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M�
W X� Z[\]\^_\`[abc �^ ���b_b�` _^�� �� a[bc
��������� � �DO � ����
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B "#� &�%+" #� 2 � + �� � a, b ∈ B 8 {a, b} "#� &�%+" -H - (X, cl) "#� /�0( 10 �;< #� 2� + �� �"# 2*+��"# ,&�#"# (" (�$ "!#��!# '!�"# A "� B 8

dim(A ∪ B) = dim(A) + dim(B) − dim(A ∩ B).

J - (X, cl) "#� 1� N01</<�� /�0( 10 �;< #� 2 � + �� �"# 2*+��"# ,&�#"# (" (�$ "!#��!#'!�"# A "� B �"&&"# @ " dim(A ∩B) > 0 8
dim(A ∪ B) = dim(A) + dim(B) − dim(A ∩ B).

AB<;N�N< � �D� � ����
(X, cl)  !" 2+)I)�$ )�+�" T�$�I	!" �"&&" @ " X 6= cl(∅) - P &�+#

(X, cl) "#� &� ,*&"$ "!� $�( &*�+" #� "� #" &"$ "!� #� 2� +  ! a ∈ X \ cl(∅) 8 &* I)�$ )�+�"@ ���"!� (" X 2*+ {a} 3, 5"#�676(�+" &* &� ,*&�#)" 7
{a}9 "#� $�( &*�+" 8 #� "� #" &"$ "!� #�2� + �� � a ∈ X \ cl(∅) 8 &* I)�$)�+�" @ ���"!� (" X 2*+ {a} "#� $ �( &*�+" -AB</C1< � �D� � E- L"# I)�$)�+�"# �+�? �*&"# ( � -� #�!� )?�("$$"!� �+�? �*&"# (*!#&" #"!# ,�6("## # - % ),�2+�@ "$"!� 8 �� �" &� ,*&�#)" ( 5 !" 2+)I)�$ )�+�" �+�? �*&" "#� !" I)�$)�+�" �+�? �*&" ( �V2 " � -� -H - L* #�+ ,� +" 〈Z, S〉

��
S "#� &* G�!,���! # ,,"##" + "#� G�+�"$ "!� $ �!�$ *&" "��� �" #�+ ,� +" )&)$ "!�*�+"$ "!� )@ �?*&"!�" 7

〈Z, S〉 *  !" 2+)I)�$)�+�" �+�? �*&" -J - L"# I)�$ )�+�"# *� !"# #�!� &� ,*&"$ "!� $ �( &*�+"# $ *�# !�! $�( &*�+"# - 34�!#�6()+"+ (" = (+���"# 2*+*&&	 &"# -9
M - L"# I)�$)�+�"# 2+�� ",��?"# #�!� $ �( &*�+"# -
� - L"# 2+)I)�$)�+�"# *##�,�)"# * = ,�+2# *&I)%+�@ "$"!� ,&�# !" #�!� 2*# &� ,*&"$ "!�$�( &*�+"# � #��"!� K  ! ,�+2# *&I)%+�@ "$ "!� ,&�# ω6#*� +) "� k  ! #� #6,�+2#*&I)%+�@ "$ "!� ,&�# (" ("I+) (" �+*!#,"!(*!," 1 3k "#� )I*& 7 &* ,&d� +" *&I)%+�@ "( 5 ! )&)$ "!� �+*!#,"!(*!�9 - ���� (a, b, c) ∈ K3 &�%+" * 6("## # (" k - ��#�!# A =

acl(k(a, b)) "� B = acl(k(c, ac+b)) - P &�+# acl(A∪B) = acl(k(a, b, c)) "� A∩B = k -
+�!, dim(A ∪B) = 4 8 dim(A) = dim(B) = 3 "� dim(A ∩B) = 1 -

�"!(*!� (" !�$%+" #"# *!!)"# 8 &"# "="$2&"# ,�6("## # )�*�"!� &"# #" &# �V2 "# ,�!! #(" 2+)I)�$)�+�"# �## "# (" #�+ ,� +"# G�+�"$ "!� $ �!�$ *&"# - )! * *&�+# 2 "!#) @ 5�&#! 5"! "= �#�*�"!� 2*# ( 5* �+"# - 4"��" �!� ����! !" # 5"#� *?)+)" � #�" @ " 2� + &"# I)�$)6�+�"# &� ,*&"$ "!� $�( &*�+"# � �� �"# I)�$)�+�"# &� ,*&"$ "!� $�( &*�+"# 2+�?"!*!� ( 5 !"#�+ ,� +" G�+�"$ "!� $ �!�$ *&" "#� �+�? �*&" 8 *� !" � 2+�� ",��?" - �� + & 5* �+" ,*# 8 � �& 5% "+*?*�� ,�!� ",� +) @ " �� �" #�+ ,� +" G�+�"$ "!� $ �!�$ *&" !�! &�,*&"$ "!� $ �( &*�+" �!6�"+2+	�"  ! ,�+2# *&I)%+�@ "$ "!� ,&�# - � + #T�?#� � * +)G �) ,"��" ,�!� ",� +" 7 &* '! ("#*!!)"# �� "! ,�!#�+ �#*!�  ! "="$2&" !�! &� ,*&"$ "!� $ �( &*�+" @ � ! 5�!�"+2+	�" 2*#(" I+� 2" �!'!� -
+�!!�!# �,� &* ()'!����! (" & 5�!�"+2+)�*���! �



M�
��������� � �D� � ���"!� M  !" #�+ ,� +" 8 G  ! I+� 2 " "� Γ &" I+*2T" (" &* $ &��2 &�6,*���! (" ," I+� 2" - )! (�� @ " G "#� �!�"+2+)�*%&" (*!# M # 5�& "= �#�" n > 0 8 D  !"2*+��" (" Mn

()'!�##*%&" 8 E  !" +"&*���! ( 5)@ �?*&"!," # + D ()'!�##*%&" "� S  !"2*+��" ()'!�##*%&" (" D3 �"&# @ " & 5�! *��  !" %�� ",���! (" G # + D/E @ � "!?��" Γ # +
S/E3 -L* ()'!����! "#� *!*&�I " 2� +  ! ,�+2# "� "! G*�� 2� + �� �" * �+" #�+ ,� +" -
W X� �^��]�[�`a^� �b ][^�� bc

4"��" ("+!�	+" 2*+��" * 2� + % � (" (�!!"+  !" �()" (" &* ,�!#�+ ,���! ( 5 ! I+� 2"�!'!� (*!#  !" #�+ ,� +" G�+�"$ "!� $ �!�$ *&" &� ,*&"$ "!� $ �( &*�+" !�! �+�? �*&" -
% "$ *+@ �!# @ " (*!#  ! I+� 2" G G�+�"$ "!� $ �!�$ *& �! * &* ,�!'I +*���! # �?*!�"7 2*+��+ (" �+��# )&)$ "!�# a, b, c ∈ G

G�+$ *!�  ! "!#"$%&" &�%+" �
a

b c
cab

ab ca

+ *!# ,"��" ,�!'I +*���! * , ! ("# 2��!�# ! 5"#� (*!# &* ,&d� +" ( 5 ! * �+" 8 "�  !2��!� "#� (*!# &* ,&d� +" (" (" = * �+"# #� "� #" &"$ "!� #�  ! #"I$ "!� (" ,"��" ,�!'6I +*���! ,�!��"!� ,"# �+��# 2 ��!�# -
��������� � >!" ,�!'I +*���! (" I+� 2" (*!#  !" 2+)I)�$ )�+�" (X, cl) "#� &* (�!!)"(" � 2��!�# a, b, c, d, e, f "� ( 5 !" 2*+��" A ⊂ X

�"&&" @ " 2� + �� # 2��!�# (�#��!,�#
x, y ∈ {a, b, c, d, e, f} 8 x /∈ cl(A ∪ {y}) "� �"&&" @ " 2 � + �� # 2��!�# (�#��!,�# x, y, z ∈
{a, b, c, d, e, f} 8 x ∈ cl(A ∪ {y, z}) #� "� #" &"$ "!� #� x 8 y "� z #�!� *&�I!)# (*!# &*,�!'I +*���! # �?*!�" �

a

b c
e

d f

S���!# @ " &"# 2 ��!�# #�!� (" (�$ "!#��! E # + A 8 @ " &"# &�I!"# #�!� (" (�$ "!#��!H # + A "� @ " & 5"!#"$%&" ("# 2 ��!�# "#� (" (�$ "!#��! J # + A -
�<//< � �D- � � 
��

(X, cl) �� � " ��� �
� ����� � 
� 
� ���1 �
����� ��� � 
������� � 
� ����
����� �� �� ��� ����
� ��� ���� � � �� ���� ��
�� �� � �
�� ������
� �� ��
�" � ���� X �



��
# �� 
�������
� � 4�$$" X ! 5"#� 2*# �+�? �*&" 8 �& "= �#�"  !" 2*+��" A ⊂ X '!�" "� (" =)&)$ "!�# a, b ∈ X

�"&# @ " cl(A∪{a, b}) 6= cl(A∪ {a})∪ cl(A∪{b}) - )! 2 " � # 22�#"+@ " dim(A) > 0 - ����
d ∈ cl(A ∪ {a, b}) \ (cl(A ∪ {a}) ∪ cl(A ∪ {b})) - 4�$$" X"#� (" (�$ "!#��! �!'!�" �& "= �#�" c ∈ X \ cl(A ∪ {a, b}) - �*+ T�$�I)!)��) 8 �& "= �#�"

f ∈ cl(A ∪ {a, c}) \ (cl(A ∪ {a}) ∪ cl(A ∪ {c})) - P &�+# {c, d} "#� &�%+" * 6("## # (" A3#�!�! c ∈ cl(A∪ {d}) ⊂ cl(A∪ {a, b})9 "� (" $ 2$" {b, f} "#� &�%+" * 6("## # (" A - + "2& # d, f ∈ cl(A ∪ {a, b, c}) - �*+ $�( &*+��) 8 dim(cl(A ∪ {c, d}) ∩ cl(A ∪ {b, f})/A) =
dim(cl(A∪{c, d})/A)+dim(cl(A∪{b, f})/A)−dim(cl(A∪{c, d, b, f})/A) = 2+2− 3.
+�!, �& "= �#�" e ∈ cl(A∪ {c, d})∩ cl(A∪ {b, f}) \ cl(A) - )! ?)+�'" *&�+# G*,�&"$ "!� @ "
a, b, c, d, e, f

G�+$ "!�  ! (�*I+*$$" (" I+� 2" * 6("## # (" A -

 ;�C���� ��� � �D� � � 
��

M �� � ���� ����� � 
���� ��� � ���� ��� ω �������� �
�� �� " ���
� �
� ����� (M, acl) �
������ �� � �
�� ������
� �� ��
�" � ��
�� �� �� ���� �� ��
�" � ��� �������" ���� �� ���� M �
& </0;'(< � P 2*+��+ ( 5 !" ,�!'I +*���! (" I+� 2 " a, b, c, d, e, f * 6("## # (" A (*!#
M  !" #�+ ,� +" G�+�"$ "!� $ �!�$ *&" ω6#*� +)" 8 �! 2" � # 22�#"+ dcl(∅) = acl(∅)�!'!� "� A ?�(" � �& # � � (" ,�!#�()+"+ B ⊃ A

�"&&" @ " B |̂
A
abcdef 8 acl(B)

�!'!� "�
dim(M/B)

�!'!� "� ( 5*� � �"+ �� # &"# )&)$ "!�# (" acl(B) * = ,�!#�*!�"# ( &*!I*I" -
L* 2+" ?" (" &* 2+�2�#����! � -H� #" (),�$2�#" "! (" = 2*+��"# - L* 2+"$ �	+" 2*+6��" ,�!#�#�" 7 $ �!�+"+ @ " & 5�! 2" � # 22�#"+ (*!# &* ,�!'I +*���! (" I+� 2 " @ "

f ∈ dcl({a, c}) "� c ∈ dcl({a, f}) - *! G*�� ,"��" TV2��T	#" # 5�%��"!� (*!#  !" #�+ ,� +"�!�"+2+)�*%&" (*!# M
� �! (��� +"$2&*,"+ &"# )&)$ "!�# a, b, c, d, e, f 2*+ ("# )&)$ "!�#�/ 0e��0�;<� �  ! )&)$ "!� �$ *I�!*�+" "#� &* ,&*##" ( 5 !  2&" 2*+  !" +"&*���! ( 5)@ �6?*&"!," ()'!�##*%&" (*!# M - S� # !" $ �!�+"+�!# 2*# ,"��" 2+"$ �	+" 2*+��" - + *!# &*#",�!(" 2*+��" �! ,�!#�+ ��  !" I+� 2" 7 2*+��+ ("# )&)$ "!�# a, c, f - S� # (�!!"+�!# !" �()" (" &* 2+" ?" (" ,"��" (" = �	$" 2*+��" "! # 22�#*!� 2� + #�$ 2&�'"+ @ " &*,�!'I +*���! (" I+� 2" *?", & 5TV2 ��T	#" # 22&)$ "!�*�+" #" �+� ?" +)"&&"$ "!� (*!# M -

)! ,�!#�(	+" (�!, 2� + &* # ��" &"# TV2��T	#"# # �?*!�"# �
��C�����<� � ���"!� M  !" #�+ ,� +" G�+�"$ "!� $ �!�$ *&" ω6#*� +)" �"&&" @ "

dcl(∅) = acl(∅) "#� �!'!� "� � 2��!�# a, b, c, d, e, f @ � G�+$ "!�  !" ,�!'I +*���! ("I+� 2" # + &" ? �(" ?)+�'*!� (" 2& # @ " f ∈ dcl({a, c}) "� c ∈ dcl({a, f})
�

a

b c
e

d f

�� + x, y, z ∈ {a, b, c, d, e, f}
(�#��!,�# 8 �! *

dim({x}) = 1 8
dim({x, y}) = 2 8
dim({x, y, z} = 3 #� x, y, z !�! *&�I!)# 8
acl({x, y, z}) = acl({x, y}) #� x, y, z *&�I!)# 8
f ∈ dcl({a, c}) "� c ∈ dcl({a, f}).



�E

% "$ *+@ �!# @ " & 5TV2��T	#" acl(∅) "#� �!'!� �$2&�@ " @ " �� �" 2*+��" *&I)%+�6@ "$ "!� ,&�#" (" M "#� #� #6#�+ ,� +" )&)$ "!�*�+" (" M "� (" 2& # & 5TV2 ��T	#"
dcl(∅) = acl(∅)

�$2&�@ " @ " dcl(∅) ≺ M -L 5TV2��T	#" f ∈ dcl({a, c}) "� c ∈ dcl({a, e})
�$2&�@ " & 5"= �#�"!," ( 5 !" G�+$ &"

φ(x, y, z)
�"& @ " M |= φ(a, c, f) "� �"& @ " M |= ∀z(φ(a, c, z) → z = f)∧∀y(φ(a, y, f) →

z = c) -S���!# p & 5 !�@ " �V2 " !�! *&I)%+�@ " # + &" ? �(" "� p2 &" �V2 " ("# ,� 2&"# ("+)*&�#*���!# �!()2 "!(*!�"# (" p -
�<//< � �K� � � 
��

θ(x1, x2, y, y
′) := ∃zφ(x1, y, z)∧ φ(x2, y

′, z) � � 
�� �
�� (a1, a2)
����

������
� �� p2 ���� M1 θ(a1, a2, y, y
′) ��� ��� �� � � 
� ���
� fa1,a2

�� M \ acl(a1, a2) ����
����� .� ��
# �� 
�������
� � ����

i ∈M \ acl(a1, a2) 8 , 5"#�676(�+" i +)*&�#*���! (" p �"& @ " i |̂ a1a2 -P &�+# a1i * $ 2$" �V2 " @ " ac - +�!, �& "= �#�"  !  !�@ " j �"& @ " M |= φ(a1, i, j) - + "2& # j +)*&�#" p 8 j |̂ a1 "� j ∈ dcl(a1, i) - U *�# i |̂
a1

a2 8 (�!, j |̂
a1

a2 8 ( 5�� j |̂ a1a2 -
+ " $ 2$" �& "= �#�"  !  !�@ " i′ �"& @ " M |= φ(a2, i

′, j) "� 7 !� ?"* i′
+)*&�#" p "�

i′ |̂ a1a2 - +�!, i′ "#� & 5 !�@ " )&)$ "!� (" M �"& @ " M |= θ(a1, a2, i, i
′) -

S� # *&&�!# $ *�!�"!*!� ()'!�+ &"# QI"+$ "#R ("# G�!,���!# 2+),)("!�"# �
�<//< � �K�� � 
�� ���� ���������
�� (a1, a2) �� (a3, a4) �� p2 1 
� ��� ��� fa1,a2

∼ fa3,a4

�� " 
�� �
��� ���������
� i �� p ��� !� � i |̂ a1a2a3a4 1 fa1,a2
(i) = fa3,a4

(i) �
� �
�� ∼ ��� �� � ������
� � 	�!������� ��� /� �
�� [a1, a2] �� ����� � � 	�!������� �� ��

fa1,a2
��� e<;/< �� fa1,a2

	 � # � " ��� �� �� ���� �� � ������
� � 	�!������� �� ��� ����� ��
���� "���� ���� E(x1, x2, x3, x4)

��� �� !� � " 
�� �
���� ���������
�� (a1, a2) �� (a3, a4) ��
p2 1 [a1, a2] = [a3, a4] �� �� � �� ��� ��� �� E(a1, a2, a3, a4) �
# �� 
�������
� � % "$ *+@ �!# @ " fa1,a2

∼ fa3,a4
#� "� #" &"$ "!� #� �& "= �#�" i  !" +)*6&�#*���! (" p �"& @ " i |̂ a1a2a3a4 "� fa1,a2

(i) = fa3,a4
(i) #� "� #" &"$ "!� &* G�+$ &"

fa1,a2
(y) = fa3,a4

(y) "#� (*!# & 5 !�@ " "=�"!#��! !�! ()?�*!�" (" p 7
{a1, a2, a3, a4} - )!"! ()( �� ( 5 !" 2*+� @ " ∼ "#�  !" +"&*���! ( 5)@ �?*&"!," "� ( 5* �+" 2*+� @ " ,"��"+"&*���! "#� ()'!�##*%&" #*!# 2*+*$ 	�+" 2*+ ()'!�##*%�&��) ( �V2" p -

L"# I"+$ "# #�!� ("# )&)$ "!�# (" M2/E "� (�!, ("# )&)$ "!�# �$ *I�!*�+"# (" &* #�+ ,6� +" M - �� + &* # ��" �! #" 2&*," (*!# &* #�+ ,� +" 7 (" = #�+�"# ME = 〈M,M2/E, L, fE〉��
fE "#� &* G�!,���! (" M2 # + M2/E

@ � "!?��" (x1, x2) # + (x1, x2)/E - >!" ��;(N�(;<
� C1(��<(;� ��;�<� "#�  !" #�+ ,� +" �� & 5�! ,�!#�(	+" 2& #�" +# (�$ *�!"# (�#��!,�# 8 &"#��;�<� 8 �"&&" @ " ,T*@ " ?*+�*%&" "#� *##�,�)" 7  !" #�+�" 8 (" $ 2$" ,T*@ " ,�!#�*!�"( &*!I*I" "� �"&&" @ " (*!# &"# +"&*���!# "� &"# G�!,���!# #�!� 2+),�#)"# &"# #�+�"# ("#?*+�*%&"# # + &"#@ "&&"# "&&"# # 5*22&�@ "!� - F� � ," @ � * )�) ? 2+),)("$$"!� (*!# ,",� +# #" I)!)+*&�#" G*,�&"$ "!� * = #�+ ,� +"# 7 2& #�" +# #�+�"# -�& "#� G*,�&" (" ?)+�'"+ @ " #� N "#�  !" #� #6#�+ ,� +" 3+"#2 ",��?"$ "!� "=�"!#��! 9)&)$ "!�*�+" (" M *&�+# NE "#�  !" #� #6#�+ ,� +" 3+"#2 ",��?"$ "!� "=�"!#��! 9 )&)$ "!6�*�+" (" ME 8 @ " �� �" #� #6#�+ ,� +" 3+"#2 ",��?"$ "!� "=�"!#��! 9 )&)$ "!�*�+" "#� ("



�H

,"��" G�+$ " "� @ " #� σ "#�  ! * ��$�+2T�#$ " (" N *&�+# σ #" 2+�&�!I" "!  !  !�@ "* ��$�+2T�#$ " (" NE "! "!?�V*!� &"# )&)$ "!�# fE(x1, x2) # + fE(σ(x1), σ(x2)) - )!*($"��+* @ " &* #*� +*���! 8 &* #�*%�&��) 8 &* ���*&" �+*!#,"!(*!," 2*##" (" M 7
ME

� &*#�+ ,� +" ME "#� (�!, ω6#*� +)" "� ���*&"$ "!� �+*!#,"!(*!�" -
S� # !��"+�!# dclE 3+"#2 ",��?"$ "!� aclE 9 &* ,&d� +" ()'!�##*%&" 3+"#2 ",��?"$ "!�*&I)%+�@ "9 * #"!# (" ME -

& </0;'(< � ����
A ⊂ M - P &�+# aclE(A) "#�  !" #� #6#�+ ,� +" )&)$ "!�*�+" (" ME "�

aclE(A) = dclE(acl(A)) -
# �� 
�������
� � �*+ &"# TV2��T	#"# # + M 8 acl(A) ≺ M - +�!, (acl(A))E ≺ ME "�
(acl(A))E "#� *&I)%+�@ "$"!� ,&�# - + 5�� aclE(A) = (acl(A))E = dclE(acl(A)) -

% "$ *+@ �!# @ " �� # &"# I"+$ "# ("# G�!,���!# 2+),)("!�"# �!� $ 2$" �V2 " (*!# &*�T)�+�" (" ME - )! !��"+* q ," �V2 " - *! 2*+��, &�"+ & 5"!#"$%&" (" ,"# I"+$ "# "#�  !"�!�"+#",���! ( 5"!#"$%&"# ()'!�##*%&"# -
�<//< � �KD � � 
���� α = [a1, a2] �� � ��� � �� i �� � ���������
� �� p ��� !� � i |̂ a1a2 �
� �
�� α(i) ∈ dclE(α, i) �
# �� 
�������
� � L 5)&)$ "!� α(i) "#� & 5 !�@ " y′ �"& @ "

∃(x1, x2) |= p2, x1x2 |̂ i 8 [x1, x2] = α "� fx1,x2
(i) = y′.

S���!# p2
|{i} & 5 !�@ " "=�"!#��! !�! ()?�*!�" (" p2 # + {i} - �*+  ! *+I $"!� (" ,�$6

2*,��) �! *
{∃x1∃x2(ψ(x1, x2, i) ∧ fE(x1, x2) = α ∧ θ(x1, x2, i, y

′)) : ψ ∈ p2
|{i}} ` y′ = α(i).

P !� ?"* 2*+ ,�$2*,��) �& "= �#�"  !" G�+$ &" ψ(x1, x2, i) ∈ p2
|{i}

�"&&" @ " &* G�+$ &"
∃x1∃x2(ψ(x1, x2, i) ∧ fE(x1, x2) = α ∧ θ(x1, x2, i, y

′))
()'!� {α(i)} -

�<//< � �KK � �� �
" � q ��� �� ���� 1 � � �
[a1, a2] ��� �� � ��� � ��
�� [a1, a2] |̂ a1 ��

[a1, a2] |̂ a2 �
# �� 
�������
� � ����

a′  !" +)*&�#*���! (" p �"& @ " a′ |̂ abc - S���!# α = [a, a′] - % "6
$ *+@ �!# �� � (" # ��" @ " RM(α) ≤ 2 ,*+ α ∈ dclE(a, a′) "� RM(aa′) = 2 -

)! * a |̂ bf "� a′ |̂ bf 8 (�!, a "� a′ �!� $ 2$" �V2" * 6("## # (" acl({b, f}) - �& "= �#�"(�!,  ! * ��$�+2T�#$ " σ @ � "!?��" a # + a′ "� @ � '=" 2 ��!� 2*+ 2��!� acl({b, f}) -S���!# d′ = σ(d) - �*+ ()'!����! 8 α(c) = σ(c) - S� # �%�"!�!# &" (�*I+*$$" # �?*!� �



�J

a a′

b c α(c)

e

dd′ f

4�$$" a′ |̂ ac 8 a′ |̂ cf 8 a′f |̂ c "� (�!, α(c) |̂ c - �*+ &" &"$$" 2+),)("!� α(c) ∈

dclE(α, c)
(�!, α ! 5"#� 2*# *&I)%+�@ " -S� # *&&�!# $�!�+"+ @ " α ∈ aclE(d, d′) - 4�$$" a′ |̂ abc 8 a′ |̂

ab
c "� ,�$$"

c |̂ ab 8 �! * c |̂ aa′b "� (�!, c |̂ aa′bdd′ - + 5�� aa′ |̂
dd′
c "� (�!, α |̂

dd′
c - �� + $�!6�+"+ @ " α ∈ aclE(d, d′)

�& # � � (�!, (" $�!�+"+ @ " α ∈ aclE(d, d′, c) -
�� + ,"&* �& # � � (" $ �!�+"+ @ " �� � * ��$ �+2T�#$ " 3( 5 !" "=�"!#��! )&)$ "!6�*�+" (" ME 9 @ � '=" 2��!� 2*+ 2��!� aclE(d, d′, c) 8 '=" α - 4�!#�()+�!# τ  ! �"&* ��$�+2T�#$ " - S���!# @ " τ(α) = [τ(a), τ(a′)] - ���� i  !" +)*&�#*���! (" p �"& @ "

i |̂ aa′τ(a)τ(a′)dd′ - �& "= �#�" (�!, τ0  ! * ��$�+2T�#$ " @ � '=" aclE(d, d′, i) "� @ � "!6?��" aa′ # + τ(a)τ(a′) ,*+ aa′ "� τ(a)τ(a′) �!� $ 2$" �V2 " # + aclE(d, d′) "� (�!, $ 2$"�V2" # + aclE(d, d′, i) - 4�$$" α(c) ∈ acl(dd′c) "� i * $ 2$" �V2" @ " c * 6("## # ("
{aa′dd′} 3,*+ c |̂ aa′dd′ "� i |̂ aa′dd′9 (�!, α(i) ∈ acl(dd′i) - + 5��

α(i) = τ0(α(i)) = (τ0(α))(τ0(i)) = (τ(α))(i).

4 5"#�676(�+" fa,a′(i) = fτ(a),τ(a′)(i)
(�!, α = τ(α) -

+�!, α ∈ aclE(d, d′) - 4�$$" a′ |̂ ab 8 a′ |̂ ad "� aa′ |̂ d - +�!, α |̂ d - + 5��
RM(α) = RM(α/d) = RM(dα/d) < RM(dα) ≤ RM(dd′) = 2.

�*+ ,�!#)@ "!� RM(α) ≤ 1 "� ,�$$" α ! 5"#� 2*# *&I)%+�@ " RM(α) = 1 -U�!�+�!# @ " α |̂ a - ��!�! α ∈ aclE(a) "� (�!, α(c) ∈ acl(a, c) $*�# *&�+# a′ ∈
acl(ac) ," @ � ,�!�+"(�� a′ |̂ ac - )! G*�� (" $ 2$" 2� + α |̂ a′ -
& </0;'(< � �� + α = [a1, a2] "� β = [a3, a4] 8 α ◦ β(i) "#� ()'!� 2� + i |̂ a1a2a3a4 - *!"� "� �! * *&�+# i |̂

a3a4

a1a2

(�!, β(i) |̂
a3a4

a1a2 "� (�!, β(i) |̂ a1a2 ,*+ β(i) |̂ a1a2 -
+ *!# &" #"!# ,�6("## # �� � I"+$ " α = [a1, a2] *  ! �!?"+#" α−1 = [a2, a1] 3+"$ *+6@ �!# @ " α−1 ∈ dclE(α)9 - �*+ ,�!�+" &* ,�$2�#)" (" (" = I"+$ "# ! 5"! "#� 2*# * 2+��+� ! - L" &"$$" # �?*!� $�!�+" @ " , 5"#� &" ,*# 2 � + (" = I"+$ "# �!()2 "!(*!�# -



�M
�<//< � �KO � ��

α �� β � 
�� ���� ���������
�� �� q ��� !� � α |̂ β ��
�� �� �� ���� a1, a2, a3��
�� ���������
�� ����" �������� �� p ��� !� � α = [a1, a2]1 β = [a2, a3] � �� "����������
" 
�� i |̂ a1a2a3 1 α ◦ β(i) = γ(i)


�
γ = [a1, a3] � # � " ��� γ |̂ α �� γ |̂ β �

# �� 
�������
� � F� � �V2" # + &" ? �(" (*!# ME "#� (" ("I+) 1 ,*+ dclE(∅) "#�  !"#� #6#�+ ,� +" )&)$ "!�*�+" (" ME 8 (�!, �� # &"# ,� 2&"# (" +)*&�#*���!# �!()2 "!(*!�"#(" q �!� $ 2$" �V2" - �& # � � (�!, (" $�!�+"+ @ " #� a1, a2, a3 #�!� �+��# +)*&�#*���!#�!()2 "!(*!�"# (" p *&�+# [a1, a2] |̂ [a2, a3] "� &" +"#�" ," ()( �� 2*+ 2 "+$ �*���! ("#�!(�,"# - )! * a1 |̂ a2a3
(�!, a1 |̂ a2[a2, a3] 8 a1 |̂

a2

[a2, a3] - + 5�� [a2, a3] |̂ a1a2 ,*+
[a2, a3] |̂ a2 - �*+ ,�!#)@ "!� [a2, a3] |̂ [a1, a2] -& </0;'(< � +*!# &" &"$$" 2+),)("!� γ )�*!�  ! I"+$ " 8 �& "#�  !�@ "$ "!� ()�"+$ �!)"� γ ∈ dclE(α, β) - �� + &* # ��" �! �("!��'"+* γ "� α ◦ β -

S���!# X & 5"!#"$%&" ("# I"+$ "# (*!# ME - P'! ( 5�%�"!�+  ! "!#"$%&" ,&�# 2*+,�$2�#����! 8 �! ?* $*�!�"!*!� ,�!#�()+"+ &"# I"+$ "# (" ,�$2�#)"# (" (" = )&)$ "!�#(" X -
�<//< � �K� � � 
�� !����� � ��� �� α = [a1, a2]1 β = [a3, a4]1 γ = [b1, b2] �� δ = [b3, b4]
� ��� ��� (α, β) ≡ (γ, δ) �� " 
�� �
��� ���������
� i �� p ��� !� � i |̂ a1a2a3a4b1b2b3b4 1
α ◦ β(i) = γ ◦ δ(i) �

� �
�� ≡ ��� �� � ������
� � 	�!������� ��� /� �
�� α · β �� ����� � � 	�!������� �� ��
(α, β) � � � �� ���� �� " ��� �� � ������
� � 	�!������� �� E ′ ��� ����� �� ���� "���� ���� ����
�� ���� �� � L ��� �� !� � " 
�� �
���� ���������
�� (a1, a2)1 (a3, a4)1 (b1, b2) �� (b3, b4) �� p2 1
[a1, a2] · [a3, a4] = [b1, b2] · [b3, b4] �� �� � ����� ��� �� E ′(a1, a2, a3, a4, b1, b2, b3, b4) �# �� 
�������
� � L* 2+" ?" "#� �("!��@ " * &"$$" � -J E-
�<//< � �K� � � 
��

G := X ·X � � �
�� G ��� �� ��
�" � ��� �� �����" ���� �� ���� M �
# �� 
�������
� � L"# )&)$ "!�# (" G #�!� �!?"+#�% &"# ,*+ , 5)�*�� ()� 7 &" ,*# 2 � + &"#)&)$ "!�# (" X -

�� + $ �!�+"+ @ " G "#� #�*%&" 2*+ ,�$2�#����! �& # � � (" $ �!�+"+ @ " &* ,�$2�#�6���! (" �+��# )&)$ "!�# (" X ,�++"#2 �!( 7 &* ,�$2�#����! (" (" = )&)$ "!�# (" X - ���"!�
α 8 β "� γ (*!# X - 4�!#�()+�!# δ |̂ αβγ - P &�+# β ◦ δ ∈ X - + " 2& # β ◦ δ ∈ dclE(β, δ)(�!, β ◦ δ |̂

β
α - 4�$$" β ◦ δ |̂ β 8 �! * β ◦ δ |̂ α "� (�!, α ◦ β ◦ δ ∈ X - + " & 5* �+"

,��) 8 ,�$$" δ−1 ∈ dclE(δ) 8 δ−1 |̂ γ
(�!, δ−1 ◦ γ ∈ X - + 5��

α ◦ β ◦ γ = (α ◦ β ◦ δ) ◦ (δ−1 ◦ γ).

P�!#� G "#�  ! I+� 2" �!'!� 3X )�*!� �!'!�9 -L 5"!#"$%&" G 2 " � 2�+" ? ,�$$" 2*+��" (" M4/E′ - )! 2 " � ?)+�'"+ G*,�&"$ "!�@ " G "#�  !" �!�"+#",���! �!'!�" ( 5"!#"$%&"# ()'!�##*%&"# (" ME′ "� @ 5�& "= �#�" !" G�+$ &" ψ(u, v, w)
�"& @ " 2� + �� � g1 8 g2 "� g3

(*!# G 8 ME′

|= ψ(g1, g2, g3) #� "�#" &"$ "!� #� g1◦g2 = g3 - L" I+� 2 " G "#� (�!, �!'!�$ "!� ()'!�##*%&" (*!# &* #�+ ,� +"
ME′ - �*+ &" �T)�+	$" M -MH 8 2 �#@ " ME′ "#� ���*&"$ "!� �+*!#,"!(*!�" 8 G "#� "! G*��()'!�##*%&" (*!# ME′ 8 ," @ � �$2&�@ " @ " &" I+� 2" G "#� �!�"+2+)�*%&" (*!# M -


