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Vic. Mackenna 4860, Santiago, 7820436 Macul, Chile

rrebolle@uc.cl

Received 6 February 2009
Revised 31 March 2009

A number of results connecting quantum and classical Markov semigroups, as well as
their dilations is reported. The method presented here is based on the analysis of the
structure of the semigroup generator. In particular, measure-valued processes appear as
a combination of classical reduction and classical dilation of a given quantum Markov
semigroup.

Keywords: Quantum Markov semigroups and flows; classical reductions; classical dila-
tions; stochastic Schrödinger equations; unraveling.

AMS Subject Classification: 81S25, 60J99

Contents

1. Introduction 124
1.1. Finding a classical Markov chain embedded in an open quantum

dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
1.2. Introducing some preliminary concepts . . . . . . . . . . . . . . . . . 126
1.3. Is classical reduction inherent to open quantum systems? . . . . . . 129
1.4. A class of adiabatic limit . . . . . . . . . . . . . . . . . . . . . . . . . 131

2. Classical Reductions of Quantum Markov Flows and Semigroups 132
2.1. Some general results . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
2.2. The case of a form-generator . . . . . . . . . . . . . . . . . . . . . . 142

3. Dilations and Unravelings 145
3.1. Structure maps and quantum flows . . . . . . . . . . . . . . . . . . . 145
3.2. Classical dilations and classical reductions . . . . . . . . . . . . . . . 147
3.3. An example of a classical dilation . . . . . . . . . . . . . . . . . . . . 148
3.4. A view on classical dilations . . . . . . . . . . . . . . . . . . . . . . . 149

123



May 12, 2009 11:29 WSPC/251-CM 00005

124 R. Rebolledo

4. Stationary States 152

5. Applications 155
5.1. Squeezed reservoirs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155

5.1.1. Squeezing the vacuum . . . . . . . . . . . . . . . . . . . . . . 156
5.1.2. Weak coupling limit and the master equation . . . . . . . . . 158
5.1.3. Classical unravelings . . . . . . . . . . . . . . . . . . . . . . . 160

5.2. The quantum exclusion semigroup . . . . . . . . . . . . . . . . . . . 162

6. Conclusions 165

1. Introduction

Quantum Stochastic Flows and Semigroups extend classical Stochastic Analysis
beyond commutativity. This extension is not only an abstract mathematical con-
struction but it is deeply inspired from the theory of Open Quantum Systems in
Physics. As a result, subtle questions about time scales and renormalization of space
and time, give rise to challenging new branches of Probability Theory.

In particular, a theory of Quantum Markov Semigroups (QMS) has been inten-
sively developed during the last two decades in connection with the Quantum
Stochastic Calculus of Hudson and Parthasarathy. One of the major achievements
of that calculus has been the theory of quantum stochastic differential equations
and related quantum flows. Like in the classical case, the projection (expectation)
of a flow defines a semigroup and the generator of the semigroup is characterized
by a Chapman–Kolmogorov equation, also referred to as a master equation for the
dynamics. Starting from the master equation, or equivalently, the semigroup, one
could say that the flow appears as a dilation of the latter. In the quantum case the
situation is richer than in the classical framework. Indeed, given a quantum Markov
semigroup, one can search for two kinds of dilations. Firstly, a classical one, which
consists of solving an infinite dimensional stochastic differential equation driven
by classical noises and such that the expectation of the flow of solutions coincides
with the given quantum Markov semigroup. Physicists give different names to this
dilation procedure, namely, it is said that the flow is a quantum trajectory which
unravels the master equation. Secondly, there is a quantum dilation of the semi-
group constructed via quantum stochastic differential equations driven by quantum
noises as mentioned before.

Moreover, a quantum Markov semigroup is a broad structure which contains
numerous classical semigroups which can be obtained by restricting its action to
invariant Abelian subalgebras contained in its domain. Taking the verb to unravel
at its primary meaning, i.e. as a metaphore of undoing woven threads, the unrav-
eling of a quantum master equation (or more properly, a quantum Markov semi-
group) should consist of a classical dilation and a classical restriction of the given
semigroup.

Let us start by considering a simple example.
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1.1. Finding a classical Markov chain embedded in an open

quantum dynamics

Consider the space h = C2 and call A = M2(C) the algebra of 2 × 2 matrices with
complex elements. Its canonical basis is denoted

e0 =
(

1
0

)
, e1 =

(
0
1

)
.

And introduce a basis in A as

E00 = |e0〉〈e0| =
(

1 0
0 0

)
, E01 = |e0〉〈e1| =

(
0 1
0 0

)
;

E10 = |e1〉〈e0| =
(

0 0
1 0

)
, E11 = |e1〉〈e1| =

(
0 0
0 1

)
.

We define an open quantum dynamics on the algebra A by means of the gener-
ator L of a semigroup of completely positive maps (see below) T = (Tt)t∈R+ .

Take for instance

L(x) = −x+ E10xE01 + E01xE10, (1.1)

for all x =
(
x00 x01
x10 x11

)
∈ A. Therefore, L can be represented by the matrix

L =


−1 0 0 1

0 0 −1 0
0 −1 0 0
1 0 0 −1

 ,

with respect to the basis Eij . And the action of the corresponding semigroup
Tt(x) = etL(x) is given by

Tt(x) =
1
2

(
(1 + e−2t)x00 + (−e−2t + 1)x11 (e−t + et)x01 + (−et + e−t)x10

(−et + e−t)x01 + (e−t + et)x10 (−e−2t + 1)x00 + (1 + e−2t)x11

)
.

(1.2)

Now we address a first question:

(Q1) Does there exist an invariant commutative algebra? In that case the restriction
of T to that algebra becomes a classical dynamics. We say that the semigroup
is classically reduced.

In our simple example consider the observable K = E01 + E10. A simple com-
putation shows that the spectrum of K is Σ = {−1, 1}. Spectral projections are
given by |b−1〉〈b−1| and |b1〉〈b1| where

b−1 =

(
1/

√
2

−1/
√

2

)
, b1 =

(
1/

√
2

1/
√

2

)
, (1.3)

provide a basis of eigenvectors.
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So, the algebra W ∗(K) generated by K contains all elements of the form

f(K) = f(−1)|b−1〉〈b−1| + f(1)|b1〉〈b1|,

for any (bounded) function f : Σ → R.
And K generates an automorphism group α = (αt)t∈R+ given by

αt(x) = eitKxe−itK

= etδ(x), (1.4)

where δ(x) = i[K,x] = i (|x∗b−1〉〈b−1| − |b−1〉〈x∗b−1| + |b1〉〈x∗b1| − |x∗b1〉〈b1|).
On the other hand, it is easy to verify that L(W ∗(K)) ⊂W ∗(K). Indeed,

L(f(K)) = Lf(−1)|b−1〉〈b−1| + Lf(1)|b1〉〈b1| = Lf(K),

where

Lf(x) = −1
2
(f(x) − f(−x)), x ∈ {−1, 1}. (1.5)

This is the generator of a two-state Markov chain on Σ, the transition probability
kernel being Q(x, y) = 1/2 if |x− y| = 2, Q(x, y) = 0 otherwise.

To summarize, the commutative invariant algebra here is generated by the self-
adjoint operator K which defines an automorphism group α. The fact that W ∗(K)
is invariant under the action of T is equivalent to the commutation of α and T
since K is multiplicity-free or nondegenerate so that W ∗(K) coincides with the
generalized commutant algebra W ∗(K)′.

1.2. Introducing some preliminary concepts

A Quantum Markov Semigroup (QMS) arises as the natural noncommutative exten-
sion of the well-known concept of Markov semigroup defined on a classical prob-
ability space. The motivation for studying a noncommutative theory of Markov
semigroups came firstly from Physics. The challenge was to produce a mathemat-
ical model to describe the loss-memory evolution of a microscopic system which
could be in accordance with the quantum uncertainty principle. Consequently, the
roots of the theory go back to the first researches on the so-called open quantum
systems (for an account see [4]), and have found its main noncommutative tools
in much older abstract results like the characterization of completely positive maps
due to Stinespring (see [28]). Indeed, complete positivity contains a deep proba-
bilistic notion expressed in the language of operator algebras. In many respects it
is the core of mathematical properties of (regular versions of) conditional expecta-
tions. Thus, complete positivity appears as a keystone in the definition of a QMS.
Moreover, in classical Markov Theory, topology plays a fundamental role which
goes from the basic setting of the space of states up to continuity properties of
the semigroup. In particular, Feller property allows one to obtain stronger results
on the qualitative behavior of a Markov semigroup. In the noncommutative frame-
work, Feller property is expressed as a topological and algebraic condition. Namely,
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a classical semigroup satisfying the Feller property on a locally compact state space
leaves invariant the algebra of continuous functions with compact support, which
is a particular example of a C∗-algebra. The basic ingredients to start with a non-
commutative version of Markov semigroups are then two: firstly, a ∗-algebra A,
that means an algebra endowed with an involution ∗ which satisfies (a∗)∗ = a,
(ab)∗ = b∗a∗, for all a, b ∈ A, in addition we assume that the algebra contains a
unit 1; and secondly, we need a semigroup of completely positive maps from A to A

which preserves the unit. We will give a precise meaning to this below. We remind
that positive elements of the ∗-algebra are of the form a∗a, (a ∈ A). A state ϕ is a
linear map ϕ : A → C such that ϕ(1) = 1, and ϕ(a∗a) ≥ 0 for all a ∈ A.

Definition 1.1. Let A be a ∗-algebra and P : A → A a linear map. P is completely
positive if for any finite collection a1, . . . , an, b1, . . . , bn of elements of A the element∑

i,j

ai
∗P(bi∗bj)aj

is positive.

Throughout this paper, we consider C∗algebras and von Neumann algebras of
operators on a complex separable Hilbert space h.

If M is a von Neumann algebra, its predual is denoted by M∗. The predual
contains in particular all the normal states. As a rule, we will only deal with normal
states ϕ for which there exists a density matrix ρ, that is, a positive trace-class
operator of h with unit trace, such that ϕ(a) = tr(ρ a) for all a ∈ A.

Definition 1.2. A quantum sub-Markov semigroup, or quantum dynamical semi-
group (QDS) on a ∗-algebra A which has a unit 1, is a one-parameter family
T = (Tt)t∈R+

of linear maps of A into itself satisfying

(M1) T0(x) = x, for all x ∈ A;
(M2) Each Tt(·) is completely positive;
(M3) Tt(Ts(x)) = Tt+s(x), for all t, s ≥ 0, x ∈ A;
(M4) Tt(1) ≤ 1 for all t ≥ 0.

A quantum dynamical semigroup is called quantum Markov (QMS) if Tt(1) = 1
for all t ≥ 0.

If A is a C∗-algebra, then a quantum dynamical semigroup is uniformly (or
norm) continuous if it additionally satisfies

(M5) limt→0 sup‖x‖≤1 ‖Tt(x) − x‖ = 0.

If A is a von Neumann algebra, (M5) is usually replaced by the weaker condition:

(M5σ) For each x ∈ A, the map t 
→ Tt(x) is σ-weak continuous on A, and Tt(·) is
normal or σ-weak continuous.
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The generator L of the semigroup T is then defined in the w∗ or σ-weak sense.
That is, its domainD(L) consists of elements x of the algebra for which the w∗-limit
of t−1(Tt(x) − x) exists as t→ 0. This limit is then denoted by L(x).

The predual semigroup T∗ is defined on M∗ as T∗t(ϕ)(x) = ϕ(Tt(x)) for all
t ≥ 0, x ∈ M, ϕ ∈ M∗. Its generator is denoted L∗.

It is worth noticing that in general a QMS is not a ∗-homomorphism of algebras.
Such a property concerns quantum flows and the concept of dilation which we
precise below.

Definition 1.3. A dilation by a Quantum Markov Flow of a given QMS is a system
(B,E, (Bt,Et, jt)t≥0) where

(D1) B is a von Neumann algebra with a given state E;
(D2) (Bt)t≥0 is an increasing family of von Neumann subalgebras of B;
(D3) For any t ≥ 0, Et is a conditional expectation from B onto Bt, such that for

all s, t ≥ 0, EsEt = Es∧t;
(D4) All the maps jt : A → Bt are ∗-homomorphisms which preserve the identity

and satisfy the Markov property:

Es ◦ jt = js ◦ Tt−s.

J = (jt)t≥0 is known as a Quantum Markov Flow (QMF) associated to the
given QMS.

We call the structure B = (B,E, (Bt,Et)t≥0) a quantum stochastic basis.

The canonical form of a quantum Markov flow is given by jt(X) = V ∗
t XVt,

(t ≥ 0), where Vt : A → Bt is a cocycle with respect to a given family of time-shift
operators (θt)t≥0. To be more precise

Definition 1.4. Given a quantum stochastic basis B, a family (θt)t≥0 of ∗-
homomorphisms of B is called a covariant shift if

(CS1) θ0(Y ) = Y ,
(CS2) θt(θs(Y )) = θt+s(Y ),
(CS3) θ∗t (θt(Y )) = Y ,
(CS4) θt(E0(θs(Y ))) = Et(θt+s(Y )),

for any Y ∈ B.
A family (Vt)t≥0 of elements in B is a left cocycle (resp. right cocycle) with

respect to a given covariant shift whenever

Vt+s = Vsθs(Vt), (resp. Vt+s = θs(Vt)Vs), s, t ≥ 0. (1.6)

The connection of quantum Markov semigroups and quantum flows with the
commutative case works as follows. Assume E to be a compact Hausdorff space
endowed with its Borel σ-algebra E . Take the algebra A = C(E) of all complex
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continuous functions on E endowed with the uniform norm. This is a C∗-algebra
which contains a unit 1, the constant function 1. Let there be given a Markov
semigroup (Tt)t∈R+ on (E, E) which satisfies the Feller property. Then A is invariant
under this semigroup so that we may consider that (Tt)t∈R+ is defined on A and
satisfies clearly (M1) to (M4), and in addition (M5), that is, it is norm continuous.
If a measure µ is given on E endowed with its Borel σ-algebra E , denote h =
L2

C
(E, E , µ), then A may be interpreted as an algebra of multiplication operators

on h. Thus, A is a sub-C∗-algebra of the algebra of all bounded linear operators on
h, L(h).

Within this framework, the quantum flow j is associated to a Markov pro-
cess X = (Xt)t∈R+ defined by the semigroup (Tt)t∈R+ , which needs an additional
stochastic basis (Ω,F , (Ft)t∈R+ ,P), Xt : Ω → E, for all t ≥ 0. That is, in this case
jt(f) = f(Xt), for all Borel bounded complex-valued function defined on E, t ≥ 0.

As a result, the flow before trivially induces a random measure process, that is
jt(f) = δXt(f). The random Dirac measure δXt supported by Xt is an extremal
point of M(E, E), the set of Radon measures defined on (E, E).

Assume now that E is locally compact and that µ ∈M(E, E). We take again h =
L2

C
(E, E , µ). The von Neumann algebra M = L(h) of all linear bounded operators on

h contains an Abelian algebra which is isometrically ∗-isomorphic to L∞
C

(E, E , µ) by
the correspondence f 
→Mf which associates to each essentially bounded function
f the operator of multiplication by f in M. A Markov semigroup (Tt)t∈R+ on (E, E)
induces now a quantum Markov semigroup (Tt)t∈R+ by the natural definition

Tt(Mf ) = MTtf , t ∈ R+.

This quantum Markov semigroup satisfies clearly (M1) to (M4), as well as
(M5σ), but (M5) is not automatically satisfied.

Numerous examples of purely noncommutative QMS of physical relevance have
been considered so far (see e.g. [4, 16, 5]). One way to understand the relation-
ship between classical and quantum Markov semigroups is that the latter contains
various classical expressions. That is, if a QMS (respectively QMF) is restricted
to an invariant Abelian subalgebra, it becomes isomorphic to a classical Markov
semigroup (resp. classical Markov flow associated to a classical process).

1.3. Is classical reduction inherent to open quantum systems?

As it has been noticed by Accardi et al. [3] as well as Kossakowski in several papers,
the Markov approach to open quantum systems determines the property of com-
mutation of the dissipative part with the system Hamiltonian. As explained in [27],
this fact is connected with the phenomenon of decoherence. Indeed, one can detect
a good self-adjoint operator reducing the open system dynamics as soon as some
particular kind of limit is used to construct the model. In [3] the so-called stochastic
limit is used by the authors to prove their claim under two important hypotheses:
the Rotating Wave Approximation and the Dipole Form of the interaction Hamilto-
nian. In [6], Attal and Joye explore the connections between Repeated Interactions
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and the Weak Coupling and Continuous Limits. They do not refer specifically to
classical reduction of the open system dynamics, however their approach provides
a nice asymptotic formula from which the reader can easily understand why this
phenomenon occurs.

Let us consider Attal–Joye’s setting which uses a perturbation method in the
following manner. Let there be given a complex separable Hilbert space hS which is
used to describe the system dynamics. The reservoir is assumed to be represented
by the Hilbert space hR =

⊗
j≥1 Cn+1

j , where Cn+1
j is simply a copy of Cn+1.

On each copy of Cn+1 consider the canonical basis (e0, e1, . . . , en), and define the
vacuum vector on hR as |0〉 = e0 ⊗ · · · ⊗ e0 ⊗ · · · . Identify hS with hS ⊗ C|0〉 and
define the projection P = 1 ⊗ |0〉〈0| : hS ⊗ hR → hS . In which follows we assume
that all the operators are bounded, to avoid technicalities at this stage. The method
followed by Attal and Joye consists of assuming a repeated interaction dynamics
described by evolution operators Uk = Uτ (λ) := e−iτH(λ) acting on small time
intervals of length τ , so that if one takes t ∈ λ2N, (λ > 0), the reduced dynamics
on hS is given by PU(t/λ2, 0)P = PUt/λ2Ut/λ2−1 · · ·U1P . After that, the weak
coupling limit is obtained letting λ→ 0 with t/λ2 ∈ N.

Let H(λ) = H(0)+λW , where H(0) = HS⊗1+1⊗HR is a self-adjoint operator
acting on hS ⊗ hR which generates the free dynamics, W is also self-adjoint and
describes the interaction on a small time interval of length τ > 0. In [6] the following
hypothesis is explicitly assumed to perform the perturbation estimates:

(H1) Assume in general H(λ) to be a self-adjoint operator of the form H(λ) =
H(0)+λW , where H(0) and W are bounded and 0 ≤ λ ≤ λ0 for some λ0 > 0.
Moreover, it is assumed that [H(0), P ] = 0, and that W = PWQ + QWP ,
where Q = 1 − P .

Call Uτ (λ) = exp(−iτH(λ)). Under the above hypothesis, Corollary 3.1 of [6] states
that for λ, τ > 0 small it holds

Uτ (λ) = Uτ (0) + λF (τ,W ) + λ2G(τ,W ) +O(λ3τ3), (1.7)

where

F (τ,W ) =
∑
n≥1

(−iτ)n
n!

n−1∑
m=0

H(0)mWH(0)n−1−m, (1.8)

G(τ,W ) =
∑
n≥2

(−iτ)n
n!

n−2∑
k,m=0

H(0)kWH(0)mWH(0)n−2−k−m. (1.9)

Consider the flow j0t : L(hS ⊗ hR) → L(hS ⊗ hR), such that x 
→
eitH(0)xe−itH(0), t ≥ 0. Call F(j0) the set of fixed points of j0, that is F(j0) ={
x ∈ L(hS ⊗ hR) : j0t (x) = x, for all t ≥ 0

}
. Here we assume that the operator

H(0) is nondegenerate, i.e. it has a pure point spectrum with eigenvalues of multi-
plicity one. As a result, F(j0) coincides with the von Neumann algebra W ∗(H(0))
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generated by H(0) and for any x ∈ L(hS⊗hR) its conditional expectation EF(j0) (x)
is computed as

EF(j0) (x) = lim
T→∞

1
T

∫ T

0

j0t (x)dt, (1.10)

in norm.
From (1.7), Proposition 3.1 in [6] yields

Uτ (0)−
t

λ2 Uτ (λ)
t

λ2 = et exp(iH(0))F (τ,EF(j0)(W )) +O(λ2), (1.11)

in norm, as λ→ 0, with t/λ2 ∈ N.
Noticing that Uτ (0), F (τ,EF(j0) (W )) ∈ F(j0), one obtains

Proposition 1.1. If λ→ 0, with t/λ2 ∈ N, then

‖EF(j0)(Uτ (λ)
t

λ2 ) − Uτ (λ)
t

λ2 ‖ → 0. (1.12)

As a result, if (Vt)t∈R+ denotes the family of unitary operators obtained by means of
the weak coupling limit before, then for any t ≥ 0, Vt ∈ F(j0) and the flow j, where
jt(x) := V ∗

t xVt, (x ∈ L(hS ⊗ hR), t ≥ 0), commutes with j0 which is generated by
the free dynamics.

So that, to summarize, the existence of a self-adjoint operator whose generated
Abelian algebra remains invariant under the action of a flow or a given semigroup
seems to be inherent to certain limiting procedures. In [26] a weaker limit leading
to a classical reduction was studied.

1.4. A class of adiabatic limit

Assume that there exists a faithful normal stationary state for an automorphism
group α = (αt)t∈R+ defined on L(h) where h is an arbitrary complex separable
Hilbert space. Then the algebra of its fixed points, F(α), is a von Neumann algebra,
and there exists a conditional expectation EF(α) (·). In this case, we obtain the
following property.

Proposition 1.2. Under the assumption before, given any bounded completely pos-
itive linear map T on L(h) such that ‖T (x)‖ ≤ ‖x‖, the family

C(x) =

(
1
T

∫ T

0

αt ◦ T ◦ α−t(x)dt; T ≥ 0

)
,

admits a w∗-limit on L(h), denoted T α(x), for all x ∈ L(h). The map x 
→ T α(x)
is completely positive and bounded.
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Proof. We first use Banach–Alaglou Theorem. Given x ∈ L(h),∥∥∥∥∥ 1
T

∫ T

0

αt ◦ T ◦ α−t(x)dt

∥∥∥∥∥ ≤ ‖x‖ .

So that, given any state ω,

ω

(
1
T

∫ T

−T
αt ◦ T ◦ α−t(x)dt

)
≤ ‖x‖ ,

for all T ≥ 0, so that C(x) is w∗-compact. Take two different w∗-limit points T α
1 (x)

and T α
2 (x) of C(x). Since complete positivity is preserved by composition of maps

and by w∗-limits, x 
→ T α
j (x) is completely positive for j = 1, 2.

If ω0 is a faithful normal invariant state, it follows easily that

ω0(T α
1 (x)) = ω0(T ◦ EF(α) (x)) = ω0(T α

2 (x)).

Since ω0 is faithful, the above equation, together with the positivity of maps imply
that T α

1 (x) = T α
2 (x).

This proposition allows one to introduce a procedure for building up adiabatic
approximations of a given semigroup.

Definition 1.5. Given any quantum Markov semigroup T = (Tt)t∈R+ on L(h), and
any automorphism group α, we define the α-adiabatic limit of T as the semigroup
(T α
t )t∈R+ where each T α

t is obtained through Proposition 1.2.

Proposition 1.3. If there exists a faithful normal invariant state for the automor-
phism group α, the α-adiabatic limit of any QMS commutes with α.

Proof. Let us keep the notations of Proposition 1.2. Then, for any x ∈ F(α),
αt ◦ Ts(α−t(x)) = αt ◦ Ts(x), for all s, t ≥ 0. Therefore, T α

s (x) = EF(α) (Ts(x)) ∈
F(α), for all s ≥ 0.

Adiabatic limits are used in numerous phenomenological descriptions of open
quantum systems. As such, in view of the previous proposition, those approaches
yield to quantum Markov semigroups endowed with a property of classical reduction
by the algebra of fixed points of the main dynamics, the automorphism group
generated by its bare Hamiltonian.

2. Classical Reductions of Quantum Markov Flows and Semigroups

Within this section we start by obtaining some elementary consequences of von
Neumann’s Spectral Theorem.
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2.1. Some general results

Consider a C∗-algebra B which contains a unit 1. States are elements of the dual
B∗ of B. A state ϕ is pure if the only positive linear functionals majorized by ϕ are
of the form λϕ with 0 ≤ λ ≤ 1. For an Abelian C∗-algebra, the set of pure states
coincides with that of all characters, also called spectrum of the algebra (see [8],
Prop. 2.3.27, p. 62). A character ϕ of an Abelian C∗-algebra A is a state which
satisfies ϕ(ab) = ϕ(a)ϕ(b), for all a, b ∈ A; the set of all these elements is usually
denoted σ(A) (for spectrum) or PA (for pure states).

Definition 2.1. We say that a completely positive map P defined on B is reduced
by an Abelian ∗-subalgebra A if A ⊆ B is invariant under the action of P.

Analogously, a quantum dynamical (resp. Markov) semigroup (Tt)t∈R+ defined
on B is reduced by A if A ⊆ B is invariant under the action of Tt for all t ≥ 0.

We start by an elementary lemma on the classical reduction of a completely
positive map.

Lemma 2.1. Let P be a completely positive map defined on B such that P(1) = 1.
If P is reduced by an Abelian sub C∗-algebra A of the algebra B, then its restriction
P to A defines a norm-continuous kernel.

Proof. Since A is an Abelian C∗-algebra which contains the unit, its set of char-
acters σ(A) is a w∗-compact Hausdorff space (see [8], Thm. 2.1.11A, p. 62).

A is isomorphic to the algebra of continuous functions C(σ(A)) via the Gelfand
transform: a 
→ â, where â(γ) = γ(a), for all a ∈ A, γ ∈ σ(A).

Define Pâ = P̂(a). Then P : C(σ(A)) → C(σ(A)) is linear, positive and contin-
uous in norm since for all a ∈ A:

‖Pâ‖ = ‖P̂(a)‖ ≤ ‖a‖ = ‖â‖ .

Therefore, by the disintegration of measures property (see [14]), there exists a kernel
P : σ(A)×B(σ(A)) → [0, 1] such that P (ψ, ·) is a (Radon) probability measure for
all ψ ∈ σ(A), P (·, A) is a continuous function, for all A ∈ B(σ(A)) and

Pâ(ψ) =
∫
σ(A)

P (ψ, dϕ)ϕ(a).

Corollary 2.1. Under the hypotheses of the previous lemma, suppose in addition
that P is a ∗-homomorphism classically reduced by the Abelian C∗-subalgebra A.
Then the restriction P of P to A is a Dirac kernel, that is, P â(ψ) = δX(ψ)(â), for
all a ∈ A, where X is a Borel-measurable function on σ(A).

Proof. With the notations of the previous lemma it holds that for all ψ ∈ σ(A),
P (âb̂)(ψ) = P̂(ab)(ψ) = P̂(a)(ψ)P̂(b)(ψ) = P â(ψ)P b̂(ψ), therefore, â 
→ P â(ψ) is
a character of the Abelian algebra C(σ(A)) and it is an extremal point of the cone
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of probability measures defined on σ(A), so that there exists a Borel-measurable
map X : σ(A) → σ(A) such that

P â(ψ) = δX(ψ)(â) = â(X(ψ)), (2.1)

for all a ∈ A.

Proposition 2.1. If a norm continuous quantum Markov semigroup T defined on
B is reduced by an Abelian C∗-subalgebra A of B, there exists a classical Feller
semigroup which is isomorphic to the restriction of T to A, called the reduced
semigroup.

Proof. As in the previous lemma, a semigroup (Tt)t∈R+
is defined on C(σ(A))

through the relation:

Ttâ = T̂t(a), (2.2)

for all a ∈ A.
The above semigroup preserves the identity. Moreover, ‖Tt(x)‖ ≤ ‖x‖ (x ∈ B)

implies that Tt is a contraction. Therefore, (Tt)t∈R+
is a Markov semigroup on

C(σ(A)) which is strongly continuous, hence it is a Feller semigroup.

We denote L(·) the generator of the QMS. The semigroup is norm-continuous
if and only if L(·) is a bounded operator on B.

Theorem 2.1. Assume that K is a normal operator in the C∗-algebra B and call
C∗(K) the Abelian C∗-algebra generated by K. Then a norm-continuous quantum
Markov semigroup T defined on B is reduced by C∗(K) if and only if L(Kn) ∈
C∗(K) for all n ∈ N.

Proof. Let K denote the ∗-subalgebra generated by the commuting variables 1,
K, K∗. K is norm dense in C∗(K). On the other hand, T is norm-continuous, so
that C∗(K) is invariant under T if and only if L(K) ⊆ C∗(K). Since L(1) = 0 and
L(K∗n) = L(Kn)∗, it follows easily that L(K) ⊆ C∗(K) if and only if L(Kn) ∈
C∗(K), for all n ∈ N.

In [12], Christensen and Evans provided an expression for the infinitesimal gen-
erator L of a norm-continuous quantum dynamical semigroup defined on a C∗-
algebra, extending previous results obtained by Lindblad [21], Gorini, Kossakowski,
Sudarshan [29]. We recall their result here below.

Suppose that T is a norm-continuous quantum dynamical semigroup on B and
denote B̄ the σ-weak closure of the C∗-algebra B. Then there exist a completely
positive map Ψ : B → B̄ and an operator G ∈ B̄ such that the generator L(·) of
the semigroup is given by

L(x) = G∗x+ Ψ(x) + xG, x ∈ B. (2.3)

The map Ψ can be represented by means of Stinespring Theorem [28] as follows.
There exist a representation (k, π) of the algebra B and a bounded operator V from
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h to the Hilbert space k such that

Ψ(x) = V ∗π(x)V, x ∈ B. (2.4)

Notice that Ψ(1) = V ∗V = −(G∗ + G) = −2�(G) ∈ B̄, where �(G) denotes
the real part of G, since L(1) = 0. So that, if we call H the self-adjoint operator
2−1i(G−G∗) = −�(G) ∈ B̄, where �(G) stands for the imaginary part of G, then
L(·) can also be written as

L(x) = i[H,x] − 1
2
(V ∗V x− 2V ∗π(x)V − xV ∗V ), x ∈ B. (2.5)

The representation of L(x) in terms of G and Ψ is not unique. However, given a
generator through an expression like (2.3), we look for sufficient conditions to have
the semigroup reduced by the Abelian C∗-algebra C∗(K) generated by a normal
element K ∈ B.

Corollary 2.2. Given a normal operator K in the C∗algebra B, suppose that the
generator of a norm-continuous quantum dynamical semigroup T on B is imple-
mented by (2.5), where H and V satisfy:

(i) [H,K] ∈ C∗(K);
(ii) V ∗V ∈ C∗(K);
(iii) For each n ∈ N, there exists a constant αn ∈ C such that

V Kn − π(Kn)V = αnV.

Then, the semigroup T is reduced by the algebra C∗(K).

Proof. From hypothesis (i) and the derivation property of [H, ·] it follows that
[H,Kn] ∈ C∗(K) for all n ∈ N. On the other hand, hypothesis (iii) yields

V ∗V Kn − V ∗π(Kn)V = αnV
∗V,

so that V ∗π(Kn)V belongs to C∗(K) as well as V ∗V Kn and KnV ∗V , applying
(ii). As a result, L(Kn) ∈ C∗(K) for all n ∈ N, and the proof is complete.

We recall that a ∗-Abelian algebra A ⊆ L(h) is maximal if A = A′. In this case
A becomes a von Neumann algebra.

Proposition 2.2. Suppose that T is a quantum Markov semigroup defined on L(h)
which is reduced by a maximal Abelian von Neumann subalgebra A. Then there
exists a compact Hausdorff space E endowed with a Radon measure µ such that the
restriction of T to A is ∗-isomorphic to a classical Markov semigroup (Tt)t∈R+

on
L∞(E, µ). Moreover, if the semigroup T is uniformly continuous, then (Tt)t∈R+

is
in particular a Feller semigroup.

Proof. Since A is maximal Abelian, there exists a triple (E, µ, U), where E is a
compact second countable Hausdorff space, µ a Radon measure on E and U is an
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isometry from L2(E, µ) onto h. E is in fact the space of characters of A which is
w∗-compact.

So that U : L∞(E, µ) → A, defined by U(f) = UMfU
∗, where f ∈ L∞(E, µ)

and Mf denotes the multiplication operator by f in L2(E, µ), is an isometric
∗-isomorphism of algebras.

A semigroup (Tt)t∈R+
is defined on L∞(E, µ) through the relation

MTtf = U∗Tt(UMfU
∗)U, (2.6)

for all f ∈ L∞(E, µ).
The semigroup (Tt)t∈R+

preserves the identity, since U is an isometry. Moreover,
‖Tt(x)‖ ≤ ‖x‖ (x ∈ M) implies that Tt is a contraction. Therefore, (Tt)t∈R+

is a
Markov semigroup on L∞(E, µ).

If T is uniformly continuous, the Feller property is obtained through the previous
proposition.

Given a bounded normal operator K, we denote W ∗(K) its generated von Neu-
mann algebra which coincides with the weak closure of C∗(K). The Abelian alge-
bra W ∗(K) is maximal if and only if K is multiplicity-free or nondegenerate, which
means that there exists a cyclic vector for C∗(K), i.e. {f(K)w : f ∈ C(Sp(K))}
is dense in h for some vector w, where Sp(K) denotes the spectrum of K.

Remark 2.1. Consider a von Neumann algebra M on the Hilbert space h. The rep-
resentation of the generator L(·) of a norm-continuous QMS on M is then improved
as follows. There exists a set of operators (Lk)k∈N such that

∑
k L

∗
kLk is a bounded

operator in M;
∑

k L
∗
kxLk ∈ M whenever x ∈ M and there exists a self-adjoint

operator H = H∗ ∈ M, such that

L(x) = i[H,x] − 1
2

∑
k

(Lk∗Lkx− 2Lk∗xLk + xLk
∗Lk). (2.7)

We recover the expression (2.3) if we put

G = −iH − 1
2

∑
k

L∗
kLk; Ψ(x) =

∑
k

L∗
kxLk. (2.8)

Theorem 2.2. Assume that the quantum Markov semigroup T is norm-continuous
on a von Neumann algebra M ⊂ L(h) and denote L(·) its generator represented in
the Christensen–Evans form (2.3). Call H = −�(G) and denote α the group of
automorphisms with generator δ(x) = i[H,x].

(1) If for all x ∈ F(α) one has Φ(x) ∈ F(α), then T commutes with α.
(2) Reciprocally, assume that Φ(1) ∈ F(α) and that the semigroup commutes with

α, then Φ(x) ∈ F(α) for all x ∈ F(α).

Proof. Since the semigroup is Markovian, it holds that L(1) = G∗+Φ(1)+G = 0,
so that �(G) = − 1

2Φ(1).
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(1) Given any x ∈ F(α), x commutes with H = −�(G). Moreover, by hypothesis,
Φ(x) commutes with H , in particular [H,�(G)] = 0, from which we obtain that
[H,G] = 0 = [H,G∗] and L(x) commutes with H as well. Thus, L(x) ∈ F(α)
if x ∈ F(α) and the semigroup commutes with α.

(2) If Φ(1) commutes with H , it follows that [H,G] = 0. Now, given any x ∈ F(α),
L(x) − G∗x − xG = Φ(x) is also an element of F(α) since the semigroup
commutes with α.

Corollary 2.3. Assume that the semigroup T is norm-continuous. Suppose in
addition that all the coefficients Lk of (2.7) satisfy the following hypothesis:

(H1) There exists a matrix (ck,�) of bounded maps from W ∗(H)′ → W ∗(H)′ such
that ck,�(a)

∗ = c�,k(a∗), for all a ∈W ∗(H)′ and such that

[H,Lk] =
∑
�∈N

ck,�(H)L�, k ∈ N. (2.9)

Then T commutes with α.

Proof. The algebra F(α) coincides with the generalized commutator algebra
W ∗(H)′ of the von Neumann algebra W ∗(H) generated by H . Notice that (2.9)
implies that

[H,L∗
kxLk] = 0,

for all k if x commutes with H . Indeed, since [H, ·] is a derivation, it turns out that

[H,Lk∗xLk] = −
∑
�

L�
∗c�,k(H)xLk +

∑
�

Lk
∗xck,�(H)L�.

Now, exchanging 
 by k in the first sum and noticing that x and ck,�(H) commute
yields the result.

Therefore, Φ(x) =
∑

k Lk
∗xLk satisfies the hypothesis (1) of the previous theo-

rem and the proof is complete.

Remark 2.2. Recently, Fagnola and Skeide have proved that (H) is also a necessary
condition to leave the algebra W ∗(H)′ invariant under the action of the semigroup
T. Their method of proof is based on Hilbert modules [19].

Corollary 2.4. If a self-adjoint operator K ∈ M is nondegenerate, W ∗(K) reduces
the norm-continuous quantum Markov semigroup T if and only if L(x) commutes
with K for any x ∈W ∗(K).

In particular, assume that

(i) [H,K] ∈W ∗(K), and
(ii) [Lk,K] = ckLk, where ck = c∗k ∈W ∗(K), for all k ∈ N.

Then W ∗(K) reduces the semigroup T.
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Proof. If K is nondegenerate, then W ∗(K) is maximal Abelian and coincides with
its commutator W ∗(K)′. Thus, L(W ∗(K)) ⊆ W ∗(K) if and only if L(x) lies in
W ∗(K)′ for any element x ∈ W ∗(K)′.

Remark 2.3. The previous results suggest that a “good candidate” for an oper-
ator K reducing the dynamics is H − 1

2

∑
j Lj

∗Lj , especially if one derives the
semigroup through a limiting procedure as those analyzed in the Introduction.
This corresponds to the so-called effective Hamiltonian in some physical models.
Also, when H = 0 there is an interesting class of models for which one can exhibit
al least two “natural” self-adjoint operators which classically reduce the semigroup.

Corollary 2.5. Assume that H = 0 and that the coefficients (Lj)j∈N are bounded
and satisfy the commutation relations

[Lj , L�] = [Lj∗, L�∗] = 0, (2.10)

[Lj , L�∗] = δj�1. (2.11)

Suppose in addition that the self-adjoint operators K1 =
∑

j Lj
∗Lj , and K2 =∑

j(Lj+Lj
∗) are bounded. Then the QMS with generator (2.7) is classically reduced

by K1 and K2.

Proof. Consider 
 ∈ N fixed. Then

[K1, L�] =
∑
j

[Lj∗Lj, L�]

= −
∑
j

[Lj∗, L�]Lj

=
∑
j

δ�jLj

= −L�. (2.12)

Thus, (2.12) shows that K1 satisfies Corollary 2.4.
Since K2 is bounded, we prove that its generated C∗-algebra reduces the semi-

group. To do this, one first shows that for any x ∈ C∗(K2) it holds

[x, L�] ∈ C∗(K2), (2.13)

for all 
 ∈ N.
A simple computation yields

[K2, L�] = [L∗
� , L�] = −1 ∈ C∗(K2),

for any 
 ∈ N. Suppose that for m = 1, . . . , n it holds

[Km
2 , L�] ∈ C∗(K2),

take m = n+ 1, then for any 
 ∈ N,

[Kn+1
2 , L�] = K2[Kn

2 , L�] + [K2, L�]Kn
2

= K2[Kn
2 , L�] −Kn

2 ,
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and the second member is an element of C∗(K2) by the induction hypothesis. As a
result (2.13) holds for any x ∈ C∗(K2).

Consider any x ∈ C∗(K2), and write L(x) in the form:

L(x) = −1
2

∑
�

(L∗
� [L�, x] + [x, L∗

� ]L�) .

Then

[L(x),K2] = −1
2

∑
�

([L∗
� ,K2][L�, x] + [x, L∗

� ][L�,K2])

=
1
2

∑
�

([L�, x] − [x, L∗
� ])

=
1
2
[x,K2]

= 0.

So that L(C∗(K2)) ⊂ C∗(K2) and the proof is complete.

Remark 2.4. The previous results can be improved to consider an unbounded
self-adjoint operator K affiliated with the von Neumann algebra M. Assume that
K is nondegenerate which means here that there is a vector w in the intersection
of all domains D(Kn), (n ≥ 1), such that the subspace spanned by the vectors
(Knw; n ≥ 1) is dense in h. We denote ξ the spectral measure of K. In addition,
given a Radon measure on the measurable space (Sp(K),B(Sp(K))) we denote
L(Sp(K), µ) the ∗-algebra which is obtained as the quotient of the set of Borel
functions by null functions under the given Radon measure.

Lemma 2.2. Assume that P is a normal linear completely positive map defined
on M and such that P(1) = 1. Let K to be a nondegenerate self-adjoint operator
affiliated with M. Then the following propositions are equivalent:

(i) W ∗(K) is invariant under P.
(ii) For any projection p ∈W ∗(K), P(p) ∈ W ∗(K).
(iii) For all A ∈ B(Sp(K)), P(ξ(A)) ∈W ∗(K).
(iv) There exists a kernel P : Sp(K)×B(Sp(K)) → R+ such that P (x,Sp(K))=1,

for all x ∈ Sp(K) and

P(ξ(A)) =
∫
Sp(K)

ξ(dx)P (x,A),

for all A ∈ B(Sp(K)).

Proof. Clearly, (i) implies (ii) which in turn implies (iii). The equivalence of (i)
and (iii) follows from a straightforward application of the Spectral Theorem. So
that (i), (ii), and (iii) are equivalent. To prove that (iii) implies (iv), we first notice
that P ◦ ξ is an operator valued measure. Indeed, since ξ is the spectral measure of
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K and P is linear and completely positive, the map P ◦ ξ is additive on B(Sp(K)).
Moreover, take any pairwise disjoint sequence (An)n∈N of Borel subsets of Sp(K).
The projection

∑
n ξ(An) exists as a strong limit of the partial sums

∑
k≤n ξ(Ak).

Moreover,
∑
n ξ(An) = l.u.b.

∑
k≤n ξ(Ak) in the order of positive operators. Thus,

the normality of the map P yields P
(∑

n ξ(An)
)

= l.u.b.P
(∑

k≤n ξ(Ak)
)
, and P◦ξ

is an operator-valued measure.
If we assume (iii), given any A ∈ B(Sp(K)), there exists P (·, A) ∈ L(Sp(K))

such that

P ◦ ξ(A) =
∫
Sp(K)

ξ(dx)P (x,A). (2.14)

Denote (en)n∈N an orthonormal basis of h and define the positive measure µ =∑
n 2−n〈en, ξ(·)en〉. Since P ◦ ξ is an operator-valued measure, it follows that A 
→

P (x,A) satisfies

P

(
x,
⋃
n

An

)
=
∑
n

P (x,An),

for µ-almost all x ∈ Sp(K).
Since µ is a probability measure, it is tight on Sp(K) ⊆ R. Therefore, for each

n ≥ 1, there exists a compact Kn such that µ(Kn) ≥ 1−2−n, so that J =
⋃
nKn ⊆

Sp(K) satisfies µ(J) = 1. We imbed J in [−∞,∞], and consider µ as a probability
measure defined on [−∞,∞], supported by J . Let denote k a vector space over the
field of rational numbers, closed for lattice operations ∨,∧, dense in C([−∞,∞])
and such that 1 ∈ k. Define

A = {x ∈ J : f 
→ P (x, f) is a positive Q-linear form on k and P (x, 1) = 1} .

For all x ∈ A, P (x, ·) can be extended as a positive linear form to all of
C([−∞,∞]), and then to L([−∞,∞]). Moreover, µ(A) = 1 and µ({x ∈ Sp(K) :
P (x, Jc) = 0}) = 1. We can complete the definition of the kernel P choosing
P (x, ·) = θ(·) for all x �∈ A, where θ is an arbitrary probability measure.

Finally to prove that (iv) implies (iii), it suffices to apply the Spectral Theorem
again which yields

∫
ξ(dx)P (x,A) ∈ W ∗(K).

For any quantum Markov semigroup T there exist M > 0 and β ∈ R such
that ‖Tt‖ ≤ M exp(βt) for all t ≥ 0 (see [8], Prop. 3.1.6, p. 166). As a result, the
resolvent Rλ(·) of the semigroup is given by the Laplace transform

Rλ(x) = (λ1 − L)−1(x) =
∫ ∞

0

dte−λtTt(x),

for all x ∈ M, whenever �λ > β. The above lemma yields the following characteri-
zation.

Theorem 2.3. Let T be a quantum Markov semigroup on the von Neumann alge-
bra M and K a nondegenerate self-adjoint operator affiliated with M. Then the
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following propositions are equivalent:

(i) The semigroup is reduced by W ∗(K).
(ii) For all A ∈ B(Sp(K)) and any t ≥ 0, Tt(ξ(A)) ∈W ∗(K).
(iii) The manifold D(L) ∩W ∗(K) is nontrivial and for all x ∈ D(L) ∩W ∗(K), it

holds that L(x) ∈ W ∗(K).
(iv) There exists a classical Markov semigroup (Tt)t∈R+ on Sp(K) such that for

all f ∈ L(Sp(K)),

Tt(f(K)) =
∫
Sp(K)

ξ(dx)Ttf(x).

(v) For all λ such that �λ > β and all A ∈ B(Sp(K)) Rλ(ξ(A)) ∈ W ∗(K).

Proof. We clearly have the equivalence of (i), (ii) and (iii). Furthermore, the equiv-
alence of (i) with (iv) follows from the previous lemma. (v) is equivalent to the
existence of a family of kernels Rλ on the spectrum of K which defines a classical
semigroup T. Thus (v) and (iv) are equivalent and this completes the proof.

The particular case of norm-continuous semigroups enjoys a richer characterization
in terms of the generator.

Corollary 2.6. W ∗(K) reduces a norm-continuous quantum Markov semigroup T
if and only if one of the following equivalent conditions is satisfied:

(i) L(ξ(A)) ∈W ∗(K) for all A ∈ B(Sp(K)).
(ii) [L(ξ(A)), ξ(B)] = 0 for all A,B ∈ B(Sp(K)).
(iii) There exists a dense domain D ⊆ L(Sp(K)) and an operator L : D →

L(Sp(K)), such that for all f ∈ D, f(K) ∈ D(L) and

L(f(K)) =
∫
Sp(K)

ξ(dx)Lf(x).

In particular, suppose that the generator L(·) is given by (2.7) which in addition
satisfies the two conditions below :

(a) [H, ξ(A)] ∈W ∗(K), and
(b) [Lk, ξ(A)] = ck(A)Lk, where ck(A) is a self-adjoint element in W ∗(K), for all

k ∈ N and A ∈ B(Sp(K)).

Then W ∗(K) reduces the semigroup T.

Proof. The generator L(·) is everywhere defined since the semigroup is norm-
continuous. Thus, the equivalence of (i), (ii), (iii) with (i) of the previous result is
a simple consequence of the Spectral Theorem.

The last part follows from the first and Theorem 2.4 applied to ξ(A).
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2.2. The case of a form-generator

In most of the applications L(·) is not known as an operator directly but through
a sesquilinear form. To discuss this case we restrict ourselves to the von Neumann
algebra M = L(h) and we rephrase, for easier reference the crucial result which
allows to construct a quantum dynamical semigroup starting from a generator given
as a sesquilinear form. For further details on this matter we refer to [17], Sec. 3.3,
see also [10].

Let G and L�, (
 ≥ 1) be operators in h which satisfy the following hypothesis:

• (H-min) G is the infinitesimal generator of a strongly continuous contraction
semigroup in h, D(G) is contained inD(L�), for all 
 ≥ 1, and, for all u, v ∈ D(G),
we have

〈Gv, u〉 +
∞∑
�=1

〈L�v, L�u〉 + 〈v,Gu〉 = 0.

Under the above assumption (H-min), for each x ∈ L(h) let L−(x) ∈
F(D(G) ×D(G)) be the sesquilinear form with domain D(G) ×D(G) defined by

L−(x)(v, u) = 〈Gv, xu〉 +
∞∑
�=1

〈L�v, xL�u〉 + 〈v, xGu〉. (2.15)

It is well known (see e.g. [13] Sec. 3, [17] Sec. 3.3) that, given a domain
D ⊆ D(G), which is a core for G, it is possible to build up a quantum dynam-
ical semigroup, called the minimal QDS, satisfying the equation:

〈v, Tt(x)u〉 = 〈v, xu〉 +
∫ t

0

L−(Ts(x))(v, u)ds, (2.16)

for u, v ∈ D.
This equation, however, in spite of the hypothesis (H-min) and the fact thatD is

a core for G, does not necessarily determine a unique semigroup. The minimal QDS
is characterized by the following property: for any w∗-continuous family (Tt)t≥0 of
positive maps on L(h) satisfying (2.16) we have T (min)

t (x) ≤ Tt(x) for all positive
x ∈ L(h) and all t ≥ 0 (see e.g. [17] Th. 3.22).

For simplicity we will drop the superscript “min” in the notation of the mini-
mal QDS in what follows. In which follows we assume that the operator K is an
unbounded nondegenerate self-adjoint operator affiliated with L(h), that (H-min)
holds and the domain D denotes a core for G.

Theorem 2.4. Assume that for all x ∈ W ∗(K), and all spectral projection ξ(A),
where A ∈ B(Sp(K)) is such that ξ(A)(D) ⊆ D it holds

L−(x)(v, ξ(A)u) = L−(x)(ξ(A)v, u), (2.17)

for all (u, v) ∈ D ×D. Then the minimal semigroup T is reduced by K.
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In particular, this is the case when the following two conditions hold:

(a) The operator G is affiliated with W ∗(K),
(b) Given any x ∈W ∗(K), (u, v) ∈ D ×D, 
 ≥ 1,

〈L�v, xL�ξ(A)u〉 = 〈L�ξ(A)v, xL�u〉, (2.18)

for all A ∈ B(Sp(K)) such that ξ(A)(D) ⊆ D.

Proof. The proof follows the construction of the minimal quantum dynamical
semigroup associated to the form L−(·), as presented by Chebotarev (see [10] and
extensively used by him and Fagnola in their joint research on the Markov property
of this minimal semigroup (see [11]).

Define T (0)
t (x) = x. Then, clearly 〈v, T (0)

t (x)pu〉 = 〈pv, T (0)
t (x)u〉, for all x ∈

W ∗(K), all projection p = ξ(A) leaving D invariant, (u, v) ∈ D ×D. We follow by
defining T (1)

t (x) as follows: for each (u, v) ∈ D ×D,

〈v, T (1)
t (x)u〉 = 〈v, xu〉 +

∫ t

0

L−(T (0)
s (x))(v, u)ds.

Take x ∈W ∗(K) a projection p = ξ(A) as before, and apply hypothesis (2.17).
Then it follows that

〈v, T (1)
t (x)pu〉 = 〈pv, T (1)

t (x)u〉.

This yields that T (1)
t (x) ∈ W ∗(K) if x ∈ W ∗(K).

By induction, suppose T (0)
t (·), . . . , T (n)

t (·) constructed and reduced by W ∗(K),
then define T (n+1)

t (·) through the relation

〈v, T (n+1)
t (x)u〉 = 〈v, xu〉 +

∫ t

0

L−(T (n)
s (x))(v, u)ds.

By the induction hypothesis, and (2.17) again, it follows that

〈v, T (n+1)
t (x)pu〉 = 〈pv, T (n+1)

t (x)u〉,

for all projection p = ξ(A) such that p(D) ⊆ D and (u, v) ∈ D × D, whenever
x ∈W ∗(K). Therefore, K reduces the whole sequence (T (n))n∈N . This sequence is
used in the construction of the minimal quantum dynamical semigroup as follows.
It is proved that 〈u, T (n)

t (x)u〉 is increasing with n and 〈u, Tt(x)u〉 is defined as
its limit, for all u ∈ h, x ∈ L(h) (see [17]). Then by polarization 〈v, Tt(x)u〉 is
obtained. Thus, the minimal quantum dynamical semigroup T satisfies Tt(1) ≤ 1,
and given any other σ-weakly continuous family (St)t∈R+ satisfying (2.16) and every
positive operator x ∈ L(h), it holds Tt(x) ≤ St(x), for all t ≥ 0. Moreover, since
T (n)
t (W ∗(K)) ⊆ W ∗(K), for all n ∈ N and t ≥ 0, it follows that K reduces the

minimal quantum dynamical semigroup.
Assume now hypotheses (a) and (b). Condition (a) implies that Gξ(A) =

ξ(A)G for all projections ξ(A) leaving D invariant. Moreover, (b) yields∑
�〈L�v, xL�ξ(A)u〉 =

∑
�〈L�ξ(A)v, xL�u〉 and this, together with (a), clearly deter-

mine (2.17) and the proof is complete.
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Corollary 2.7. With the notations and previous assumptions to the above theorem,
suppose that in addition the two hypotheses below are satisfied:

(a) G is affiliated with W ∗(K),
(b) For all 
 ≥ 1 and any A ∈ B(Sp(K)) such that ξ(A) leaves D invariant, there

exists a self-adjoint operator c�(A) ∈ W ∗(K), such that

L�ξ(A) = (ξ(A) + c�(A))L�. (2.19)

Then K reduces the minimal quantum dynamical semigroup T.

Proof. Hypothesis (a) is identical to condition (a) of the previous theorem. On the
other hand, if x ∈ W ∗(K), and A ∈ B(Sp(K)) is such that ξ(A) leaves D invariant

〈L�ξ(A)v, xL�u〉 = 〈ξ(A)L�v, xL�u〉 + 〈c�(A)L�v, xL�u〉
= 〈L�v, xξ(A)L�u〉 + 〈L�v, xc�(A)L�u〉
= 〈L�v, x(L�ξ(A) − c�(A)L�)u〉 + 〈L�v, xc�(A)L�u〉
= 〈L�v, xL�ξ(A)u〉,

for all (u, v) ∈ D×D. Thus, condition (b) of Theorem 2.4 is satisfied and the proof
is complete.

Remark 2.5. It is worth noticing that Corollary 2.5 admits also an extension
within this framework. Indeed, if H = 0, and the formal generator contains only a
finite number of operators L�, say L1, . . . , Ln, then under the hypothesis (H-min),
D is also a core for both operators K1 and K2 below:

K1 =
n∑
j=1

Lj
∗Lj, (2.20)

K2 =
n∑
j=1

(Lj + Lj
∗). (2.21)

If moreover the coefficients Lj satisfy the commutation relations of Corollary 2.5,
then both operators K1 and K2 reduce classically the Quantum Markov Semigroup
given by the formal generator with coefficients Lj. This, in particular, is the case for
the semigroup of the harmonic oscillator which we precise in the following corollary.

Corollary 2.8. Let h = L2(Rd; C) and let A = L(h). By a Quantum Brownian
Semigroup we mean a Quantum Markov Semigroup T on L(h) which is the minimal
semigroup with form generator

L−(x) = −1
2

d∑
j=1

(aja∗jx− 2ajxa∗j + xaja
∗
j ) −

1
2

d∑
j=1

(a∗jajx− 2a∗jxaj + xa∗jaj),

where a∗j , aj are the creation and annihilation operators

aj = (qj + ∂j)/
√

2, a∗j = (qj − ∂j)/
√

2,

∂j being the partial derivative with respect to the jth coordinate qj.
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The commutative von Neumann subalgebra W ∗(q) of L(h) whose elements are
multiplication operators Mf by a function f ∈ L∞(Rd; C) is T-invariant and
Tt(Mf) = MTtf where

(Ttf)(x) =
1

(2πt)d/2

∫
Rd

f(y)e−|x−y|2/2tdy. (2.22)

The same conclusion holds for the commutative algebra W ∗(p) = F ∗W ∗(q)F,
where F denotes the Fourier transform. Therefore, this semigroup deserves the
name of quantum Brownian semigroup since it contains a couple of noncommuting
classical Brownian semigroups.

Moreover, notice that the von Neumann algebra W ∗(N) generated by the number
operator N =

∑
j a

∗
jaj is also T invariant and the classical semigroup obtained by

restriction of T to W ∗(N) is a birth and death semigroup on N with birth rates
(n+ 1)n≥0 and death rates (n)n≥0.

3. Dilations and Unravelings

3.1. Structure maps and quantum flows

In addition to the separable complex Hilbert space h, let g be another Hilbert space
of the like which will serve to introduce a countable family of quantum noises as
follows. Firstly, denote Φ = Γb

(
L2(R+; g)

)
the bosonic Fock space associated to

L2(R+; g), and (gn)n∈N an orthonormal basis of g. The total space is then hT =
h ⊗ Φ which has a generating family Ξ := {u⊗ e(f); u ∈ h, f ∈} where e(f) :=∑

n∈N
f⊗n/

√
n! and denote M = L(hT ). Also, we consider the increasing family (in

the sense of immersions) of spaces Φt = Γb(L2
g([0, t]) and Mt = L(h ⊗ Φt). With

these notations, the main quantum noises are defined as

A†
�(t)u ⊗ e(f) =

d

dε
u⊗ e(f + ε1[0,t]g�)|ε=0, (3.1)

A�(t) = 〈g�1[0,t], f〉u⊗ e(f), (3.2)

N�,m(t) = A†
�(t)Am(t), (3.3)

for all 
,m ∈ N, t ≥ 0.
To shorten the writing of these noises they will be denoted using Belavkin

convention:

Λ0
�(t) = A†

�(t), if 
 > 0

Λm0 (t) = Am(t), if m > 0

Λm� (t) = N�,m(t), if 
,m > 0

Λ0
0(t) = t1,

for all t ≥ 0.
Let there be given an automorphism group α on L(h) with generator δ = i[K, ·].

α is extended to L(h⊗Φ) via the generator i[K⊗1, ·]. Consider a quantum cocycle
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V = (Vt)t∈R+ which is the solution of a Hudson–Parthasarathy stochastic differen-
tial equation (see [24] Chap. III, Sec. 27) of the form

dVt =

 ∑
�,m≥0

Lm� dΛ
�
m

Vt, V0 = 1, (3.4)

where
∑

�,m≥0 ‖Lm� ‖ <∞ in L(h), and denote jt(x) = V ∗
t (x⊗ 1)Vt.

Theorem 3.1. Under the above assumptions suppose in addition that the cocycle
V satisfies the Rotating Wave Hypothesis (RWH ) with respect to α, that is, there
exists ω ∈ R such that for all t, s ≥ 0,

αs(Vt) = e−iωsVt. (3.5)

Then the flow j and the automorphism α commutent.

Proof. Let there be given an element x ∈ F(α), then for all s, t ≥ 0,

αs(jt(x)) = αs(V ∗
t )(x⊗ 1)αs(Vt)

= eiωsV ∗
t (x⊗ 1)e−iωsVt

= jt(x).

So that jt(x) ∈ F(α) for all t ≥ 0.

Remark 3.1. One can write stochastic differential equations for quantum Markov
flows as introduced by Belavkin, Evans, Hudson and Parthasarathy (cf. [24]). That
is, using the representation of noises Λ�m given on the Boson Fock space, the generic
stochastic differential equation for a quantum flow is then written as

djt(x) =
∑
�,m

jt(θm� (x))dΛ�m. (3.6)

The maps θm� are called the structure maps of the flow. In the previous notations,
one has

θ�m(x) = xL�m + Lm�
∗x+

∑
k≥1

Lk�
∗
xLkm. (3.7)

In particular, θ00 = L(·), corresponds to the generator of a Quantum Markov
semigroup (generated by the flow), though the notations are slightly different to
those previously used in (2.7) and (2.8). This question is at the hearth of the proof
of the existence and uniqueness of unitary cocycle solutions given by Hudson and
Parthasarathy to (3.4) and is related to the construction of a quantum dilation of
a given QMS. Indeed, suppose that the generator of the QMS is given in the form
(2.7), more precisely, one assumes that there exists bounded operators H = H∗,
Sij , Li, for i, j ≥ 1, and a constant c > 0 such that∑

i≥1

‖Liu‖2 ≤ c2 ‖u‖2
, (3.8)
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for all u ∈ h and
∑

i,j≥1 S
i
j⊗|gi〉〈gj | is a unitary operator in h⊗g. Moreover, define

Lij =



Sij − δij1, if i, j ≥ 1;
Li, if i ≥ 1, j = 0;

−
∑
k≥1

Lk
∗Skj , if j ≥ 1, i = 0;

−iH − 1
2

∑
k≥1

Lk
∗Lk, if i = j = 0,

(3.9)

then Theorem 27.8 in [24] proves that (3.4) has a unique unitary cocycle solution.
As a result, one obtains that

Tt(x) = E (jt(x)) = EVt
∗(x⊗ 1)VtE, t ≥ 0, x ∈ L(h), (3.10)

where E is the projection of h ⊗ Φ onto h identified with h ⊗ Ce(0).

To summarize, the structure maps θm� play a role of generators of the flow so
that, under the above conditions on the operators L�m, a straightforward modifica-
tion of Theorem 28.8 in [24] yields the following:

Theorem 3.2. Suppose that K ∈ L(h) is a multiplicity-free self-adjoint operator
and θ�m(W ∗(K)) ⊂ W ∗(K), then the algebra J generated by {jt(x);x ∈ W ∗(K),
t ≥ 0} ⊂ L(h ⊗ Φ) is Abelian.

For the proof see [24], Thm. 28.8, p. 244. Thus, the quantum flow restricted to
the Abelian algebra W ∗(K) defines a classical stochastic process.

Remark 3.2. The canonical classical stochastic process X = (Xt)t∈R+ referred
before is constructed on the space Ω = Sp(K)R

+
with the σ-field of cylinders. The

Spectral Theorem associates W ∗(K) with L∞(Sp(K)) and jt(f(K)) with f(Xt).
The latter is equivalent to state that the flow restricted to the Abelian algebra
W ∗(K) is identified with the measure-valued stochastic process δXt , t ≥ 0.

3.2. Classical dilations and classical reductions

A quantum dilation of a given norm continuous QMS has been constructed in the
previous subsection. This was done via a quantum stochastic differential equation.
However, a number of open quantum systems in Physics are described by QMS
with generators given as a sesquilinear form and the theory of quantum stochastic
differential equations with unbounded coefficients is not sufficiently developed to
provide in general the suitable quantum dilation.

On the other hand, the Theory of Measurement in Open Quantum Systems
naturally introduces classical stochastic equations in infinite dimensions to con-
struct stochastic processes associated to a given QMS. Let us continue the simple
Example 1.1 to illustrate the main features of this kind of dilation.
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3.3. An example of a classical dilation

We keep the notations of Sec. 1.1. Consider a probability space (Ω,F ,P) where two
Brownian motions W (0) and W (1) are defined. Assume that L2(Ω,F ,P) represents
now the environment or reservoir.

Our goal is to build up a stochastic process (kt)t∈R such that kt(ω, ·) : A → A

be a linear completely positive map, kt(ω, a∗) = kt(ω, a)
∗ for all t ≥ 0, ω ∈ Ω and

Tt(x) = E(kt(x)).

The complete positivity of k determines that kt(x) = V ∗
t xVt. The dynamics is given

through a stochastic differential equation

dVt =
(
−1

2
1 dt+ E01dW

(1)
t + E10dW

(0)
t

)
Vt. (3.11)

To obtain the equation of the flow k, use Itô’s formula:

dkt(x) = d(V ∗
t xVt)

= dV ∗
t xVt + V ∗

t xdVt + dV ∗
t xdVt,

and compute the formal product of differentials dW (i)
t dW

(j)
t = δijdt. This yields to

dkt(x) = kt(L(x))dt + kt(θ01(x))dW
(1)
t + kt(θ10(x))dW

(0)
t , (3.12)

where

L(x) = −x+ E10xE01 + E01xE10;

θi,j(x) = xEij + Ejix, i, j = 0, 1.

Taking expectation in Eq. (3.12), Brownian terms disappear and one can check that
Tt(x) = E (kt(x)).

Which kind of dynamics induces k on W ∗(K), the algebra which is invariant to
the action of the QMS?

Take first a unitary vector u ∈ C2, and call ψt(u) = Vtu, with components ψ0
t ,

ψ1
t . From (3.11) we obtain

dψt(u) = −1
2
ψt(u)dt+ E01ψtdW

(1)
t + E10dW

(0)
t . (3.13)

Define Xt(f) = 〈ψt(u), f(K)ψt(u)〉 = 〈u, kt(f(K))u〉.
From (3.12) one easily derives

dXt(f) = 〈ψt(u),L(f(K))ψt(u)〉dt
+ 〈ψt(u), θ01(f(K))ψt(u)〉dW (1)

t

+ 〈ψt(u), θ10(f(K))ψt(u)〉dW (0)
t .

We have

〈ψt(u),L(f(K))ψt(u)〉 = 〈ψt(u), Lf(K)ψt(u)〉
= Xt(Lf)
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〈ψt(u), θ01(f(K))ψt(u)〉 = ψ1
t (ψ

0
t + ψ1

t )f(1)

+ψ1
t (ψ

0
t − ψ1

t )f(−1)

〈ψt(u), θ01(f(K))ψt(u)〉 = ψ0
t (ψ

0
t + ψ1

t )f(1)

−ψ0
t (ψ

0
t − ψ1

t )f(−1).

So that f 
→ Xt(f) is a random measure, moreover, Xt(f) −
∫ t
0 Xs(Lf)ds is a

martingale with quadratic variation process
∫ t
0 Qs(f)ds where

Qt(f) = [(ψ1
t )

2 + (ψ0
t )

2](ψ1
t + ψ0

t )
2f(1)2

− 2[(ψ1
t )

2 − (ψ0
t )

2]f(1)f(−1)

+ [(ψ1
t )

2 + (ψ0
t )

2](ψ1
t − ψ0

t )
2f(−1)2.

Notice that this measure-valued process is no more a Dirac kernel because the
flow k is not a homomorphism. Thus, the combination of classical reduction and
classical dilation of a quantum Markov semigroup leads to a measure-valued process
(this process runs over the set of generators L of Markov chains defined on the set
{−1, 1}).

3.4. A view on classical dilations

Here we state without proof one of the main results of [22] (see also [23]), which
gives the solution to a wide class of Stochastic Schrödinger equations in infinite
dimensions. These equations allow one to construct a classical dilation of a given
QMS. This dilation combined with a classical reduction provide a class of measure-
valued stochastic processes.

Consider the following linear stochastic differential equation.

ψt(ξ) = ξ +
∫ t

0

Gψs(ξ)ds+
∞∑
k=1

∫ t

0

Lkψs(ξ)dW k
s . (3.14)

Here, W 1,W 2, . . . , are real-valued independent Wiener processes on a filtered com-
plete probability space (Ω,F, (Ft)t≥0,P). This time G,L1, L2, . . . , are (possibly)
unbounded linear operators in h satisfying Dom(G) ⊂ Dom(Lk), with k ∈ N, such
that

2�〈x,Gx〉 +
∞∑
k=1

‖Lkx‖2 = 0 (3.15)

for any x ∈ Dom(G).

LSSE-Hypotheses. There exists a linear a self-adjoint positive operatorC : h → h

such that:

(i) Dom(C) ⊂ Dom(G) ∩ Dom(G∗).
(ii) There exists an orthonormal basis (en)n∈Z+ of h formed by elements of Dom(C)

such that for all n ∈ Z+,
∑∞

k=1 ‖L∗
ken‖

2
<∞.
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(iii) Let Pn : h → hn be the orthogonal projection of h over hn, where hn is the
linear manifold spanned by e0, . . . en. Then, there exist constants α, β ∈ [0,∞[
satisfying

2� 〈Cx,CPnGx〉 +
∞∑
k=1

‖CPnLkx‖2 ≤ α(‖Cx‖2 + ‖x‖2 + β), (3.16)

for any n ∈ Z+ and x ∈ hn.
(iv) supn∈Z+

‖CPnx‖ ≤ ‖Cx‖ for all x ∈ Dom(C).

Definition 3.1. Let C satisfy the LSSE-Hypotheses. Suppose that T is either [0,∞[
or [0, T ] with T ∈ [0,∞[. We say that the stochastic process (ψt(ξ))t∈T is a strong
solution of class C of (3.14) on the interval T (for simplicity, C-strong solution) if:

• (ψt(ξ))t∈T is an adapted process taking values in h with continuous sample paths.
• For any t ∈ T, E ‖ψt(ξ)‖2 ≤ E ‖ξ‖2, ψt(ξ) ∈ Dom(C) P-a.s. and

sup
s∈[0,t]

E ‖C ◦ πC(ψs(ξ))‖2
<∞,

where

πC(x) =
{
x, if x ∈ Dom(C),
0, if x /∈ Dom(C).

• P-a.s., for all t ∈ T,

ψt(ξ) = ξ +
∫ t

0

G ◦ πC(ψs(ξ))ds +
∞∑
k=1

∫ t

0

Lk ◦ πC(ψs(ξ))dW k
s . (3.17)

Theorem 3.3. (Mora-Rebolledo [22]) Let C satisfy the LSSE-Hypotheses. Suppose
that ξ is a F0-random variable taking values in h such that ξ ∈ Dom(C) a.s. and
E(‖ξ‖2

C) <∞. Assume that T is either [0,∞[ or [0, T ] whenever T ∈ [0,∞[. Then,
there exists a unique C-strong solution (ψt(ξ))t∈T of (3.14). In addition, for all
t ∈ T we have

E ‖Cψt(ξ)‖2 ≤ exp (αt) (E ‖Cξ‖2 + αt(E ‖ξ‖2 + β)). (3.18)

And moreover,

E ‖ψt(ξ)‖2 = E ‖ξ‖2
. (3.19)

Corollary 3.1. Assume the LSSE-Hypotheses with H nondegenerate and define a
classical flow k through the relation

〈v, kt(x)u〉 = 〈ψt(v), xψt(u)〉, (3.20)

for all u, v ∈ h.
Suppose that there exists a collection of real numbers λj such that

[H,Lj ] = λj1, (3.21)

for all j.
Then (kt)t∈R+ is classically reduced by W ∗(H).
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Fix u ∈ h. If EH(dx) is the spectral family of H, denote µ(dx) = 〈u,EH(dx)u〉.
Define

Xt(f) = 〈ψt(u), f(H)ψt(u)〉, (3.22)

where f is a bounded measurable function defined on the spectrum of H.
Then X is a classical measure-valued stochastic process. If L denotes the restric-

tion of the generator L to the algebra W ∗(H), it holds that Xt(f)−
∫ t
0
Xs(Lf)ds is

a martingale for all f such that f(K) ∈ Dom(L).

Proof. First of all, notice that an application of the classical Itô’s formula yields

dkt(x) = kt(L(x))dt +
∑
�

kt(ϑ�(x))dW �
t , (3.23)

where ϑ�(x) = L∗
�x+xL�. It is important to notice that kt is not an homomorphism.

From (3.21) it holds that ϑ(W ∗(H)) ⊂ W ∗(H). Therefore k is classically reduced
by H . As a result, the process X is measure-valued and

Xt(f) −
∫ t

0

Xs(Lf)ds =
∑
�

∫ t

0

Xs(ϑ�(f))dW �
s ,

where we used the same notation ϑ for the restriction of that map to W ∗(H). The
right-hand side of the above equation is clearly a martingale, and its quadratic
variation process is ∫ t

0

∑
�

Xs(ϑ�(f))2ds.

Example 3.1. Consider a typical quantum harmonic oscillator:

dψt(u) = −1
2
(a∗a+ aa∗)ψt(u)dt

+ aψt(u)dW 1
t + a∗ψt(u)dW 2

t .

This produces a measure-valued process X which solves the equation

Xt(f) = µ(f) +
∫ t

0

Xs

(
1
2
f ′′
)
ds

+
∫ t

0

Xs

(
− 1√

2
f ′ +

√
2I f

)
dW 1

s

+
∫ t

0

Xs

(
1√
2
f ′ +

√
2I f

)
dW 2

s ,

where I(x) = x.
The above equation implies that

Xt(f) − µ(f) −
∫ t

0

Xs

(
1
2
f ′′
)
ds
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is a martingale, whose quadratic variation is∫ t

0

[(
Xs

(
− 1√

2
f ′ +

√
2I f

))2

+
(
Xs

(
1√
2
f ′ +

√
2I f

))2
]
ds.

4. Stationary States

We end by giving some applications of classical reductions to the search of invariant
states for QMS.

Theorem 4.1. Assume that a QMS T commutes with an automorphism group gen-
erated by a non-degenerate bounded self-adjoint operator H. Then the restriction of
T to the algebra F(α) is isomorphic to a classical Markov semigroup T = (Tt)t∈R+

defined on the algebra L∞(σ(H), ν) where σ(H) is the spectrum of H and ν is
the measure determined by its spectral decomposition. Moreover, if the semigroup
T is norm-continuous, then T satisfies the Feller property, that is, the C∗-algebra
C0(σ(H)) of all continuous functions vanishing at infinity is invariant under T .

In particular, suppose that the semigroup T satisfies the hypothesis (H ). Then
a density matrix ρ which commutes with H defines an invariant state for T if and
only if :

tr(ρΨ(x)) = tr(ρΨ(1)x), (4.1)

for all x ∈ L(h), where Ψ is related to the generator of T by (2.3).

Proof. IfH is nondegenerate, then the algebraW ∗(H) is maximal Abelian (see [25]
Chap. 4), therefore, W ∗(H) = W ∗(H)′ = F(α). Thus, by the Spectral Theorem,
F(α) is isomorphic to the space L∞(σ(H), µ) where µ is a Radon measure obtained
from the spectral decomposition of H . More precisely, there exists an isometry
U : L2(σ(H), µ) → h such that f 
→ UMfU

∗ is an isometric *-isomorphism of
L∞(σ(H), µ) on F(α), where Mf denotes the operator multiplication by f . We
define the semigroup T by

MTtf = Tt(UMfU
∗).

This is a Markov semigroup, since the complete positivity is preserved, 1 ∈ F(α)
and Tt1 = 1. If the original semigroup is norm continuous, then T is a contraction
for the uniform norm, so that C0(σ(H)) is invariant under the action of T and the
semigroup is Feller.

Finally, notice that if ρ commutes with H , the hypothesis (H) implies that it
also commutes with Ψ(1) which is an element of the Abelian algebra W ∗(H). So
that,

tr(L∗(ρ)x) = tr(ρL(x))

= tr(ρG∗x) + tr(ρΨ(x)) + tr(ρxG)

= tr(ρG∗x) + tr(ρΨ(x)) + tr(ρGx)

= tr(ρ(G∗ +G)x) + tr(ρΨ(x))

= −tr(ρΨ(1)x) + tr(ρΨ(x))
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for all x ∈ L(h). Now, ρ is a fixed point for the predual semigroup T∗ (invariant
state) if and only if L∗(ρ) = 0. The previous computation shows that the latter is
equivalent to have (5.49) holds true.

Consider again a QMS T defined on a general von Neumann algebra M. Suppose
that T has a stationary state ϕ, so that

ϕ(Tt(x)) = Tt∗(ϕ)(x) = ϕ(x),

for all t ≥ 0, x ∈ M.
We adopt the hypotheses of Theorem 2.3, that is, K is a nondegenerate self-

adjoint operator affiliated with M which satisfies one of the equivalent conditions
to have T reduced by K. Then for any x = f(K) ∈ W ∗(K), we obtain

ϕ(x) =
∫
f(y)ϕ(ξ(dy)) = ϕ(Tt(x)) =

∫
Ttf(y)ϕ(ξ(dy)),

so that

µϕ(dx) = ϕ(ξ(dx)) (4.2)

is a stationary measure for the reduced semigroup (Tt)t∈R+ .
Suppose now that µ is a stationary measure for (Tt)t∈R . One want to use this

measure to determine a stationary state for T. However, a stationary state could
even not exist.

In [27] a partial answer is provided to this question, i.e. whether the knowledge of
stationary measures for the classical semigroup completely determines a stationary
state for the quantum Markov semigroup. Indeed, a classical reduction obtained
through a pure point spectrum self-adjoint operator K dramatically simplifies the
previous question. In that case, W ∗(K) is isomorphic to 
∞(N) which contains the
space 
1(N) and is in turn isomorphic to the predual space W ∗(K)∗. Let rephrase
Theorem 6 of [27]. We assume that the orthonormal basis of eigenvectors of K can
be chosen on the dense subset D which is a core for the operator G and all the
operators Lk defining the form-generator L−(·) of the quantum Markov semigroup.
Then, as proved in [13], Secs. 2 and 3, the linear space spanned by all the projections
|en〉〈em|, (n,m ∈ N), is a core for the predual generator L∗. As a result, all the
operators L∗(|en〉〈en|) are well defined.

Theorem 4.2. Suppose that the self-adjoint operator K is nondegenerate and
that W ∗(K) reduces the minimal quantum Markov semigroup T defined on L(h),
obtained through a form-generator which satisfies the hypotheses of Sec. 2.2. Assume
that there exists a faithful probability density (p(λ))λ∈Sp(K) on the spectrum of K
which is stationary for the reduced semigroup. If for all n ∈ N, L∗(|en〉〈en|) com-
mutes with K, then p(K) is a stationary state of T.

Proof. Call ρ = p(K) =
∑

n p(λn)|en〉〈en|. We will prove that ρ ∈ D(L∗) and that
L∗(ρ) = 0. Given any bounded function f on Sp(K), call L the reduction of the
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generator, that is 〈en,L(f(K))en〉 = Lf(λn). The hypothesis on the stationarity of
p is then expressed as

∑
n p(λn)Lf(λn) = 0.

Define

ρN =
∑
n≤N

p(λn)|en〉〈en|, N ∈ N.

Notice that ρN ∈ D(L∗), since each projection |en〉〈en| belongs to D(L∗). More-
over, L∗(ρN ) is a trace-class operator as well (see Sec. 2.2). Since L∗(|en〉〈en|)
commutes with K and K is nondegenerate, L∗(ρn) ∈W ∗(K) too.

Taking N,M ∈ N, with N > M say, one obtains

|tr((L∗(ρN ) − L∗(ρM ))x)| ≤ C(x)
N∑

n=M+1

p(λn),

for any fixed x ∈ D(L), for a constant C(x) > 0. Since
∑

n p(λn) = 1, we obtain
that L∗(ρN ) weakly converges as N → ∞. On the other hand, ρN converges in the
norm of the trace to ρ. Since L∗(·) is weakly closed, then L∗(ρ) = limN L∗(ρN ) and
ρ ∈ D(L∗). Moreover, L∗(ρ) is a trace-class operator which commutes with K.

To prove that L∗(ρ) = 0 it suffices to show that 〈ek,L∗(ρ)ek〉 =
tr(L∗(ρ)|ek〉〈ek|) = 0 for all k ∈ N. Now,

tr(L∗(ρ)|ek〉〈ek|) = tr(ρL(|ek〉〈ek|))
=
∑
n

p(λn)〈en,L(|ek〉〈ek|)en〉

=
∑
n

p(λn)L1{λk}(λn)

= 0, (since p is stationary for the reduced semigroup).

Thus, L∗(ρ) = 0 and ρ is a stationary state for T.

Notice that L∗(|en〉〈en|) commutes with K in the above theorem as soon as the
operators H and Lj of the form-generator satisfy the hypothesis (a) of Theorem 2.4
and (b*) below:

(b*) Given any (u, v) ∈ D ×D, 
 ≥ 1,

〈L�∗v, en〉〈en, L�∗ep〉〈ep, u〉 = 〈ep, v〉〈L�∗ep, en〉〈en, L�∗u〉, (4.3)

for all n, p ∈ N.

Indeed, G is affiliated with W ∗(K) according to Theorem 2.4(a), so that |en〉〈en|
commutes with each operator L�∗L�. Therefore, to verify that L∗(|en〉〈en|) com-
mutes with K it suffices to check that for each 
 ≥ 1, the operator L�|en〉〈en|L�∗
commutes with each spectral projection |er〉〈er| and this follows from (b*) via a
straightforward computation.

Corollary 4.1. Let K be as in the previous theorem and suppose that H and
(Lj , j ≥ 1) satisfy the hypotheses (a), (b) of Theorem 2.4 and in addition (b*)
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here before. Then K reduces the quantum Markov semigroup T and if there exists a
faithful probability density (p(λ))λ∈Sp(K) on the spectrum of K which is stationary
for the reduced semigroup, the density operator p(K) defines a stationary state of T.

Proof. By Theorem 2.4, K reduces the semigroup. The previous remark shows
that L∗(|en〉〈en|) commutes with K for each n ∈ N, so that Theorem 4.2 yields the
conclusion.

If we assume the semigroup to be continuous in norm and defined in a general
von Neumann algebra like in Corollary 2.6, we can specialize the previous result to

Corollary 4.2. Suppose that K is a pure-point spectrum non degenerate
self-adjoint operator affiliated with M, with eigenvectors (en)n∈N providing an
orthonormal basis of h. Assume that the QMS is norm-continuous, defined on the
von Neumann algebra M ⊂ L(h) and such that the coefficients H and Lk, k ∈ N,

of its generator satisfy

(a) [H, |en〉〈en|] = 0, and
(b) [Lk, |en〉〈en|] = ck(n)Lk, where ck(n) is a self-adjoint element in W ∗(K), for

all k ∈ N and n ∈ N.

Then the semigroup is reduced by K and if the reduced semigroup admits a station-
ary probability p, then p(K) defines a stationary density matrix for the quantum
Markov semigroup.

Proof. To apply Theorem 4.2 it remains to prove that for all n ∈ N, L∗(|en〉〈en|)
commutes with K. This is an easy consequence of (a) and (b). Indeed, the above
conditions imply that |en〉〈en| commutes with H as well as with each operator
Lk

∗Lk. Moreover, given any m ∈ N,

[|em〉〈em|, Lk|en〉〈en|Lk∗] = [|em〉〈em|, Lk]|en〉〈en|Lk∗

+Lk|en〉〈en|[|em〉〈em|, Lk∗]
= ck(m)Lk|en〉〈en|Lk∗ − ck(m)Lk|en〉〈en|Lk∗

= 0.

5. Applications

5.1. Squeezed reservoirs

A class of open quantum dynamics appearing in recent studies in Quantum Optics
is addressed within this section. The form of generators was obtained in [18] by
application of a weak coupling limit approach, this is summarized here below.

Interactions between quantum systems and broadband squeezed reservoirs yield
a variety of modified quantum dynamics. Strong modification of spontaneous emis-
sion rates [20, 15], and the resonance fluorescent spectrum [9] have been predicted
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for a two-level atom. The case of a quantum system consisting of one atom inter-
acting with one mode of the electromagnetic field inside a cavity has been studied
as well. The modified dynamics arise because of the reduction of noise in one of
the reservoir quadratures (squeezing), which is, roughly speaking, transferred to
the quantum system. That means obtaining a state which reduces the variance
in the measurement of a particular observable at the expense of increased uncer-
tainty in the measurement of a second noncommuting observable. Depending on
the reservoir, theoretically two specific models may be considered. The first case
consists of a continuum of modes of the electromagnetic field interacting with one
atom. In the second case, the interaction takes place between the electromagnetic
field and the atoms of the cavity. An effective squeezed-like reservoir is obtained
by an adiabatic elimination of additional atomic levels under a convenient choice
of the system parameters. Here, an arbitrary quantum system interacting with a
squeezed vacuum is considered as a physical framework. The reservoir is assumed to
be composed of an infinite set of radiation modes, which has a flat spectrum around
the characteristic frequency of the quantum system, that is, a so-called broadband
squeezed vacuum. The choice of radiation modes for the reservoir is motivated by the
simplicity of the commutation relation between creation and annihilation operators.

5.1.1. Squeezing the vacuum

Here we consider again a complex separable Hilbert space hS describing the main
system dynamics, and a reservoir composed of an infinite number of bosonic parti-
cles, that is, the Canonical Commutation Relations (CCR) are satisfied. Denote hR
another complex Hilbert space and let denote Γb(hR) the bosonic Fock space which
will be used to represents the dynamics of the reservoir. Moreover, let R(hR) the
C∗-algebra generated by the Weyl operators (W (f); f ∈ hR), which is included in
the algebra L(Γb(hR)) of all the endomorphisms of Γb(hR). These operators satisfy
W (−f) = W (f)∗ and the CCR expressed in the form:

W (f)W (g) = e−i�〈f,g〉W (f + g), f, g ∈ hR. (5.1)

The field operators are defined as

Φ(f) = −i d
dt
W (tf)|t=0, f ∈ hR, (5.2)

that is, Φ(f) is the generator of the unitary group (W (tf))t∈R .
In terms of field operators, one can introduce the customary creation and anni-

hilation operators as follows:

A†(f) =
1√
2

(Φ(f) − iΦ(if)) , (5.3)

A(f) =
1√
2

(Φ(f) + iΦ(if)) , (5.4)

for all f ∈ hR.
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Given any real linear invertible operator T on hS such that

�〈Tf, T g〉 = �〈f, g〉, (5.5)

a unique ∗-automorphism γT of R(hR) is induced by

γT (W (f)) = W (Tf).

The mean-zero quasi-free state ϕ on R(hR)

ϕ(W (f)) = exp
(
−1

2
‖f‖2

)
, f ∈ hR,

called the vacuum state, is transformed by the automorphism γT into the state
ϕ ◦ γT determined by

(ϕ ◦ γT )(W (f)) = ϕ(W (Tf)) = exp
(
−1

2
�〈f,Qf〉

)
, f ∈ hR,

where Q is a real linear operator in hR such that

�〈f,Qf〉 = ‖Tf‖2. (5.6)

To stress the dependence of the state ϕ ◦ γT on Q, ϕQ will be preferred as a
notation. We call Q the squeezing operator.

The GNS representation of the algebra R(hR) with state ϕQ allows to repre-
sent Weyl operators W (f) as unitary operators WQ(f) in the Fock space over hR.
Moreover the unitary one-parameter groups (WQ(tf))t∈R are strongly continuous.
Also, the associated field operators are correspondingly written ΦQ.

Denoting ϕQ too the pure state corresponding to the given quasi-free state, a
straightforward computation yields

ϕQ(ΦQ(f)) = 0, ϕQ(ΦQ(f)ΦQ(g)) = i�〈f, g〉 +
1
2
� (〈f,Qg〉 + 〈g,Qf〉). (5.7)

The Canonical Commutation Relation (5.1) yields

[ΦQ(f),ΦQ(if)] = i‖f‖21.

It is worth noticing that, if the operator Q is complex linear, then both
ϕQ(AQ(f)AQ(f)) and ϕQ(A†

Q(f)A†
Q(f)) vanish and the variances ϕQ(|ΦQ(f)|2),

ϕQ(|ΦQ(if)|2) coincide with �〈f,Qf〉.
However, since Q is only real linear, the variances of the conjugate fields ΦQ(f),

ΦQ(if) could be different. In particular, one might be small at the expenses of the
other so that the inequality (Heisenberg principle)

ϕQ(|ΦQ(f)|2) · ϕQ(|ΦQ(if)|2) ≥ 1
4
|ϕQ ([ΦQ(f),ΦQ(if)])|2 (5.8)

is fulfilled.
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Definition 5.1. A quasi-free state ϕQ is a squeezed vacuum if it has zero mean,
that is ϕQ(ΦQ(f)) = 0 for every f ∈ hR, and ϕ(|ΦQ(f)|2) �= ϕQ(|ΦQ(if)|2) for
some f ∈ hR, and it satisfies the identity

‖f‖4 = ϕQ(|ΦQ(f)|2) · ϕQ(|ΦQ(if)|2) =
1
4
|ϕQ ([ΦQ(f),ΦQ(if)])|2 , (5.9)

which corresponds to the equality in inequality (5.8).

The “one-particle” free evolution of the reservoir is characterized by a unitary
group St acting on the algebra of all bounded linear operator on hR, denoted L(hR),
with a generator H1, for which it is assumed that

StQ = QSt, t ∈ R, (5.10)

therefore the second quantization Γ(St) leaves ϕQ invariant and is implemented by
a semigroup with generator HR = dΓ(H1). This generator is customarily called the
Hamiltonian of the free evolution of the reservoir.

5.1.2. Weak coupling limit and the master equation

The evolution of the system coupled with the reservoir is associated with the unitary
group generated by the total Hamiltonian H(λ) given by

Hλ = HS ⊗ 1R + 1S ⊗HR + λV, (5.11)

where HS is the Hamiltonian of the system; λ is a coupling constant and

V = i(D ⊗A†
Q(g) −D∗ ⊗AQ(g)), (5.12)

D and its adjoint D∗, being linear operators on hS .
To perform the weak coupling limit (see e.g. [1, 2]), several hypotheses are

required, which we precise here below:

(H1) There exists a dense subset of elements ξ ∈ hS for which D satisfies

∞∑
n=1

|〈ξ,Dnξ〉|
[n/2]!

<∞. (5.13)

(H2) In addition, it is assumed the rotating wave approximation hypothesis, which
postulates the existence of a frequency ω0 for which

exp(itHS)D exp(−itHS) = exp(−iω0t)D. (5.14)

(H3) As in [2] assume there exists a linear nonzero subspace of the domain ofQ such
that, for any two elements f and g of it, the function t 
→ exp(−iω0t)〈f, Stg〉 is
Lebesgue-integrable on the whole real line. The integral of the above function
allows to introduce a structure of a pre-Hilbert space inside the domain of Q
(see Lemma (3.2) in [2]). By a customary procedure which consists in taking
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the quotient of the above pre-Hilbert space by the zero-norm elements, one
obtains a Hilbert space denoted K with the scalar product:

(f |g) =
∫ ∞

−∞
exp(−iω0t)〈f, Stg〉dt. (5.15)

Moreover define

(f |g)− =
∫ 0

−∞
e−iω0t〈f, Stg〉dt, (f |g)+ =

∫ +∞

0

e−iω0t〈f, Stg〉dt.

Define an approximated wave operator Uλ(t) by:

Uλ(t) = exp(itH0) exp(−itHλ). (5.16)

The weak coupling limit is studied under the Friedrichs–van Hove time rescaling,
that is, one is interested in characterizing the asymptotic behavior of Uλ(t/λ2) as
λ→ 0. For convenience, we recall here the following theorem proved in [2].

Theorem 5.1. Under the above assumptions (H1) to (H3), a limit U(t) exists.
More precisely, for each f1, f2 ∈ K,u1, u2 ∈ h0 and each t1, s1, t2, s2 ∈ R the
matrix elements〈

u1 ⊗WQ

(
λ

∫ t1/λ
2

s1/λ2
Srf1dr

)
, Uλ(t/λ2)u2 ⊗WQ

(
λ

∫ t2/λ
2

s2/λ2
Srf2dr

)〉

converge as λ tends to 0 towards the corresponding matrix elements of the unitary
solution U of the quantum stochastic differential equation:

dU(t) =
(
D ⊗ dA†(t, g) −D∗ ⊗ dA(t, g)

− 1
4
(F−,+DD∗ ⊗ 1 + F+,−D∗D ⊗ 1

+F−,−D∗D∗ ⊗ 1 + F+,+DD ⊗ 1)dt
)
U(t). (5.17)

The noises A and A† can be regarded as a quantum Brownian motion in the
Fock space Γ(L2(R+) ⊗K). They satisfy the following Itô table:

dA(t, g)dA†(t, g) =
1
2
�F+,−dt, (5.18)

dA(t, g)dA(t, g) = −1
2
F−,−dt, (5.19)

dA†(t, g)dA†(t, g) = −1
2
F+,+dt, (5.20)

dA†(t, g)dA(t, g) =
1
2
�F−,+dt. (5.21)
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The terms F−,−, F+,+, F−,+, F+,− are numerical coefficients given by

2F+,− = �((g|Qg) + (ig|Q(ig))) + 2(g|g) + 4i�(g|g)−
+ i�((ig|Qg)− + (g|Q(ig))+ − (ig|Qg)+ − (g|Q(ig))−), (5.22)

2F−,− = �((g|Qg) − (ig|Q(ig))) + i�((ig|Qg) + (g|Q(ig))), (5.23)

2F+,+ = �((g|Qg) − (ig|Q(ig))) − i�((ig|Qg) + (g|Q(ig))), (5.24)

2F−,+ = �((g|Qg) + (ig|Q(ig))) − 2(g|g) − 4i�(g|g)+
− i�((ig|Qg)− + (g|Q(ig))+ − (ig|Qg)+ − (g|Q(ig))−). (5.25)

The coefficients F±,± can be interpreted when compared to the covariances
ϕQ(AQ(f)A†

Q(f), ϕQ(AQ(f)AQ(f), . . . .
The evolution of system observables under the unitary transformations U(t)

x 
→ U(t)∗(x ⊗ 1)U(t)

projected on the system space hS yields a quantum dynamical semigroup (Tt)t≥0

on L(hS) with infinitesimal generator

L(x) = −ν + η

2
(D∗Dx− 2D∗xD + xD∗D)

− ν

2
(DD∗x− 2DxD∗ + xDD∗)

− ζ

2
(D∗2x− 2D∗xD∗ + xD∗2)

− ζ̄

2
(
D2x− 2DxD + xD2

)
− iξ[DD∗ −D∗D,x] + iδ[DD∗ +D∗D,x], (5.26)

where the parameters are:

2ν = �F−,+, η = (g|g) , 2ζ = F−,− = F+,+ , δ =
1
2
�(g|g)− ,

ξ =
1
8
�((ig|Qg)− + (g|Q(ig))+ − (ig|Qg)+ − (g|Q(ig))−).

Here before we used the easily proved identities

�(g|g)− = �(g|g)+ = (g|g)/2, �(g|g)− = −�(g|g)+.

5.1.3. Classical unravelings

(a) The CCR case
As a first case, consider D and D∗ satisfying the CCR, that is DD∗ − D∗D = 1
and that the function g is chosen so that F−,− = F+,+ = 0.
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In that case, ζ = 0 and the term with coefficient ξ vanishes in (5.30) so that the
generator becomes

L(x) = i[H,x] − ν + η

2
(D∗Dx− 2D∗xD + xD∗D)

− ν

2
(DD∗x− 2DxD∗ + xDD∗), (5.27)

where H = δ(2D∗D + 1). A simple formal computation proves that the operator
K1 = D∗D, which commutes with H , satisfies in addition

[K1, D] = −D, (5.28)

so that K1 classically reduces the QMS.
An example of this kind of model is given by the following choice of represen-

tation: hS = 
2(N), D = a, where a is the customary annihilation operator defined
on hS . Thus K1 is the number operator N . Therefore, if f is any bounded function
f : N → C,

L(f(N)) = (Lf)(N),

where

Lf(n) = −(ν + η)n (f(n) − f(n− 1)) − ν(n+ 1) (f(n) − f(n+ 1)), (5.29)

is the generator of a birth and death semigroup.
Moreover, if δ = 0, a straightforward application of Corollary 2.5 and Remark 2.5

yields another operator K2 = D +D∗ which reduces the semigroup too.

(b) The CAR case
As a second case, let us assume this time that D and D∗ are bounded and satisfy
the CAR, i.e. {D,D∗} = DD∗+D∗D = 1, {D,D} = {D∗, D∗} = 0. Then the term
with coefficient δ vanishes. Moreover, if ζ �= 0, the generator has the form

L(x) = i[H,x] − ν + η

2
(D∗Dx− 2D∗xD + xD∗D)

− ν

2
(DD∗x− 2DxD∗ + xDD∗)

+ ζD∗xD∗

+ ζ̄DxD, (5.30)

where H = ξ(2D∗D − 1). Choosing again K1 = D∗D, an elementary computation
using the CAR yields [D, (D∗D)n] = D, thus [(D∗D)n, D∗] = D∗, and moreover
D∗(D∗D)nD∗ = 0 = D(D∗D)nD. Therefore,

[L(Kn
1 ),K1] = 0, (5.31)

so that L(C∗(K1)) ⊂ C∗(K1).
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We illustrate this case with a two-level atom, that is hS = C2 and D,D∗ are
the lowering and raising operators in C2:

D =
(

0 0
1 0

)
, D∗ =

(
0 1
0 0

)
.

Using the notations of Example 1.1, we have D = E10 = |e1〉〈e0|, D∗ = E01 =
|e0〉〈e1|, and K1 = D∗D = |e0〉〈e0|. Thus, for any function f : {0, 1} → R, one
obtains

L(f(K1)) =
(
−(ν + η)(f(1) − f(0)) 0

0 ν(f(1) − f(0))

)
, (5.32)

that is L(f(K1)) = Lf(K1), where L is the classical Markovian generator

Lf = −(ν + η)(f(1) − f(0))1{0} + ν(f(1) − f(0))1{1}. (5.33)

5.2. The quantum exclusion semigroup

Consider a self-adjoint bounded operatorH0 defined on a separable complex Hilbert
space h0. H0 will be thought of as describing the dynamics of a single fermionic
particle. We assume that there is an orthonormal basis (ψn)n∈N of eigenvectors of
H0, and denote En the eigenvalue of ψn (n ∈ N). The set of all finite subsets of
N is denoted Pf (N) and for any Λ ∈ Pf (N), we denote hΛ

0 the finite-dimensional
Hilbert subspace of h0 generated by the vectors (ψn; n ∈ Λ). To deal with a system
of infinite particles we introduce the fermionic Fock space h = Γf (h0) associated to
h0 whose construction we recall briefly (see [7]).

The Fock space associated to h0 is the direct sum

Γ(h0) =
⊕
n∈N

h⊗n0 ,

where h⊗n0 is the n-fold tensor product of h0, with the convention h⊗0
0 = C. Define

an operator Pa on the Fock space as follows,

Pa(f1 ⊗ f2 ⊗ · · · ⊗ fn) =
1
n!

∑
π

επfπ1 ⊗ · · · ⊗ fπn .

The sum is over all permutations π : {1, . . . , n} → {π1, . . . , πn} of the indices and
επ is 1 if π is even and −1 if π is odd. Define the antisymmetric tensor product
on the Fock space as f1 ∧ · · · ∧ fn = Pa(f1 ⊗ f2 ⊗ · · · ⊗ fn). In this manner, the
Fermi–Fock space h is obtained as

h = Γf (h0) = Pa

(⊕
n∈N

h⊗n0

)
=
⊕
n∈N

h∧n0 .

We follow [7] to introduce the so-called fermionic Creation b†(f) and Annihila-
tion b(f) operators on h, associated to a given element f of h0. Firstly, on Γ(h0)
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we define a(f) and a†(f) by initially setting a(f)ψ(0) = 0, a†(f)ψ(0) = f , for
ψ = (ψ(0), ψ(1), . . .) ∈ Γ(h0) with ψ(j) = 0 for all j ≥ 1, and

a†(f)(f1 ⊗ · · · ⊗ fn) =
√
n+ 1f ⊗ f1 ⊗ · · · ⊗ fn. (5.34)

a(f)(f1 ⊗ · · · ⊗ fn) =
√
n〈f, f1〉f2 ⊗ f3 ⊗ · · · ⊗ fn. (5.35)

Finally, define annihilation and creation on Γf (h0) as b(f) = Paa(f)Pa and
b†(f) = Paa

†(f)Pa. These operators satisfy the Canonical Anticommutation Rela-
tions (CAR) on the Fermi–Fock space:

{b(f), b(g)} = 0 = {b†(f), b†(g)}, (5.36)

{b(f), b†(g)} = 〈f, g〉1, (5.37)

for all f, g ∈ h0, where we use the notation {A,B} = AB+BA for the two operators
A and B.

Moreover, b(f) and b†(g) have bounded extensions to the whole space h since
‖b(f)‖ = ‖f‖ =

∥∥b†(f)
∥∥.

To simplify notations, we write b†n = b†(ψm) (respectively bn = b(ψn)) the
creation (respectively annihilation) operator associated with ψn in the space h0,
(n ∈ N).

The C∗-algebra generated by 1 and all the b(f), f ∈ h0, is denoted A(h0) (the
canonical CAR algebra).

Remark 5.1. The algebra A(h0) is the unique, up to ∗-isomorphism, C∗-algebra
generated by elements b(f) satisfying the anti-commutation relations over h0 (see
e.g. [7], Theorem 5.2.5).

The family (b(f), b†(g); f, g ∈ h0) is irreducible on h, that is, the only opera-
tors which commute with this family are the scalar multiples of the identity ([7],
Prop. 5.2.2). Clearly, the same property is satisfied by the family (bn, b†n; n ∈ N),
since (ψn)n∈N is an orthonormal basis of h0.

A(h0) is the strong closure of D =
⋃

Λ∈Pf (N) A(hΛ
0 ) (see [7], Proposition 5.2.6),

this is the quasi-local property. Moreover, the finite dimensional algebras A(hΛ
0 ) are

isomorphic to algebras of matrices with complex components.

An element η of {0, 1}N is called a configuration of particles. For each n, η(n)
takes the value 1 or 0 depending on whether the n-th site has been occupied by a
particle in the configuration η. In other terms, we say that the site n is occupied
by the configuration η if η(n) = 1. We denote S the set of configurations η with
a finite number of 1’s, that is

∑
n η(n) < ∞. Each η ∈ S is then identifiable to

the characteristic function 1{s1,...,sm} of a finite subset of N, which, in addition, we
will suppose ordered as 0 ≤ s1 < s2 < · · · < sm. For simplicity we write 1k the
configuration 1{k}, (k ∈ N). Furthermore, we define

b†(η) = b†sm
b†sm−1

· · · b†s1 , (5.38)

b(η) = bsmbsm−1 · · · bs1 , (5.39)

for all η = 1{s1,...,sm}. Clearly, b†(1k) = b†k, b(1k) = bk, (k ∈ N).
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To obtain a cyclic representation of A(h0) we call |0〉 the vacuum vector in h,
and |η〉 = b†(η)|0〉, (η ∈ S). Then (|η〉, η ∈ S) is an orthonormal basis of h. In this
manner, any x ∈ A(h0) can be represented as an operator in L(h). Moreover, call v

the vector space spanned by (|η〉, η ∈ S).
An elementary computation based on the CAR shows that for any η, ζ ∈ S, it

holds

b†k|η〉 = (1 − η(k))|η + 1k〉, (5.40)

bk|η〉 = η(k)|η − 1k〉, k ∈ N. (5.41)

We assume in addition that H0 is bounded from below, so that there exists b ∈ R

such that b < En for all n ∈ N. Then, the second quantization of H0 becomes a
self-adjoint operator H acting on h, with domain D(H) which includes v and can
formally be written as

H =
∑
n

Enb
†
nbn. (5.42)

It is worth mentioning that the restriction HΛ =
∑

n∈ΛEnb
†
nbn of H to each

space Γf (hΛ
0 ) is an element of the algebra A(hΛ

0 ), Λ ∈ Pf (N), so that HΛ is a
bounded operator. Moreover, for each η ∈ S,

∥∥H |η〉 −HΛ|η〉
∥∥ → 0 as Λ increases

to N, for each η ∈ S.
The transport of a particle from a site i to a site j, at a rate γi,j is described by

an operator Li,j defined as

Li,j =
√
γi,j b

†
jbi. (5.43)

This corresponds to the action of a reservoir on the system of fermionic particles
pushing them to jump between different sites. Each operator Li,j is an element of
A(h0) and ‖Li,j‖ = √

γi,j . Notice that these operators satisfy

[H,Li,j ] = γi,jLi,j , (5.44)

for all i, j, which is a sufficient condition for the existence of a classical reduction.
We additionally assume that

sup
i

∑
j

γi,j <∞. (5.45)

The following proposition has been proved in [27].

Proposition 5.1. For each x ∈ A(h0) the unbounded operator

L(x) = i[H,x] − 1
2

∑
i,j

(
L∗
i,jLi,jx− 2L∗

i,jxLi,j + xL∗
i,jLi,j

)
, (5.46)

whose domain contains the dense manifold v, is the generator of a quantum Feller
semigroup T on the C∗-algebra A(h0). This semigroup is extended into a σ-weak
continuous QMS defined on the whole algebra L(h).
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Moreover, the semigroup is reduced by the algebra W ∗(H). The reduced semi-
group T corresponds to a classical exclusion process with generator

Lf(η) =
∑
i,j

ci,j(η) (f(η + 1j − 1i) − f(η)), (5.47)

for all bounded cylindrical function f : S → R, where ci,j(η) = γi,jη(i)(1 − η(j)).

Now consider a density matrix which is of the form p(H), that is:

ρ =
∑
η

p(η)|η〉〈η|, (5.48)

where η 
→ p(η) is a summable function with
∑

η p(η) = 1.

Proposition 5.2. Let us assume that

π(i)γi,j = π(j)γj,i, i, j ∈ N (5.49)

where (π(i))i∈N is any sequence of positive numbers. Then a normal state ω with
density matrix ρ given by (5.48) is stationary if

p(η) =
∏
i∈N

αi(η(i)),

for all η ∈ S, where αi : {0, 1} → [0, 1] is, for each i ∈ N, a probability measure
given by

αi(x) =
(π(i))x

1 + π(i)
, i ∈ N, x ∈ {0, 1} . (5.50)

Moreover, H induces decoherence of the semigroup T.

The above proposition was proved in [27] using a classical result due to Liggett.

6. Conclusions

Within this paper it has been shown that invariant Abelian subalgebras under
the action of a QMS appear naturally in a number of physical models. This
phenomenon, connected as well with decoherence, provides an interesting field of
interactions between classical and quantum probability. From one side, classical
probability can be used to perform numerical computations through the unraveling
of an open quantum system for instance, or can be a valuable support to analyze the
large time behavior of a QMS (providing explicit ways of obtaining invariant states,
for example). On the other hand, quantum probability provides a large theoretical
framework where very different classical stochastic processes can be associated to
a single quantum Markov semigroup.
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