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Theilliere’s Corrugation Formula

@ It took 5 years to construct a C'-isometric embedding of a flat
torus

Hevea team: ~, F. Lazarus, S. Jabrane, B. Thibert
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Theilliere’s Corrugation Formula

@ It took 5 years to construct a C'-isometric embedding of a flat
torus

Hevea team: ~, F. Lazarus, S. Jabrane, B. Thibert

@ It took 5 other years to construct a reduced sphere

Hevea team: E. Bartzos, ~, R. Denis, F. Lazarus, D. Rohmer, B. Thibert

Vincent Borrelli L6 - Theilliere’s Formula




Theilliere’s Corrugation Formula

Mélanie Theilliere

@ Regarding construction of other explicit C'-isometric maps, a
more effective version of the Convex Integration would be

valuable.
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Theilliere’s Corrugation Formula

Mélanie Theilliere

@ Regarding construction of other explicit C'-isometric maps, a
more effective version of the Convex Integration would be
valuable.

@ The search for a more effective version led Mélanie Theilliere to
the discovery of a new formula.
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Theilliere’s Corrugation Formula

Mélanie Theilliere

@ Regarding construction of other explicit C'-isometric maps, a
more effective version of the Convex Integration would be
valuable.

@ The search for a more effective version led Mélanie Theilliere to
the discovery of a new formula.

@ In some specific but significant cases, this new formula produces
solutions having very simple analytical expressions: roughly
speaking, the integrals disappear!

Vincent Borrelli L6 - Theilliere’s Formula



Theilliere’s Corrugation Formula

Definition (Theilliere).— Let
e~ :[0,1]" x R/Z — R" be a family of loops

e fp 1 [0,1]™ — R" be map
e N>0
We define a new map f : [0, 1] — R" by setting
1
Ve [071]na f(X) = fO(X)+Nr(X7NX‘I)
where

t 1
r(x, 1) = /Szo'y(x,s)—ﬁ(x)ds and  5(x) = /O +(x, 8)ds

We say that f is obtained from f; by a Corrugation Process. We
denote it by f = CP,(fy, 01, N).

Vincent Borrelli L6 - Theilliéere’s Formula



Theilliere’s Corrugation Formula

Definition (recall).— We say that a family of loops
v :[0,1]™ x R/Z — R" fulfills the average condition with respect to f,
and in the direction 0, if

1
vx € [0,1]™, /Oy(x,t)dt:&fo(x).
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Theilliere’s Corrugation Formula

Definition (recall).— We say that a family of loops
v :[0,1]™ x R/Z — R" fulfills the average condition with respect to f,
and in the direction 0, if

4
Vx € [0,1]7, / ~v(x, t)dt = 91 fy(x).
0

Proposition (recall).— If v fulfills the average condition with respect to
fo and in the direction 01 then the map F = Cl,(fy, 01, N) satisfies

(P1) [IF = follco = O(1/N),

(P2) 10iF — 0ifyl|co = O(1/N) for all i # 1,

(P3) VX € [0, 1]m’ 04 F(X) = "y(X, NX1).

Vincent Borrelli L6 - Theilliere’s Formula



Theilliere’s Corrugation Formula

Proposition.— /f v fulfills the average condition with respect to fy and in
the direction 01 then the map f = CP,(fy, 01, N) satisfies

(P1) [lfo = fllco = O(1/N),
(P2) ||0ify — dif||co = O(1/N) for all i # 1,
(Py) ¥x € [0,1]™, 91f(x) = ~(x,Nx1) + O(3).
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Theilliere’s Corrugation Formula

Proposition.— /f v fulfills the average condition with respect to fy and in
the direction 01 then the map f = CP,(fy, 01, N) satisfies

(P1) [lfo = fllco = O(1/N),
(P2) ||0ify — dif||co = O(1/N) for all i # 1,
(Py) ¥x €[0,1]™, 91f(x) = ~(x,Nx1) + O(3).

Conclusion.— We can equally choose Cl, or CP, to run the Convex
Integration Theory.
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Theilliere’s Corrugation Formula

Proof of the proposition.— Since f(x) = fo(x) + %F(X, NXxq) we have

1 1
1f =folleo = HITC oo = O()
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Theilliere’s Corrugation Formula

Proof of the proposition.— Since f(x) = fo(x) + %F(x, NXxq) we have

1 1
1f =folleo = HITC oo = O()

e We have dl' = 3", 9T dx; + 9;[dt. Thus, if i # 1,

1

0if(x) = Oifo(x) = 1(AiT)(x, Nx1)

and

1 1
10if — difp]l o < NH@ir(-, Moo = O(N)
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Theilliere’s Corrugation Formula

e From N
00 = 6(x)+ [ (x.9) = 7(0ds
we deduce
1 Nx4
011030 = 400x) + 50 Nx) =70 + 7 [ (@) (x.) = (0r9) ()l
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Theilliere’s Corrugation Formula
e From N
:

) = 600 + 33 [ +(008) = 7)o

we deduce
1 NX1
() = (0 +20x. M) =00 + 7 [
S=

e Since ~ fulfills the average condition:

(017)(x, 8) — (017)(x)ds

Nx4
() =20 M)+ [ (@r)(x,8) = (01) (00
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Theilliere’s Corrugation Formula

e From N
1) = h(x) + [ (x.8) ~7(x)ds
s=0
we deduce
1 Nx4
011030 = 400x) + 50 Nx) =70 + 7 [ (@) (x.) = (0r9) ()l

e Since ~ fulfills the average condition:

Nx4
Or1(x) = 5(x, Noy) + 0n)xs) — 0r7) (s

e We have

< sup  [[(G17)(x, 1) — (01 7)(X)]|
te[0,1],x€[0,1]™

Nxq
/s (17)(x. 5) — (947)(x)ds

=0
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Theilliere’s Corrugation Formula
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Comparison between Cl, and CP,

Proposition.— Let f = CP,(fy, 01, N) and F = Cl,(fy, 01, N), we have

1

IF = flleo = O(5)-
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Theilliere’s Corrugation Formula

Comparison between CI, (green) and CP, (orange)
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Theilliere’s Corrugation Formula

Comparison between CI, (green) and CP, (orange)
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Theilliere’s Corrugation Formula
¢ To prove the proposition, we need two preparatory lemmas.
Lemma.— Let g: [a, b] x R — R". We have

/b 9(s, Ns)ds = G(b,Nb) — G(a.Na) _ 1 [ (01G)(s, Ns)ds.

N N Js=a

where G(x,t) = f;:o g(x, s)ds and 01 denotes the partial derivative

with respect to the first variable.
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Theilliere’s Corrugation Formula

¢ To prove the proposition, we need two preparatory lemmas.

Lemma.— Let g: [a, b] x R — R". We have

b B b
/ g(s, Ns)ds = G NB) = GlaNa) _ 1 [7 5 s Ns)ds.
s=a N N s=a

where G(x,t) = f;:o g(x, s)ds and 01 denotes the partial derivative
with respect to the first variable.

Proof of the lemma.— Let ¢ denotes the map s — ®(s) = (s, Ns). We
have

(Go®)(s) = (01G)od(s)+ N(92G) o d(s)
= (01G) o ®(s) + Ngo d(s).
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Theilliere’s Corrugation Formula

Thus 1 1
go®(s) = 1(Go®)(s) — (91G) o &(s)
and
/b g0 b(s)ds — Go ®(b) I:I God(a) 1N b (6,G) o B(s)ds.

Vincent Borrelli L6 - Theilliéere’s Formula



Theilliere’s Corrugation Formula

Lemma.— We further assume that, for all x € |a, b], the average
X) = ft1:0 g(x, t)dt vanishes. Then

b
/s:a g(s,Ns)ds = N - N N2

where G(x ft o G(x, t)at.

G(b.Nb) — G(a,Na) _ G(b) - G(a) , o( 1 )
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Theilliere’s Corrugation Formula
Lemma.— We further assume that, for all x € |a, b], the average
a(x) = ft1:0 g(x, t)dt vanishes. Then

b _ G _
/s:ag(s, Ns)ds — G0 ND) NG(a, Na) G(b) NG(a) o ( % )

where G(x) = f;zo G(x, t)adt.

Proof of the lemma.— The proof reduces to apply the previous lemma
twice. We first apply it to the map g to obtain

/ 7 (s, Ns)ds — G(& Nb);IG(a’ Na) _1N 7 (0:G)(s. Ns)ds. (1)

As we have assumed that g(x) = 0 for all x € [a, b], the map
t — G(x,t) is 1-periodic (however, note that its average does not
vanish in general).
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Theilliere’s Corrugation Formula

e Let h be the map defined by

he(x, 1) = (81G)(x. 1) — (91 G)(x)
and H(x,t) = fst:o h(x, s)ds. Applying the previous lemma to the map
h we obtain:

b _ b
/ h(s. Ns)ds — 112 Nb) u H(a Na) %/ (0yH)(s, Ns)ds.
S=a S=a
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Theilliere’s Corrugation Formula

e Let h be the map defined by
h:(x,t) = (81G)(x, 1) — (&1 G)(x)

and H(x,t) = fstzo h(x, s)ds. Applying the previous lemma to the map
h we obtain:

b B b
/ h(s. Ns)ds — 112 Nb) u H(a Na) %/ (01H)(s, Ns)ds.
s=a S=a

e Since 9;G = 04 G, we have h = 0 and thus t — H(x, t) is 1-periodic.
In particular, the maps t — H(x,t) and t — 01H(x, t) are bounded. We

thus deduce b
1
h(s, Ns)ds = O(—) .
/S  hls.Ne) o

Vincent Borrelli L6 - Theilliere’s Formula



Theilliere’s Corrugation Formula

e Since
b b b
/ * (91G)(s. Ns)ds = / ~ (1O)(s)05 + / © h(s.Ns)as
we also deduce that
b i = 1
/ " (1G)(s.Ns)ds = G(b) - G(a) + O <N> .

It remains to report this last relation in the equation (1) to obtain the
desired result. O
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Theilliere’s Corrugation Formula

Proof of the proposition.— The proof relies on the evaluation of the
difference F — fy where F = Cl,(fy, 01, N) and fy : [0,1]" — R". To
avoid the writing of useless coordinates, we do the proof for m = 1. We
are going to prove that

Flx) — h(x) = r(X}VNX) B r(x) /:/ r(0) L0 (#)

for all x € [0, 1]. Since f(x) = fo(x) + w this formula will prove the

theorem.
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Theilliere’s Corrugation Formula

Proof of the proposition.— The proof relies on the evaluation of the
difference F — fy where F = Cl,(fy, 01, N) and fy : [0,1]" — R". To
avoid the writing of useless coordinates, we do the proof for m = 1. We
are going to prove that

Flx) — h(x) = r(X}VNX) B r(x) /:/ r(0) L0 (#)

for all x € [0, 1]. Since f(x) = fo(x) + w this formula will prove the

theorem.

o We have

F(x) — fo(x) = /s :O F'(s) — fj(s)ds.
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Theilliere’s Corrugation Formula

The Average Condition implies that

F(x) — fo(x / F'(s) — 7(s)ds = /sioy(s,Ns)—i(s)ds.
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Theilliere’s Corrugation Formula

The Average Condition implies that

F(x) — fy(x / F'(s) — 5(s)ds — /3 :07(3, Ns) — (s)ds.

e Let g(s,t) :== (s, t) —7(s). Since g is 1-periodic with respect to the
second variable and since the average g(s) vanishes for every
s € [0, 1], we can use the above Lemma to write:

F(x) - fy(x) = FO6 N9~ 1(0,0) _ ) ;IF(O) +0 (l>

N
F(x,Nx) T(x)—T(0) 1
=~ N 1° (W) '
with (s, t) = [ _, g(s, w)dw. O
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Theilliere’s Corrugation Formula

What do we gain by using f = CP,(f, 01, N) instead of
F=Cl,(f,01,N)?

Nx4
100 = 600+ [ a0 -T00dt

X1
F(x) = fo(O,xz,...,xn)Jr/ y(u, X2, ..., Xn; Nu)du
0
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Theilliere’s Corrugation Formula

What do we gain by using 7 = CP,(fy, 01, N) instead of
F=Cl,(f,01,N)?

f(x)

Nx4
600+ 3y [ 260 = T0et

X1
F(x) = fO(O,xz,...,xn)Jr/ (U, X2, ..., Xn; Nu)du
0

e Pointwise property of CP,: only the value of fy at x and the loop
t — v(x,t) are needed to know the value of f at x.
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Theilliere’s Corrugation Formula

What do we gain by using 7 = CP,(fy, 01, N) instead of
F=Cl,(f,01,N)?

f(x)

Nx4
600+ 3y [ 260 = T0et

X1
F(x) = fo(O,xz,...,xn)Jr/ (U, X2, ..., Xn; Nu)du
0

e Pointwise property of CP,: only the value of fy at x and the loop
t — v(x,t) are needed to know the value of f at x.

o Relative property of CP,: if t — ~(x, t) is constant then
f(x) = fy(x).
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Theilliere’s Corrugation Formula

What do we gain by using 7 = CP,(fy, 01, N) instead of
F=Cl,(f,01,N)?

f(x)

Nx4
600+ 3y [ 260 = T0et

X1
F(x) = fo(O,xz,...,xn)Jr/ (U, X2, ..., Xn; Nu)du
0

e Pointwise property of CP,: only the value of fy at x and the loop
t — v(x,t) are needed to know the value of f at x.

o Relative property of CP,: if t — ~(x, t) is constant then
f(x) = fy(x).

o Periodicity property of CP,: If N € Z and fo(x + 01) = fo(x) then
f(x + 1) = f(x).
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Theilliere’s Corrugation Formula

Remark.— In 2002, Y. Eliashberg and N. Mishachev also proposed a new
convex integration formula with similar properties but their construction is
much less straightforward than the Theilliere’s one.
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Theilliere’s Corrugation Formula
¢ Coordinate free expression of CP,: Let

1) fo — (W, h) where U ¢ M and his a metric on W,
2) expy, : TyW — W be the exponential map induced by h,
3) 7 : U — R be a submersion,
4) v : U xR/Z — f; TW be a family of loops such that
v(X,.) :R/Z — (f* TW) for every x € U.
We define

N (x)
CPy (. N) X expiy) / Y (x, 1) — F(x)dt.
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Theilliere’s Corrugation Formula
¢ Coordinate free expression of CP,: Let

)

2) expy, : TyW — W be the exponential map induced by h,

3) 7 : U — R be a submersion,

4) v : U xR/Z — f; TW be a family of loops such that
v(X,.) :R/Z — (f* TW) for every x € U.

We define

— (W, h) where U ¢ M and his a metric on W,

N (x)
CPy(fo, m,N) : X — exprx) 1 v(x,t) —3(x)dt.
N Jo

This expression reduces to the previous one if M = [0, 1], W = E"
and 7(x) = xq. In that case dm=dx; = (91, ) and exp () ¥ = fo(x) + Y.

Vincent Borrelli L6 - Theilliere’s Formula



Theilliere’s Corrugation Formula
¢ Coordinate free expression of CP,: Let

1) fo — (W, h) where U ¢ M and his a metric on W,

2) exp, : TyW — W be the exponential map induced by h,

3) m: U — R be a submersion,

4) v : U xR/Z — f; TW be a family of loops such that
v(X,.) :R/Z — (f* TW) for every x € U.

We define

Nr(x)
CPy(fo, m,N) : X — expg (x) N/o v(x, t) — 7(x)dt.

This expression reduces to the previous one if M = [0,1]", W = E"

and m(x) = xq. Inthat case dr=dx; = (01, ) and expg ) ¥ = fo(x) + y.

e This property was observed by Patrick Massot and has no
counterpart in the classical version of the Convex Integration Theory.
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Theilliere’s Corrugation Formula
NN N N1
LAV AAVIRVIRV

The corrugation process and the Nash strain

e Recall that the Nash’s strain (in the direction 94) is the helical
deformation given by

f(x) = fo(x) + —“zl:;(Nx)(cos(ZﬂNxﬂ u(x) + sin(2rNxy ) v(x))

where u and v are orthonormal vectors of the normal bundle of f;.
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Theilliere’s Corrugation Formula

Sphere de rayon r(x) = /[[017(x)[2 + p(x)

e The Convex Integration version of the Nash’s proof replaces the
Nash’s strain by the following deformation

CI’Y(f()? 817 - fO / VP U X2, .05 X IZWNU du

where e = cosf u + sinfv.
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Theilliere’s Corrugation Formula

e The above expression of CL,(fy, 91, N) comes from the choice
v(x, 1) = /p(x)(cos(2rt) u(x) + sin(2rt) V(X)) + d1fo(x).

Since

1
F(x) = /0 ~(x, B)dt = 1y (x)

F(x,t) = /Ot (x,8) —7(x)ds
= /p / cos(2ms) u(x) + sin(2ws) v(x)ds
v 572 ) (sin(2rt) u(x) — (cos(27t) — 1) v(x))
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Theilliere’s Corrugation Formula
e The corresponding expression of CP, is

CPV(f0,81 , N)(X) = fo(X) + 1NF(X, NX1)

= fo(x) + %(sin(Zwaﬂ u(x) — cos(2rNxy) v(x))

p(x)
27N

This analytical expression is equal to the Nash strain up to an angle
shift of 7 and an extra translation.

+ v(x)
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Theilliere’s Corrugation Formula
e The corresponding expression of CP, is

CPV(fo,(% , N)(X) = fo(X) + 1NF(X, NX1)

= fo(x) + %(sin(Zwaﬂ u(x) — cos(2rNxy) v(x))

p(x)
27N

This analytical expression is equal to the Nash strain up to an angle
shift of 7 and an extra translation.

+ v(x)

e The angle shift could be corrected by choosing

(X, t) = /p(x)( = sin(27x1) u(x) + cos(2mx1) V(X)) + 01 fo(X).
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Theilliere’s Corrugation Formula
e The corresponding expression of CP, is

CP,(fy,01,N)(x) = fo(x) + 1NF(X, Nxy)

= fo(x) + %(sin(Zwaﬂ u(x) — cos(2rNxy) v(x))
p(X)

+ 27N

v(x)

This analytical expression is equal to the Nash strain up to an angle
shift of 7 and an extra translation.

e The angle shift could be corrected by choosing

v(x, 1) = /p(x)( = sin(27x1) u(x) + cos(2mxy) V(X)) + 01 fo(x).

e Observe that, unlike CI,(f, 01, N), the analytical expression of
CP,(fy, 01, N) involves no integral.
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Theilliere’s Corrugation Formula

A ANANANA
\VAAVARVARVAR

The corrugation process and the Kuiper strain

¢ Recall that the Kuiper’s strain (in the direction 0¢) is the corrugation
given by

f(x) = fo(x)—% sin(2Nxq )t(x)+—”'7v(x) sin (Nx - (:) s|n(2Nx1))n(x)

where t = ‘% /| 5 I || is the normalized derivative of f; in the direction
dyandnis a unlt normal vector.
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Theilliere’s Corrugation Formula

P
@)
A/n

15(x) = 7(x. Ny

P = Span(agfo, ceey 8,,,fo).

e The Convex Integration version of the Nash-Kuiper’s proof replaces
the Kuiper’s strain by

X1
Cl,(fo,01,N) = fo(O,XQ,...,Xm)+/ v(u, Xo, ..., Xm; Nu)du
0
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Theilliere’s Corrugation Formula

P
@)
A/n

15(x) = 7(x. Ny

P = Span(d2fy, ..., Omf).
e In the above expression, v is chosen to be
v(x,t) = r(x) (cos(a(x) cos 2mt) — Jo(c(x))) t(x)
+r(x) sin(c(x) cos 27t) N(x) + 1 fo(x)

where

r=y/loih)2 + o~ x(@h)[2.  a=dy' (

|01fo — (01 fo)||)
r
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Theilliere’s Corrugation Formula

e We have ;
5(x) = /0 (%, H)dlt = 0y fo(x)
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Theilliere’s Corrugation Formula

¢ We have ;
7(x) = /0 +(x, )t = B o)

and
t
M) = / A(x.5) - 7(x)ds
— r(x)/ cos(a(x) cos27s) — Jo(a(x))) t(x)

+sin(a(x) cos27s) n(x)ds
t
— ) ( /0 cos(a(x) cos 2) — Jo(a(x))ds) t(x)

+r(x) ( /0 'sin(a(x) cos 27rs)ds) n(x)
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Theilliere’s Corrugation Formula

o |f we set
t
Ke(a, t) == / (cos(acos 2ru) — Jo(a)> du
=0
t
Ks(a, t) = / sin(acos 2ru)du
u

=0

we then can write

F(x,t) = r(x)Ke(a(x),t) t(x) + r(x)Ks(a(x), t) n(x).
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Theilliere’s Corrugation Formula

o |f we set
t
Ke(a, t) == / (cos(acos 2ru) — Jo(a)> du
=0
t
Ks(a, t) = / sin(acos 2ru)du
u

=0

we then can write

F(x,t) = r(x)Ke(a(x),t) t(x) + r(x)Ks(a(x), t) n(x).

¢ Note that K. is 1/2-periodic in t and K 1-periodic in t.
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Theilliere’s Corrugation Formula

e The corresponding expression of CP, is

CP, (10,01, N)(X) = ho(x) + ;T (x. Niy)

r(x)
N

4L (,Q() Ks(a(x), Nxy) n(x)

= fo(x) + =5~ Ke(a(x), Nxq) t(x)
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Theilliere’s Corrugation Formula

e The corresponding expression of CP, is

CP, (10,01, N)(X) = ho(x) + ;T (x. Niy)

r(x)

N

r(x
+709 K (a(x), Ny ()

e This is a "without integration" formula in the following sense: the two
integrals that appear do not involve any data of our specific problem,
K. and K are functions of two variables that are independent of fy, r,
«, tand n.

fo(X) +

Ke(a(x), Nxq) (x)
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Theilliere’s Corrugation Formula

e The corresponding expression of CP, is

CP, (10,01, N)(X) = ho(x) + ;T (x. Niy)

r(x)

N

r(x
+709 K (a(x), Ny ()

e This is a "without integration" formula in the following sense: the two
integrals that appear do not involve any data of our specific problem,
K. and K are functions of two variables that are independent of fy, r,
«, tand n.

fo(X) +

Ke(a(x), Nxq) (x)

e Once K; and K have been tabulated, no numerical integration is
needed to determine CP,(fy, 01, N).
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Theilliere’s Corrugation Formula

i

Sergio Conti, Camillo de Lellis and Laszl6 Székélyhidi

Observation and cultural note.— The above formula is analogous to
the ansatz used by S. Conti, C. De Lellis and L. Székelyhidi to study
the C"* regularity of Nash-Kuiper embeddings.

Theorem (S. Conti, C. De Lellis, L. Székelyhidi, 2012).— Let M" be a
compact Riemannian manifold, fy : (M", g) — E"*' be a strictly short
map and « € |0, 2(nT[ then there exists an isometric map

fro : (M", g) — B of classe C1.



Convex Integration without Integration

Question.— Can we expect a "without integration formula" for other
differential relations ?

Ricky Stern, Wild animals in the urban landscape
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Convex Integration without Integration

Question.— Can we expect a "without integration formula" for other
differential relations ?

Ricky Stern, Wild animals in the urban landscape

Answer.— Yes, provided that the differential relation allows a uniform
construction of the family of loops.
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Convex Integration without Integration
Our approach so far: Given % c J'([0,1]™,R") and

X = So(x) = (X, fo(X), vi(X), ..y Vm(X)) € &

we build on an ad hoc basis a family of loops v : [0,1]" x R/Z — R"
such that, for all x € [0,1]™,

(Nt (x, H(x),v(x, 1), va(X), ..., Vin(X)) € R
1
(i) [ 20x.Dett = 0110

(i) ~v(x,0) = v(x, 1) = v1(x)

Vincent Borrelli L6 - Theilliere’s Formula



Convex Integration without Integration
Our approach so far: Given % c J'([0,1]™,R") and

X = So(x) = (X, fo(X), vi(X), ..y Vm(X)) € &

we build on an ad hoc basis a family of loops v : [0,1]" x R/Z — R"
such that, for all x € [0,1]™,

(I) t— (Xu fo(X),’}/(X, t)7V2(X)a-~~7Vm(X)) €ER
1
(i) [ 20x.tyat = a1to(x)
0
(iif) ~(x,0) =~(x,1) = vi(x)
We then set Fy = Cl,(fy, 01, N) and, for N large enough, we obtain

X = &1(x) = (X, F1(x), 01 F1(x), va(X), ..., Vm(X)) € &
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Convex Integration without Integration
A new approach: Assume we are given a map

. "RxR" — C®(R/Z,R")
(ow)  —  Alow)

such that
(1) t—= Xy, Ao,w)(t),Ve,....,Vm) € R

1
®) /0 Ao, w)(t)dt = w

(3) Ao, w)(0) = (o, w)(1) = vy
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Convex Integration without Integration
A new approach: Assume we are given a map

. "RxR" — C®(R/Z,R")
(ow)  —  Alow)

such that
(1) t—= Xy, Ao,w)(t),Ve,....,Vm) € R

1
®) /0 Ao, w)(t)dt = w

(3) A(o,w)(0) =*(o, w)(1) = v4
e Then, for any section

X = Go(x) = (X, fo(X), Vi (X), ... Vin(X)) €
the following family of loops ~ will satisfy points (/) to (iif):
(X, 1) = A(So(x), 011 (X)) (D).
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Convex Integration without Integration

¢ Recall that, in Lecture 4, we solved an open and ample differential
relation %2 < J'([0, 1]™,R"™) by considering the projection

L (X, Y VA ey Vi) — (XY Vi ey Vi) = Z

p
and the slices %;™ of the differential relation % over (p-m)~1(z):

Fin = A0 (ptn)(2)
= {ueR"|(x,y,v1,...., Vm_1,U) € R}.

Vincent Borrelli L6 - Theilliére’s Formula



Convex Integration without Integration

¢ Recall that, in Lecture 4, we solved an open and ample differential
relation %2 < J'([0, 1]™,R"™) by considering the projection

Lm (X, Y Ve ey Vi) — (X, Y Ve, oy Vng) = Z

p
and the slices %;™ of the differential relation % over (p-m)~1(z):

Fin = A0 (ptn)(2)
= {ueR"|(x,y,v1,...., Vm_1,U) € R}.

e Then by solving iteratively each %1+, k € {m,m —1,...,1}, we have
obtain a holonomic section j'f from a section &y of %
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Convex Integration without Integration

e Here, we do not assume that % c J' (M, N) is ample. We thus have
to introduce new notations to take into account the convex hull of each
slice of &.
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Convex Integration without Integration

e Here, we do not assume that % c J' (M, N) is ample. We thus have
to introduce new notations to take into account the convex hull of each
slice of &.

eleto=(x,y,vq,...,Vm) € #. We denote by
%(U, am)

the connected component of Rym, 7 = (X, ¥, V1, ..., Vm_1), that
contains vp,.

Vincent Borrelli L6 - Theilliere’s Formula



Convex Integration without Integration

e Here, we do not assume that % c J' (M, N) is ample. We thus have
to introduce new notations to take into account the convex hull of each
slice of &.

eleto=(x,y,vq,...,Vm) € #. We denote by
%(O’, am)

the connected component of Rym, 7 = (X, ¥, V1, ..., Vm_1), that
contains vp,.

e We consider the bundle pj, TN over &% induced by the projection
py: % — N,o=(x,y,L)— y,and we define

IntConv (%, 0) := {(o, w) € p, TN | w € IntConv R(o,k)}.
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Convex Integration without Integration

TyN ~R"

R(c, 1)

e An illustration showing
R(o,01)={we TyN|(X,y,w,Vs,...,Vm) € R}
with o = (X, ¥, V1, ..., Vm) € &...
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Convex Integration without Integration

(P TN)o

— IntConv(R, 01)

e ... and

IntConv(%,01) = {(o,w) € p, TN | w € IntConv R(o,01)}
L6 - Theilligre’s Formula




Convex Integration without Integration
Definition.— Let U be a chart of M and £ be a differential relation of
J'(U, W). We say that a loop family

4: IntConv(®,0k) — C'(R/Z,TN)
(o, w) — Ao, w)()

is surrounding in the direction O if for every (o, w) we have
(1) t = A(o, w)(t) is a loop in %(o, dk),
(2) the average of t — #(o, w)(t) is w,
(3) there exists a continuous homotopy
H : IntConv(#,0k) x [0,1] = TN
such that for all t € [0, 1]:
H(o,w,0) =#(o,w)(0), H(o,w,1)=vx and H(o,w,t)e %(o, k).
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Convex Integration without Integration

e Given a differential relation %, the existence of such a # is clearly a
separate issue...
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Convex Integration without Integration

e Given a differential relation %, the existence of such a # is clearly a
separate issue...

e |f such a # exists, we denote the induced Corrugation Process by
CP~(&o,01,N)
rather than CP,(fy, 01, N). The relation between # and + is given by

Y(x, 1) :=A(So(x), d1fo(x))(1).
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Convex Integration without Integration

e Given a differential relation %, the existence of such a # is clearly a
separate issue...

e |f such a # exists, we denote the induced Corrugation Process by
CP~(&o,01,N)
rather than CP,(fy, 01, N). The relation between # and + is given by

Y(x, 1) :=A(So(x), d1fo(x))(1).

¢ The third point in the definition ensures the homotopic properties
needed to glue local solutions and to state a potential h-principle for %.
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Convex Integration without Integration

e Given a differential relation %, the existence of such a # is clearly a
separate issue...

e |f such a # exists, we denote the induced Corrugation Process by
CP~(&o,01,N)
rather than CP,(fy, 01, N). The relation between # and + is given by

Y(x, 1) :=A(So(x), d1fo(x))(1).

¢ The third point in the definition ensures the homotopic properties
needed to glue local solutions and to state a potential h-principle for .

e We are going to focus on maps # whose loops are shaped on a
same pattern.
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Convex Integration without Integration

/

Définition.— A loop pattern is map

\/

c:AxR/Z — RP

where A C RY is a parameter space.
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Convex Integration without Integration

/

Example.— Let o ~ 2.4 be the first positif zero of Jy. The pattern
¢ = (c1,C2,63) : [0, 0] x R/Z — R® behind the loops used to solve the
e-isometric relation in codimension one is given by

\/

c(a,t) = (cos(a cos 2mt) — Jo(cv), sin(acos 2rt), 1).
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Convex Integration without Integration

=

/ ;

Example.— Indeed, recall that v was chosen to be

(X, 1) = r(x) (cos(a(x) cos 2t) — Jo(a(x))) t(x)

+r(x) sin(a(x) cos 2rt) n(x) + 01f(x)
that is

y(x, 1) = r(x)cr(a(x), £) t(x) + r(x)ca(a(x), 1) n(X) + cs(a(x), 1) fo(x)
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Convex Integration without Integration

/

Example.— Thus, for every point x, the loop t — ~(x, t) is the linear
image of the loop t — c(a(x), t) by the linear map

\{

e(X) 1 R® — Ty (N

defined by ¢(x)(e1) = r(x)t(x), e(x)(e2) = r(x)n(x) and
e(x)(e3) = 01fy(x) where (eq, ez, €3) is the standard basis of R®.
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Convex Integration without Integration

/

Example.— Summing up, we thus have

\j

V(X 1) = e(x) o c(a(x), 1)

for all x and t.
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Convex Integration without Integration

¢ To state the definition of a c-shaped surrounding family, we need a
formal framework to define what it means to be the linear image of a
loop of c.
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¢ To state the definition of a c-shaped surrounding family, we need a
formal framework to define what it means to be the linear image of a
loop of c.

e Let E — N be the fiber bundle over N with fiber
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Convex Integration without Integration

¢ To state the definition of a c-shaped surrounding family, we need a
formal framework to define what it means to be the linear image of a
loop of c.

e Let E — N be the fiber bundle over N with fiber

e We consider its pull back by the projection

q: IntConv(R,0() — N
(o,w) — Yy

A section ¢ of g* E defines a family of linear maps ¢(o, w) : R° — T,N.
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Convex Integration without Integration

Definition.— We say that a surrounding family in the direction 0
7 : IntConv(%,dx) — C'(R/Z, TN)

is c-shaped if there exist a section ¢ of g*E — IntConv (%, dx) and a
map a : IntConv(Z%, dx) — A such that

Ao, w)(t) = e(o, w) o c(a(o, w), t)

for all ((o, w), t) € IntConv(%, 0k) x R/Z.
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Definition.— We say that a surrounding family in the direction 0
7 : IntConv(%,dx) — C'(R/Z, TN)

is c-shaped if there exist a section ¢ of g*E — IntConv (%, Jx) and a
map a : IntConv(Z, dx) — A such that

Ao, w)(t) = e(o, w) o c(a(o, w), t)
for all ((o, w), t) € IntConv(Z,0k) x R/Z.

e If (¢c1,..., cp) denote the components of ¢ in the standard basis of RP
and if eq, ..., ep denote the image of this basis by ¢, we thus have

;Y(0'7 W)(t) = 2?21 C,'(a(O', W)? t) ei(Ua W)’
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Convex Integration without Integration

Notation.— We write: #(o, w)(t) = c(a(o, w), t) - e(o, w).
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Notation.— We write: #(o, w)(t) = c(a(o, w), t) - e(o, w).

Definition.— Letc: Ax R/Z — RP and %  J'(U, N) be a differential
relation. If there exists a c-shaped family # in the direction 9y, we say
that % is a Kuiper relation with respect (c, k).
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Convex Integration without Integration

Notation.— We write: #(o, w)(t) = c(a(o, w), t) - e(o, w).

Definition.— Letc: Ax R/Z — RP and %  J'(U, N) be a differential
relation. If there exists a c-shaped family # in the direction 9y, we say
that % is a Kuiper relation with respect (c, k).

o If % C J'(M, N), we say that % is a Kuiper relation with respect c if
Ry itis a Kuiper relation with respect (c, d) for every chart U ¢ M
and for every direction 0.
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Convex Integration without Integration

Notation.— We write: #(o, w)(t) = c(a(o, w), t) - e(o, w).

Definition.— Letc: Ax R/Z — RP and %  J'(U, N) be a differential
relation. If there exists a c-shaped family # in the direction 9y, we say
that % is a Kuiper relation with respect (c, k).

o It % C J'(M, N), we say that % is a Kuiper relation with respect c if
Ry itis a Kuiper relation with respect (c, d) for every chart U ¢ M
and for every direction 0.

¢ The interest of Kuiper relations lies in the fact that the analytical
expression of the Corrugation Process for such relations involves no
integrals. This is stated in the following proposition.

Vincent Borrelli L6 - Theilliére’s Formula



Convex Integration without Integration
Proposition.— Let % c J'(U,R") be a Kuiper relation with respect to
(c,0x) and x — So(x) = (x, fo(x), L(x)) be a section of %, then

p
CP~/(&o, k. N)(xX) = Z x), Nxi))&/(x)

ZI

where .
e Ci(a, t):/ (ci(a,u) —¢c(a))du
0

o a(x) = a(So(x), 01fo(x)) € RY
° e,'(X) = e,'(Go(X),61 fo(X)) eR”
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Convex Integration without Integration
Proposition.— Let % c J'(U,R") be a Kuiper relation with respect to
(c,0x) and x — So(x) = (x, fo(x), L(x)) be a section of %, then

CP~ (&0, 9k, N)(x) =

ZI

p
Z x), Nx)ei(x)

where .
e Ci(at) :/ (ci(a,u) —¢c(a))du
0
o a(x) = a(Go(x), 01fp(x)) € RY

° e,~(x) = e,'(Go(X),61 fo(X)) cR”
o lf 2 C J1(U, N) then e,-(x) = e,-(60(x),81 fo(X)) S TfO(X)N and

CP"‘)/(6078K7N)( = eXPfy(x) (NZCI(a ), Nxk)ei(x ))
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Convex Integration without Integration

Proof.— We have
Xk

OP5 (80,00 N)(X) = () + 37 [ +(0.t) = (et

where y(x, t) := ¥(&o(X), dfo(X))(t) and F(x) = Ik fo(X).
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Proof.— We have

Xk

OP5 (80,00 N)(X) = () + 37 [ +(0.t) = (et

where y(x, t) := ¥(&o(X), dfo(X))(t) and F(x) = Ik fo(X).

e Since # is ¢c-shaped and surrounding, we have

(X, ) = c(a(x), 1) - e(x)
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Proof.— We have

Xk

OP5 (80,00 N)(X) = () + 37 [ +(0.t) = (et

where v(x, t) := ¥(So(X), Ik fo(x))(t) and F(x) = Ok fo(x).
e Since # is c-shaped and surrounding, we have
,Y(X7 t) = C(a(X), t) ) e(X)

e Therefore

t t
/S_O”y(X,S)—W(X)ds = </s_0 c(a(x),s)—E(a(x))ds) - e(x)
= C(a(x),1) - e(x)
U
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Convex Integration without Integration

e Here is an example of a Kuiper relation:

Theorem (Theilliere).— The differential relation of codimension one
immersions is a Kuiper relation with respect to the loop pattern
¢ :[0,a0] x R/Z — R3 defined by

c(a,t) = <cos(a cos 2mt) — Jo(v), sin(a cos 2rt), 1).
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVvi,...,Vm) | (vy,...,vm) are Li. in R™1}

be the differential relation of codimension one immersions.
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVvi,...,Vm) | (vy,...,vm) are Li. in R™1}
be the differential relation of codimension one immersions.

e We consider the direction 0;. Let 0 € & et P = Span(va, ..., vin). We
have: dim P=m—1.
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVvi,...,Vm) | (vy,...,vm) are Li. in R™1}
be the differential relation of codimension one immersions.

e We consider the direction 0;. Let 0 € & et P = Span(va, ..., vin). We
have: dim P=m—1.

e R(0,01) = {w e R™ | (x,y, W, Vo, ..., Vip) € R} =R\ P
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVi,...,Vm) | (v4,...,vm) are Li. in R™1}
be the differential relation of codimension one immersions.

e We consider the direction 0;. Let 0 € & et P = Span(va, ..., vin). We
have: dim P=m—1.

e R(0,01) = {w e R™ | (x,y, W, Vo, ..., Vip) € R} =R\ P

e P is of codimension 2 in R™*" therefore %(o, d) is connected and
its convex hull is R™+1
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVi,...,Vm) | (v4,...,vm) are Li. in R™1}
be the differential relation of codimension one immersions.

e We consider the direction 0;. Let 0 € & et P = Span(va, ..., vin). We
have: dim P=m—1.

e R(0,01) = {w e R™ | (x,y, W, Vo, ..., Vip) € R} =R\ P

e P is of codimension 2 in R™*" therefore %(o, d) is connected and
its convex hull is R™+1

e IntConv(R,01) = {(o,w) | w € IntConv R(c,0;)} = % x RM!
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Convex Integration without Integration
Proof.— We do the proof for N = R™*1. Let

R={o=0yVi,...,Vm) | (v4,...,vm) are Li. in R™1}
be the differential relation of codimension one immersions.

e We consider the direction 0. Let 0 € % et P = Span(va, ..., V). We
have: dm P=m—1.

e R(0,01) = {w e R™ | (x,y, W, Vo, ..., Vip) € R} =R\ P

e P is of codimension 2 in R™*" therefore %(o, d) is connected and
its convex hull is R™+1

e IntConv(R,01) = {(o,w) | w € IntConv R(c,0;)} = % x RM!

e For every (o, w) € % x R™' we have to build (in a continuous way)
aloop
¥(o,w) : R/Z — RM™1\ P

whose average is w.
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eletv=viA...AvVp [[ =span(vy,v) and Oy = PN (][] +w).
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eletv=viA...AVp, ][] =span(vi,v) and Oy = PN (] +w).

e We choose r = +/dist2(w, Oy) + 1 = /dist?(w, P) + 1 and we put
e = rm, ez :=ry;andeg:=w
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Convex Integration without Integration

We then define # to be

A(o, w)(t) = (cos(a cos2mt) — Jp(ar)) €4 + sin(avcos 2wt) €2 + W
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Convex Integration without Integration

We then define # to be
A(o, w)(t) = (cos(arcos2mt) — Jp()) €1 + sin(acos 27t) €0 + W

We could choose the function « to be a = «g. But, to ensure an (extra)
relative property, we are going to do a different choice...
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Convex Integration without Integration

We choose «a to be
e equal to «y if dist(vy, w) > 0,

e and if not, a € [0, ap| is chosen in such a way that #(c, w) = w if
vy = w and dist(w, P) > 4.
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Convex Integration without Integration

e The reason for a such choice is the following: if the component v; of
the formal solution is already a solution, i. e. vy = w, we choose

A(o, w) to be constant equals to w except for the case where w is too
close to the singular locus P.
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Observe that
(1) t—(xy,Ao,w)(t),Vo,....,Vm) € R

1
2) /0 Ao, w)(t)dt = w

(3) An obvious homotopy joins v; to #(c, w)(0)
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Convex Integration without Integration
Expression of f = CP;y(Go, 01, N): This expression is easily deduced

from the proof of the theorem. If
GO(X) = (X7 fO(X)a 4 (X)v SR Vm(X))
then

r(x)
N

f(x) = fo(x) + Ke(a(x), Nxq) to(x) + r(l\)l() Ks(a(x), Nx1) n(x)
with

Ke(a, t) == /utzo (cos(a cos2mwu) — Jo(a)) du

t
Ks(a, t) ::/ 0sin(04cos27ru)du
u=

and ty := i, n = AL p — | Jdist2 (0o, P) + 1,

vl viA-. AV

P = Span(vs, ..., V).



Circle shaped loops and codimension one immersions

Exercice.— We consider the relation # of immersions of M™ into
RMH1

1) Prove that this relation is Kuiper with respect to the constant loop
pattern ¢ : R/Z — R3 defined by ¢(t) = (cos2rt,sin27t,1) and

e =rpi, e = M e; = w with r any C' function greater
than dist(P, w) (the e;’s are given for the direction 0y).
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Circle shaped loops and codimension one immersions

Exercice.— We consider the relation # of immersions of M™ into
RMH1

1) Prove that this relation is Kuiper with respect to the constant loop
pattern ¢ : R/Z — R3 defined by ¢(t) = (cos2rt,sin27t,1) and

— Vi _ VINA...AVm _ . 1 .
€1 = Iy € = Iy a=ay. €3 = W with r any C' function greater

than dist(P, w) (the e;’s are given for the direction 0y).
2) We consider M = R/Z x [—1,1] and the map f, : M — R? given by
fo(X1 s X2) = (X2 COS(27I'X1 ), Xo sin(27rX1 ), Xg).

Check that f, fails to be an immersion along S' x {0} and describe its
image.
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Circle shaped loops and codimension one immersions

3) Let &¢ be the section of J'(M, R%) defined by
x = (X1, X2) — So(X) = (X, fo(x), v1(x), B21o(x))

where vy(x) = (—sin(2mxy ), cos(27x1),0). Show that & is a formal
solution of Z.
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3) Let &¢ be the section of J'(M, R%) defined by
x = (X1, X2) — So(X) = (X, fo(x), v1(x), B21o(x))

where vy(x) = (—sin(2mxy ), cos(27x1),0). Show that & is a formal
solution of Z.

4) Let r(o, w) = /1 + ||w]||2. Show that r(o, w) > dist(w, P) where
P = Span(v>) (we recall that o = (x, y, v1, \2)).
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5) Show that f; = CPx(&o, 01, N) has the following expression:

cos(2mx1) [472x2 + 1 —sin(27x1)
i(x) = x| sin(2rxy) | + ﬁ sin(2rNx1) |  cos(27xq)
1 m 0
\/4m2x3 + 1 cos(2mxy)
+ WU — COS(27I'NX1)) Sin(fquﬂ

forevery x = (xy,x2) € R/Z x [-1,1].
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Desingularisation of a cone obtained by f; = CPx(&, 91, N = 6) and
[wl[?

with r(O', W) =2r + ?
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T3

The C°-density phenomenon: Corrugation Process with
N =6, 12, 36.
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