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Why varifolds ?

e Varifolds : a space containing both

» regular objects (surfaces, sub-manifolds, rectifiables sets),
» discrete objects (triangulations, volumetric approximations, point
clouds).

@ Define the generalized curvature of a varifold :

» Classical mean curvature for regular objects,
» Example of computation in the discrete case.

@ Link between the control of the generalized curvature and
rectifiability.

@ Compactness properties.
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Outline

0 Varifolds : Regular and Discrete varifolds
@ Regular varifolds
@ Discrete objects endowed with a varifold structure
@ Approximation of regular varifolds by discrete varifolds
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Definition
A d-varifold in R" is a Radon measure V in R" x Gy , with

G4,n = {d-vector planes of R"}

A varifold is a measure giving
@ information of position : measure in R”.

@ information of tangent plane : measure in the Grassmannian Gy ,

Example

Take a line D C R" directed by B € Gy, and define the associated
1-varifold
_ il
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Varifold associated with a piecewise linear curve

Definition (mass of a varifold)

The masse of a d—varifold V is the positive Radon measure ||V/|| defined by

| VII(A) = V(A x Gg.p) for every Borel set A C R".

Example

A 1-varifold canonically associated
to this piecewise linear curve :

Measure in R? x Gj» with
G2 = {1-vector spaces of R?}.
IV = 2,
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Varifold associated with a surface

e M C R3 surface.
@ A varifold canonically associated to M is the measure
v(M) = 7—[|2M ® 81, i.e. for every Borel set A C R? x Go 3,
v(M)(A) = H* (AN TM) ou TM = {(x, TxM)|x € M}.
or by duality for every p € C.(R? x Gaz3),
[etxsyavmnies)= [ [ o5 dorun(s) a0
M J Gz
= / o(x, TxM) dH?(x) .
M

VI = #fy
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Rectifiable d—varifold : varifold associated with a
d—-rectifiable set
o M C R" countably d—rectifiable set
M= MoU [ fi(RY)

ieN

with f; : RY — R” of class C* and H9(M,) = 0.
M — Gy, = {d-vector plane R"}
x +— TxM approximate tangent plane to M at x °
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Definition (Rectifiable d—varifold)
@ M C R" d-rectifiable set,
e 0: M — Ry € L (M) multiplicity.

The varifold v(M,0) is the Radon measure associated to the continuous
linear form

CO(R" X Gg.n)
o — //G (x, S) do7.m(S) O(x) dH ()

/ o, TM) B(x) dH9(x) .

v(M,0) = 6Hfjy @ 5. and || V]| = 0 -,
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Examples of discrete varifolds : Point cloud varifolds

Definition (Point cloud varifolds)

Let {x;}i=1..n C R" be a point cloud, weighted by the masses {m;};—1. n

and provided with directions {P;}i—1..n C Gq . We can thus associate a
d-varifolds on R" x Gy , with this point cloud :

N L4 °
V:Zmi5xi®5pi’ ,.,. f.oo
i=1 .. L
so that for ¢ € Cc(2 x Gqn), e °* .wﬂ m; 65, ® O,
o s / °

m; 0z, @ Op, °

N
/gpdV:Z(p(X,’,P,’). Pzﬁi. v e o0
=il e o °
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Discrete volumetric varifolds
Definition (Discrete volumetric varifolds)
Consider a mesh IC in R" and a family {mk, Pk }kex C Ry x Gg,. We

can associate the d—varifold :

mg n s n
Vic= Y WE'KMPK with |K| = L"(K) .
Kek

This d—varifold is not rectifiable since its support is n—rectifiable but not
d—rectifiable.
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Approximation of rectifiable varifolds by discrete varifolds

Question

Are rectifiable varifolds well-approximated by discrete varifolds ? in which
sense ? is it possible to quantify it?

@ which sense? : natural convergence in varifolds space : weak
- * .
x—convergence, a sequence of varifolds V; —— V if for all

1—00
0 € Ce(R x Gq.n),

/ pdVi — pdV.
R"XGd’,, R"XGd,n

@ quantify 7 : measure the error of approximation, we need a distance
between varifolds.
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Approximation with discrete volumetric varifolds

Question

Considering a sequence of meshes (C;); whose size

sup diamK = 4§ —— 0
Kek; i—00

is it possible to approximate rectifiable varifolds by discrete volumetric
varifolds (V;); associated with these prescribed successive meshes ?
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Definition of a discrete volumetric varifold by projection

onto a mesh K
Let V =v(M,0) = GHf’M ® 01,m be a rectifiable d-varifold in R" and K
be a mesh of R". Define

Vi = Z |K’£n®5pK,
KeK

with

mK:/ 0 dH and PKEargmin/ |P -S| dV(x,S).
K PEGd,n Kx Gy,

Theorem (Approximation by discrete volumetric varifolds)

If V' is a d—rectifiable varifold and (K;); is a sequence of meshes whose
size tends to O then

Vi, —— V in Q.
I—4-00
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Quantitative version

Assume moreover that the rectifiable varifold V = GHr’M ® 61, m satisfies

in addition : there exist 0 < 8 < 1 and C > 0 such that for H9—almost x,
yeM,

I TeM = Ty M|l < Clx — y|?,
then :
Theorem (Convergence with respect to the flat distance)

for (KCj)i sequence of meshes with size §; and Vi, successive projections of
V onto K;,

ALYV, Vi) < (5,- + 265?) IVI[I(R™) .

Where A1 is the flat distance or bounded Lipschitz distance :

ANV, W) =sup{'/de—/de' € Lipy, ol < 1} .
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Outline

e First variation of a varifold : a notion of generalized curvature

o & = E DA
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Divergence Theorem

Theorem

Let M C R" be a C? sub-manifold of dimension d and Q C R" be some
open set. Then for every X € C}(Q,R"),

/ divp X dH9 = —/ < X,H> dH?
MNQ MNQ

This is actually a way of defining the mean curvature vector H in a more
general class : in the space of varifolds.
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Curvature of a varifold

Definition (First variation)
The first variation of a d—varifold V is the linear form
C{(R",R*") — R

X — divsX(x) dV(x,S) .
R"% Gy, p

If V = V(sub-manifold M), §V = —H?—l|dM is the classical mean
curvature. But in general, we only know that it is a distribution of order 1.
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Bounded first variation

Definition
If there exists C > 0 such that for every X € CL(R® R"),

10V(X)| < Cl[ Xl

then 6V extends into a continuous linear form in CJ(R®,R®) and we say
that V' has bounded first variation.

EXAMPLES of varifolds whose first variation is not bounded :
o Point clouds Z m;idy; ® op,,
i

@ A varifold associated to the line D, V = 7—[|1D ® 6pr where the
direction D’ is constant and is not parallel to D.
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What can be said when the first variation is bounded ?

@ Thanks to Riesz Theorem, dV is a Radon measure in R".

@ And Radon-Nikodym decomposition with respect to the mass || V||
gives an absolutely continuous curvature H with respect to the mass
and a singular curvature :

SV = —HI[[V| + (6V)s .
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And what about the First variation of a discrete varifold

Curvature is concentrated on faces

. MK, HK_ n—1
We=- D [m”%—m”% (Pexe) AT "

T edge of the mesh
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to 0,

So that if we now consider successive volumetric approximations Vi, of

V = H|1D ® dp associated with successive meshes K; whose size §; tends

¢ n
[6Vici () = S IVII(R")—— +o0.
f i—00

[m] = =
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Outline

© Regularization of the first variation

@ Regularization of the first variation
@ Approximate Willmore energies

o & = E DA
Blanche Buet (Institut Camille Jordan, LYON Willmore energy and varifolds



IDEA :

Theorem (G.P. Leonardi-S. Masnou)

If V= v(M,0) is a rectifiable d—varifold rectifiable with bounded first
variation then for x € M,

OV (B.(x)) = / n(y)0(y) dH"1(y) for almost every r .

OB (x)NM

In an integrated form :

1 /6 1/ Ms(y = x)
- V(B (x))dr = - —=—~dV(y,S) .
€ Jr=0 (B:(x)) € JB.(x)xGy,n ly — x| ( )

& J/

~
makes sense for any varifold
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Regularization of the first variation : initial idea

1 .
Let T(z) = )\_,,(1 ) izl <1 (1)

)

0 otherwise R

where A\, such that / T =1, we can define the associated

- e
approximate identity T.(z) = —nT (E)
€

e
Proposition

Let V be a d-varifold in Q C R". Then §V «x T.(x) is well defined for
L"—almost every x and

-11 Ms(y — x)
Vx T = = — 2 dV
oV s(X) Ang e /BE(X)X Gd,n |y X‘ ¢ (y7 S)
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Approximate first variation and curvature

We fix a symmetric positive function p € W such that
/p =1 and suppp C Bi(0), (2)

1
and we also fix the associated family p.(x) = P <;—<>
If V has bounded first variation, then

°

8V % p. —— 6V
e—0

o If moreover V is rectifiable and p is radial, then, for ||V/||-almost any
X,

_ 6V pe(x) _
H-(x) = VI po(x) =0 —H(x) where 0V = —H||V| 4+ V5.
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Approximate Willmore energies

Definition (Approximate Willmore energies)
Let p > 1 and e > 0. For any d—varifold V in R", we define

P

OV % pe(x) IV * pe(x) dL"(x) .

welv) :/ VI pe(x)

x€R"

WELW” for 1 < p <400
e—0

r L , i
wi g the total variation of the first variation # W' .
e—

WP(V) = / |H|Pd||V| if 0V = —H||V| and + oo otherwise,
Q
Recall that for an explicit kernel p, the expression of §V x p. is explicit .
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The case of discrete varifolds

Theorem
e V = v(M,0) rectifiable d—varifold in R" with finite mass
| VII(R") < +o0.

(Ki)i a sequence of meshes satisfying sup diam(K) < §; —— 0.
KekK; I—4-00

(Vik,)i the sequence of discrete volumetric varifolds obtained by
projection on the mesh K;.

pE W2
Assume that there exist 0 < 5 < 1 and C such that for ||V ||-almost
every X, y,

ITxM — T,M|| < Clx —y|”.
Then, for any sequence of infinitesimals €; | 0

80
W2 (Vi,) — |0V|(R") as soon as — —— 0
! i—+o00 €; i——+00
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What is 0V * p.

for p > 1,
WE (Vi) —— WP(V)
i—+00
Question
o Given a d—-varifold V/, is the regularization JV * p. of the first
variation ¢V, the first variation & <T/;> of some varifold /\/\5?

o And if so, is V. the regularization (in a sense to be defined) of V7
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supp oV,
Tel | )

2e

(a) (b)

Ve = (V] * pe(x)) ® &:E and &}(
@ is not the tangent to the level-line at x,

@ but it is a convex combination of 07, and d7, where T; and T> are
the directions of the lines.
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Example of a cross

&
Vg :
.................................................... fan . ..................................‘ 26

o & = E DA
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Let

(Vo) = (V,(5:8) = 0(,S) x pely) for every ¥ € CAQ2 x Gan)
Then,

Q [Vl = [V * pe,
) 5<v€) — 5V % ..

o & = E DA
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Outline

@ Some numerical tests

o & = E DA
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Approximation of the mean curvature vector of point
clouds

For a d—varifold V) associated with a point cloud and for a radial kernel

p(y) = <(lyl),

N
Vy = Z mj(sxj & 5pj ,
j=1

3 mer (1) Tl 0
Nx) = OV *pe(x)  j=1 € X — x|
— _ . .

IVl * pe(x)
Convergence under same kind of assumptions as for the first variation,
involving ;%.
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Recovering the O—singular curvature

o F = = DA
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Recovering the classical curvature with projecting onto the
normal vector

Averaged error on the curvature vector of the ellipse

~ 3 _ —+—Ne=10
Curvature Vector, N=10°, £ = 107, Nogigh = 437 —+— N =100
3.99996 o N 1000
0.8
06 107
04 M 10
0.2F & %
10°
0 2.24998
107
-0.2
04 10°
-0.6 10
-0.8
107
-1 -0.5 0 0.5 1 05 10° 10° 10" 10° 10° 10

number of points N

(a) (b)

[m] = =
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Curvature Vector, N=10°, £ = 107, N =352

neigh
276.378
0.6
04 / ,  Averaged error on the curvature vector of the flower
10 ™ T ™ ™
—+—Ne=10
0.2 —+— N &=100
1o —+— N =1000] |
0 138.189
-02 10° b
-0.4
107
-0.6
0.000422372 »
-06 -04 -02 0 02 04 06 102k

e e 107}
-
107
e a1
10-5 2 : 3 ! 4 ! 5 . 6 7
10 10 10 10 10 10
ocooizzar o souzzar number of points N
SEomoTomTEONGRGEGn
[m] = = =
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