P6 -,43 <-

F
* � ; 8- KP3584F4 -34 :KF; J 95K <-5� E9K658-3 H ;8 -34 P:;<-66-,4:KF; J95K 4954- G967;,F;39, 7998P-,,- <- G-3 E9K658-3 * �8 35� 4 <9,G <- :PK;�-K N5-3; 8- KP3584F4 -34 :KF; J95K
φ(x, ȳ)

;8 -34 -,G9K- :KF; J95K
∃xφ(x, ȳ)

* �9;4
σ ∈ F

-4
m̄ ∈ (Dom(σ))n * � ; M |= ∃xφ(x, m̄)

F89K3 ;8 -� ;34-
a ∈ M

4-8 N5-
M |= φ(a, m̄)

* �FK
�� H ;8 -� ;34-

τ ∈ F
JK989,Q-F,4

σ
4-8 N5-

a ∈ Dom(τ)
* �FK XWJ94X�3- < D;,<5G4;9, H

N |= φ(τ(a), τ(m̄))
<9,G

N |= ∃xφ(x, σ(m̄))
* � ;

N |= ∃xφ(x, σ(m̄))
H 9, EF;4 <- 6 �6-F:-G 8- ����� *

�&/&UU@$/2 '(�� ( � ��� ���� 	����� �� 
� 
�� � �� � 
�� ���� �������� ��� ������������ �

��2/1$12 '(�� ( � 9,4K-K N5- <-5� 9K<K-3 494F5� <-,3-3 3F,3 -�4KP6 ;4P 39,4 P8P6 -,L4F;K-6 -,4 PN5;:F8-,43 * �, JFK4;G58;-K
〈Q, <〉 ≡ 〈R, <〉

*
��2/1$12 '(�� ( ]9,,-K 5, -�-6J8- <- 34K5G45K-3

M
-4

N
4-8 N5-

M
-34 5,- 3953L34K5G45K- <-

N
6F;3 , D-34 JF3 P8P6 -,4F;K-6 -,4 PN5;:F8-,4- R

N
*



�

��� ����
� ��� ��������� ���
�:-G ,94K- 8F,QFQ- ,953 J 95KK9,3 F533; P45<;-K 8-3 JFK4;-3 <P�,;-3 JFK <-3 E9K658-3<F,3 5,- 34K5G45K- B

 !"#$%$&# '(�� ( �9;4
M

5,-
L
L34K5G45K- * +,- JFK4;-

D
<-

Mn
-34 5, 2#.2?� U2>!"#$..@� U2 <F,3

M
3; ;8 -� ;34- 5,- E9K658-

φ(x̄, ȳ)
-4 <-3 JFKF6 �4K-3

b̄
<F,3

M
4-83N5-

D = {ā ∈Mn : M |= φ(ā, b̄)}.M, <;4 F89K3 N5-
D
-34 <P�,;33F78- F:-G <-3 JFKF6 �4K-3 <F,3

B
95 -34 <P�,; JFK 5,-E9K658- R JFKF6 �4K-3 <F,3

B
3;
b̄ ⊂ B

* � ; <- J853
D
-34 <P�,; JFK 5,- E9K658- F496 ;N5- H9, <;4 N5-

D
-34 5, 2#.2?� U2 >!"#$..@� U2 @%&? $�02 *M, ,94-

Def(M)
8F EF6 ;88- <-3 -,3-678-3 <P�,;33F78-3 <-

M
*

��2?� U2 '(�
 ( ]F,3 5, QK95J-
〈G, 1, ·, −1〉

H 8- G-,4KF8;3F4-5K
C
<-

G
-34 <P�,;- JFK

φ(x) := ∀y xy = yx
* �9;4

ψ(x, y) := (xy = yx)
* �95K 4954

a ∈ G
H 8- G-,4KF8;3F4-5K <-

a
H
C(a)

H -34 <P�,;- JFK
ψ(x, a)

*
��2/1$12 '(�� ( � 9,4K-K N5- 8 D-,3-678- <-3 ,967K-3 JK-6 ;-K3 -34 5,- JFK4;- <P�,;33FL78- <F,3 8F 34K5G45K-

〈N, ·〉
* � L4L9, 7 -39;, <- JFKF6 �4K-3 �

��2/1$12 '(
� ( � 9,4K-K N5- 8 D9K<K- 35K
R
-34 <P�,;33F78- 3F,3 JFKF6 �4K- <F,3 8F34K5G45K-

〈R,+, ·〉
*

��2/1$12 '(
'( SF EF6 ;88-
Def(M)

-34 G893- JFK
)* G967;,F;39,3 7998P-,,-3 �,;-3 B 3;

A,B ∈ Def(M)
H 8- G96J8P6 -,4F;K- <-

A
H8 D5,;9, -4 8 D;,4-K3-G4;9, <-

A
-4
B
39,4 <F,3

Def(M)
H

T * JK9<5;43 GFK4P3;-,3 B 3;
A,B ∈ X

H
A× B ∈ Def(M)

H
Z * JK9O -G4;9,3 B 3;

A
-34 5,- JFK4;- <P�,;33F78- <-

Mn+m F89K3 8F JK9O -G4;9, <-
A35K

Mn -34 <P�,;33F78- H
� * 3J PG;F8;3F4;9,3 B 3;

A
-34 5,- JFK4;- <P�,;33F78- <-

Mn+m -4 3;
b̄ ∈Mm F89K3

A(b̄) := {ā ∈ Mn : (ā, b̄) ∈ A} ∈ Def(M),

� * J -K654F4;9,3 <-3 G99K<9,,P-3 B 3;
A
-34 5,- JFK4;- <P�,;33F78- <-

Mn -4 σ 5,-J -K654F4;9, <-
{1, . . . , n}

F89K3
σ(A) := {(aσ(1), . . . , aσ(n) : (a1, . . . , an) ∈ A} ∈ Def(M).

SF EF6 ;88-
Def(M)

-34 -, EF;4 8F J853 J -4;4- EF6 ;88- <- JFK4;-3 <-
∪n>0M

n H G9,4-,F,48-3 -,3-678-3 <P�,;33F78-3 F496 ;N5-3 -4 P4F,4 G893- JFK G967;,F;39,3 7 998P-,,-3 �,;-3 HJK9<5;43 GFK4P3;-,3 -4 JK9O -G4;9,3 *



)�
��2?� U2 '(
� ( �9;4

K
5, G9KJ3 G96654F4;E G9,3;<PKP <F,3 8- 8F,QFQ-

Lann

* SF EF6 ;88-<-3 -,3-678-3 F496 ;N5-3 <-
K
-34 E9K6 P- <-3 JFK4;-3 <P�,;-3 JFK <-3 PN5F4;9,3 J 98W,9L6 ;F8-3 * �; 9, G8�4 JFK ;,4-K3-G4;9,3 �,;3 H 9, 974;-,4 F89K3 8-3 �2/?!. >2 �@/$.� $ * � 89K33; 9, G8�4 JFK G967;,F;39,3 7 998P-,,-3 �,;-3 H 9, 974;-,4 8-3 2#.2?� U2. 1&#.%/01[%$� U2. * �- , D-34 JF3 -, QP,PKF8 G893 JFK JK9O -G4;9, * �FK G9,4K- G D-34 8- GF3 3;

K
-34 5,G9KJ3 F8QP7K;N5-6-,4 G893 =�XP9K�6- <- �X-:F88-W A * �- KP3584F4 G9KK-3J 9,< H < D5, J9;,4<- :5- 69<�8- 4XP9K;N5- H R 8 DP8;6 ;,F4;9, <-3 N5F,4-5K3 <F,3 8-3 G9KJ3 F8QP7K;N5-6-,4G893 =GE 35;4- <5 G95K3A * S-3 -,3-678-3 <P�,;33F78-3 < D5, G9KJ3 F8QP7K;N5-6 -,4 G893 39,4<9,G -�FG4-6 -,4 8-3 -,3-678-3 G9,34K5G4;7 8-3 *
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M
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���
L
����� 	����� � ���� 
�
�� �� �

M
��� � ��� � �
��

M ≡ N
���

M ∼= N
�

� �� 
�������
� � �9;4
n
8- GFK<;,F8 <-

M
-4

(a1, . . . , an)
5,- P,56PKF4;9, <-

M
* � -L6 FKN59,3 N5 D;8 W F 5, ,967K- �,; <- JFK4;-3 <-

Mn
GFK

M
-34 �,; * �9;4

(Di)i∈I

5,-P,56PKF4;9, <-3 JFK4;-3 <-
Mn

G9,4-,F,4
ā
-4 <P�,;33F78-3 <F,3

M
3F,3 JFKF6 �4K- *

�949,3 J 95K 4954
i ∈ I

H 5,- E9K658-
φi(x̄)

<P�,;33F,4
Di

* �9;4
φ(x̄)

8F G9,O 9,G4;9, <-G-4 -,3-678- �,; <- E9K658-3 * � 89K3
M |= φ(ā)

H <9,G
M |= ∃x̄φ(x̄)

* �966-
N ≡ M

H
N |= ∃x̄φ(x̄)

* �9;4 <9,G
b̄ ∈ Nn 4-8 N5- N |= φ(b̄)

*
�949,3

σ
8 DFJJ8;GF4;9, <-

M
<F,3

N
N5; R

ak

F339G;-
bk
* �953 F889,3 :PK;�-K N5-

σ-34 5, ;396 9KJX;36 - * � -6 FKN59,3 4954 < DF79K< N5-
σ
-34 7;O -G4;:- * �, -�-4 ;8 -� ;34-5, -,3-678- <P�,;33F78-

Di0

N5; <;4 N5- 8-3
ak

39,4 <;34;,G43 * �FK G9,3PN5-,43 8-3
bk39,4 <;3G4;,G43 -4 G966-

N
F 6 �6- GFK<;,F8 N5-

M
=:9;K -�-KG;G-A H N = {b1, . . . , bk}

*
� PK;�9,3 N5-

σ
-34 5, J89,Q-6-,4 B

)* 39;4
c
5,- G9,34F,4- <-

L
* � 89K3 ;8 -� ;34-

k ∈ {1, . . . , n}
4-8 N5-

cM = ak

* �9;4
Dc8F JFK4;- <-

Mn <P�,;- JFK 8F E9K658- xk = c
* �8 -� ;34-

i ∈ I
4-8 N5-

Dc = Di

*]9,G
M |= ∀x̄ (φi(x̄) ↔ xk = c)

* ] D9I
cN = bk

*
T * 39;-,4

f
5,- E9,G4;9,

r
LF;K- -4

m̄ = (m1, . . . , mr) ∈M r * �9;4 m0 := fM(m̄)
* �95K4954

j ∈ {0, . . . , r}
H 39;4

kj ∈ {1, . . . , n}
4-8 N5-

mj = akj

* M, G9,3;<�K- F89K3
Df,m̄

8F JFK4;- <-
Mn <P�,;- JFK 8F E9K658- f(xk1

, . . . , xkr
) = xk0

* M, -, <P<5;4N5-
σ(m0) = fN (σ(m̄))

*
Z * 39;-,4

R
5,- K-8F4;9,

r
LF;K- -4

m̄ = (m1, . . . , mr) ∈M r * �95K 4954 j ∈ {1, . . . , r}
H39;4

kj ∈ {1, . . . , n}
4-8 N5-

mj = akj

* M, G9,3;<�K- F89K3 8F JFK4;-
DR,m̄

<-
Mn<P�,;- JFK

R(xk1
, . . . , xkr

)
3;

M |= RM(m̄)
H 8F JFK4;-

D¬R,m̄

<-
Mn <P�,;- JFK

¬R(xk1
, . . . , xkr

)
3;,9, * M, -, <P<5;4 N5-

M |= RM(m̄)
33;

N |= RN (σ(m̄))
*
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 !"#$%$&# '(
� ( �9;4

Σ
5, -,3-678- < DP,9,GP3 *

)* +,-
L
L34K5G45K-

M
-34 5, ?&>
 U2 <-

Σ
=,94P

M |= ΣA 3; 4954 P,9,GP <- Σ
-343F4;3EF;4 JFK

M
*
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T * M, <;4 N5-

Σ
-34 1&#.$.%@#% 3;

Σ
F 5, 69<� 8- *

Z * +, P,9,GP
φ
-34 5,- 1&#.!�02#12 <-

Σ
=,94P

Σ ` φA 3; 4954 69<�8- <- Σ
3F4;3EF;4

φ
*

� * +,- %�!&/$2
T
-34 5, -,3-678- G9,3;34F,4 < DP,9,GP3 G9,4-,F,4 4954-3 3-3 G9,3PLN5-,G-3 * � ;

T
G9KK-3J9,< R 8 D-,3-678- <-3 G9,3PN5-,G-3 <-

Σ
H 9, <;4 N5-

Σ
-345, 2#.2?� U2 > Y@� $&?2. J95K

T
95 5,- @� $&?@%$.@%$&# <-

T
*

� * +,- 4XP9K;-
T
-34 1&?� U
%2 3; -88- -34 6 F� ;6 F8- J95K 8 D;,G853;9, H G- N5; 3;Q,;�-N5- J95K 4954- E9K658-

φ
H
φ ∈ T

95
¬φ ∈ T

*
� * �, QP,PKF8 3; 5,- 4XP9K;-

T
-34 F� ;96 F4;3P- JFK

Σ
H 9, G9,E9,<

T
-4

Σ
* �, JFK4;LG58;-K 9, <;KF N5-

Σ
-34 G96J8-4 3; J 95K 4954 P,9,GP

φ
H
Σ ` φ

95
Σ ` ¬φ

*
� * � ;

M
-34 5,-

L
L34K5G45K- H 9, ,94-

Th(M)
8F 4XP9K;- G9,34;45P- <- 8 D-,3-678- <-3P,9,GP3 :KF;3 <F,3

M
* �-44- 4XP9K;- -34 P:;<-66-,4 G96J8�4- *

� 2?@/�02 '(
� (
)* ]-5� 4XP9K;-3 G96J8�4-3 N5; 9,4 5, 69<� 8- G9665, 39,4 PQF8-3 *
T * ]-5� 69<� 8-3

M
-4

N
39,4 P8P6 -,4F;K-6 -,4 PN5;:F8-,43 33;

Th(M) = Th(N )33;
M

-4
N
39,4 6 9<� 8-3 < D5,- 6 �6- 4XP9K;- G96J8�4- *

Z * +,- 4XP9K;- -34 G96J8�4- 3; 3-3 69<�8-3 39,4 4953 P8P6 -,4F;K-6 -,4 PN5;:F8-,43 *
��2/1$12 '(
� ( �9;4

T
5,- 4XP9K;- G96J8�4- *

)* � ;
T
F 5, 69<�8- �,;

M
H F89K3 4953 3-3 69<�8-3 39,4 ;3969KJX-3 R

M
*

T * � ;
T
F 5, 69<�8- ;,�,; H F89K3 4953 3-3 69<�8-3 39,4 ;,�,;3 * =�953 :-KK9,3 J853 89;,N5- H G9,4KF;K-6 -,4 F5 GF3 �,; H 5,- 34K5G45K- ;,�,;- ,- J -54 JF3 �4K- <P4-K6 ;,P-JFK 3F 4XP9K;- *A

��2?� U2 '(
� (
)* �XP9K;- <-3 -,3-678-3 ;,�,;3 <F,3 8- 8F,QFQ- KP<5;4 R 8 DPQF8;4P B
C ∃x1x2...xn ∧i6=j (xi 6= xj)

H J 95K 4954
n > 0

*
T * �XP9K;- <-3 9K<K-3 494F5� B
C ∀x ¬ x < x

H
C ∀x∀y((x < y ∨ y < x) ∨ x = y)

H
C ∀x∀y∀z (x < y ∧ y < z) → (x < z)

*
�-44- 4XP9K;- , D-34 JF3 G96J8�4- * �FK -�-6J8-

〈N, <〉
-4

〈Z, <〉
39,4 <-3 69<�8-3<- G-44- 4XP9K;- N5; ,- 39,4 JF3 P8P6 -,4F;K-6 -,4 PN5;:F8-,43 * S- JK-6 ;-K 3F4;3EF;48 DP,9,GP

∃x∀y¬(y < x)
F89K3 N5- 8- 3-G9,< ,9, *

Z * �XP9K;- <-3 9K<K-3 494F5� <-,3-3 3F,3 -�4KP6 ;4P B
C 4XP9K;- <-3 9K<K-3 494F5� HC ∀x∀y (x < y) → (∃z(x < z < y))

H
C ∀x∃y∃z (y < x < z)

*
�-44- 4XP9K;- -34 G96J8�4- * =�9;K -�9 )*T� *A



)T
� * SF 4XP9K;- <-3 G9KJ3 G96654F4;E3 , D-34 JF3 G96J8�4- H -88- F <-3 6 9<�8-3 �,;3 -4;,�,;3 * SF 4XP9K;- <-3 G9KJ3 G96654F4;E3 <- GFKFG4PK;34;N5-

0
, D-34 JF3 ,9, J853G96J8�4- * SF E9K658-

∃x(x2 = −1)
-34 :KF;- <F,3

C
6F;3 JF3 <F,3

R
*

� * �XP9K;- <-3 G9KJ3 F8QP7K;N5-6 -,4 G893 <- GFKFG4PK;34;N5-
p
�� P B

C 4XP9K;- <-3 G9KJ3 G96654F4;E3 HC 1 + · · · + 1
︸ ︷︷ ︸

p

= 0
3;
p > 0

�
1 + · · ·+ 1
︸ ︷︷ ︸

n

6= 0
H J 95K 4954

n > 0
H 3;

p = 0
*

C ∀y0 . . .∀yn(yn 6= 0 → ∃x
∑n

i=0 ynx
i = 0)

H J 95K 4954
n > 0

*
�-44- 4XP9K;- -34 G96J8�4- * =�9;K -�9 T *)� 95 -�-6J8- T *T )*A

� * �XP9K;- <-3 QK95J-3 F7 P8;-,3 <;: ;3;7 8-3 3F,3 49K3;9, ,9, 4K;: ;F5� <F,3
L = {0,+,−}

B
C 4XP9K;- <-3 QK95J-3 F7 P8;-,3 HC ∃x 6= 0

H
C ∀x∃y ny = x

H J 95K 4954
n > 0

H
C ∀x(x = 0 ∨ nx 6= 0)

H J 95K 4954
n > 0

*
�-44- 4XP9K;- -34 G96J8�4- * =�9;K -�-6J8- T *T )A

��2/1$12 '(

 ( �9;4
L
8- 8F,QFQ- KP<5;4 R 5,- K-8F4;9, 7;,F;K-

E
=-4 8 DPQF8;4PA *)* ]9,,-K 5,- F� ;96 F4;3F4;9, =<F,3 G- 8F,QFQ-A <- 8F 4XP9K;- <- 8F K-8F4;9, < DPN5;L:F8-,G- R <-5� G8F33-3 ;,�,;-3 *

T * ]9,,-K 5,- F� ;96 F4;3F4;9, <- 8F 4XP9K;- <- 8F K-8F4;9, < DPN5;:F8-,G- R 5,- ;,�,;4P<- G8F33-3 4954-3 ;,�,;-3 *
� �� ���������� ���
 ��������
 !"#$%$&# '(
� (
)* +, J89,Q-6 -,4

σ
<-

M
<F,3

N
-34 !U!?2#%@$/2 3; J 95K 4954- E9K658-

φ(x̄)
-44954

m̄ ∈Mn H
M |= φ(m̄)

33;
N |= φ(σ(m̄)).

T *
M

-34 5,- .&0.[.%/01%0/2 !U!?2#%@$/2 >2 N
=,94P-

M ≺ N A 3; M -34 5,-3953L34K5G45K- <-
N
4-88- N5- J 95K 4954- E9K658-

φ(x̄)
-4 4954

m̄ ∈Mn
H

M |= φ(m̄)
33;

N |= φ(m̄).

Z * +, ;3969KJX;36 - JFK4;-8
σ
<-

M
<F,3

N
-34 ! U!?2#%@$/2 3; J95K 4954- E9K658-

φ(x1, ..., xn)
-4 4954

m̄ ∈ dom(σ)n
*

M |= φ(m̄)
33;

N |= φ(σ(m̄)).

\&%@%$&# ( �95K
M

5,-
L
L34K5G45K- -4

A
5, -,3-678- <- JFKF6 �4K-3 <F,3

M
H 9,,94-

Th(M, A)
8 D-,3-678- <-3 P,9,GP3 R JFKF6 �4K-3 <F,3

A
N5; 39,4 :KF;3 <F,3

M
HG D-34LRL<;K- 8F 4XP9K;- <- 8F

L ∪ {a : a ∈ A}
L34K5G45K-

〈M,L, a : a ∈ A〉
*



)Z
��2/1$12 '(�� ( �9;4

M
5,- 3953L34K5G45K- <-

N
* S-3 4K9;3 G9,<;4;9,3 35;:F,4-3 39,4PN5;:F8-,4-3 B

)*
M ≺ N

H
T *

Th(M,M) = Th(N ,M)
H

Z * 8 D;,G853;9,
M ↪→ N

-34 5, J89,Q-6 -,4 P8P6 -,4F;K- *
M, FJJ-88-

Th(M,M)
8- >$@V/@??2 !U!?2#%@$/2 <-

M
*

� 2?@/�02 '(� '(
C +, ;396 9KJX;36 - -34 P8P6 -,4F;K- =� -6 )*)� -4 JK9J )*TZA *C � ;

M
-34 5,- 3953L34K5G45K- P8P6 -,4F;K- <-

N
F89K3

M ≡ N
* =]- 6 �6- H 3;

M3- J89,Q- P8P6 -,4F;K-6 -,4 <F,3
N
H F89K3

M ≡ N
*AC SF KPG;JK9N5- -34 EF533- B 5,- 3953L34K5G45K- P8P6 -,4F;K-6 -,4 PN5;:F8-,4- , D-34JF3 ,PG-33F;K-6 -,4 P8P6 -,4F;K- *

〈Z,+〉 ≡ 〈2Z,+〉
6F;3

〈2Z,+〉 ⊀ 〈Z,+〉
*

��2/1$12 '(�� ( �9;-,4
M1 ⊂ M2 ⊂ M3

*
C � ;

M1 ≺ M2
-4

M2 ≺ M3
F89K3

M1 ≺ M3
*

C � ;
M1 ≺ M3

-4
M2 ≺ M3

F89K3
M1 ≺ M2

*
C �K95:-K 5, -�-6J8- 4-8 N5-

M1 ≺ M2
-4

M1 ≺ M3
6F;3

M2 ⊀ M3
*

��2/1$12 '(�
 ( �9;4
I
5, -,3-678- 494F8-6 -,4 9K<9,,P -4

(Mi)i∈I

5,- GXF�,- P8PL6 -,4F;K- <-
L
L34K5G45K-3 =

Mi ≺ Mj

H J 95K 4954
i < j A * � 89K3 J95K 4954 i ∈ I

H
Mi ≺ ∪i∈IMi

*
�9;G; 5, GK;4�K- 54;8- J95K :PK;�-K N5 D5,- 3953L34K5G45K- -34 P8P6 -,4F;K- * �- GK;4�K-, D54;8;3- N5- 8F 3F4;3EFG4;9, <F,3 8F QKF,<- 34K5G45K- B

� /&�&.$%$&# '(�� ��2.% >2 �@/.� $� ( � 
��
M

�� � �
������� 	���� 
�
N

� � �
��
M ≺ N�� �� � ����� ��� �� � 
�� �
��� � 
�����

φ(x, ȳ)
�� �
��

m̄ ∈Mn
� ��

N |= ∃xφ(x, m̄)
��
��

�� �� ����
m0 ∈M

��� �� �
N |= φ(m0, m̄)

�

� �� 
�������
� � � ;
M ≺ N

-4
N |= ∃xφ(x, m̄)

* � 89K3
M |= ∃xφ(x, m̄)

* ]9,G ;8 -� ;34-
m0 ∈ M

4-8 N5-
M |= φ(m0, m̄)

* � 89K3
N |= φ(m0, m̄)

*
� PG;JK9N5-6 -,4 3;

M ⊂ N
3F4;3E9,4 8- GK;4�K- <- �FK3� ; * M, 69,4K- JFK ;,<5G4;9,35K 8-3 E9K658-3 N5- J 95K 4954- E9K658-

φ(x̄)
-4 4954

m̄ ∈ Mn H M |= φ(m̄)
33;

N |=
φ(m̄)

* S- KP3584F4 -34 P:;<-66-,4 :PK;�P J95K 8-3 E9K658-3 F496 ;N5-3 GFK
M

-34 5,-3953L34K5G45K- <-
N
* � ; 8- KP3584F4 -34 :KF; J95K

φ1
-4
φ2
H ;8 -34 EFG;8- <- :9;K N5 D;8 -34-,G9K- :KF; J95K 8-3 G967;,F;39,3 7 998P-,,-3 <-

φ1
-4
φ2
* �8 35� 4 <9,G <- 69,4K-KN5- 3; 8- KP3584F4 -34 :KF; J95K

φ(x, ȳ)
;8 -34 -,G9K- :KF; J95K

∃xφ(x, ȳ)
* �9;4

m̄ ∈ Mn *
�;

M |= ∃xφ(x, m̄)
F89K3 ;8 -� ;34-

m0 ∈ M
4-8 N5-

M |= φ(m0, m̄)
* �FK XWJ94X�3- <-KPG5KK-,G- H F89K3

N |= φ(m0, m̄)
-4 <9,G

N |= ∃xφ(x, m̄)
* � ;

N |= ∃xφ(x, m̄)
* � 89K3JFK 8- GK;4�K- <- �FK3� ; H ;8 -� ;34-

m0 ∈ M
4-8 N5-

N |= φ(m0, m̄)
* �FK XWJ94X�3- <-KPG5KK-,G- H

M |= φ(m0, m̄)
-4 <9,G

M |= ∃xφ(x, m̄)
*
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N
�� �

L
����� 	���� ��� ����

A
�� ��� �� ��� 
� ����� ����� 
���

N
� ��

κ
�� 	��
���� ��� �� ���

�� �
max(|A|, |L|) ≤ κ ≤ |N |

� � �
�� �� � � �� � �
������� 	���� ���� �������
M ≺ N	
�������

A
�� 
� 	��
����

κ
�

� �� 
�������
� � M, J-54 35JJ93-K N5-
|A| = κ

* M, G9,34K5;4 JFK KPG5KK-,G- 5,- GXF�,-
(Mi)i∈ω

<- 3953L34K5G45K-3 <-
N
4-88- N5-

M0
G9,4;-,4

A
H 4-88- N5- J 95K 4954

i ∈ ω
H

|Mi| = κ
-4 4-88- N5- J 95K 4954- E9K658-

φ(x, ȳ)
-4
m̄i ∈Mn

i

H 3;
N |= ∃xφ(x, m̄i)

F89K3;8 -� ;34-
mi+1 ∈Mi+1

4-8 N5-
N |= φ(mi+1, m̄i)

*
�9;4

M0
8F 3953L34K5G45K- <-

N
-,Q-,<KP- JFK

A
* �-44- 3953L34K5G45K- -34 <- GFKL<;,F8

κ
GFK

|L| ≤ κ = |A|
* � ;

Mi

-34 G9,34K5;4 H F89K3 J 95K 4954- E9K658-
φ(x, ȳ)

=;8 W-, F
max(|L|,ℵ0)A -4 4954 JFKF6 �4K-

m̄ ∈ Mn
i

4-8 N5-
N |= ∃xφ(x, m̄)

=;8 W -, F F5J853
κA H 9, GX9;3;4 nφ,m̄ ∈ N

4-8 N5-
N |= φ(nφ,m̄, m̄)

* M, <P�,;4 F89K3
Mi+1

G966- 8F3953L34K5G45K- -,Q-,<KP- JFK
Mi

-4 8-3
nφ,m̄

* �-44- 3953L34K5G45K- -34 P:;<-66-,4 <-GFK<;,F8
κ
-4 :PK;�- 8 DXWJ94X�3- <- KPG5KK-,G- *

�9;4
M := ∪i∈ωMi

* � 89K3
M

-34 5,- 3953L34K5G45K- <-
N
<- GFK<;,F8

κ
N5; <- J853:PK;�- 8- 4-34 <- �FK3� ; * � D-34 <9,G 5,- 3953L34K5G45K- P8P6 -,4F;K- <-

N
*

� -:-,9,3 F5� -,3-678-3 <P�,;33F78-3 J 95K 4-K6 ;,-K G- GXFJ;4K- B
 !"#$%$&# '(�� ( �;

M
-34 5,- 3953L34K5G45K- P8P6 -,4F;K- <-

N
-4
D ⊂ Mn -34 5,-,3-678- <P�,;33F78- <F,3

M
H F89K3

D
F 5,- -� 4-,3;9, GF,9,;N5- -, 5, -,3-678-

D′ ⊂ Nn
<P�,;33F78- <F,3

N
H 4-8 N5-

D′ ∩Mn = D
B 3;

D
-34 <P�,; JFK 5,- E9K658-

φ(x̄, b̄)
=̄
b ⊂ M A F89K3 D′ := {ā ∈ Nn : N |= φ(ā, b̄)}

* �, JKF4;N5- 9, G9,E9,<KF
D′ F:-G

D
*

��2/1$12 '(�� ( � PK;�-K N5-
D′ ,- <PJ-,< JF3 <5 GX9;� <- φ J95K D *

��2/1$12 '(�
 ( �9;-,4
M ⊂ N

* S- 4-34 <- �FK3� ; -34 PN5;:F8-,4 R J 95K 4954- JFK4;-,9, :;<- <P�,;33F78-
D ⊂ N

R JFKF6 �4K-3 <F,3
M
H
D ∩M 6= ∅

*


