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General Model

0,
Rwa—i —V-(AVp)+ (V-V)p+ARwp=0 (1)
R Latency retardation factor,

w Porosity,

v Darcy Velocity

A = 1982 7 half life time of the element radioactivity
According to the units width and their length, only 2D vertical
section is considered.

lodine 2°/ has half life time 7 = 1.57 107 years
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Renormalization

m Study time : 107 ans.

m Characteristic length : L = 6km, | =800m, e = 135m,
d = 100m, h= 5m, LStOCk = 1500m. Introduction

General Model

4 Numerical simulations
|

e e : h 1 Homogenized Problem
Numerical simulations

L giock
o Asymptotic expansion
Numerical simulations
L Numerical simulations
Numerical simulations

. . L tock

Normalization : : ¢ = % L=4Ls0ock, € >~ ¢,
Number of units

dr~e hoe e



Numerical simulation of the Global model

c Ope
ot
©e(0,x) = wo(x) x € Q.
n-o=n-(AVyp. —v: o) =o(t) onl]

we=0 on 5,
n- (A°Vy. —vip.)=0 on S,

avec

div (A*V.) + (v - V). +Awp. =0 in (D)

(3)
(4)
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Homogenized Model

0 € L2(0, T; HY(Q)) N L>=(0, T; L3(Q));

) .

WZa—f —div (A’Ve) + (v*- V) + Ao =0in Q7 (8) e
General Model

P(x,0) = po(x) x €Q=0\X (9) | st

(p = 0 on 51 (10) Numerical simulations

n- (A’Vp—v?p)=0 on S, (11) [erpecesmn

~ Numerical simulations

[¢] =0 |, [ez . (A2v99 2 99)} = —|[M|® on E(12) Nertes) skt

Numerical simulations

where | M| is the limit of the area of one normalized unit M..

L=01)

o)
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Asymptotic Expansion

m We want more accurate information around the units

L=0(1)
Introduction
General Model
Lo — o Renormalization

Numerical simulations
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Numerical simulations

Numerical simulations

8 O Numerical simulations
209,

umerical simulations

op — dv(APVRD) + (vV - V)l + AP ol = 0in ar (13)
o(x,0) = p%(x) x€Q=Q\T (14)
©?=0 on S (15)
n- (A2Ve? —v2%) =0 on S, (16)

1
[W]=0 , [ex- (A’V?—v?Q2)] = —|OM.[ on 52617,)



the inner asymptotic expansion

In G., the inner domain, we seek an asymptotic expansion ¢, :

Introduction

General Model

Renormalization

0
x| 02 X X

~ A0 Kk € 0 k 1 _ 1 Numerical simulations

@6*‘ps+€ Xa(i)r +Wf(f)¢)_<psps(7)vk =P )

e’ Ox £ 5 W ferermTiree | el

—_—— T Y Numerical simulations

shape source convection Asymptotic expansion

(18) N | I
. . . . . umerical simulations
where ¢ mimics the behaviour of ¢ but with two jumps on Numerical simulations

Yr={elog(l/e)} x] —d/2,6/2[ and on

Y =clog(l/e)} x| —6/2,8/2 ], instead of one one X.
the functions xX, p% and w. are 1 perisodic in y; solutions of
three auxiliary stationary problems (diffusion type)posed in on

infinit strip.

G.=(]-1/2,1/2[x R\ M. .



Source Corrector

—div(AVw.)=0 in G. .
ntroduction
n- AVWE =1 on 8./\/15 ’ General Model

Renormalization

We is 1— periodic in »n Numerical simulations
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1
[im AVWg(y) = 15 |8M5‘ e . (]_9) Numerical simulations
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Shape correctors
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_dlv (A V(Xlg + yk)) = O In gg Introduction
n-: AV(X: +}/k) = O on 6./\/15 ) (20) General Model

Renormalization

k i Numerical simulations
Xs is 1 — periodic in y;
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lim VX!; =0 s (21) Numerical simulations
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Convection Correctors
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—div(AVps) =0 in G.

n - (A Vpls( + ek) =0 on OM,.; (22) General Model
k . . . . Renormalization
ps is 1 — periodic in y; Numerical simulations

Homogenized Problem

lim Vplg =0 . (23) Numerical simulations
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Stabilization at the infinite

TAB.: Dependance of the auxiliary solutions behaviour in function of

the truncature length h Introduction
General Model
h 1 2 4 Renormalization
Numerical s\‘mu\at\ons
ct —ct  —3.00164 10" 2251611071 —1.69610 10~ 1! R
2 —c2 801.80 801.79 801.79 Numerical simulations
dl —dl 2040241071 4370051014 —2.20154 1013 R
d? — d? 0.65787 0.65786 0.65786 R




A priori estimates

with the approximation :

¢ in Q\G. ; ( outer expansion) Introduction

£ General Model
€ 0 Renormalization
8305 X 0

€

0 k f o k f 1 : Numerical simulations
e (BT tm)o -t d) e
Numerical simulations

(24) Asymptotic expansion

Numerical simulations
Theorem

Numerical simulations
For any 0 < 7 < 1, there exists a constant C; > 0 indépendent
of €, such that

loe — Feleo,mimpy) < Ge (25)
where B, = Q\0G..



RENEIS

loe = Feleo, iy < Ge™ (26)

m Estimates in gradient.... No a priori Continuity of the
expansion....

m 0 < 7 < 1 Which ¢ is small enough ?

m All the auxiliary problem are up to a constant

o 0
F.is defined up to ¢ <a18% + ar® — <p2a3v,}> inG;.
Xk

(27)
Which constant (ay, az, a3) to choose .....
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Other terms....

in the inner layer G. =]0, L[ x ] —de,de[ N Q., we will look
for higher order terms :

Introduction

(ps(x)%¢g(t7x)+€¢;(t7x7y)—|—82 Cbg(t)va)"' y Y=

General Model

X
9

Renormalization
Numerical simulations

we have . Homogenized Problem

Numerical simulations

a(;b(a) (t X) _ p/( ) . 0 ¢ Asymptotic expansion
s A% \/J(yz)d)e(t, X) + Wa()’) (tr)ummm\ simulations

8Xk Numerical simulations

oLt x,y) = x:(y)
we seek ¢ as follows :

$2(t,x) = p2(t. x) + e pr(t,x) + 2 2(t,x) + -+ . (28)
in Q\G. : we seek an expansion as follows :

pe = 2(x) Fepr() +- (29)



A second corrector

ol " Conoutous, £, Manuse
e 2P (A°V, 1) + (v - V)l + Aw® of =(80) 1o

General Model
o] ‘Q i Renormalization
[751—] = \/f(id) : = /){j(id) \/J(id) QO Numerical simulations

OX Homogenized Problem

+ We Cb(t) on Z?: (31) Numerical simulations

1 > 0 Asymptotic expansion
Op )2

1 (

1 T S S

p-| = =(dkob,” + 0o b

dy» g 2(( k2bi + 0nby) Ox,Oxy

Numerical simulations

Numerical simulations

[-D

) . o
Fok2 (v diF )()Lk on Y5 (32)

©}(0,x)=0 and ©!=0 on S* . (33)



RENEIS

m There is continuity of the solution : continuité.

m This approach fix the constant for the auxiliary problems

solutions : e
General Model
. . . . Renormalization
\lf(y)dy — o (y)dy = W—(y)dy =0 Numerical simulations
Jg. Jg. Jg. Homogenized Problem

Numerical simulations
m A new problem to solve : : Peiiie Gy

Numerical simulations

m Two Jumps at the same place (£F)....
m "very weak” solution
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Decomposition into two more simple problems

pe=p+m
with p défined in Q\G. and 7 defined in Q\T*
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e 5 . e e c . + Numerical simulations
w ot dIVX(A Vi P) + (V Y )P +Aw p=0in Q L(Qg)ﬂomogem'zed Problem

Numerical simulations

p=A* on X (35 ) [—
Numerical simulations
p(o, X) =0 and p= 0 on Si . (36) Numerical 5\mu\dt\on5

J% — div,(ATV,om) + (v¥ - V) + Awfm =0 in Q\(XF UET)

on op
p T —B*_[-D 2P v+
[ 3y + vo 7] [ % +v2 p] on X2 (38)

u-(0,x)=0 and 7=0 on S* . (39)



Conclusions

m Global Model obtained by homogenization give very good
results in "long times"

m The model with matched expansion take into account the
local oscilation in the near field.

m The two approach describe precisely enough the Detailed
behaviour without expensive computations.
m For this situation ratio around 10
m For more complex situation (increasing the number of

units), the size of homogenized problems do not increase.
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