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Mathematical model

We consider the flow of two immiscible compressible fluids

(w=water and g=gas) in a porous medium I =]a, b[=[J_, I".
0< S(x,t) <1 in Ix]0, T7,
®9;S + 0k (fu(S)q) — O« (Kdxa(S)) = @ inIx]0, T, .
®0:(P(1—S)) — 0« (PAg(S)KOLP) = % in 1x]0, T7, (1)
g =—A(S)Kd« (P + B(9)) in Ix]0, T,

®(x) is the porosity,

K(x) absolute permeability,

Q, the source term of phase v = w, g,

kr,(S) the v-phase relative permeability,

A(S) = kr;(s) where 11, the v-phase viscosity,
A(S) = Aw(S) + Ag(S) is the total mobility.
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Finite Volume Scheme

o Let {to,..., ty} be a partition of J = [0, T]; At" = t"T1 — ¢,
N .
o Let (x,-) o be a partition of I and X1 = (X,‘+1 == X,-)/2;

@ Vertex-Centred control volumes I; := [x;_1;x; 1]; hi = ||
2 2
I < J 12 x J
1n+1
SI ,n+
n n n
Ln g2
S
Xi—1 49 Xit1

hi
Figure: The control volume [; x J, at the interface for i = iy.
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Finite Volume Scheme

n At" m n m n K’ j
S+ o 3 (ST — oS 7 )
! Ij::l:}é H“J'*E
. n _ At" m n s n + _ m n _  n + ﬁ n
=5 O h; j—zi:yz |:fw (Si )(2qu+j) fw (5i+2j)( 2]Q;+j) } + ®p Qw,i

Pressure equation

3 |
-

At" AZ( )i+ Kitj
PP — ST+ (PR = (PR e 2o
d),'h,' =tk ( +2 ) 2AX,-+J-7%
At"
— pr(1_§" n 5
PSP+ oG )

With continuity of the capillary pressure at the interface
- -1 o
Sy =2 = (Pe) (Pe(si™)
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Finite Volume Scheme

K 1
0T,y = RNy 3 [ (P = PLy) + (B™(S7) ~ B™(S20))]

[An(Sn-l—l)]Sn—i-l — F"
|:Bn (Sn+1,Vn+1)]Vn+1 — Gn
where for all n=0,.... N —1
S" .= (5,-"),{\1;0 and V":= (v :=P(1- 5[’)),{\/:*0
n n n NX n n n n NX
[A (s +1)} = (AU)i,j:O and [B (8™ v +1)] = (BU)i,j:O
F":= (FM)¥, and G":=(G"),.

]
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Finite Volume Scheme

A" and B" are the sparse matrix with non nulls entries:

At" Kiyj
Al = 14 ——a/m(5" )
ji & h; ) Axi+'—% i+j
At" Ky ;
Ao one =2 = 7”0/"1 i J = :l:l
ii4+2j (Dihi Axi-}—j—% )I+_] /2
At" £} Kiv
B?: = 1+ (ANE ) i
i Yihi g, BNy
A" o K,'_|_j . 1
Biivgit = —gp (A )),ﬂﬁ’ It
ini I+j—3
where for v = - fs (s)ds,
_ 5\’"(5,') if §; = Sj19j
)\m S — % n ) —M(S: !
g ( )I-I—J { % otherwise.
1+2) !
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L°° and weak BV estimates

(A0) p,0g, (v = w, g), are positive constants.

(A1) ® € L°°(/) such that, 0 < d_ < P(x) < dT <1lae. inl.
(A2) 0 < K_ <K(x) <K' < +ooae. inl.

(A3) S° KO,a(S®) € L*(I)NBV(I),0<S%(x)<1—ce.

(A4) P° KO,P% e L>®(I)nBV(l),0< P® < P® < P% < +o0.
(A5)

A5) Ay, Ag € CH([0,1];RT) such that ¥s € ]0,1[, A,(s) > 0

and A\g(s) > )\ > 0.
(A6) X € C([0,1];R*) such that Vs € [0,1], A(s) > A_ > 0.

(A7) f,,f, € CY([0,1];R") such that £, (0) = 0 and
Vs €]0,1], f,,(s) > 0.

(A8) «, € CY([0,1]; RT) such that o/, 3(0) = 0 and
Vs €]0,1[, o/, 3 (s) >0

(A9) Q, € L®(I x YN BV(I x J), 8:Q, € L>°(I x J) and
Qu(x,t) >0ae inlxJ.
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L*° and weak BV estimates

A n
5 t
ho—

and for i, € {0, ..., Ny} / S,.’;H = max; S, we assume that

[sup () + sup Fu(5)]l1"lloe < 1, (4)
S S

IQ;’i” =0 and 0, (q" > 0. (5)

() i g £0
here : 9;f == —(f™, — £™,) and £, (S) =3 S, |
where hi ( i+3 ’*%) and fu(5) { f1(S) otherwise.

Proposition 1. J

Under the assumptions (A0)—(A9), the CFL condition (4) and
(5), the scheme (2)—(3) is L> stable. Furthermore the following
discrete maximum principle holds: for all i =1, ..., Ny, we have
0< St <1
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L*° and weak BV estimates

Under the assumptions (A0)—(A9), the CFL condition (4) and
(5), the scheme (2)—(3) is BV stable in space for all n=1,..., N,
furthermore we have the L! continuity in time.

Theorem 1.

5\ |

Under the assumptions (A0)—(A9), the CFL condition (4) and
(5), the approximate solution (Sp, Pp) given by the scheme (2)—(3)
converge in LY(Q71) to (S, P) a weak solution of (1) as H and At

go to zero.
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Numerical results

Test case BOBG (C. Chavant, 2008) ’

v,

S =077 BO BG 5$=1.0

P; = 10° Pa

— — B
Py~ P, P.(S) P, = P, = 10° Pa

. P, ﬁ —-B"
o Capillary pressure: S"(P.) := (1 + <A—,$,) )
o Relative permeability: and

—Cm—_1\Dm \ —Em
kr?(S) = (1 + %) for m=1 or 2.

m| ®n Kun(m?) | Am(Pa) Bw Cn Dm Em Fm
1/030 1E20 | 15E+6 0060 1667 1.880 05 4.0
21005 1.E19 | 1.0E+7 0412 2429 1176 10 1.0
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o Capilary pressure: S™(P.) := (1 + (A

o Relative permeability:

(S*C'"—l)Dm

krm(S) = (1 + 5

Pc
m

1

—En,
) for m=1 or 2.

Numerical results

)

1 1E+09
/ I
09 . //, 9E+08 : 6E+06
777777 /
08 krM(s) /! se+08 | !
) /! 1 [4E+06
,,,,,, /i
07 kri(s) /o 7Es08} !
// i 2E+06
0.6 / { 6E+08
kr (s) ; j y
/
05 / ! 5E+08 09 0925 095 0975 1
/ !
/ i
/
04 / i 4E+08
/ i 1
03 / i 3E+08 Pc(s)
// ! \ 2
T N o
02 s / 26408 ' Pc(s)
/ i .
- N
0.1 d ! 1E+08 ~o
- J ~
S Saan = | IT-ooo
o 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6

Relative permeability (left) and Capillary pressure (right)
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Numerical results

o Total mobility: \™(S) := u(S) 4 kfg(S)

o fractional flow: 1)'(S) := W;\Vin(,?g) for m=1or?2
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Total mobility A(S) (left) and fractional flow £, (right)
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Numerical results

S —0.77 BO BG 5=10

P, =10° Pa

— P —10°
P, = Py — Po(S) P; =P, =10 Pa
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Figure: Water saturation S
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Numerical results

S —0.77 BO BG 5=10

P, =10° Pa

— P —10°
P, = Py — Po(S) P; =P, =10 Pa
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Figure: Water saturation S Figure: Capillary pressure P
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Numerical results
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Numerical results
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