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Abstract

In a metric space (X, d) we show how to reconstruct an approximation of a Borel measure
p starting from a premeasure p defined on the collection of metric balls, and such that p(B)
approximates up to constant factors the value of u(B) for any ball B. To this aim, we exploit a
suitable packing-type construction of measures coupled with a key condition on the metric space
(i.e., the existence of an asymptotically doubling measure). The problem has been originally
motivated by the study of certain regularized mean curvature operators defined on varifolds.
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1 Introduction

Is a Borel measure ;1 on a metric space (X,d) fully determined by its values on balls? In the
context of general measure theory, such a question appears to be of extremely basic nature. The
answer (when it is known) strongly depends upon the interplay between the measure and the metric
space. A clear overview on the subject is given in [§]. Let us mention some known facts about this
issue. When X = R" equipped with a norm, the answer to the above question is in the affirmative.
The reason is the following: if two locally finite Borel measures pu and v coincide on every ball
B,(x) C R™, then in particular they are mutually absolutely continuous, therefore by the Radon-
Nikodym-Lebesgue Differentiation Theorem one has p(A) = [, ndv = v(A) for any Borel set A,
where



is the Radon-Nikodym derivative of p with respect to v (defined for v-almost all z € R™). More
generally, the same fact can be shown for any pair of Borel measures on a finite-dimensional Banach
space X . Unfortunately, the Differentiation Theorem is valid on a Banach space X if and only if X
is finite-dimensional. Of course, this does not prevent in general the possibility that Borel measures
are uniquely determined by their values on balls. Indeed, Preiss and Tiser proved in [I0] that in
separable Banach spaces, two finite Borel measures coinciding on all balls also coincide on all Borel
sets. Nevertheless, if we only take into account balls of radius less than 1, the question still stands.
In the case of separable metric spaces, Federer introduced in [7] a geometrical condition on the
distance (see Definition implying a Besicovitch-type covering lemma that can be used to show
the property above, i.e., that any finite Borel measure is uniquely identified by its values on closed
balls. When this condition on the distance is dropped, some examples of measure spaces and of
pairs of distinct Borel measures coinciding on balls of upper-bounded diameter are known (see [9]).

Here we consider the case of a separable metric space (X, d) where Besicovitch covering lemma
(or at least some generalized version of it) holds, and we ask the following questions:

Question 1. How can we reconstruct a Borel measure from its values on balls, and especially, what
about the case of signed measures?

A classical approach to construct a measure from a given premeasure p defined on a family
C of subsets of X (here the premeasure p is defined on closed balls) is to apply Carathéodory
constructions (Method I and Method II, see [I]) to obtain an outer measure. We recall that a
premeasure p is a nonnegative function, defined on a given family C of subsets of X, such that
() € C and p(0) = 0. By Method I, an outer measure p* is defined starting from p as

P (A) = inf{Zp(Bk) : BpeCand AC [ Bk} :
k=1

k=1

for any A C X. But, as it is explained in [I] (Section 3.2), Method I does not take into account
that X is a metric space, thus the resulting outer measure can be incompatible with the metric
on X (in the sense that open sets are not necessarily p*-measurable). On the other hand, Method
IT is used to define Hausdorff measures (see Theorem and it always produces a metric outer
measure p*, for which Borel sets are p*-measurable.

As for a signed measure p = put — p~, the main problem is that, given a closed ball B, it
is impossible to directly reconstruct p*(B) and p~(B) from u(B). The idea is, then, to apply
Carathéodory’s construction to the premeasure p™(B) = (u(B)), (here ai denotes the positive
part of @ € R) and check that the resulting outer measure is actually ™. Then, by a similar
argument we recover (- .

Question 2. Given a positive Borel measure p and a premeasure q defined on balls, such that for
some C > 1 one has

O™ (B, jo(2)) < a(Br(x)) < Cu(By(x)) (1)

for all x € X and r > 0, is it possible to reconstruct an approximation up to constants of u from
q? What about the case when i is a signed measure?

Some minimal explanations about the assumption on ¢(By(x)) are in order. Indeed, a
possible choice of ¢(B,(x)) satisfying (1)) is

4B () = 2 /0 " (Bu()) ds. 2)



This kind of premeasures arises from the problem of approximating the first variation §V of a
(rectifiable) d—varifold V' in R™, which is the weak—« limit of a sequence of more general d—varifolds
(Vi)k, by means of suitably defined “regularized first variations” (see [2, [3, 4] for more details on
this topic).

We point out that, in order to address Question 2, Carathéodory’s Method II is not the right
choice. Indeed, considering the simple example of pu given by a Dirac delta, the measure recon-
structed from the premeasure ¢ by means of Method II can be quite far from u. More specifically,
a loss of mass could happen in the recovery process. Indeed, if © = 6, the closer to 0B, (z) is the
mass concentrated at y, the smaller is ¢(B,(x)) (and indeed ¢(B,(z)) vanishes when y € 0B, (x)).
Then for any € > 0 one can consider x with (1 —¢) < | —y| < r and observe that y € B,(x) and,
at the same time, that ¢(B,(z)) is small in terms of €. This shows that the measure reconstructed
by Method II is identically zero (see section for more details).

In order to recover pu, or at least some measure equivalent or comparable to u, the choice of
centers of the balls in the collection used to cover the support of p is crucial. Indeed they must
be placed in some nearly-optimal positions, such that even the concentric balls with small radius
have a significant overlapping with the support of x. This has led us to considering a packing-type
construction. Packing constructions are used to define the packing s-dimensional measure and its
associated notion of packing dimension. They are in some sense dual to the constructions leading
to Hausdorff measure and dimension, and were introduced by C. Tricot in [I2]. Then Tricot and
Taylor extended this notion to a general premeasure in [I1].

The paper is organized as follows. In Section 2, we explain how reconstruct a positive measure
and then a signed measure (Theorem from their values on balls, thanks to Carathéodory’s
construction, answering Question [T} Section 3 deals with Question [2] that is, the reconstruc-
tion of a measure starting from a premeasure satisfying . After explaining the limitations of
Carathéodory’s construction for this problem, we prove our main result, Theorem saying that
by suitable packing constructions one can reconstruct a signed measure equivalent to the initial
one in any metric space (X, d) which is directionally limited and endowed with an asymptotically
doubling measure v (see Hypothesis .

Some notations

Let (X, d) be a metric space.

— B(X) denotes the o—algebra of Borel subsets of X.

— By(x) ={y € X |d(y,z) <r} is the closed ball of radius r > 0 and center z € X.
— Up(z) ={y € X |d(y,z) < r} is the open ball of radius 7 > 0 and center = € X.

— C denotes the collection of closed balls of X and for § > 0, Cs denotes the collection of closed
balls of diameter < §.

— L" is the Lebesgue measure in R"™.
— P(X) is the set of all subsets of X.

— cardA is the cardinality of the set A.



2 Carathéodory metric construction of outer measures

We recall here some standard definitions and well-known facts about general measures, focusing in
particular on the construction of measures from premeasures, in the sense of Carathéodory Method
IT [1].
2.1 Outer measures and metric outer measures
Definition 2.1 (Outer measure). Let X be a set, and let p* : P(X) — [0;+00] satisfying

(i) u*(0) =o.

(79) wp* is monotone: if AC B C X, then p*(A) < u*(B).

(#i7) p* is countably subadditive: if (Ag)ren s a sequence of subsets of X, then
p (U Ak) <> ut(Ag).
k=1 k=1

Then p* is called an outer measure on X.

In order to obtain a measure from an outer measure, one defines the measurable sets with
respect to u*.

Definition 2.2 (u*—measurable set). Let p* be an outer measure on X. A set A C X is p*—
measurable if for all sets E C X,

p(E)=p (ENA)+p"(E\A).

We can now define a measure associated with an outer measure. Thanks to the definition of
w*—measurable sets, the additivity of pu* among the measurable sets is straightforward, actually it
happens that u* is o—additive on p*—measurable sets.

Theorem 2.1 (Measure associated with an outer measure, see Theorem 2.32 in [1]). Let X be a
set, u* an outer measure on X, and M the class of u*—measurable sets. Then M is a o—algebra
and p* is countably additive on M. Thus the set function p defined on M by u(A) = p*(A) for all
A e M is a measure.

We now introduce metric outer measures.

Definition 2.3. Let (X,d) be a metric space and p* be an outer measure on X. u* is called a
metric outer measure if
V(EUF)=v(E)+v(F)

for any E, F C X such that d(E,F) > 0.

When p* is a metric outer measure, every Borel set is p*—measurable and thus the measure p
associated with u* is a Borel measure.

Theorem 2.2 (Carathéodory’s Criterion, see Theorem 3.8 in [I]). Let u* be an outer measure on
a metric space (X,d). Then every Borel set in X is p*-measurable if and only if u* is a metric
outer measure. In particular, a metric outer measure is a Borel measure.



We recall two approximation properties of Borel measures defined on metric spaces.

Theorem 2.3 (see Theorems 3.13 and 3.14 in [I]). Let (X, d) be a metric space and p be a Borel
measure on X.

e Approximation from inside: Let F' be a Borel set such that u(F) < 400, then for any € > 0,
there exists a closed set F. C F such that p(F \ F;) < e.

e Approximation from outside: Assume that p is finite on bounded sets and let F' be a Borel
set, then
w(F) =inf{u(U) : F C U, U open set} .

We can now introduce Carathéodory’s construction of metric outer measures (Method II, see
).

Definition 2.4 (Premeasure). Let X be a set and C be a family of subsets of X such that () € C.
A nonnegative function p defined on C and such that p()) = 0 is called a premeasure.

Theorem 2.4 (Carathéodory’s construction, Method II). Suppose (X,d) is a metric space and C
is a family of subsets of X which contains the empty set. Let p be a non-negative function on C
which vanishes on the empty set. For each § > 0, let

Cs ={AeC| diam(A) <4}

and for any E C X define
vy (E) = inf {ZP(Az‘)
i=0

As vE > vf, when 6 < ¢,

Ec|]JAivi, Aie cg}.
ieN

vP*(E) = %l—% vy (E)

exists (possibly infinite). Then vP™* is a metric outer measure on X .

2.2 Effects of Carathéodory’s construction on positive Borel measures

Let (X, d) be an open set and p be a positive Borel o—finite measure on X. Let C be the set of
closed balls and let p be the premeasure defined in C by,

: C — [0,400]
g B — wu(B) 3)

Let pP* be the metric outer measure obtained by Carathéodory’s metric construction applied to
(C,p) and then uP the Borel measure associated with p?*. Then, the following question arises.

uestion 3. Do we have uP = pu? In other terms, can we recover the initial measure by Carathéodory’s
tion 3. D h p ? In othert the initial by Carathéodory’
Method 1I?

The following lemma shows one of the two inequalities needed to positively answer Question

Lemma 2.5. Let (X, d) be an open set and p be a positive Borel measure on X. Then, in the same
notations as above, we have pu < uP.



Proof. Let A C X be a Borel set, we have to show that u(A) < pP(A) = pP*(A). This inequality
relies only on the definition of ug as an infimum. Indeed, let § > 0, then for any 7 > 0 there exists
a countable collection of closed balls (By) jen C Cs such that

Ac{B!  and  uB(A) > p(BY) -0,
7 j=1

so that - -
(A +n =Y p(B)) = > uB)) = u(UB]) = ma).
i=1 i=1 i
Letting n — 0 and then § — 0 leads to p(A) < pP(A). O

The other inequality is not true in general. We need extra assumptions on (X, d) ensuring
that open sets are “well approximated” by closed balls, that is, we need some specific covering
property. In R™ with the euclidean norm, this approximation of open sets by disjoint unions of
balls is provided by Besicovitch Theorem, which we recall here:

Theorem 2.6 (Besicovitch Theorem, see Corollary 1 p. 35 in [6]). Let p be a Borel measure on
R"™ and consider any collection F of non degenerated closed balls. Let A denote the set of centers
of the balls in F. Assume pu(A) < +oo and that

inf{r >0|B,(a) e F} =0 Vae A.

Then, for every open set U € R™, there exists a countable collection G of disjoint balls in F such

that
| | BcU and M((AHU) |_|B> =0.

Beg Beg
A generalization of Besicovitch Theorem for metric measure spaces is due to Federer, under a
geometric assumption involving the distance function.
Definition 2.5 (Directionally limited distance, see 2.8.9 in [7]). Let (X,d) be a metric space,
ACX and£>0,0<n < %, ¢ € N*. The distance d is said to be directionally (§,n,()-limited at
A if the following holds. Take any a € A and B C AN (Bg(a) \ {a}), such that

=9

(z,¢)
(a,¢)

for all byc € B and all x € X, such that b # ¢, d(a,z) = d(a,c), d(b,x) = d(a,b) — d(a,c) and
d(a,b) > d(a,c). Then cardB < (.

> (4)

QU

Let us say a few words about this definition. If (X, |- |) is a Banach space with strictly convex
norm, then the above relations involving = imply that

la — ¢
— bh—
T a+’ b|( a),




hence in this case is equivalent to

d(z,c) c—a b—a
d(a,c) lc—al |b—al

Consequently, if X is finite-dimensional, and thanks to the compactness of the unit sphere, for a
given 7 there exists ¢ € N such that (X, |-|) is directionally (£, 7, {)-limited for all £ > 0. Hereafter
we provide two examples of metric spaces that are not directionally limited.

Example 2.7. Consider in R? the union X of a countable number of half-lines, joining at the same
point a. Then the geodesic metric d induced on X by the ambient metric is not directionally limited

at {a}.

Indeed let B =X N{y : d(a,y) = &}, let b and ¢ € B lying in two X
different lines, at the same distance d(a,b) = d(a,c) = £ of a. Then
x € X such that d(a,z) = d(a,c) = { and d(b, z) = d(a,b)—d(a,c) =0
implies z = b and thus b €T

but card B is not finite. a

Ezample 2.8. If X is a separable Hilbert space and B = (ep)reny a Hilbert basis, a € H and
b=a+ej,c=a+e, € a+ B, the Hilbert norm is strictly convex so that d(a,z) = d(a,c),
d(b,x) = d(a,b) — d(a, c) uniquely define x as

x:a—i—@e = b and d(z, )

el 7 d(a, c)

for all 7 < 1 and card(a + B) is infinite. Therefore H is not directionally limited (nowhere).

=ler —ej|=2>1n

We can now state the generalized versions of Besicovitch Covering Lemma and Besicovitch
Theorem for directionally limited metric spaces.

Theorem 2.9 (Generalized Besicovitch Covering Lemma, see 2.8.14 in [7]). Let (X,d) be a sep-
arable metric space directionally (&,n,()~limited at A C X. Let 0 < § < g and F be a family of
closed balls of radii less than & such that each point of A is the center of some ball of F. Then,
there exists 2C + 1 countable subfamilies of F of disjoint closed balls, G1,...,Gacy1 such that

20+1

Ac | || B.

j=1 Beg;

Remark 2.1. In R"™ endowed with the Euclidean norm it is possible to take & = 400 and ( only
dependent on n and n. If we fix n = %, then ¢ = (;,, only depends on the dimension n.

Theorem 2.10 (Generalized Besicovitch Theorem, see 2.8.15 in [7]). Let (X,d) be a separable
metric space directionally (§,n,()—limited at A C X. Let F be a family of closed balls of X
satisfying

inf {r > 0| B,(a) € F} =0, Vae A, (5)



and let p be a positive Borel measure on X, finite on bounded sets. Then, for any open set U C X
there exists a countable disjoint family G of F such that

| | BCU and ,u((AﬁU)— |_|B>:O.

Beg Beg

We can now prove the coincidence of the initial measure and the reconstructed measure under
assumptions of Theorem

Proposition 2.11. Let (X,d) be a separable metric space directionally (&,n,¢)—-limited at X. Let
u be a positive Borel measure on X, finite on bounded sets. Let C be the family of closed balls in X
and let p be the premeasure defined in C by . Denote by puP* the metric outer measure obtained
by Carathéodory’s metric construction applied to (C,p) and by uP the Borel measure associated with
uP*. Then pP is finite on bounded sets and pP = p.

Proof. Step one. We prove that pu?* is finite on bounded sets. First we recall that by Theorem
uP* is a metric outer measure, then thanks to Theorem pP is a Borel measure. Moreover, p
is finite on bounded sets, let us prove that uP is finite on bounded sets. Let A C X be a bounded
Borel set and apply Besicovitch Covering Lemma (Theorem with the family

Fs ={B = B,(z) closed ball : x € A and diam B < §} ,

to get 2¢ + 1 countable subfamilies gf cees QSCH of disjoint balls in F such that

20+1
AcJ |] B.
i=1 Beg?
Therefore,
2041 2041
pEA) <Y > pB)Y <> | | B < ¢+ 1)u(A+ Bs(0) < (2¢ + 1u(A + Bi(0))
i=1 Beg? Jj=1 BegG?

where A + B1(0) = [J,c 4 Bi(z) is bounded, thus (A 4 B1(0)) < +oc and hence for all 0 < § < 1
p5(A) < (2¢+ Du(A + Bi(0)) < +oo,

whence pP*(A) < +o0.
Step two. We now prove that for any open set U C X it holds pP(U) < p(U). Let U C X be
an open set and let § > 0 be fixed. Consider the collection of closed balls

Cs=A{Br(x)|x €U, 0<2r<4d}.

The family Cs satisfies the assumption , thus we can apply Theorem to uP and get a
countable collection G° of disjoint balls in Cs such that

| | BcU and w(U)=p"| || B
Beg? Begs



However we also have

L] Bl <> pB) =D uB) =p| || B|<uv). (6)

Beg’ Beg? Beg’ Beg’

By taking A = ﬂ |_| B | we obtain pP(U) = pP(A) and for any 6 > 0, A C |_| B. Thus,
cougiitgble Begs Begs

thanks to @,

A <2 | | B <uU) = wPU) = pP(A) < p(U).
Begs

This shows that p?(U) < u(U), as wanted.
Step three. Since p and p? are Borel measures, finite on bounded sets, they are also outer
regular (see Theorem , then for any Borel set B C X, and owing to Step two, it holds

wP(B) = inf{uP(U) | U open, B C U}
<inf{u(U) | U open, BC U} = u(B).

Coupling this last inequality with Lemma [2.5] we obtain u? = pu. O

2.3 Carathéodory’s construction for a signed measure

We recall that a Borel signed measure g on (X,d) is an extended real-valued set function p :
B(X) — [—00, +00] such that u(0) = 0 and, for any sequence of disjoint Borel sets (Ag)g, one has

> u(AR) = p (U Ak) - (7)
k=1

k=1

o

Remark 2.2. Notice that when u (U Ak> is finite, its value does not depend on the arrangement
k=1

of the Ag, therefore the series on the right hand side of is commutatively convergent, thus

absolutely convergent. In particular, if we write the Hahn decomposition y = u* — p=, with u*

and 4~ being two non-negative and mutually orthogonal measures, then pu*(X) and p~(X) cannot

be both +o0.

The question is now the following;:

Question 4. Let (X,d) be a metric space, separable and directionally (£,m,C)~limited at X, and let
u be a Borel signed measure, finite on bounded sets. Is it possible to recover i from its values on
closed balls by some Carathéodory-type construction?

The main difference with the case of a positive measure is that p is not monotone and thus
the previous construction is not directly applicable. A simple idea could be to rely on the Hahn
decomposition of u: indeed, u* and = are positive Borel measures, and since one of them is finite,
both are finite on bounded sets (recall that p is finite on bounded sets by assumption). Once



again, we cannot directly apply Carathéodory’s construction to u™ or p~ since we cannot directly
reconstruct u(B) and pu~ (B) simply knowing u(B) for any closed balls B. We thus try to apply
Carathéodory’s construction not with p*(B), but with (u(B)),, where ay (resp. a_) denote the
positive part max(a,0) (resp. the negative part max(—a,0)) for any a € R. To be more precise, we
state the following definition.

Definition 2.6. Let p be a Borel signed Radon measure in X. We define

p+  C — Ry and p— : C — R4
B — (u(B)), B — (u(B))-

Then according to Carathéodory’s construction, we define the metric outer measure puP+* such that
for any A C X,

pP(A) = lim " (A) = lim inf {;m(z‘li)

Ac|JAuvi, A € cg} .
€N

Similarly we define uP—* and then call uP+ and pP— the Borel measures associated with puP+* and
uP=%*. Finally, we set uP = pP+ — pP-.

Theorem 2.12. Let (X, d) be a metric space, separable and directionally (§,n,)-limited at X and
let p = u™ — p~ be a Borel signed measure on X, finite on bounded sets. Let u? = uP+ — puP- be as
in Definition (2.6, Then puP = p.

Proof. We observe that pyP+ and pP- are Borel measures: indeed, by construction they are metric
outer measures and Carathéodory criterion implies then that these are Borel. Furthermore, for any
closed ball B € C, if we set p(ut)(B) = pu*(B), then

p+(B) = (W(B))y < p'(B)=p(n")(B) and p_(B)=(u(B))_ <u (B),
thus by construction, pP+* < ,up(’ﬁ)’* and then
P+ < e = 4t thanks to Proposition 2.11].

In the same way we can show that p?~ < pu~. In particular, yP+ and pP- are finite on bounded
sets, as it happens for p* and p~.

Let now A C X be a Borel set. It remains to prove that uP+(A) = pP+*(A) > pt(A) (and
the same for pP-). We argue exactly as in the proof of Lemma Let 6 > 0, then for any
7 > 0 there exists a countable collection of closed balls (B})jen C Cs such that A C |J; B] and

5t (A) =Y py(B]) — 1 so that
7j=1

o

WA 02 Y e (B) =Y (w(B)) =B 2w B | 2 ua).

j=1 j=1 j=1 j
Letting n — 0 and then 6 — 0 gives

p(A) < pP+(A) = pPr(A). (8)

10



Recall that in Hahn decomposition, u* and u~ are mutually singular so that there exists a Borel
set P C X such that, for any Borel set A,

iH(A) = p(PNA) and  u(A) = p(AN (X = P)).

Thanks to we already know that pu < pP+, therefore we get ut(A) = u(PNA) < pP+(PNA) <
uP+(A) for any Borel set A. We finally infer that pP+ = ™, uP~ = u~, i.e., that p? = p. O

Remark 2.3. If u is a vector-valued measure on X, with values in a finite vector space F, we can
apply the same construction componentwise.

3 Recovering measures from approximate values on balls

We now want to reconstruct a measure p (or an approximation of u) starting from approximate val-
ues on closed balls, given by a premeasure ¢ satisfying . More precisely, we can now reformulate
Question 2 in the context of directionally limited metric spaces.

Question 5. Let (X,d) be a separable metric space, directionally (§,n,()-limited at X and let p be
a positive Borel measure on X. Is it possible to reconstruct u from q up to multiplicative constants?
and what can be done when p is a signed measure?

In section[3.I]below we explain with a simple example involving a Dirac mass why Carathéodory’s
construction does not allow to recover u from the premeasure ¢ defined in . Then we define a
packing construction of a measure, that is in some sense dual to Carathéodory Method II, and we
show that in a directionally limited and separable metric space (X, d), endowed with an asymptot-
ically doubling measure v (see ) it produces a measure equivalent to the initial one.

3.1 Why Carathéodory’s construction is not well-suited

Let us consider a Dirac mass p = J,, in R™ and define

q(Br(y)) = 1/T 11(Bs(y)) ds .

T =0

It is easy to check that this particular choice of premeasure ¢ satisfies . First of all, for any
r >0,

q(Br(x)) = L 0z(Bs(z))ds = 1/T lds=1.

T Js=0 T Js=0

If now y is at distance n from x for some 0 < 1 < r, we have

oB) = 7 [ am s = [ 1=

r =n r

Therefore, ¢(By(y)) — 0 as d(z,y) — r. We can thus find a covering made by a single ball of radius
less than 7 for which u#({z}) is as small as we wish. This shows that Carathéodory’s construction
associated with this premeasure produces the zero measure.

11



(a) Bad covering of a (b) Bad covering of a curve
Dirac mass

More generally, as soon as it is possible to cover with small balls such that the mass of the measure
inside each ball is close to the boundary, one sees that Carathéodory’s construction “looses mass”.
For instance, take u = H‘IF, where I' C R" is a curve of length Lr and H! is the 1-dimensional
Hausdorff measure in R", then cover I" with a family of closed balls Bs of radii § with centers at
distance n from I". Assuming that no portion of the curve is covered more than twice, then

1 [° 1 [°
> o =25 [ ) =5 [ umas
< 5;’7;“(35@@)

< 2LF5_17

—0,
6—0

with n = 6 — §2 for instance.

The same phenomenon cannot be excluded by blindly centering balls on the support of the
measure . Indeed, take a line D with a Dirac mass on it at a point « in R?, so that pu = ’H‘lD + 0y
Then, by centering the balls on the support of u, we may recover the line, but not the Dirac
mass, for the same reason as before. We thus understand that the position of the balls should be
optimized in order to avoid the problem. For this reason we consider an alternative method, based
on a packing-type construction.

Figure 1: Bad covering with balls centered on the support of the measure
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3.2 A packing-type construction

Taking into account the problems described in the examples of the previous section, one realizes
the need to optimize the position of the centers of the balls in order to properly reconstruct the
original measure u. The idea is to consider a kind of dual construction, that is, take a supremum
over packings rather than an infimum over coverings. To this aim we define the notion of packing
of balls.

Definition 3.1 (Packings). Let (X,d) be a separable metric space and U C X be an open set. We
say that F is a packing of U of order § if F is a countable family of disjoint closed balls whose
radius is less than & and such that

|| BcU.

BeF

Definition 3.2 (Packing construction of measures). Let (X,d) be a separable metric space and let
q be a non-negative set function defined on closed balls, such that q(0) = 0. Let U C X be an open
set and fix 6 > 0. We set

A(U) == sup { Z q(B) : F is a packing of order ¢ of U}
BeF

and, in a similar way as in Carathéodory construction, define

i*(U) = lim (V) = inf @4(0)

and note that &' < & implies il (U) < pd(U). Then, i can be extended to all A C X by setting
a4(A) =inf {p9(U) : AC U, U open set} .

The main difference between Definition and Carathéodory’s construction is that the set
function 9 is not automatically an outer measure: it is monotone but not sub-additive in general.
In order to fix this problem we may apply the construction of outer measures, known as Munroe
Method I, to the set function 7 restricted to the class of open sets. This amounts to setting, for
any A C X,

fi?(A) = inf {Zﬂq(Un) tAC U U, Uy, open set } . 9)
neN neN

One can check that ¢ is an outer measure.

Remark 3.1. The construction above is very similar to the one introduced in [I1] for measures in
R™. In that paper, starting from a given premeasure g, a so-called packing premeasure is defined
for any £ C R" as

(¢g—P)(E) = limsup{z q(B) : B is a packing of order 0 of E, BC {B;(z) : v € E, r > O}} .
0—0 BeB

(¢ — P)(E) coincides with 17 on open sets (actually, open balls are considered in the definition,
which is not important in the Euclidean R" if one deals with Radon measures). Then, from this

13



packing premeasure, they define a packing measure p?~F, applying Carathéodory’s construction,
Method I, to ¢ — P on Borel sets. To be precise, for any A C R",

o0
pIP(A) = inf {Z(q — P)(Ag) : Ay € B(R"), AC UAk} .
k=1 k
The outer measure i is constructed in a very similar way to pd=F.

We will prove in Proposition that, for the class of set functions ¢ we are focusing on, 9 is
already a Borel outer measure, that is, i = 9.

Remark 3.2. In order to show that 4¢ = 19, it is enough to prove the sub-additivity of /i in the class
of open sets. Indeed, the inequality f?(A) < i9(A) comes directly from the fact that minimizing
f4(U) over U open such that A C U is a special case of minimizing ), 19(Uj) among countable
families of open sets Uy, such that A C |J, Uy. Assuming in addition that /19 is sub-additivite on
open sets implies that for any countable family of open sets (Uy)y, such that A C |J,, Uy,

al(A) < p((Jow) < Y at(Ur) -
k k

By definition of 9, taking the infimum over such families leads to 19(A) < a4(A).

Proposition 3.1. Let (X,d) be a separable metric space and let y be a positive and locally finite
Borel measure on X. Let q be a premeasure defined on the class C of closed balls contained in X,
such that holds. Then, for any countable family (Ax)r C X satisfying f? (U, Ax) < 400, one

has
m(UmJSmew (10)

keN keN

In particular, if p is finite, then a4 is an outer measure.

Proof. Step 1. We first prove for open sets. Given a countable family (Uy)y of open subsets
of X, such that >, p(Uy) < 400, we show that

W(UMJSZWWM (11)

keN keN

Let € > 0, then for all £ € N we define
Ug:{$€Uk : d(x,X—Uk)>€} .

Let 0 < § < § be fixed. If B is a closed ball such that diam B < 2§ and B C |J, Ug, then there
exists ko such that B C Uy,. Indeed, B = Bs(x) and there exists ko such that z € U, ,io and thus

Bs(x) C U;:O_é C UEO C Uy, -

Of course the inclusion B C Uy, remains true for any closed ball B with diam B < 2§. Therefore

14



Figure 2: Sub-additivity for packing construction

any packing B of U U of order § < § can be decomposed as the union of a countable family of

k
packings B = | |;, By, where By, is a packing of Uy, of order 6. Thus for any ¢ < §,

YoaB)=) > B

BeB k BEBy

and therefore, taking the supremum over all such packings B of U Ui, we get
k

il (U U,i) <> iU .
k k

Then, taking the infimum over é > 0 and then the supremum over ¢ > 0 gives

e>0

sup ji? (U Uz) < inf Y (UL (12)
k keN
We now want to prove that

sup fif (U Ui;) =i (U Uk> : (13)
e>0 keN keN
Let B be a packing of U Uy, of order § < 5. We have

k

daB)= Y dB+ D aB). (14)

BeB BeB BeB
BcU, Ug B¢U, Us
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Notice that since 2§ < ¢, forany B € B,if B ¢ U U, then B C U Uk\U U?<. Since ¢(B) < Cu(B)
k

k k
according to (1)), we get

> aB)<C > wB=Cul|l || B scw(UUk\UU;?e). (15)
k k

BeB BeB BeB
BZU, U BZUx Uy BZU,. Ui

Owing to the fact that U U, = U U U,f‘E is decreasing in €, we have that
k

countable k
e>0

p (U Ui\ UU;?&) —0 (16)
k k

as soon as u(lJ, Ug) < 400, which is true under the assumption ), u(Uy) < +oo. Therefore,

by, and we infer that
daB)< D aB)+Cu (U Uk\UUl?E) : (17)
k k

BeB BeB
BcU, U;

Taking the supremum in over all packings B of order ¢ of |, Uy, we get

il (U Uk> < sup Z q(B) : B is a packing of UUk order § p +Cu (U Uk \ UU,?)
k

BeB k k k
BcU, Ug

st (o) + (Yo Yo
k k k
Then taking the limit as § — 0 we obtain
I (U Uk> <pf (U Uﬁ) +Cu (U U\ Ul?)
k k k k
and finally, letting ¢ — 0, we prove that

i (U Uk> = lim /¢ (LkJ U;i) : (18)

k

that is, (13).
We now turn to the right hand side of . For fixed k, fi}(Uy) is decreasing when ¢ | 0,

therefore
lim > A5(Uk) = D lim i (Uk) = 3 i (Ur) (19)
k k k
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provided that >~ /if(Uy) is finite for some § > 0. But, since ¢(B) < Cu(B), (i3(Uy) < Cu(Uy) for

all k so that Y, al(Ux) < C>, 1(Ug) < +oo. Finally, thanks to , and we obtain
the countable sub-additivity for open sets .

Step 2. Let (A), be a countable family of disjoint sets such that (| |, Ax) < +00. We shall

prove that
it <|_| Ak> <> (AR (20)
k k

Being 11 a Borel measure, finite on bounded sets, let (Uy), be a family of open sets such that, by
outer regularity (Theorem and for any k,

1
A CUp and  p(Uy) < p(Ag) + ok

so that > u(Uk) <> u(Ag) +2 < 4o00. By we thus find
i <|_| Ak> < e (U Uk> <> (U -
k k k

Taking the infimum over such families of open sets (Ug)x leads to the required inequality .
Step 3. The case of a countable family (Ay)x such that p ([J, Ax) < 400 is obtained from Step
2, by the classical process to make the family disjoint, defining for all k, By C Ay by

k—1
Bk:Ak—UAi.

=1

The family (By)y is disjoint and |_| B, = U Aj. so that thanks to Step 2 ,
keN keN

i (U Ak> = <|_| Bk) <> ABY) <) A(Ar) -
k k k k
t

Remark 3.3. Notice that the fact that p is finite on bounded sets is not used in Step 1, to get the
sub-additivity on open sets, provided that Z p(Uy) < +o0.
k
In order to have the countable sub-additivity of i (in the case where u is not assumed to be
finite), we want to show that ), u(Uy) = +o0 implies ), 4¢(Uy) = +oo. If so, either ), u(Uy) <
+oo and the sub-additivity is given by Proposition either >, 19(Uy) = +oo and the sub-
additivity is clear. Thus we try to estimate i? from above, comparing it to u. The main problem

is that the stronger lower bound
q(B) > C~'u(B)

cannot be deduced from the weaker lower bound in . Moreover, unless we know that the
measure 4 is doubling, the inequality pu(2B) < cu(B) for some ¢ > 1 (where by 2B we denote the
ball concentric to B with double radius) may not hold for any ball B. Nevertheless, by assuming
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that (X, d) is directionally bounded and by comparing u with an asymptotically doubling measure
v on X, we are able to prove that a doubling property for u actually holds for enough balls, so
that we can choose packings among these balls. Before showing the result, we need to introduce
the notion of asymptotically doubling measure: we say that v is asymptotically doubling on X if
0 < v(B) < 400 for any ball B and there exists a constant ¢ > 1 such that for all € X it holds

u(By() _
mswe B, (@) =

Of course, this implies that for any fixed constant C' > 1, taking @ € NU{0} as the unique integer
for which 2@ < €' < 29+1 the following holds: for all € X there exists ro = ro(x) > 0 such that

(21)

v(By(x)) < (c+ 1)Q+1I/(BT/C(.CE)), Vre (0,79) . (22)

We conveniently state some key properties on the metric space (X, d) and on the measure p on X,
that will be constantly assumed in the rest of this section.

Hypothesis 1. (X,d) is a directionally limited metric space endowed with an asymptotically dou-
bling measure v satisfying for some constants ¢,C > 1, and p is a positive Borel measure on
X.

Proposition 3.2. Assume that (X,d) and p satisfy Hypothesis . Let

=4 : limin 7M<BT($)) = an =4 : imin 7M<Br(x)) 00
AO—{ e X : lr_>0+fy(BT(x>) 0} d Ay { e X : 0<1T_>0+fV(BT(x)) <+ } .

Then the following holds.

(i) For all v € Ay, either u(By(x)) = +oo for all T >0, or

L uBye) |
s Bow) © e+ e

(i) p(Ag) = 0.

(iii) For pu—almost any x € Q, there exists a decreasing infinitesimal sequence (ry,), of radii, such
that
p(Br, () < (c+2)*" w(B,, jc(x)), ¥neN.

Proof. Proof of (i). Let z € A;. By monotonicity, either u(B,(x)) = +oo for all » > 0 (and
then of course (iii) is also trivially satisfied) or there exists some R such that, for all r < R,
wu(By(z)) < +o00. In this case the function defined by

is non-negative and finite for r small enough. Moreover, since z € A4, liminf,_,o f(r) > 0. Let us

prove that
C
s Gt -
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Assume by contradiction that lim sup
r—0 f(?”)

and 0 < o < 1 such that for all » < rg, f(r/C) < af(r). Consider now the sequence (ry); defined
by r; = C~*rg. Then 7, — 0 and

< 1, then necessarily C' > 1 and there exists 7o > 0

flre) < af(Cry) = af(re-1) < a"f(rg) —— 0

k—o0

which contradicts liminf, o f(r) > 0 and thus proves . Let us then decompose
M(BT/C(x)> f(T/C) V(BT/C(x»

p(Br(x)) — f(r)  v(Bi(x))
Since v is asymptotically doubling, by we get

lim sup M(BT/C(JU)) lim sup
root W(Br(z)) T (e D@0 f(r)

Proof of (ii). Let us show that p(Ag) = 0. Assume that v(2) < +o0 and let ¢ > 0. Consider

fr/C) 1
= er @t

F.={BCQ|B=B(a),a € Ay and u(B) <ev(B)} .

B
Let a € Ag be fixed. Since liminf 457
r—0t v(By(a))
point in Ajg is the center of some ball in F, so that we can apply Theorem and obtain 2¢ + 1

countable families Gy, ... Gac41 of disjoint balls in F, such that

= 0, there exists r > 0 such that B,(a) € F.. Every

2041
Ay C U |_| B.
j=1 Beg;
Therefore
2041 2041
p(Ag) <> wB) <ed vl || B e+ 1)
j=1 Beg, ;;?;) j=1 Beg,;

Hence p(Ap) = 0 if v(Q) < +oo. Otherwise, replace Q by QN Ug(0) to obtain that for any k € N,
w(Ag NUL(0)) =0, then let k — oo to conclude that p(A4g) = 0.

Proof of (iii). It is an immediate consequence of the fact that X = Ag U A4 coupled with (i)
and (ii). O

Corollary 3.3 (Besicovitch with doubling balls). Assume Hypothesis and, for § > 0, define
Fs ={B closed ball € X : p(B) < (c+1)%"u(C™'B) and diam B < 26}

and, for any A C X,
F={BeFs: B=DB.a), ac A}.

Then there exist Ag C X and 2(+1 countable subfamilies 0f.7-"(§4 of disjoint closed balls, G1, . ..Goc41

such that
20+1

ACAOUU |_|B and  pu(Ap) =0.
j=1 Beg;
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Moreover, if 1(A) < +o0, then for any open set U C X, there exists a countable collection G of
disjoint balls in .7-'54 such that

|_|BCU and u((AﬂU)\ |_|B>:0.

Beg Beg

Proof. Thanks to Proposition (iii) we know that for p-almost every x € X there exists a
decreasing infinitesimal sequence (ry), such that B, (x) € Fs for all n € N. Hence for p-almost

any r € X we have
inf {r | B,(x) € F5} =0.

Then, the conclusion follows from Theorems [2.9] and [2.10] O

We can now prove that ¢ and p are equivalent on Borel sets.

Proposition 3.4. Assume Hypothesis|1| and let g be a premeasure satisfying . Let 19 be as in
Definition [3.9. Then there exists a constant K > 1 only depending on the doubling constant ¢ and
on the constant C' appearing in , such that for any open set U C X we have

() < 49(0) < Ku(U).
Consequently, for any Borel set A C X we have

?,u(A) < p9(A) < Kinf{u(U)| A C U open set }
and if i is outer regular, then

u(A) < 9(4) < Kpu(A)

Proof. Let U C X be an open set, then the inequality 49(U) < Cu(U) is just a consequence of
the definition of 47 and of the second inequality in , i.e., of the fact that, for any closed ball B,
q(B) < Cu(B). Now we prove the other inequality by splitting the problem in two cases.

(i) Case u(U) < 4+o00. Let § > 0, then we can apply Corollary (Besicovitch with doubling
balls) to get a countable family Gy of disjoint balls of

1

FY = {B = B,(z) CU : u(C™'B) > W’AB)

and diam B < 25}

such that

pU)=p| || B| and || BcCU.
Begs Begs

Therefore by

) = Y a(B) =Y LB, ()

BegGs J C
1 1 1
ZWZM(BW(%)):?M |_| B| = KN U),
J BegGs
1
with K = C(c+ 2)9*! > C. Letting 6 — 0 gives a4(U) > ?M(U).
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(ii) Case p(U) = +oo. As before, let 6 > 0 and apply Corollary (Besicovitch with doubling
balls) with
FYn{B|BcU},

which gives 2¢ + 1 countable families G}, .. QQCH of balls in Fs N {B | B C U} such that

2(+1
UcUpu |J || B with u(Uo) =0.
i=1 Beg!
Then we get
2¢+1
Sul | Bl =wv) =+
7=l \ Beg!

Consequently there exists jo € {1,...,2¢ + 1} such that p (|_| Begi® ) = +00. Therefore we

have the same estimate as in the case u(U) < +oo:

pU) > Y q(B) ZZ%M(BWC(UCZ))
.

Begl
1
Z m :El ?M |_| Bl = +o0,
! BegyP

and we conclude 19(U) = 4o0.

Corollary 3.5. Under Hypothesis[1], ji? is countably sub-additive.
Proof. Let (Ay)n be a countable collection of subsets of . If Z w(Ayp) = +o0, by Proposition

we get u(A,) < Kul(A,) for all n, therefore
. 1
;Mq(An) > K zn:N(An =

whence the countable sub-additivity follows. Recall that if Z i (Ayp) < +oo and A, are open sets,

then countable sub-additivity was proved in Proposition . 3.1} without the assumption of finiteness
on bounded sets. It remains to check the case Z i (Ap) < +oo, for any sequence of Borel sets A,,.

For any sequence (U,), of open sets such that An C U, for all n, by sub-additivity on open sets

we have
(| JAn) <t JUn) <> (U
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Taking the infimum over such families of open sets gives, by definition of 9,

(| J An) < inf {Z (4%(Uy,) = A, C U, open set } = [((An).

O]

Let us summarize the results contained in Proposition [3.1] Remark Proposition [3.4] and
Corollary

Theorem 3.6. Assume Hypothesis |1l and let ¢ be a premeasure satisfying . Let 7 be as in
Definition[3.3. Then, the following holds:

1. 49 is a metric outer measure, coinciding with the measure p? defined in @D

2. there exists a constant K > 1 depending only on the constants ¢, C (respectively, the asymp-
totic doubling constant and the constant appearing in ), such that for any Borel set A C €,
1
?N(A) < p9(A) < Kinf{u(U)| A C U open set } .

3. if moreover p is outer reqular, then u and the positive Borel measure associated with the outer

1
measure 1% (still denoted as [19) are equivalent, that is, i <p? < Ku.

3.3 The case of a signed measure

Our aim is to prove that the packing-type reconstruction applied to a signed measure u, with
premeasures g+ satisfying

1

5#*(&/0(%)) — 1~ (Br(z)) < q4(By(x)) < Ou* (B (z)) (24)
and )
ot (Brje(@) - pF(Br(2)) < q-(Br(x)) < Cp (By(x)) (25)

for some C' > 1, produces a signed measure i whose positive and negative parts are comparable
with those of u. Notice that an example of such a pair of premeasures is given by

(o) = (3 [ (o)) as)

=0 +

Theorem 3.7. Let (X, d) be a directionally limited metric space endowed with an asymptotic dou-
bling measure v, and let p = ™ — p~ be a locally finite, Borel-reqular signed measure on X . Take

9= as in Definition corresponding to premeasures qi satisfying and . Then the
following holds.

(i) p9+, 9= are locally finite, metric outer measures.
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i e measure 19 = — i19- is a signed measure and there exists a constan > 1 such that,
i) Th ad = ptt — - g Jgned d th st tant K > 1 such that
for any Borel set A C (),

whence in particular

%W(A) < |a9)(A) < Klul(4).

Proof. The countable sub-additivity of 49+ and 19 under the assumption ), p(Ay) < +oo follows
from the second inequalities in and (see Proposition . Similarly one can conclude that,
for any open set U C X,

i1 (U) < Cut (U).

Arguing in the same way for ¢g_, one obtains the proof of (i).

Let now A C X be a Borel set. We first derive an estimate concerning 19+ (the estimate for
f1%= can be obtained in the same way). If u*(A) < +oo, we take an open set U containing A, such
that ut(U) < 4+o00. Let § > 0, then apply Corollary to p4+ and get a family Gs of disjoint closed

balls B C U of radius < §, with y*(C~1B) > WMJ“(B), such that

We have

BegGs Begs
1 1
> .t ——— > 7T .
> H (B) —p~(B) 2 -1 (A) —p~(U)
Begs
Letting § — 0 we find
. 1 _
e (U) = 2z (A) = p~(U) (26)

By definition of 1% (A), there exists a sequence of open sets (Ul)x such that, for all k, it holds
AcCU ,i and
pr (Uy) —— %+ (A) .

k—o00

By outer regularity of = (which is Borel and finite on bounded sets) there exists a sequence of
open sets (U;?)k such that, for all k, we get A C U,? and

n(UR) —— w(4).
—00
For all k, let Uy = U,i N U,?, then Uy, is an open set, A C Uy and, by monotonicity,

it (A)

P (Uy) < @™ (Uy)
po(A) < p

<
< u™(Uy) < u(UF)

23



therefore
(7 (Uy) —— p®* (A) and p~ (Uy) —— = (A).
k—o0 k—o0

Evaluating on the sequence (Ug)y and letting & go to +oo, we eventually get
9 (A) = Coprt(A) — = (A). (27)

Owing to Hahn decomposition of signed measures, there exists a Borel set P such that for all Borel
A it holds
p(A) = pt(ANP) = p(ANP) and p~(A) = u(A\ P)).

Finally, let A be a Borel set, then by applied to A N P we finally get

1
A (A) > (9 (AN P) > =t (ANP) — (AN P)

= it (A).

It remains to show that if u*(A) = +oo, then % (A) = +oo. This can be easily obtainedﬂ by
taking a sequence of open balls U, with fixed center and radius n € N, and by considering the
sequence A, = AN U, for which u*(A,) < +oo and lim, u™(A,) = p*(A) = +oco. By applying
the same argument as before, we get

AT (A) 2 it (An) > 2ot (An),
thus the conclusion follows by taking the limit as n — +oo. This completes the proof of (ii) and
thus of the theorem. O
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