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1. Introduction

The study of rational and integral points on algebraic varieties defined over a num-
ber field often leads to considerations of volumes of real, p-adic or adelic spaces. A
typical problem in arithmetic geometry is to establish asymptotic expansions, when
B — oo, for the number N;(B) of solutions in rational integers smaller than B of
a polynomial equation f(x) = 0.

When applicable, the circle method gives an answer in terms of a “singular
integral” and a “singular series”, which itself can be viewed as a product of p-adic
densities. The size condition is only reflected in a parameter in the singular integral,
whose asymptotic expansion therefore governs that of N¢(B).

More generally, one considers systems of polynomial equations, i.e. algebraic
varieties over a number field or schemes of finite type over rings of integers, together
with embedding into a projective or affine space. Such an embedding induces
a height function (see, e.g. [34, 43, 30]) such that there are only finitely many
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solutions of bounded height, in a fixed number field (resp. ring of integers). A natural
generalization of the problem above is to understand the asymptotic behavior of
the number of such solutions, as well as their distribution in the ambient space for
the local or adelic topologies, when the bound grows to infinity.

Apart from applications of the circle method, many other instances of this prob-
lem have been successfully investigated in recent years, in particular, in the context
of linear algebraic groups and their homogeneous spaces. For such varieties, tech-
niques from ergodic theory and harmonic analysis are very effective; for integral
points, see [22-24, 7, 36, 28]; for rational points, see [3, 25, 38, 5, 13].

In most cases, the proof is subdivided into two parts:

(1) comparison of the point counting with a volume asymptotic;
(2) explicit computation of this volume asymptotic.

In this paper, we develop a general geometric framework for the second part, i.e.
for the understanding of densities and volumes occurring in the counting problems
above. We now explain the main results.

1.1. Tamagawa measures for algebraic varieties

Let F' be a number field. Let Val(F') be the set of equivalence classes of absolute
values of F. For v € Val(F), we write v | p if v defines the p-adic topology on Q, and
v | oo if it is archimedean. For v € Val(F), let F, be the corresponding completion
of F' and, if v is ultrametric, let o0, be its ring of integers. We identify v with the
specific absolute value ||, on F, defined by the formula p(a?) = |a|,u(2), where
1 is any Haar measure on the additive group F,, a € F, and  is a measurable
subset of F,, of finite measure.

Let X be a smooth projective algebraic variety over F. Fix an adelic metric on
its canonical line bundle Kx (see Sec. 2.2.3). For any v € Val(F'), the set X (F,)
carries an analytic topology and the chosen v-adic metric on Kx induces a Radon
measure Tx , on X (F,) (see Sec. 2.1.7).

Let 2 be a projective flat model of X over the ring of integers of F'. Then, for
almost all finite places v, the measure 7x , coincides with the measure on 2 (0,) =
X (F,) defined by Weil in [47].

Let D be an effective divisor on X which, geometrically, has strict normal cross-
ings and set U = X\D. Let fp denote the canonical section of the line bundle
Ox (D) (corresponding to the regular function 1 when Ox (D) is viewed as a sub-
sheaf of the sheaf of meromorphic functions); by construction, its divisor is D. Let
us also fix an adelic metric on this line bundle. We let 2 be the Zariski closure of D
in the model 2" and % = 2\ Z be its complement.

For any place v € Val(F'), we define a measure

1
T(X,D),v — mTX,v
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on U(F,). Note that it is still a Radon measure; however U (F,) has infinite volume.
If U is an algebraic group, this construction allows one to recover the Haar measure
of U(F,) (see Sec. 2.1.11).

Let Ap be the adele ring of F, that is, the restricted product of the fields F,
with respect to the subrings o,,.

A nonzero Radon measure 7 on the adelic space U(Ap) induces measures 7,
on any of the sets U(F),), which are well-defined up to a factor. Conversely, we
can recover the Radon measure 7 as the product of such measures 7, if the
set of measures (7,).4oc satisfies the convergence condition: the infinite product
[Lojoe 7o(% (04)) is absolutely convergent.

A family of convergence factors for (7,) is a family (\,)ye Of positive real
numbers such that the family of measures (\,7,) satisfies the above convergence
condition.

Our first result in this paper is a definition of a measure on U(Ap) via an
appropriate choice of convergence factors.

Let F be an algebraic closure of F and let I' = Gal(F/F) be the absolute Galois
group. Let M be a free Z-module of finite rank endowed with a continuous action
of I'; we let L(s, M) be the corresponding Artin L-function, and, for all finite places
v € Val(F'), L,(s, M) its local factor at v. The function s — L(s, M) is holomorphic
for Re(s) > 1 and admits a meromorphic continuation to C; let p be its order at
s =1 and define

L*(1,M) = lim(s — 1)~ "L(s, M);

S—

it is a positive real number.

Theorem 1.1. Assume that H' (X, Ox) = H?*(X,Ox) = 0. The abelian groups
M° =H(Ug, G,,)/F* and M' = HY(Ug, G,,)/torsion are free Z-modules of finite
rank with a continuous action of T'. Moreover, the family (\,) given by

Av = Lv(la MO)/LU(LMI)
s a family of convergence factors.

Assume that the hypotheses of the theorem hold. We then define a Radon
measure on U(Ap) by the formula

L*(1, M)
o =g 11 Geren),

)

where A, is given by the theorem if v f co and A\, = 1 else. We call it the Tamagawa
measure on U, or, more precisely, on U(Ap). This generalizes the construction of
a Tamagawa measure on an algebraic group, where there is no M1 (see, e.g. [47])
or on a projective variety, where there is no M°, in [38].
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1.2. Volume asymptotics in analytic geometry

Let L be an effective divisor in X whose support contains the support of D; again
let f1, be the canonical section of the line bundle &x (L). Fix an adelic metric on
Ox (L) and a place v € Val(F). For any positive real number B, the set of all
x € U(F,) such that |[fy(z)||, > 1/B is a compact subset in U(F,). It thus has
finite volume V'(B) with respect to the measure 7(x, p).»-

Let us decompose the divisor D,, = Dp, as a sum of irreducible divisors:

Dv = Z da,vDa,v~

acdd,

For o € 47, let Ay, be the multiplicity of D, , in L,; there exists an effective
divisor E, on Xp, such that

Ly=Ey+ Y AawDan
acd

For any subset A C &7, we let D4, be the intersections of the D, ,, for o € A.

Now let a, (L, D) be the least rational number such that for any « € «,, with
Do (Fy) # @, one has ay(L, D)\a,y > dow — 1. Let o7,(L, D) be the set of those
«a € o, where equality holds and b,(L,D) the maximal cardinality of subsets
A € (L, D) such that D4 ,(F,) # @. To organize the combinatorial structure
of these subsets, we introduce variants of the simplicial complex considered, e.g. in
[16] in the context of Hodge theory.

Theorem 1.2. Assume that v is archimedean.
If ay(L, D) > 0, then b,(L, D) > 1 and there exists a positive real number ¢ such
that

V(B) ~ eB* D) (log B)P» (D)L,
If ay(L, D) = 0, then there exists a positive real number ¢ such that
V(B) ~ eB* D) (log B)bv(L:D),

With the notation above, we also give an explicit formula for the constant c. It
involves integrals over the sets D4 ,(F,) such that #(A) = b,(L, D), with respect
to measures induced from 7(x p), via the adjunction formula.

To prove this theorem, we introduce the Mellin transform

26)= [ @l drinn)oo)
U(F,)

and establish its analytic properties. We regard Z(s) as an integral over the compact
analytic manifold X (F,) of the function ||fz||$ with respect to a singular measure,
connecting the study of such zeta functions with the theory of Igusa local zeta
functions, see [31, 32]. In particular, we show that Z(s) is holomorphic for Re(s) >
ay(L, D) and admits a meromorphic continuation to some half-plane {Re(s) >
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ay(L, D) —¢e}, with a pole at s = a,(L, D) of order b,(L, D). This part of the proof
works over any local field.

If v is archimedean (and € > 0 is small enough), then Z(s) has no other pole
in this half-plane. Our volume estimate then follows from a standard Tauberian
theorem. When v in non-archimedean, we can only deduce a weaker estimate, i.e.
upper and lower bounds of the stated order of magnitude (Corollary 4.9).

1.3. Asymptotics of adelic volumes
Assume that HY(X, 0x) = H2(X, Ox) = 0. Theorem 1.1 gives us Tamagawa mea-
sures 7(x,p) and 7x on the adelic spaces U(Ar) and X (Ar) respectively.

Suppose furthermore that the supports of the divisors L and D are equal. We
then define a height function Hy, on the adelic space U(Af) by the formula

Hi(@)) = [ Il

veVal(F)

This function Hy,: U(Ar) — R4 is continuous and proper. In particular, for any
real number B, the subset of U(Ap) defined by the inequality Hp (x) < B is com-
pact, hence has finite volume V' (B) with respect to 7(x py. We are interested in the
asymptotic behavior of V(B) as B — cc.

Let us decompose the divisors L and D as the sum of their irreducible compo-
nents (over F'). Since L and D have the same support, one can write

D= duDa, L= XiDa
aed aco

for some positive integers d, and A,. Let a(L, D) be the least positive rational
number such that the Q-divisor E = a(L, D)L — D is effective; in other words,

a(L,D) = ameegda/)\a.

Let moreover b(L, D) be the number of o € o/ for which equality is achieved.
To the Q-divisor E, we can also attach a height function on X (Ap) given by

Hp(x)= JI Ife(@o)lz* P, 0)].
veVal(F)

if x, € U(F,) for all v, and by Hg(x) = 400 else. The product can diverge to
+oo but Hg has a positive lower bound, reflecting the effectivity of E. In fact, the
function H,' is continuous on X (Ag).

Theorem 1.3. When B — oo, one has the following asymptotic expansion

1
~ 4L, D)(b(L, D) — 1)!

V(B) BYL:D)(1og B)P(E-D)—1 / Hp(x) ' dryx (x).

X(Ar)
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As a particular case, let us take L = D. We see that a(L, D) =1, b(L, D) is the
number of irreducible components of D and the integral in the theorem is equal to
the Tamagawa volume 7x (X (Ag)) defined by Peyre.

In both local and adelic situations, our techniques are valid for any metrization
of the underlying line bundles. As was explained by Peyre in [38] in the context of
rational points, this implies equidistribution theorems, see Corollary 4.8 in the local
case, and Theorem 4.13 in the adelic case.

The referee suggested to consider local and global Mellin transforms involving
more general quasi-characters. Indeed, such integrals do play a role in the study of
height zeta functions, see, e.g. our recent paper [15]. For example, we were led to
investigate integrals of the form

Hosdons) = [l e g
In that formula, X, is an affine toric variety with underlying torus 7" over a num-
ber field F', the groups of characters and cocharacter of which are denoted X*(7T')
and X, (T'), o is a cone in X, (T)r defining X, x, is the v-adic component of an
automorphic character x € (T'(Ar)/T(F))*, ¥, is an additive character of F,,, and
A € X*(T) the oscillatory phase. We proved that I is holomorphic for Re(s) con-
tained in the interior of the cone spanned by the dual cone ¢* and A, with poles on
the boundary of this cone, and that it admits a meromorphic continuation. Geo-
metric versions of such integrals may be important in other applications and we
intend to return to these interesting questions in the future.

Roadmap of the paper

Section 2 is concerned with heights and measures on adelic spaces. We first recall
notation and definitions for adeles, adelic metrics and measures on analytic man-
ifolds. In Sec. 2.3, we then define height functions on adelic spaces and establish
their basic properties. The construction of global Tamagawa measures is done in
Sec. 2.4. We conclude this section by a general equidistribution theorem.

Section 3 is devoted to the theory of geometric analogues of Igusa integrals,
both in the local and adelic settings. These integrals define holomorphic functions
in several variables which admit meromorphic continuations. (In the adelic case,
these meromorphic continuations may have natural boundaries.) To describe their
first poles we introduce in Sec. 3.1 the geometric, algebraic and analytic Clemens
complexes which encode the incidence properties of divisors involved in the defini-
tion of our geometric Igusa integrals. We then apply this theory in Secs. 4.2 and
4.4, where we establish Theorems 1.2 and 1.3 about volume asymptotics.

In Sec. 5, we make explicit the main results of our paper in the case of wonderful
compactifications of semisimple groups. In particular, we explain how to recover
the volume estimates established in [36] for Lie groups, and in [27, 45] for adelic
groups.
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2. Metrics, Heights, and Tamagawa Measures
2.1. Metrics and measures on local fields
2.1.1. Haar measures and absolute values

Let F' be a local field of characteristic zero, i.e. either R, C, or a finite extension
of the field Q, of p-adic numbers. Fix a Haar measure pz on F. Its “modulus” is
an absolute value |-| on F, defined by w(af?) = |a|u(2) for any a € F and any
measurable subset 0 C F. For F' = R, this is the usual absolute value, for F' = C,
it is its square. For F' = Q,, it is given by |p| = 1/p and if F’'/F is a finite extension,
one has |a|r = [Np//p(a)|r.

2.1.2. Smooth functions

Let f be a complex-valued function defined on an open subset of the n-dimensional
affine space F™. We say that f is smooth if it is C* in the case where F = R or
C, and if it is locally constant when F' is non-archimedean. This notion is local
and extends to functions defined on open subsets of F-analytic manifolds. Smooth
functions are continuous. Observe moreover that for any open subset U of F™ and
any nonvanishing F-analytic function f on U, the function x — |f(z)] is smooth.

On a compact F-analytic manifold X, a smooth function f has a sup-norm
|| fll = supgex|f(z)]- In the archimedean case, using charts (so, non-canonically),
we can also measure norms of derivatives and define norms | f|, (measuring the
maximum of sup-norms of all derivatives of f of orders < r). In the ultrametric
case, using a distance d, we can define a norm || f]|; as follows:

1
Ifli=1fII{1+ sup ——].
P2 () AT y)

For r > 1, we define || f|» = || f||1-

2.1.3. Metrics on line bundles

Let X be an analytic variety over a locally compact valued field F' and let £
be a line bundle on X. We define a metric on £ to be a collection of functions
Z(z) — Ry, for all x € X, denoted by ¢ — ||£]| such that

o for ¢ € Z(x)\{0}, ||£] > 0;

e forany a € F, x € X and any ¢ € Z(x), ||af] = |al||¢|;

e for any open subset U C X and any section ¢ € T'(U, %), the function x — ||¢(x)]|
is continuous on U.

We say that a metric on a line bundle . is smooth if for any nonvanishing local
section ¢ € I'(U, .Z), the function z — ||¢(x)]| is smooth on U.
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For a metric to be smooth, it suffices that there exists an open cover (U;) of
X, and, for each i, a nonvanishing section ¢; € I'(U;,.%) such that the function
x +— ||¢i(z)]|| is smooth on U;. Indeed, let ¢ € T'(U,.%) be a local nonvanishing
section of .Z; for each i there is a nonvanishing regular function f; € Ox(U; NU)
such that ¢ = f;¢; on U; NU, hence |[£|| = |fi]||¢:]|. Since the absolute value of a
nonvanishing regular function is smooth, ||¢|| is a smooth function on U; NU. Since
this holds for all ¢, ||¢]] is smooth on U.

Any F-analytic manifold which is paracompact, a hypothesis which will always
hold in this paper, admits smooth partitions of unity. Therefore, any line bundle
on such a manifold can be endowed with a smooth metric.

There exist moreover natural constructions of metrics. For example, the trivial
line bundle &x admits a canonical (smooth) metric, defined by ||1]] = 1. If £ and
A are two (smooth) metrized line bundles on X, there are (smooth) metrics on
¥ @ .# and on £V defined by

e ml = [leflimll, el = [e@l/1€,
with z € X, 0 € L(x), m € A (x) and ¢ € LV (x).

2.1.4. Divisors, line bundles and metrics

The theory of the preceding paragraph also applies if X is an analytic subspace of
some F-analytic manifold, e.g. an algebraic variety, even if it possesses singularities.
Recall that by definition, a function on such a space X is smooth if it extends to a
smooth function in a neighborhood of X in the ambient space.

Let D be an effective Cartier divisor on X and let Ox (D) be the corresponding
line bundle. It admits a canonical section fp, whose divisor is equal to D. If Ox (D)
is endowed with a metric, the function ||fp|| is positive on X and vanishes along D.

More generally, let D be an effective Q-divisor, that is, a linear combination
of irreducible divisors with rational coefficients such that a multiple nD, for some
positive integer n, is a Cartier divisor. By a metric on Ox (D) we mean a metric
on Ox(nD). By ||fpl||, we mean the function |/f,p| /™. It does not depend on the
choice of n.

2.1.5. Metrics defined by a model

Here we assume that F' is non-archimedean, and let or be its ring of integers.
Let X be a proper variety over F' and L a line bundle on X. Choose a proper
flat op-scheme 2" and a line bundle .Z on 2 extending X and L. These choices
determine a metric on the line bundle defined by % on the analytic variety X (F),
by the following recipe: for z € X (F) let : Specop — 2  be the unique morphism
extending x; by definition, the set of £ € L(z) such that ||¢||] <1 is equal to 2*.Z,
which is a lattice in L(z).

Let % be an open subset of 2" over which the line bundle % is trivial and let
e e %, Z) be a trivialization of .Z on % . Then, for any point z € % (F) such
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that = extends to a morphism Z: Specop — %, one has ||e(z)|| = 1. Indeed, Z*e
is a basis of the free o p-module 2*.%Z. Since 2" is proper, restriction to the generic
fiber identifies the set % (op) with a compact open subset of % (F), still denoted
by % (oF). Observe that these compact open subsets cover X (F).

Let F'/F be a finite field extension. A model of X determines a model of
Xpr = X ®p F' over the ring op/, and thus metrics on the analytic variety X (F”).
Conversely, note that a model of X g/ determines metrics on X (F’) and hence, by
restriction, also on X (F).

2.1.6. Ezxample: Projective space

Let F' be a locally valued field and V a finite-dimensional vector space over F', let
V'V denote its dual space. Let |-| be a norm on V. Let P(VV) = ProjSym®*V" be
the projective space of lines in V; denote by [z] the point of P(V") associated to
a nonzero element x € V, i.e. the line it generates. This projective space carries
a tautological ample line bundle, denoted (1), whose space of global sections is
precisely V'V. The formula

[e@)l

el

1e([=DIl =

for £ € V¥ and x € V, defines a norm on the F-vector space &(1),). These norms
define a metric on &/(1).

Assume moreover that F' is non-archimedean and let op be its ring of integers.
If the norm of V takes its values in the set |F*|, the unit ball ¥ of V is an op-
submodule of V' which is free of rank dim V' (48], p. 28, Proposition 6 and p. 29).
Then, the op-scheme P(¥"V) is a model of P(VV) and the metric on (1) is the
one defined by this model and the canonical extension of the line bundle &'(1) it
carries.

2.1.7. Volume forms

Let X be an analytic manifold over a local field F. To simplify the exposition,
assume that X is equidimensional and let n be its dimension. It is standard when
F = R or C, and also true in general, that any n-form w on an open subset U
of X defines a measure, usually denoted |w|, on U, through the following formula.
Choose local coordinates z1,...,z, on U and write

w=f(x1,...,zn)dxy A Aday,.

These coordinates allow one to identify (a part of) U with an open subset of F™
which we endow with the product measure p™. (Recall that a Haar measure has
been fixed on F in Sec. 2.1.1.) It pulls back to a measure which we denote

[dzq| - |dx, |
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and by definition, we let
wl = [F@1, -, 0)] |daa] - - [doal. (2.1)

By the change of variables formula in multiple integrals, this is independent of the
choice of local coordinates.

2.1.8. Metrics and measures

Certain manifolds X possess a canonical (up to scalar) nonvanishing n-form, some-
times called a gauge form. Examples are analytic groups, or Calabi—Yau varieties.
This property leads to the definition of a canonical measure on X (again, up to
a scalar). In the case of groups, this has been studied by Weil in the context of
Tamagawa numbers ([47]); in the case of Calabi-Yau varieties, this measure has
been used by Batyrev to prove that smooth birational Calabi—Yau varieties have
equal Betti numbers ([2]).

Even when X has no global n-forms, it is still possible to define a measure on X
provided that the canonical line bundle wxy = A" Q% is endowed with a metric.
Indeed, we may then attach to any local nonvanishing n-form w the local measure
|w]/||w]|. Tt is immediate that these measures patch and define a measure Tx on the
whole of X. This is a Radon measure locally equivalent to any Lebesgue measure.
In particular, if X is compact, its volume with respect to this measure is a positive
real number. This construction is classical in differential geometry as well as in
arithmetic geometry (see [42], at the end of p. 146); its introduction in the context
of the counting problem of points of bounded height on algebraic varieties over
number fields is due to E. Peyre ([38]).

2.1.9. Singular measures

For the study of integral points, we will have to consider several variants of this
construction. We assume here that X is an algebraic variety over a local field F' and
that we are given an auxiliary effective Cartier Q-divisor D in X. Let U = X \|D|
be the complement of the support of D in X.

Let us first consider the case where D is a Cartier divisor and assume that
the line bundle wx (D) is endowed with a metric. If fp is the canonical section of
Ox (D) and w a local n-form, we can then consider the non-negative function ||fpwl||;
it vanishes on |D|. In the general case, we follow the conventions of Sec. 2.1.4 and
will freely talk of the function |wfp]||, defined as ||w"f,p|| where n is any positive
integer such that nD is a Cartier divisor, assuming the line bundle w§™(nD) is
endowed with a metric.

Then, the measures |w|/|/fpw]||, for w any local nonvanishing n-form w, patch
and define a measure 7(x p) on the open submanifold U(F). This measure is a
Radon measure on U(F'), locally equivalent to the Lebesgue measure. When U (F)
is not compact, the volume of U(F') may be infinite; this is in particular the case
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if D is an effective divisor with integer coefficients and the smooth locus of D has
F-rational points.

We shall always identify this measure and the (generally not locally finite) mea-
sure on X (F) obtained by push-out.

2.1.10. Ezample: Gauge forms

Let us show how the definition of a measure using a gauge form can be viewed as a
particular case of this construction. Let w be a meromorphic differential form on X;
let D be the opposite of its divisor. One can write D = > d, Dy, where the D, are
codimension 1 irreducible subvarieties in X and d, are integers. Let U = X\|D|
be the complement of the support of D. In other words, w defines a trivialization
of the line bundle wx (D). There is a unique metrization of wx (D) such that w,
viewed as a global section of wx (D), has norm 1 at every point in X. The measure
on the manifold U(F') defined by this metrization coincides with the measure |w|
defined by w as a gauge form.

Moreover, if the line bundle Ox (D) is endowed with a metric, then so is the
line bundle wx. In this case, the manifold X (F') is endowed with three measures,
Tu, Tx and 7(x p). Locally, one has:

o 7x = |w|/[lwl]];
e the measure 7y is its restriction to U;
* 7x,p) = |w| = w|/lfpw] = [Ifpl " 7x.

Note that on each open, relatively compact subset of X (F)\|D|, the measures Tx
and 7(x,p) are equivalent.

2.1.11. Ezample: Compactifications of algebraic groups

We keep the notation of the previous paragraph, assuming moreover that U is an
algebraic group G over I’ of which X is an equivariant compactification, and that
the restriction to G of w is invariant. If we consider w as a gauge form, it then
defines an invariant measure |w| on G(F), in other words, a Haar measure on this
locally compact group, and also 7(x, p).

2.1.12. Residue measures

Let us return to the case of a general manifold X. Let Z be a closed submanifold
of X. To get a measure on Z, we need as before a metrization on wy. However, the
“adjunction formula”

wxlz ~wz @det AZ(X)

implies that given a metric on wy, it suffices to endow the determinant of the normal
bundle of Z in X with a metric. The case where Z = D is a divisor (i.e. locally in
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charts, Z is defined by the vanishing of a coordinate) is especially interesting. In
that case, one has

wp = wx(D)|D

and a metric on wx plus a metric on Ox (D) automatically define a metric on wp,
hence a measure on D.

Let us give an explicit formula for this measure. Let w € T'(wp) be a local
(n —1)-form and @ any lift of w to A"~ ' QL. If u € ¢(—D) is a local equation for
D, the image of w in wx (D)|p is nothing but the restriction to D of the differential
form with logarithmic poles @ A u~'du. Let fp be the canonical section of Ox (D).
Then,

ol = 1o Awtdull = & A dull ]

By definition, fp corresponds locally to the function 1, hence, for x & D,
1
[u(x)]
and this possesses a finite limit when x approaches D, by the definition of a metric.

(As a section of Ox (D), fp vanishes at order 1 on D). Moreover, the function
lim ||fp]|/|u] on D defined by

lu= (=)l = Ifo ()]l

z = lim [[fp (y)]/1u(y)l
y¢D
is continuous and positive on D.
By induction, if Z is the transverse intersection of smooth divisors D; (1 < j <
m), with metrizations on all Ox (D;), we have a similar formula:

f f
[w|| = & A dug A - -+ A || lim ool gy, | Dm”7 (2.2)
|ua |t
where w1, ..., uy, are local equations for the divisors D1, ..., D,,.

2.1.13. Residue measures in an algebraic context

Let X be a smooth algebraic variety over F'; endow the canonical line bundle wx
on X (F) with a metric. Let F be a finite Galois extension of F' and let D;, for
1 < j < m, be smooth irreducible divisors on X/, whose union is a divisor D with
strict normal crossings which is defined over F'. Then the intersection Z = ﬂ;”zl D;
is defined over F; if Z(F) # @, then Z(F) is a smooth F-analytic submanifold of
X (F), of dimension dim Z = dim X —m. Moreover, the normal bundle of Z in X
is isomorphic to the restriction to Z of the vector bundle @;”:1 Ox(Dj), hence the
isomorphism det A% (X) ~ Ox (D), at least after extending the scalars to F’.
Endow the line bundles 0x, (D;) on the F'-analytic manifold X (F’) with met-
rics. By the previous formulas, we obtain from the metrics on O, (D;) a metric
on the determinant of the normal bundle of Z(F’) in the manifold X (F’). The
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restriction of this metric to Z(F') gives us a metric on the determinant of the
normal bundle of Z(F) in X (F).

Accordingly, we obtain a positive Radon measure 7z on Z(F') which is locally
equivalent to any Lebesgue measure. In particular, one has 7z (Z(F)) = 0 if and
only if Z(F) = @.

2.2. Adeles of number fields: Metrics and heights
2.2.1. Notation

We specify some common notation concerning number fields and adeles that we
will use throughout this text.

Let F' be a number field and Val(F') the set of places of F'. For v € Val(F'), we
let F,, be the v-adic completion of F. This is a local field; its absolute value, defined
as in Sec. 2.1.1, is denoted by [-|,. With these normalizations, the product formula
holds. Namely, for all a € F'*, one has HUGV&I(F)|CL|U = 1, where only finitely many
factors differ from 1.

Let v € Val(F). The absolute value ||, is archimedean when F,, = R or F, = C;
we will say that v is infinite, or archimedean. Otherwise, the absolute value ||, is
ultrametric and the place v is called finite, or non-archimedean.

Let v be a finite place of F. The set o0, of all a € F, such that |a|, < 1 is
a subring of F),, called the ring of v-adic integers. Its subset m, consisting of all
a € F, such that |a|, < 1 is its unique maximal ideal. The residue field o, /m, is
denoted by k,. It is a finite field and we write g, for its cardinality. The ideal m,
is principal; a generator will be called a uniformizing element at v. For any such
element t, one has |w|, = ¢, !.

Fix an algebraic closure F of F. The group I'r of all F-automorphisms of F
is called the absolute Galois group of F. For any finite place v € Val(F), fix an
extension || of the absolute value |-|, to F. The subgroup of I'r consisting of all
v € T'r such that |y(a)|; = |a|; for all @ € F is called the decomposition subgroup
of I'r at v and is denoted by I',,.

These data determine an algebraic closure k,, of the residue field k,, together
with a surjective group homomorphism I', — Gal(k,/k,). Its kernel T'? is called
the inertia subgroup of I'r at v. Any element in I', mapping to the Frobenius
automorphism z +— 2% in Gal(k,/k,) is called an arithmetic Frobenius ele-
ment at v; its inverse is called a geometric Frobenius element at v. The sub-
Y. and Frobenius elements, depend on the choice of the chosen
extension of the absolute value |-|,; another choice changes them by conjugation
in FF

The ring of adeles Ap of the field F' is the restricted product of all local
fields F,, for v € Val(F'), with respect to the subrings o, for finite places v.
It is a locally compact topological ring and carries a Haar measure p. The quo-
tient space Ap/F is compact; we shall often assume that p is normalized so that

p(Ap/F) = 1.

groups ', and T’
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2.2.2. The adelic space of an algebraic variety

Let U be an algebraic variety over F. The space U(Ar) of adelic points of U has a
natural locally compact topology which we recall now. Let % be a model of U over
the integers of F', i.e. a scheme which is flat and of finite type over Spec o together
with an isomorphism of U with % ® F. The natural maps Ar — F,, induce a map
from U(Ap) to [],evam U(Fy). It is not surjective unless U is proper over Fj
indeed its image — usually called the restricted product — can be described as the
set of all (x,), in the product such that x, € % (0,) for almost all finite places v.
Since two models are isomorphic over a dense open subset of Spec o, observe also
that this condition is independent of the choice of the specific model % .

We endow each U(F,) with the natural v-adic topology; notice that it is locally
compact. Moreover, for any finite place v, % (0,) is open and compact in U (F,) for
this topology.

We then endow U(Ap) with the “restricted product topology”, a basis of which
is given by products [], €, where for each v € Val(F), €, is an open subset of
U(Fy), subject to the additional condition that Q, = % (0,) for almost all finite
places v. Let Q C U(AF) be any subset of the form [], €, with Q, C U(F},), such
that Q, = % (0,) for almost all finite places v. Then 2 is compact if and only if
each Q, is compact. It follows that the topology on U(Ap) is locally compact.

2.2.3. Adelic metrics

Let X be a proper variety over a number field F' and L a line bundle on X. An adelic
metric on L is a collection of v-adic metrics on the associated line bundles on the
F,-analytic varieties X (F},), for all places v in F', which, except for a finite number
of them, are defined by a single model (27, %) over the ring of integers of F.

By standard properties of schemes of finite presentation, any two flat proper
models are isomorphic at almost all places and will therefore define the same v-adic
metrics at these places.

2.2.4. Example: Projective space

For any valued field F, let us endow the vector-space F™*! with the norm given
by |(xo, ..., zn)| = max(|zol,...,|zs]). When F is a number field and v € Val(F),
the construction in Sec. 2.1.6 on the field F, furnishes a metric on the line bundle
0(1) on P™. This collection of metrics is an adelic metric on &'(1), which we will
call the standard adelic metric.

2.2.5. Extension of the ground field

If F’ is any finite extension of I, observe that an adelic metric on the line bundle
L ® F' over X ® F’ induces by restriction an adelic metric on the line bundle L
over X. We only need to check that the family of metrics defined by restriction are
induced at almost all places by a model of X on F'.
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Indeed, fix a model (Z7,.Z") of (X @ F',.Z @ F') over Specopr, as well as a
model (27, %) over Specop. There is a nonzero integer N such that the identity
map X ® F/ — X ® F’ extends to an isomorphism 2" ® op[+] — 27 @ op[+].
Consequently, at all finite places of F’ which do not divide N, both models define
the same metric on L® F'. It follows that the metrics of L are defined by the model
(Z°,%) at all but finitely many places of F'.

2.2.6. Heights

Let X be a proper variety over a number field F' and let .Z be a line bundle on X
endowed with an adelic metric. Let « € X (F') and let ¢ be any nonzero element in
Z(x). For almost all places v, one has ||¢||, = 1; consequently, the product [[, ||€|/«
converges absolutely. It follows from the product formula that its value does not
depend on the choice of £. We denote it by Hg(z) and call it the (exponential)
height of x with respect to the metrized line bundle .Z.

As an example, assume that X = P" and ¢ = £'(1), endowed with its standard
adelic metric see Sec. 2.2.4. Then for any point z € P"(F) with homogeneous
coordinates [z - - - : x,] such that zg # 0, we can take the element £ to be the value
at = of the global section Xy. Consequently, the definition of the standard adelic
metric implies that

_ 0l s
e = T (e ) = I mostlal o fon

veVal(F) veVal(F)

in view of the product formula [], cv(r)l@olo = 1. We thus recover the classical
(exponential) height of the point z in the projective space.
In general, the function

logHy: X(F) - R

is a representative of the class of height functions attached to the line bundle ¥
using Weil’s classical “height machine” (see [30], especially Part B, §10).

When . is ample, the set of points € X (F') such that Hg () < B is finite
for any real number B (Northcott’s theorem).

2.3. Hetights on adelic spaces

Let f be a nonzero global section of . and let Z denote its divisor. We extend the
definition of H¢ to the adelic space X (Ag) by defining
-1
Hesx)=| [ IIfllo(@) (2.3)
veVal(F)
for any x € X (Ap) such that the infinite product makes sense.

To give an explicit example, assume again that X is the projective space P™
and that £ is the line bundle &p(1) endowed with its standard adelic metric;
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let us choose f = xg. Then, U = X\ div(f) can be identified to the set of points
[1:--+:x,] of P" whose first homogeneous coordinate is equal to 1, i.e. to the
affine space A™. For any x = (z,), € U(Ap), given by x = [1 : x3 : -+ : X,], with
X; = (%in)v € Ap, one has

Hye(x)= [[ max(1,|z10fo,.. s 2nolo).
vEeVal(F)

Lemma 2.1. Let U be any open subset of X.

(i) For any x € X(Ap), the infinite product defining Hy ¢(x) converges to an
element of (0, +00].

(ii) The resulting function is lower semi-continuous and admits a positive lower
bound on the adelic space X (Ap).

(iii) If f does not vanish on U, then the restriction of He ¢ to U(Ap) is continuous
(for the topology of U(AF)).

(iv) Assume that X = U U Z. Then, for any real number B, the set of points
x € U(Ap) such that Hg ¢(x) < B is a compact subset of U(Ar).

Proof. For any place v, let us set ¢, = max(1, ||f]|,). One has ¢, < oo since X (F,)
is compact and the function ||f||, on X (F,) is continuous. Moreover, it follows from
the definition of an adelic metric that ||f||, = 1 for almost all v, so that ¢, = 1 for
almost all places v.

Consequently, the infinite series 3, v log||fy]|~! has (almost all of) its
terms non-negative; it converges to a real number or to +o00. This shows that the
infinite product H ¢ ¢(x) converges to an element in (0, +o00]. Letting C = 1/]], c.,
one has Hy ¢(x) > C for any x € X(Ap), which proves (i) and the second half
of (ii).

Let Vi be the set of places v € Val(F') such that ¢, > 1; one has

logHes(x) = sup > log|f] ",
ViCVCVal(F) oy
where V' runs within the finite subsets of Val(F') containing V;. This expression
shows that the function x +— log H¢ ¢(x) is a supremum of lower semi-continuous
functions, hence is lower semi-continuous on X (A ), hence the remaining part of
Assertion (ii).

Let us now prove (iii). Let 2 be a flat projective model of X over op, let 2
be the Zariski closure of Z and ¥ = 2Z'\Z, let 2 be the Zariski closure of X\U
and let % = 2°\2.

By definition of an adelic metric, for almost all finite places v € Val(F), | f]].
is identically equal to 1 on % (0,). By definition of the topology of U(Ap), this
implies that the function Hg ¢ is locally given by a finite product of continuous
functions; it is therefore continuous.

Let us finally establish (iv). Consider integral models as above; since U contains
V' by assumption, then % O 7.
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For any x = (z,), € X(AFp), one has

Ifl(z0) = Heis(x) ™ TT IFll (o) ™" = O Hap ()
w#v

If moreover Hg ¢(x) < B, then |f||(z,) > (BC)~!. The set of points z, € X (F,)
satisfying this inequality is a closed subset of the compact space X (F,), hence
is compact. Moreover, this set is contained in U(F,) because, by assumption, f
vanishes on X \U. Consequently, this set is a compact subset of U(F,).

If the cardinality ¢, of the residue field k, is large enough, so that the v-adic
metric on .Z is defined by the line bundle &'(%) at the place v, then — log ||f||,, ()
is a non-negative integer times logq,. The inequality — log ||f||,(z,) < log(BC),
then implies that — log ||f||,(z,) = 0.

Let Ep denote the set of points x € U(Ap) such that Hg ¢(x) < B. By what we
proved, there exists a finite set of places V' (depending on B) such that Fp is the
product of a compact subset of [,y U(Fy) and of [,y #(0y). Since ¥ (0,) C
U (0,), we see that Fp is relatively compact in U(Ap). By lower semi-continuity,
it is also closed in U(AF), hence compact. |

We observe that the hypotheses in (iii) and (iv) are actually necessary. They hold
in the important case where U = X\ Z; then, H ¢ ¢ defines a continuous exhaustion
of U(Ar) by compact subsets.

2.4. Convergence factors and Tamagawa measures
on adelic spaces

2.4.1. Volumes and local densities

Let X be a smooth, proper, and geometrically integral algebraic variety over a
number field F. Fix an adelic metric on the canonical line bundle wyx; by the
results recalled in Sec. 2.1.7, for any place v of F, this induces a measure 7x , on
X (Fy) and its restriction 1y, to U(F}).

Let U be a Zariski open subset of X and let Z = X\U. Fix a model 2" of X,
and let 2 be the Zariski closure of Z in £ and % = Z\Z.

By a well-known formula going back to Weil ([47], see also [41], Corollary 2.15),
the equality

0.0 (% (00)) = q; X # U (k) (2.4)

holds for almost all non-archimedean places v.

2.4.2. Definition of an L-function

Definition 2.2. We define EP(U) to be the following virtual Q[I' p]-module:
[H(Up, Gm)/F*]q — [H'(Up, Gm)]q-
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It is an object of the Grothendieck group of the category of finite dimensional
Q-vector spaces endowed with a continuous action of I'p, meaning that there is a
finite extension F’ of F' such that the subgroup I'ps acts trivially. Such a virtual
Galois-module (we shall often skip the word “virtual”) has an Artin L-function,
given by an Euler product

L(s,EP(U)) = [] Lu(s,EP(U)),

v finite
L,(s,EP(U)) = det(1 — ¢, * Fr, | EP(U) )1,

where Fr, is a geometric Frobenius element and T'? is an inertia subgroup at the
place v.

Lemma 2.3. For any finite place v of F,L, (s, EP(U)) is a positive real number.

Proof. We have Ly (s, EP(U)) = ¢ **)/ £(¢2), where the rational function
F(X) = det(X — Fr, | EP(U))

is the virtual characteristic polynomial of Fr, acting on EP(U), with the obvious
modification for ramified v. Since the action of I'r on EP(U) factorizes through a
finite quotient, the rational function has only roots of unity for zeroes and poles.
By irreducibility of the cyclotomic polynomials ®,, in Q[X], this implies the
existence of rational integers (a,)n>1, almost all zero, such that
det(X — Fr, |EP(U)) = ] @n(
n>1

From the inductive definition of the cyclotomic polynomials @,, namely
[y, ®n(X) = X™ — 1, we see that ®,(x) > 0 for any real number z > 1 and
any positive integer n. In particular, f(z) > 0 for any real number z > 1 and
L,(1,EP(U)) > 0, as claimed. |

(To simplify notation, we shall also put L, = 1 for any archimedean place v.)
More generally, if S is an arbitrary set of places of I, we define

LS (s, EP(U HL (s, EP(U
VS

This Euler product converges for Re(s) > 1 to a holomorphic function of s in
that domain; by Brauer’s theorem [8], it admits a meromorphic continuation to the
whole complex plane. We denote by

LY(1,EP(U)) = lim L%(s,EP(U))(s —1)™", r =ords; L°(s,EP(U)),

its “principal value” at s = 1.
From the previous lemma, we deduce the following corollary.

Corollary 2.4. For any finite set of places S of F,L(1,EP(U)) is a positive real
number.
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‘We now show how this L-function furnishes renormalization factors for the local
Imeasures Ty,y.

Theorem 2.5. In addition to the notation and assumptions of Sec. 2.4.1, suppose
that

HY(X,0x) =H*(X,0x) = 0.
Then L, (1,EP(U))1y,..(% (0v)) = 1 + O(qv_3/2). In particular, the infinite product

[ oL EP@W)) 700 (% (00))
vgS

converges absolutely.

Remark 2.6. For a smooth projective variety X and any integer i, the vector-
space HY(X, Q%) defines a birational invariant of X. Let us sketch the proof. For
any birational morphism f: X — X', there are open subsets V C X and V' C X’
whose complementary subsets have codimension at least 2 such that f is defined on
V and f~!is defined on V. The restriction morphism H°(X, Q%) — HO(V, Q%) is
then injective since V' is dense, and surjective by the Hartogs principle; similarly, the
restriction morphism HO(X’, Q%) — H(V’, Q%) is an isomorphism. Consequently,
the corresponding regular maps g: V. — X’ and ¢’: V' — X define morphisms
HO(X', Q%) — HY(X,Q%) and H°(X, Q%) — H°(X’,Q%,) both compositions of
which equal the identity map, hence are isomorphisms.

When the ground field is the field of complex numbers, Hodge theory identifies
these vector-spaces with the conjugates of the cohomology spaces H* (X, Ox). Con-
sequently, these spaces define birational invariants of smooth complex projective
varieties. Moreover, by the Lefschetz principle, this extends to smooth projective
varieties defined over a field of characteristic 0. In particular, the assumptions of
the theorem are therefore conditions on the variety U and do not depend on its
smooth compactification X.

Proof. Blowing up the subscheme Z and resolving the singularities of the resulting
scheme, we obtain a smooth variety X', with a proper morphism 7: X’ — X, which
is an isomorphism above U, such that Z' = 7=1(Z) is a divisor.

By the previous remark, the variety X’ satisfies HY(X’, Ox/) = H?(X', Ox/) =
0. Let U’ = 7= 1(U); since 7 is an isomorphism, any model (27, Z”) of (X', Z') will
be such that %’ = 27\ %" is isomorphic to %, at least over a dense open subset
of Specop. In particular, the cardinalities of %’ (k,) and % (k,) will be equal for
almost all places v. In view of Weil’s formula recalled as Eq. (2.4), this implies that
Tur (%' (04)) = TuW (% (0,)) for almost all finite places v of F.

Consequently, assuming that Z is a divisor does not reduce the generality of the
argument which follows.

For almost all places v, one has

U0 (% (00)) = quim v # U (ky).
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Evidently,
#%(kv) = # ‘%(kv) - #ff(kv)

Let ¢ be a prime number. By the smooth and proper base change theorems, and
by Poincaré duality, the number of points of 2 (k,) can be computed, for any finite
place v of F'| via the trace of a geometric Frobenius element Fr, € ', on the ¢-adic
cohomology of Zz, as soon as 2" is smooth over the local ring of o at v and the
residual characteristic at v is not equal to ¢. Specifically, for any such finite place
v, one has the equality

2d
g, N2 (k) =Y ay P tr(Fr, [H (X, Qo)
i=0
By Deligne’s proof [20] of the Weil conjectures (analogue of the Riemann hypothe-
sis) the eigenvalues of Fr, on H (X z, Q) are algebraic numbers with archimedean
value ¢%/2. Therefore, the ith term of the sum above is an algebraic number whose
archimedean absolute values are bounded by dim H!(X F7Qg)q’i/ 2, In particu-
lar, the sum of all terms corresponding to i > 3 is an algebraic number whose
archimedean absolute values are O(q, 3/ 2) when v varies through the set of finite
places of F.
The term corresponding to ¢ = 0 is equal to 1 since X is geometrically connected.
Moreover, it follows from Peyre’s arguments ([38], proof of Lemma 2.1.1 and
Proposition 2.2.2) that one has

H' (X7, Qi) =0
and that the cycle map induces an isomorphism of Q[I'r]-modules
Pic(Xp) @ Q¢ = H? (X7, Qu(1)).

Let II(Z ) denote the free Z-module with basis the set of irreducible components
of Zp, endowed with its Galois action.

Lemma 2.7. For almost all v, one has the equality
# g(kv) _ nvqgimZ + O(qgimZ—l/Q)’
where n, = tr(Fr, |II(Z7)) is the number of irreducible components of & @k, which
are geometrically irreducible.
Proof.? In fact, we prove, for any scheme % /o which is flat, of finite type, and
whose generic fiber Z has dimension d, the following equality
# 2 (ko) = nogy + Oy~ %),

#The proof below uses Deligne’s proof of Weil’s conjecture but the result can be deduced from the
estimates of Lang—Weil in [35].
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where n, is the number of fixed points of Fr,, in the set of d-dimensional irreducible
components of Z.
First observe that there is a general upper bound

# 2 (ky) < Cql,

for some integer C' > 0. When 2 is quasi-projective, this follows for example from
Lemma 3.9 in [12], where C' can be taken to be the degree of the closure of Z in a
projective compactification; the general case follows from this since Z is assumed
to be of finite type.

Consequently, adding or removing a subscheme of lower dimension gives an
equivalent inequality, so that we may assume that 2 is projective and equidimen-
sional. By resolution of singularities, we may also assume that Z is smooth.

Let ¢ be a fixed prime number. As above, we can compute # % (k,) using the
¢-adic cohomology of Zz: one has an upper bound

4y # P (ky) = tr(Fr|[H (Z5, Qo)) + O(g; /?).

Moreover, HY(Z 5, Qq) ~ Q?(ZF), where II(Z) denotes the set of connected com-
ponents of Zz, the Frobenius element Fr,, acting trivially on this ring. Consequently,

tr(Fr, [HY(Zz, Q) = tr(Fr, |TI(Z7))

and the lemma follows from this. O

Let us return to the proof of Theorem 2.5. By the preceding lemma, we have
gy N # 2 (ky) = g, te(Fry [T(Zg)) + O(g, ),

hence
ay X B U (k) =1 - qitr (Fr,|I(Zp) ® Qe — HZ (X5, Qu(1))) + O(g, */?).

Let us show that the trace appearing in the previous formula is equal to
tr(Fr,| EP(U)). The order of vanishing/pole along any irreducible component of
Z g defines an exact sequence of abelian sheaves for the étale site of Xz:

ord

1—- G, — .Gy, — BJasd — 0,

where i: Up — X is the inclusion and j,: Z, — X7 are the inclusions of the
irreducible components of Zz. These sheaves are endowed with an action of I'r for
which the above exact sequence is equivariant. Taking étale cohomology gives an
exact sequence of I' p--modules:

0 — H(Xz,G,) — H(Us, G,,) — ®H%(Z,, Z)
— H' (X7, G,) — H(Uz, G,).

Moreover, this last map is surjective: it can be identified with the restriction
map Pic(Xz) — Pic(Ugp) which is surjective because Xz is smooth and Uz open
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in X . The scheme X1 is proper, smooth and connected hence H*(X 5, G,,,) = F*.
Moreover for any «, Z, is connected which implies H°(Z,,Z) = Z, that is
®H"(Z,,Z) = (Z). Finally, one obtains an exact sequence of Z[I' z]-modules

0 — H(Uz, G,)/F* = 1I(Zz) — Pic(X ) — Pic(Uz) — 0,
which after tensoring with Qg gives an equality of virtual representations
EP(U) =1l(Zp)q, — Pic(Xp)q, = I(Zp)q, — HZ(Xp, Qu(1)). (2.5)

This implies that
) 1
X sy (k) =1— o tr(Fr, | EP(U)) 4+ O(g; %/?).

Since the eigenvalues of Fr, on the two Galois modules defining EP(U) are algebraic
numbers whose absolute values are bounded by 1, one has

det(1 — ¢, ' Fr, |EP(U)) =1 — qitr(Frv |EP(U)) + O(q;, ?).

Now,
Lo (L, EP(U))q, ™% # % (ky) = det(1 — g, Fro |EP(U)) " q, % # % (ko)
=1+ 0(q, */?),
and the asserted absolute convergence follows.

Definition 2.8. Let F' be a number field; let X be a smooth proper, geometrically
integral variety over F such that H'(X, Ox) = H*(X, Ox) = 0. Let Z be a Zariski
closed subset in X, and let U = X\ Z. The Tamagawa measure on the adelic space
U(AZ2) is defined as the measure

0 =LE(LEPW) ™ | [ Lo(L EP(U)) 70,
vgS
By Theorem 2.5, this infinite product of measures converges; moreover, non-
empty, open and relatively compact, subsets of U(A%) have a positive (finite) 74-
measure. In particular, compact subsets of U(A%) have a finite 7/}-measure and 7}
is a Radon measure on U(A%).

Remark 2.9. In the literature, families (\,) of positive real numbers such that the
product of measures [ [, (A, 7y,v) converges absolutely are called sets of convergence
factors (see, e.g. [47] or [41]). Our theorem can thus be stated as saying that for any
smooth geometrically integral algebraic variety U having a smooth compactification
X satisfying HY (X, Ox) = H3(X, Ox) = 0, the family (L, (1, EP(U))) is a set of con-
vergence factors. Let us compare our construction with the previously known cases.

(a) The Picard group of an affine connected algebraic group U is finite; in that case,
EP(U) is therefore the Galois module of characters of U and we recover Weil’s
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definition ([47]). For semi-simple groups, there are no nontrivial characters
and the product of the natural local densities converges absolutely, as is well
known. This is also the case for homogeneous varieties G/ H studied by Borovoi
and Rudnick in [7], where G D H are semi-simple algebraic groups without
nontrivial rational characters.

(b) On the opposite side, integral projective varieties have no non-constant global
functions, so that EP(U) = Pic(Ug) if U is projective. We thus recover Peyre’s
definition of the Tamagawa measure of a projective variety [38].

(c) Salberger [41] has developed a theory of Tamagawa measures on the “universal
torsors” introduced by Colliot-Thélene and Sansuc [18]. A universal torsor is
a principal homogeneous space E over an algebraic variety V' whose structure
group is an algebraic torus 7' dual to the Picard group of V such that the
canonical map Hom(T, G,,) — HY(V, G,,), sending a character x to the G,,-
torsor x«[E] deduced from E by push-out along ¥, is an isomorphism. Such
torsors have been successfully applied to the study of rational points on the
variety V' (Hasse principle, weak approximation, counting of rational points of
bounded height); see [18, 40, 9, 46].

By a fundamental theorem of Colliot-Thélene and Sansuc,
sors have no non-constant invertible global functions and their Picard group is
trivial (at least up to torsion). It follows that the virtual I'p-module EP(FE) is
trivial. This gives a conceptual explanation for the discovery by Salberger in [41]
that the Tamagawa measures on universal torsors could be defined by an abso-
lutely convergent product of “naive” local measures, without any regularizing

b universal tor-

factors.

2.4.3.  Assume moreover that Z is the support of a divisor D in X (more generally,
of a Cartier Q-divisor) and that wx (D) is endowed with an adelic metric; this
induces a natural metric on Ox (D). For any place v, the line bundle wy (D) on
X (F,) is metrized and this metric gives rise to a measure 7(x p), on U(F},), which
is related to the measure 7x , by the formula

1

dT(X,D),U(.’IJ) = m d’TX’U(.’IJ)7

where fp is the canonical section of &x (D). By definition of an adelic metric, the
metric on Ox (D) is induced, for almost all finite places v, by the line bundle &9 (2)
on the integral model 2", where Z is a Cartier divisor with generic fiber D. For
such places v, one has ||fp||(z) = 1 for any point x € % (0,), so that the measures
T(x,p),w and Tx,, coincide on % (o).

b Apply [18], Proposition 2.1.1 with K = k, the map S — Pic(X}) being an isomorphism by the
very definition of a universal torsor.
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This shows that the product

T(SX,D) =LJ(1,EP(U))! H L,(1,EP(U))7(x.D).0
vgS

also defines a Radon measure on U(A#%). In fact, one has

-1
drix,p)(@ (H Ifpll(zy ) drij(x) = Hp(x) drj (),

and Hp(z) is the height of x relative to the metrized line bundle Ox (D).

2.4.4. Example: Compactifications of algebraic groups

As in the case of local fields, we briefly explain the case of algebraic groups and
show how our theory of measures interacts with the construction of a Haar measure
on an adelic group. We keep the notation of the previous paragraph, and assume
moreover that U is an algebraic group G over F' of which X is an equivariant
compactification. Let us fix an invariant differential form of maximal degree w on G;
viewed as a meromorphic global section of wy, it has poles on each component of
X\G (see [13], Lemma 2.4); we therefore write —D for its divisor.

For any place v € Val(F'), viewing w as a gauge form on G(F,) defines a Haar
measure |w|, on G(F,). For almost all finite places v, G(0,) is a well-defined compact
subgroup of G(F,). We normalize the Haar measure dg, on G(F,) by dividing the
measure |w|, by the quantity # G(k,)q; 4™ ¢ for these places v, and by 1 at other
places. By construction, for almost all v, dg, assigns volume 1 to the compact
open subgroup G(o,), hence the product [], dg, is a well-defined Haar measure
on G(AF)

By Theorem 2.5 we have the estimate

Lo(L,EP(G)) # G(ko)a, "™ ¢ =14 O(q,*?),

from which we deduce that their infinite product converges absolutely. Conse-
quently, [, L,(1,EP(G))|w|, is also a Haar measure on G(Ap).

Now, by the very definition of the adelic measures 7(x py and 7x on G(AF),
one has

d7(x.p)(9) = Hp(g) drx(9)
dlwlv(g)
= | ] llw(g)llv x L.(1,EP(G ( (1, EP(G)) o)
H H leo(g)ll
= Lo (L EP@) ™ [] (o1, BP(@)dlelu(9))
This shows that, in the particular case of an equivariant compactification of an

algebraic group, our general definition of the measure 7(x py on X\|D| gives rise
to a Haar measure on G(Ap).
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2.5. An abstract equidistribution theorem

In some cases, it is possible to count integral (resp. rational) points of bounded
height with respect to almost any normalization of the height, i.e. with respect to
any metrization on a given line bundle. Analogously, we obtain below an asymp-
totic expansion for the volume of height balls for almost any normalization of the
height.

In this subsection, we show how to extract from the obtained asymptotic behav-
ior a measure-theoretic information on the distribution of points of bounded height
or of height balls.

The following proposition is an abstract general version of a result going back
to Peyre ([38], Proposition 3.3).

Proposition 2.10. Let X be a compact topological space, U a subset of X and
H:U — Ry a function. Let v be a positive measure on X such that for any real
number B, the set {x € U; H(x) < B} has finite v-measure.

Let S be a dense subspace of the space C(X) of continuous functions on X,
endowed with the sup. norm. Assume that there exist a function a: Ry — R and
a Radon measure p on X such that for any positive function 6 € S,

v({z € U; H(z) < 0(x)B}) ~ a(B) /X 0(x) dpu(x)

for B — +o00. Then, for B — 400, the measures

1
vp = —1{H(z)§B}dV(x)

a(B)
on X converge vaguely to the measure . In other words,

(i) for any continuous function f € C(X),

ﬁ/xl{H(m)SB}f(x)du(x) —>/Xf(x)du(ac), for B — +00;

(ii) for every open set Q C X which is p-regular,
v({z € QNU; H(z) < BY) = a(B)u(®) + o(a(B)).

Before entering the proof, let us introduce one more notation. For § € C(X),
0 >0, let

N(6; B) = v({x € U; H(x) < 6(x) B}).
For any open subset 2 C X, let

No(B) = v({z € QNU; H(z) < B}).
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Proof. First remark that these hypotheses imply that for any A > 0,
a(AB)/a(B) — A when B — +4o00. Indeed, taking any positive § € S,
a(AB) _ AB ) O u( > N(6;\B)
a(B) ~ a(B) [, O " N@:B)
N(Ae; B) a(B) fX (@) dulz)
N®;B) " a(B) [y 0(x)dp(z)
Now, it is of course sufficient to prove that Nqo(B)/a(B) — w(Q) for any

p-regular open set @ C B. Fix € > 0. Since Q C X is p-regular, there exist
continuous functions f and g on X such that

f<la<gyg

and such that [(g — f)du < e. Since S is dense in C(X), we may also assume that
f and g belong to S and that they are non-negative.

Let fo=e+(1—-2)f,xe=¢+ (1 —¢)lg and g. = ¢+ (1 — )g. The inequality
fe < xe < ge implies that

N(fs§B) < N(XE;B) < N(gzs;B)'

Moreover, by definition,
0 < N(xe: B) — Na(B) < Nx(eB).
Therefore,
liminf No(B)a(B)™* > liminf N (x.; B)a(B)™' — limsup Nx(eB)a(B) ™!
> liminf N(f.; B)a(B)™' — ¢

/fsdu—s—/fd,u—i—O

limsup No(B)a(B)™! < /gdu + O(e).
When £ — 0, one thus finds
lim No(B)a(B) ™t = u(Q),

Similarly,

as claimed. O

3. Geometric Igusa Integrals: Preliminaries
3.1. Clemens complexes and variants

In this section, we study analytic properties of certain integrals of Igusa-type
attached to a divisor D in a variety X. This requires the introduction of a sim-
plicial set which encodes the intersections of the various components of D, and
which we call the Clemens complez. Such a simplicial set has been used by Clemens
in [16] in his study of the Picard-Lefschetz transformation (see also [26]).
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3.1.1. Simplicial sets

We recall classical definitions concerning simplicial sets. A partially ordered set,
abridged as poset, is a set endowed with a binary relation < which is transitive
(a < band b < ¢ implies a < ¢), antisymmetric (a < b and b < a implies a = b) and
reflexive (a < a). If a < b, we say that a is a face of b; in particular, the transitivity
axiom for a poset means that a face of a face is a face.

There are obvious definitions for morphisms of posets, sub-posets, as well as
actions of groups on posets.

As an example, if & is a set, the set 27*(/) of non-empty subsets of &7, together
with the inclusion relation, is a poset. We shall interpret it geometrically as the
simplex on the set of vertices &/ and denote it by ... More generally, a simplicial
compler on a set &7 is a set of non-empty finite subsets of &7, called simplices,
such that any non-empty subset of a simplex is itself a simplex. The dimension of
a simplex is defined as one less its cardinality: points, edges, ... are simplexes of
dimension 0,1, .... The dimension of a simplicial complex is the supremum of the
dimensions of its faces. The order relation endows a simplicial complex with the
structure of poset. In fact, simplicial complexes are sub-posets of the simplex .7, .

Let S be a poset. The dimension of an element s € S, denoted dim(s), is defined
as the supremum of the lengths n of chains sy < - -+ < s,, where the s; are distinct
with s, < s. Similarly, the codimension codim(s) of an element s € S is defined
as the supremum of the lengths of such chains with s < sg. Elements of dimension
0,1,..., are called vertices, edges, . ... The dimension dim(S) of S is the supremum
of all dimensions of all of its elements.

It is important to observe that given a poset S and a sub-poset S’, the dimension
or the codimension of a face of S’ may differ from their dimension or codimension
as a face of 5.°

Let S be a poset. Categorically, an action of a group I' on S is just a morphism
of groups from T to the set Aut(.S) of automorphisms of S. In other words, it is the
data, for any v € T, of a bijection 7, of S such that v.s < 7.8’ is s < &/, subject to
the compatibilities (7).« = 747, for any v and v/ € T

Let there be given a poset S and an action of I on S. The set ST of fixed points
of T in S is a sub-poset of S. In the other direction, the set S/T" of orbits of T’
in S, can be endowed with the binary relation deduced from < by passing to the
quotient. Namely, for s and s’ in S, with orbits [s] and [¢'], we say that [s] < [¢/]
if there exists v € T' such that s < 7.s’. (This condition does not depend on the
actual choice of elements s and s’ in their orbits [s] and [s'].)

There are obvious morphisms of posets, ST — S and S — Sr; these morphisms
are the universal morphisms of posets, respectively to S and from S, which commute
with the action of I on S.

©This probably means that the terminology “sub-poset” is inappropriate; sub-posets for which the
dimension notion is compatible are sometimes called ideals. ...
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As an example, assume that . = .7, the simplex with vertices in a set <.
Actions of a group I" on .¥, correspond to actions of I on 7. The simplicial sets
T and .t are respectively the simplices with vertices in the fixed-points /" and
the orbits o7 /T.

3.1.2. Incidence complexes

Let X be a (geometrically integral) variety over a perfect field F' and let D be
a divisor in X. Fix a separable closure F' of F. Let </ be the set of irreducible
components of Dg; for a € @/, we denote by D,, the corresponding component
of Dp. For any subset A C ./, we let D = (), 4 Da; in particular, Dy = Xp.

We shall always make the assumption that the divisor Dz has simple normal
crossings: all irreducible components D, of Dz are supposed to be smooth and to
meet transversally.d In particular, for any subset A C ./ such that D4 # @, Dy is
a smooth subvariety of Xz of codimension # A.

The closed subschemes D4, for A C 47, are the closed strata of a stratification
(D) ac o7» Where, for any subset A C o7, D9 is defined by the formula:

DY = DA\ U Ds.
BDA
There are in fact several natural posets that enter the picture, encoding in
various ways the combinatorial data of whether or not, for a given subset A of .7,
the intersection D 4 is empty. The following observation is crucial for our definitions
to make sense:

Proposition 3.1. Let A and A’ be two subsets of o/ such that A" C A. For any
irreducible component Z of D a, there is a unique irreducible component Z' of D ar
which contains Z.

Proof. If an irreducible component Z were contained in two distinct irreducible
components of D 4/, these two components would meet along Z, which contradicts
the simple normal crossings assumption on D . Indeed, D 4 being smooth, its irre-
ducible components must be disjoint. O

3.1.3. The geometric Clemens complex

The incidence complex #z(D) defined by D is the sub-poset of Z*(7) consisting
of non-empty subsets A of o/ such that the intersection D4 is not empty. More
precisely, we define the geometric Clemens complex (D) as the set of all pairs

dThis is equivalent to the weaker condition that D has normal crossings together with the smooth-
ness of the geometric irreducible components of D; the condition that D has strict normal crossings
is however stronger since the smoothness of an irreducible component of D implies that its geo-
metric irreducible components do not meet.
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(A, Z), where A C o/ is any non-empty subset, and Z is an irreducible component of
the scheme D 4, together with the partial order relation defined by (A4, Z) < (A’, Z")
if AC A’ and Z D Z'. In other words, the set of vertices of (D) is <7, there are
edges corresponding to irreducible component of each intersection D, N Dy, etc.

Mapping (A, Z) to A induces a morphism of posets from the geometric Clemens
complex to the incidence complex. In fact, we could have defined €z(D) without
any reference to /. Indeed, thanks to the normal crossings condition, given an
irreducible component Z of a scheme D4, we may recover A as the set of a € &7
such that D, contains the generic point of Z.

Since X is defined over F, I'p acts naturally on the set of integral subschemes
of X 7. Since F' is perfect, an integral subscheme Z of Xz is defined over F' if and
only if it is a fixed point for this action.

For any v € I'p and any o € o7, observe that , D,, is an irreducible component
of Dg, because D is defined over F; this induces an action of I'r on &7, defined
by 74+Da = Dyq, for a € o/ and v € I'p. Moreover, if Z is an irreducible com-
ponent of an intersection Dy, for A C &7, then v,Z is an irreducible component
of v.Da = D, 4. Consequently, we have a natural action of I'r on the geometric
Clemens complex €7(D), given by v.(A,Z) = (7« A, 7. Z) for any element (A, Z2)
of CKF(D)

The natural morphism of posets (D) — F5(D) mapping (A, Z) to A is
I p-equivariant.

3.1.4. Rational Clemens complexes

Let us denote by £z (D) and € (D) the sub-posets of Z5(D) and €(D) consist-
ing of I'p-fixed faces. These posets correspond to the intersections of the divisors
D, and to the irreducible components of these intersections which are defined
over the base field F. Alternatively, they can be defined without any reference to
the algebraic closure F by considering irreducible components of the divisor D,
their intersections and the irreducible components of these which are geometrically
irreducible.

More generally, let E be any extension of F, together with an embedding of F in
an algebraic closure E. As an example, one may take any extension of F' contained
in F. In our study below, F' will be a number field and E will be the completion of
F at a place v; the choice of an embedding ' < E corresponds to the choice of a
decomposition group at v. Under these conditions, there is a natural morphism of
groups from the Galois group I'y of E/E to I'r. In particular, the posets €x(D)
and Z5 (D) are endowed with an action of I'g.

Let us define the E-rational Clemens complex, g(D), as the sub-poset of
%r(D) fixed by I'g. In particular, for any face (A, Z) of (D), the subschemes
(Da)g and Zg are defined over E. We shall denote (D4)g and Zg, or even Dy
and Z, the corresponding subschemes of Xp. Observe that Zg is geometrically
irreducible.
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Conversely, let A be any non-empty subset of 7 which is I'g-invariant; then,
(Da)g is defined over E and corresponds to some subscheme (Da)g of Xg. Let Z
be any irreducible component of (D4)g which is geometrically irreducible. Then,
Z is an irreducible component of (Da)p. By EGA IV (4.5.1), the set of irre-
ducible components does not change when one extends the ground field from an
algebraically closed field to any extension; consequently, Z is defined over F' and
(A, Z) corresponds to a face of € (D).

3.1.5. E-analytic Clemens complexes

Let E be any perfect extension of F' together with an embedding F' <— E as above.
We define the E-analytic Clemens complex, denoted €5"(D), as the sub-poset of
¢r(D) whose faces are those faces (A, Z) such that Z(F) # @. (When we write
Z(E), we identify Z with the unique E-subscheme of Xp whose extension to E
is ZE')

This complex can also be defined as follows. First let A be any non-empty subset
of o7/ which is T'g-invariant and let Z be an irreducible component of D 4. While
(D4)g is defined over E, for the moment, Z is just a subscheme of X 5. However,
we can define Z(FE) as the intersection in X (E) of X (E) and of Z(E); this is indeed
what one would get if Zz were defined over E.

Assume that Z(F) # @. Let Z' be the smallest subscheme of Xp such that

% contains Z. It is irreducible: if Z’ were a union Z] U Zj, one of them, say
Z;, would be such that (Z7)z contains Zg, because Zj is irreducible. More-
over, Z' is contained in (Da)g, since (Da)p contains Zp. It follows that Z’
is an irreducible component of (D4)g. By assumption, Z'(E) # & hence, by
EGA 1V (4.5.17), Z' is geometrically connected. Since D4 is smooth, so are
(Da)p and Z7%, this last subscheme being a union of irreducible components of
(Da)g. But a connected smooth scheme is irreducible, hence Z’ is irreducible and
Z% = Zp. It follows that Zp is defined over E and (A, Z) corresponds to a face of
¢ (D).

Let us finally observe that the dimension of a face (4, Z) of ¥3"(D) is equal
to #(A/Tg) — 1. Indeed, let n = #(A/T'g) and consider any sequence A; C --- C
A, = A of I'g-invariants subsets of A. Then, D4, D D4, D --- D Dy, and each of
them has a unique irreducible component Z; containing Z. Since Z(FE) # @, Z;,(E)
is non-empty either, and the (A;, Z;) define a maximal increasing sequence of faces
of €3*(D).

This notion will be of interest to us under the supplementary assumption that
F is a locally compact-valued field. Indeed, such fields allow for a theory of analytic
manifolds as well as an implicit function theorem. By the local description of X
that will be explained below, for any face (A, Z) of €g(D), Z(FE) is either empty, or
is an F-analytic submanifold of X (F) of codimension #(A) which is Zariski-dense
in Z. However, as a face of 3"(D), (A, Z) has dimension #(A/T'g) — 1 and it is
that invariant which will be relevant in our analysis below.
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3.1.6. Ezxample

Below we describe these Clemens complexes in special cases, which are essentially
governed by combinatorial data, namely for toric varieties and equivariant
compactifications of semi-simple groups. We want to make clear that for general
varieties, the three types of Clemens complexes can be very different.

For example, let X be the blow-up of the projective space P" along a smooth
subvariety V defined over the ground field, let D be the exceptional divisor in X and
let m: X — P™ be the canonical morphism. The map 7 induces a bijection between
the set of irreducible components of Dz and the set of irreducible components of
V&, as well as a bijection between the set of irreducible components of D and the
set of irreducible components of V. Moreover, a component Z of D is geometrically
irreducible if and only if the corresponding component 7(Z) of V is; indeed, Z is
isomorphic to the projectivized normal bundle of V' in X. This description shows
also that Z(F') = @ if and only if n(Z)(F) = @.

To give a specific example, take V to be the disjoint union of a geometrically
irreducible smooth curve C7, without rational points, of a geometrically irreducible
smooth curve Cs with rational points and of a smooth irreducible curve C3 with
two geometrically components C4 and C4. Then, € (X, D) consists of four points
corresponding to Cq, Cy, C%, C4 (there are no intersections), the F-rational Clemens
complex (X, D) consists of two points corresponding to Cq and Cb, and the F-
analytic Clemens complex €3"(X, D) consists of the single point corresponding to
C1. We present further examples in Sec. 5.

3.2. Local description of a pair (X, D)
3.2.1. Notation

Let F be a perfect field, ' an algebraic closure of F, X a smooth algebraic variety
over F' and D C X a reduced divisor such that Dz has strict normal crossings
in Xz. Let us recall that this means that Dy is the union of irreducible smooth
divisors in Xz which meet transversally. In other words, each point of Xz has a
neighborhood U, together with an étale map U — A’ such that for each irreducible
component Z of D NU, ZNU is the preimage of some coordinate hyperplane
in A%

Let o7 be the set of irreducible components of Dj; for a € o7, let D, denote
the corresponding divisor, so that D = > ., Dy. For a € a, we denote by F,
the field of definition of D, in F'; its Galois group I'g, is the stabilizer of D, in I'p.
For A C </, we denote by D4 the intersection of the divisors D, for a € A; by
convention, Dg = X.

Let o € /. The union User o Da of the conjugates of D, is a divisor in Xp
which is defined over F'; the corresponding divisor of X will be denoted by A,.
Similarly, the intersection of the divisors D,, for a € I'ra, is a smooth subscheme
of X7 which is defined over X; the corresponding subscheme of X will be denoted
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by E,. If E, # @, then its codimension r,, is equal to [F, : F]. Moreover, A, (F) =
E.(F).

The choice of another element o/ = ~,« in the orbit I'ra does not change A,
nor E,. However, it changes the field F, to the conjugate F, = v.F, and its
stabilizer I'r, to the conjugate subgroup I'r , = 7I" Fa’y_l. Observe that ro = 7.

3.2.2. Local equations for the étale topology

Let us now give local equations of D around each rational point of X. Fix a point
¢ € X(F) and let o € &/ be such that £ € D, (it is a ' p-invariant subset of <7).

When F,, = F, Do = A, x F is defined over F and the choice of a local equation
for D, defines a smooth map from an open neighborhood Ug¢ of  in X to the affine
line which maps Ug N D, to {0} C AL

To explain the general case, let us introduce other notations. We write Ap,
for the Weil restriction of scalars Resg, /P A from F,, to F of the affine line. It is
endowed with a canonical morphism A}, — (Resg, p A') xp F,, which induces,
for any F-scheme V', a bijection

Hom(V,Resp, /p A') = Hom(V xp F,, A').

In particular, the F-rational points of A are in canonical bijection with F,.

The F-scheme A is an affine space of dimension r, = [Fy, : F]. Let us indeed
choose an F-linear basis (u1, . .., u,, ) of F,. Then, the morphism A" — Ap given
by (z1,...,@r,) Y z;u; is an isomorphism. In these coordinates, the norm-form
Np,/r of F, is a homogeneous polynomial of degree [Fi, : F] which defines a
hypersurface in Ap_; it has a single F-rational point 0.

Moreover, the r, F-linear embeddings of F, into F induce an isomorphism
F, ®p F ~ F"* hence an identification of Ap, xp F with the affine space A%,
Under this identification, the divisor of the norm-form corresponds to the union of
the coordinates hyperplanes.

Lemma 3.2. There is a Zariski open neighborhood Ue of § in X and a smooth map
Lot Ug — AFa

which maps A, N Ue to the hypersurface of A, defined by the norm equation
Ng, r(z) =0, such that there is a diagram

Ea( Aa( Ug cX

| l |

{0}—— {Np,/r(2) = 0}—— Ap,.

Proof. Choose an element f in the local ring x . ¢ which is a generator of the
ideal of D, so that f = 0 is a local equation of D,. For any v € I'p, fY =01is a
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local equation of v, D,. Consequently, f7/f is a local unit at &, for each v € T'p,_,
and the map v +— f7/f is a 1-cocycle for the Galois group ', with values in the
local ring ﬁ;}pf. By Hilbert’s Theorem 90 for the multiplicative group, this cocycle
is a coboundary (see [37], Proposition 4.9 and Lemma 4.10 for a non-elementary
proof in that context) and there exists a unit u € 0% . such that f7/f = u7/u
for any v € T'p,. Consequently, fu™' is an element of Ox, ¢, fixed by I'p, , which
generates the ideal of D,. In other words, there is a Zariski open neighborhood
V oof £ in X, and a function g € T'(V xpg F,,Ovxr,) such that ¢ = 0 is an
equation of D, in V xp F,. To the morphism V xp F, — A},a corresponds by
the universal property of the Weil restriction of scalars a morphism, still denoted 6,
V — AFG .

Through the canonical identification, over F, of Ay, with the affine space A%‘*,
the map ¢ induces an isomorphism from D, to one of the coordinate hyperplanes,
from A, to the union of the coordinate hyperplanes, while £ maps to 0. At the
level of F-rational points, the diagram (V,A,) — (Apg,, H) corresponds to the
map (V(F), Do(F)) — (Fy,0). O

3.2.3. Local charts

Let £ € X(F). More generally, let A¢ be the set of o € &/ such that £ € D,.
Let Z be the irreducible component of D4, which contains £. It is geometrically
irreducible and (A¢, Z) is a face of €3 (D). For a sufficiently small neighborhood
V of &, there exists, for each a@ € A¢, a smooth map z,: V — Ap, as in the
previous paragraph. Since the divisors D, meet transversally, the map (z,): V —
[Tac Ae A, is smooth. By choosing additional local coordinates, and shrinking V'
if needed, we can extend it to an étale map g¢: Us — H%A5 Ap, x A", with
r = codimg(Da,, X) = #(A¢). We will also assume, as we may, that the open
subset Uy is affine and that Us N D, = @ if a € Ag.

Assume moreover that F'is a local field. It follows from the preceding discussion
that for each o € &7, A, (F) = E,(F) is a smooth F-analytic subvariety of X (F),
either empty, or of codimension r, = [F : F,]. For any I'p-invariant subset A of
</, let us denote by Ay the intersection of all A,, for @ € A. Then, As(F) =
E4(F) is either empty, or a smooth F-analytic subvariety of X (F') of codimension

ra = #(A).

3.2.4. Partitions of unity

In this section, we assume in addition that F is a local field and we consider the
situation from the analytic point of view. Observe that the maps g¢ induce analytic
¢tale maps Ug(F) — [aea, Fo X F". The open sets Ug(F) cover X (F) which is
compact, since X is projective. Consequently, there is a finite partition of unity
(0¢) subordinate to this covering: for any ¢, 6¢: X(F) — R is a smooth function
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whose support is contained in Ug(F'), the map ¢¢ is one-to-one on that support,
> e x(r) 0¢ = 1 and only a finite number of ¢ are nonzero.

3.2.5. Metrized line bundles, volume forms

Let a € </ and let us consider the line bundle &'x (A, ). It has a canonical section
fo the divisor of which is A,. Let us assume that F is a local field. On each
open set Ug of X, we have constructed a regular map x,: Us — Afp,. Composed
with the norm Ap, — A', it gives us a regular function N(z,) € I'(Ue, Ox)
which generates the ideal of A, on Ug. This function therefore induces a trivi-
alization of Ox(—Aq)y,. Consequently, a metric on Ox(A,)y, takes the form
Ifall(z) = |za|r, he(z) on Ue(F), where we view x, as a local coordinate Ug (F) —
Fy and |z4|F, = [Np,/p(2a)|F, and where he: Ug(F) — R is any continuous
function.

Similarly, on such a chart U¢(F), we have a measure in the Lebesgue class
defined by dx = HaeA5 dzy X dzq -+ -dz,. Any measure on X (F') which belongs to
the Lebesgue class can therefore be expressed in a chart U¢(F') as the product of
this measure dx with a positive locally integrable function. Let us also observe that
there are canonical isomorphisms

O(A) e, = A, (X)|Eg, =~ det S5, (X).

These isomorphisms allow us to define residue measures on A, (F) = E(F),
and on their intersections, hence on all faces of the F-analytic Clemens complex
(D).

3.3. Mellin transformation over local fields
3.3.1. Local zeta functions

Let F be a local field of characteristic zero, with normalized absolute value |-|f.
Define a constant cp as follows:

n([=1:1]) if F'=R;
crp =4 u(B(0;1)) it F=C; (3.1)
(1—g¢")(logg) " pulor) if F D Qpq=lwrls'

(In the last formula, @r denotes a generator of the maximal ideal of 0p.)
For any locally integrable function ¢: F' — C, we let

Mp()(5) = /F (@) 2] L (),

for any complex parameter s such that the integral converges absolutely. We call
it the Mellin transform of ¢; to shorten the notation and when no confusion can
arise, we will often write ¢ instead of .Zp(¢p).
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We write (p for the Mellin transform .#r(¢o) of o, the characteristic function
of the unit ball in F'. The integral defining (r(s) converges if and only if Res(s) > 0,
and one has

1
Cr(s) :,u([—l,l])/ e ldz = F for F=R
0 S
B(0;1 !
_ uBO:L) ))27r/ 2 g =L o F=C
s 0 S
- —n(s— n ok 1 - —ns
= Zq ( 1)N(WF0F) = p(or) (1 - _) Zq
n=0 q n=0
1— —1
= ,u(op)l — Zfs otherwise.

In all cases, the function s — (p(s) is holomorphic on the half-plane defined by
Re(s) > 0 and extends to a meromorphic function on C. It has a simple pole at
s = 0, with residue cp. In the archimedean case, note that s = 0 is the only pole
of {r. However, in the p-adic case, (r is (2im/ log q)-periodic so that s = 2in7/logq
is also a pole for any integer n; this will play a role in the use of Tauberian arguments
later.

3.3.2. Mellin transform of smooth functions

One of our goals in this paper is to establish the meromorphic continuation, together
with growth estimates, for integrals on varieties that are defined locally like Mellin
transforms. To explain our arguments, we begin with the one-dimensional toy
example.

We say that a function ¢: F' — C is smooth if it is either C*° when F' = R or
C, or locally constant otherwise. If a and b are real numbers, we define T, resp.
T(a,p), as the set of s € C such that a < Re(s) (resp. a < Re(s) < b).

Lemma 3.3. Let F be a local field of characteristic zero, let ¢ be a measurable,
bounded and compactly supported function on F. Then, the Mellin transform

M ()(s) = /F s o) da

converges for s € C with Re(s) > 0 and defines a holomorphic function on Tsg.
Moreover, for any real numbers a and b such that 0 < a < b, the function #r(p(s))
is bounded in T, p)-

Assume that ¢ is smooth. Then there exists a holomorphic function @1 on
T~ _1/2 such that ©1(0) = ©(0) and .#r(¢)(s) = (r(s)p1(s). Moreover, for any real
numbers a and b such that —% < a < b,p1 is bounded in T, ) if F' is ultrametric,
while there is an upper bound

[p1(s)] <1+ [Im(s)], s € Tiap),



386 A. Chambert-Loir € Y. Tschinkel

if F'is archimedean. In particular, the function

s Mr(p)(s) — p(0)Cr(s)

s holomorphic and

lim 5.4 (9)(5) = erp(0).

Proof. The absolute convergence of .#Zp(p)(s) for Re(s) > 0 and its holomorphy
in that domain immediately follow from the absolute convergence of (r and the
fact that ¢ is bounded and has compact support. So does also its boundedness in
vertical strips T, p) for 0 < a <.

Assume that ¢ is smooth. Let us prove the stated meromorphic continuation.
Again, let gy denote the characteristic function of the unit ball in F. Replacing
© by ¢ — ¢(0)po, it suffices to show that .#r(p) is holomorphic on the half-plane
Re(s) > —% whenever ¢ is a compactly supported function on F which is smooth
in a neighborhood of 0 and satisfies ¢(0) = 0.

In the real case, one can then write |p|(z) = |z|pt¢(z) for some function
which is continuous at 0. Similarly, in the complex case, one can write |p(2)| =
|z|},/ *1(z). The required holomorphy of . () (s) on the domain T, follows. In
the ultrametric case, ¢ vanishes in a neighborhood of 0 and .#Zr(p) even extends
to a holomorphic function on C.

In all cases, observe that .#F(¢)(s) is bounded in vertical strips T, 3, if @ and
[ are real numbers such that —% < a < (. Now, the existence of the function ¢
and the asserted bound on this function follow from the fact that C;l is holomorphic
and satisfies this bound in these vertical strips. O

3.3.3. Higher-dimensional Mellin transforms

We consider a finite family (F})1<;<n of local fields. For simplicity, we assume these
to be finite extensions of a single completion of Q. Let us denote by V' the space
[1 F;. Adopting the terminology introduced for functions of one variable, we say
that a function on V is smooth if it is either C°°, in the case where the F}; are
archimedean, or locally constant, when the Fj are ultrametric. If a = (a, ..., o)
and 3 = (1, ..., B,) are families of real numbers, we define the sets T~ and T4, g
as the open subsets of C™ consisting of those s € C" such that a;; < Re(s;) (resp.
a; < Re(sj) < Bj) for j =1,...,n. When all a; are equal to a single one «, and
similarly for the 3;, we will also write TZ , and T?aﬂ), oreven T, and T, g) when
the dimension n is clear from the context. Let % be the vector space generated
by functions on V' x C™ of the form (x;s) — wu(z)vi(x)** - v, (z)°", where u is
smooth, compactly supported on V', and vy, ..., v, are smooth, positive, and equal
to 1 outside of a compact subset of V. For any function ¢ € .% and s € C", we let

My (9)(s) = / 22 [1 e p(a; s)das - - - dan,
1%

whenever the integral converges.
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Proposition 3.4. The integral .#v(p)(s) converges for any s € C™ such that
Re(s;) > 0 for all j, and defines an holomorphic function in T~q. For any positive
real numbers o and B, My (p) is bounded on Tl)-

Moreover, there exists a unique holomorphic function @1 on the domain T§71/2
such that

My (p)(s) = H Cr; (s5)¢1(s)

for s € TL,. Let o« and 8 be real numbers such that —% < a < B. Then, 1 is
bounded on T?a 3) if the F; are ultrametric, while there exists a real number ¢ such

that
1) < e [T +1s5D)s s € Tiap)
j=1

if the Fj are archimedean. Moreover, ¢1(0) = ¢(0;0).

4. Geometric Igusa Integrals and Volume Estimates
4.1. Igusa integrals over local fields

We return to our geometric situation: X is a smooth quasi-projective variety over
a local field F, D is a divisor on X such that D; has simple normal crossings.
We let o be the set of irreducible components of Dy. For o € &/, D, denotes
the corresponding component, while A, and E, are respectively the sum and the
intersection of the conjugates of D,,.

For a € o/, we denote by f, the canonical section of the line bundle &(A,).
Endow the line bundles & (A, ), as well as the canonical bundle wyx with smooth
metrics. Let 7x the corresponding measure on X. Following the definitions of
Sec. 2.1.12, the analytic variety D(F), for any I' p-invariant subset A C &/ sup-
ports a natural “residue measure”. To simplify explicit formulas below, we define the
measure 7p, as the residue measure multiplied by [],. 4 cr,, where the constants
cp, are defined in Eq. (3.1).

[eY

The integrals we are interested in take the form

T (®: (S0)ocer) = /X TT 1.l )*= () drx (2),

(F) acd

where ® is a smooth, compactly supported function on X (F') and the s, are complex
parameters. Letting ® vary, it is convenient to view these integrals as distributions
(of order 0) on X (F).

For any subset A of the F-analytic Clemens complex €2"(D), define also

Fa(®; (sa)aga) = /D . I Ifp.ll(z)* " () drp,, (2).
A4 af A
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Lemma 4.1. The integral .7 (®; (sa)acs) converges for s € T, and the map

(Sa)aed = j((bv (Sa)ae,;z{)

is holomorphic on TZ.
Similarly, for any A C o, the integral I4(P; (sa)) converges for s € TfO\A and

the function s — F4(®;s) is holomorphic on that domain.

We shall therefore call such integrals “holomorphic distributions on X”.

Proof. For { € X(F), let % be the set of a € &7 such that £ € D, and let

q:Ue — [] Ar, x A
€l
be an étale chart around £ adapted to D, as in Sec. 3.2.3. Let zo: Us — AFg, be
the composite of ¢ followed by the projection to Afg, , and y: Us — A" be the
composite of ¢ with the projection to A”.

These maps induce local coordinates in a neighborhood of Ug, valued in
Haemg F, x F" in which the measure 7 takes the form x((x,),y) [[ dza dy.

By definition of a smooth metric, there is, for any a € &/, a smooth non-
vanishing function u, on Ug(F) such that ||fp, || = [za|F, ua if & € o, and ||fp, || =
U, otherwise.

Further, introducing a partition of unity (see Sec. 3.2.4), we see that it suffices
to study integrals of the form

/HF Fd H |xa|§i_1¢>((aca),y) H Uza_lli((xa),y)ndxa dy,

€, acd

where ® is a smooth function with compact support on [[ F,, X F". The holomorphy
of such integrals is precisely the object of Proposition 3.4 above.
The case of the integrals F4(®; (s, )) is analogous. O

By the same arguments, but using the meromorphic continuation of Mellin
transforms and the estimate of their growth in vertical strips, we obtain the follow-
ing result.

Proposition 4.2. The holomorphic function

5 H Cr, (sa) T I (P (5a))

acd

on Tfo extends to a holomorphic function A (®;-) on Tffl/Q' Moreover, for any
real numbers a and b and for any function ®, there is a real number ¢ such that

M(D;s) < c H (1+sal) for any s € ng’b).
acd
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4.1.1. Leading terms

We will need to understand the leading terms at the poles of these integrals after
restricting the parameter (s,) to an affine line in C. For o € o7, let 5 +— 5, =
—pPatAas be an increasing affine function with real coefficients. To shorten notation,
we write & (®; s) instead of Z(®P; (s4)), and similarly for the integrals .#4. Define

Pa
)\ =
a(X, p) = max ~-

and let 7 (), p) denote the set of all & € & where the maximum is obtained, i.e.
such that a(\, p) = pa/Aa- By the preceding lemma, . (®;s) = Z (P, (—pa + Aas))
converges for Re(s) > a()\, p) and defines a holomorphic function there. Similarly,
letting
A% p) =5

the function s — F4(®;s) := F4(P, (—pa + Aas)) converges for Re(s) > aa(A, p).
Notice that a4 (A, p) < a(, p) in general, and that the inequality may be strict, e.g.
if o7 (p,\) C A.

Let €%, ,)(D) be the intersection of the Clemens complex €%"(D) with the
simplicial subset 2 (7 (A, p)) of 21 (7). In other words, we remove from €3#"(D)
all faces containing a vertex a such that po < a(X, p)Aq.

Proposition 4.3. With the above notation, there exists a positive real number 6,
and, for any face A of ‘KI?H(A ») (D) of mazimal dimension, a holomorphic function
Fa defined on T o p)—s with polynomial growth in vertical strips such that

HFa(@;a(X, p)) = Ia(P; (a(X, p)Aa — pa)aga)
and such that

Z/A (®;s) H Cr. (s —a(X, p)),
acd
where the sum is restricted to the faces A of %"“‘/\ p)( ) of mazimal dimension. In
particular,

lim .7 (®;s)(s — a(X, p)) i Crom
s—a(A,p)

=37 7a(®; (a(h p)Aa — pa)aga) [ AL
A

acA "¢

Proof. As in the proof of Lemma 4.1, we shall use a partition of unity and local
coordinates.

Let £ € X(F), let o% be the set of & € &/ such that £ € D,. In a neighbor-
hood €2 of £, we have local coordinates z, € Fi, for a € @, and other coordinates
(y1,...,yr) for some integer r. There exist smooth functions u, on € such that
Ifp. |l = |zalr,ua if @ € o, and ||fp, || = ua otherwise. We may assume, after
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shrinking €2, that D, N Q = @ if & ¢ ; then, u, does not vanish on €, for
any o € /. Finally, the restriction to {2 of the measure 7x can be written as
kdy1 - dyr [[4e ., dTa, for some smooth function x on €. Let 0¢ be a smooth
function with compact support in €.

The integral

/ TT . ()% L0 ()0 (x) drx ()

aed
can be rewritten as

/ H N po‘+8)‘0‘71 X H use1( z)0¢ (x)K(x) H dze X dy.

Q€ acd Q€

Let a = a()\, p); when s — a, only the variables s, such that p, = a)\, and
a € o contribute a pole. Write A = o7 N <7(\, p) for this subset. Applying the
regularization procedure which led to Proposition 4.2, but only to the variables x,,
with « € A, furnishes an expression of the form

Ie(s) = Je(5) [] Cru(—pa + sha)
acA
for the integral #¢(s), where _Z¢ is holomorphic for Re(s) > a(\, p) — ¢ and has

polynomial growth in vertical strips. Moreover,

lim 7 (s) = lim F(s) I ¢e(=pa + sXa) ™"

acA
= [ TLwrt T fealie @ @@n(a)
QNDA(F) geor a€de\A
II dzady.

QGME\A

By the definition of the residue measure on D 4(F') (Sec. 2.1.12) and its normaliza-
tion used here, one thus has

hm Fe(s) HCFa (—pa + 5Aa) !
acA

cr, /D( L1 Ifp. lI7P=Fere =10 (2)@ (2) d7p, ()
A o Da

ac aéA

so that

lim (s — a)#* A7 (0c®; 8) = Fa(0:D; (—po + ada)) H AL

S—a aeA
Observe that A is a maximal face of ‘Kf;“( Ap) , though maybe not one of maximal
dimension.

Now choose the functions ¢ so that they form a finite partition of unity, i.e.
>.0¢ = 1, and only finitely many 6¢ are not zero. Then /' (®;s) = > F(s);
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regrouping the nonzero terms according to the minimal face of the Clemens complex
i, p) t0 which they correspond furnishes the desired expression for .7/(®;s).

Let b be the dimension of this complex and let ‘K;rz /{n “ be the set of its faces of
dimension b. Granted the previous limits computatlons one has

lim (s — a)’.7 (®; 5) = Z lim (s — a)?.7 (0 ®; 5)

> T2 2a(@; (—pa + ada)),

Ae(gan mz;)c acA

as claimed. O

Corollary 4.4. If ® = 1 or, more generally, if the restriction of ® to D(F) is not
identically 0, then the order of the pole of 7 (®;s) at s = a(A, p) is equal to

1+ dim &g, ) (D).

4.1.2. The case of good reduction

We recast in this geometric context a formula of J. Denef ([21], Theorem 3.1; see
also Theorem 9.1 and Theorem 11.2 of [13]).

Assume that F' is non-archimedean and that our situation comes from a smooth
model 2" over op, that the divisors D, extend to divisors Z, on 2  whose sum
becomes a relative Cartier divisor with strict normal crossings after base change to
a finite étale extension of op, and that all metrics are defined by this model. The
residue field of F' is denoted by k, its cardinality by ¢. For a € <7, the extension
F C F, is unramified by the good reduction hypothesis; we denote by f, its degree;
let of, be the ring of integers of F,, and m,, its maximal ideal.

The Zariski closure of the scheme FE,, is a smooth subscheme &, of 2", of relative
codimension d,, such that &,(0r) = Z,(0F). Similarly, the Zariski closure of E4
is a smooth geometrically connected subscheme &4 of 2" of codimension d and
Ex(op) = Pa(op). For any subset A C &, we let 7p, denote the Tamagawa
measure on D4 (F) = E4(F). Since the extensions F' C F,, are unramified, one also
has (k) = &, (k) for any a € o7, and Za(k) = &a(k) for any A C 7.

Assume also that the function ® is constant on residue classes; the induced
function on 2 (k) will still be denoted by ®.

Proposition 4.5. Under the above conditions, one has

fa _ -
(@ (s2)) = 3 (g7 plo d““XH LY e

fasa —1
ACH at £e3 (k)

In particular, for ® =1, one has

fa _
F(15(s) = 3 (a2 ulor) ™ X T - (5, (k).

fasa —1
ACot acA q
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Proof. Let & € 2°(k), let gz ={a¢€ € € Do(k)}, so that € belongs to the open
stratum 9;5. By the good reduction hypothesis, we can introduce local (étale)
coordinates zo € mq (for a € &) and yg € m (for 8 in a set B of cardinality
dimX — 37 o o fa) on the residue class Qg of &, such that Z, is defined by the
equation x, = 0 on Qg. Then the local Tamagawa measure identifies with the
measure Haedé dz, % Hﬁegé dys on Hae% My X 1_[[363Bg m.

Recall also (see Sec. 3.3.1) that for any ultrametric local field F', with ring of
integers op and maximal ideal m, and any complex number s such that Re(s) > 0,
one has

s—1 q_]-
q/x dx = . w(or),
ol o = S—uor)

where ¢ is the cardinality of the residue field.
These formulas, applied to the fields Fi,, and the decomposition of the integral
& as a sum of similar integrals over the residue classes £ € 27 (k), give us

- X 0@ uon) IT [ foalie "z
Me

fe (k ac€dy
fo 1
d q
= (¢ 'ulop)™X N 2@ ] prp—
gegg k) aed

since the residue field of F,, has cardinality ¢/ and p(or) = u(or,). Let us inter-
change the order of summation: one gets

fo 1 -
dlmX q
F@: ) = o)™ 3 T g 3 0@
ACo acA EG-@;’;(}C)
In particular, if ® is the constant function 1, one has
_ —1 dim X q o
I(1,(sa)) = > (a  ulor)) 11 do =1 #(Z4(k)). 0

ACo acA

By Weil’s formula (cf. Eq. (2.4)), one then has

DA (E4(0r)) = (g ulop))™) # E4(k) = (¢ nlor))™) # Z4 (k).

Since moreover D 4(F) = E4(F), the last formula of the proposition can be rewrit-
ten as

fa _
(1) = 3 (0 ulor)™ [[ —Lor (75 (o).

fasSa — 1
ACot acA q
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4.2. Volume asymptotics over local fields

Let X be a smooth projective variety over a local field F'. Assume that X is purely
of dimension n.

Let D be an effective divisor in X, denote by &7 the set of its irreducible com-
ponents, by D, the component corresponding to some « € o7 and by d,, its multi-
plicity. We have d, > 0 for all « and D = > d,D,,.

Let U = X\D, and assume that wx (D) is equipped with a metrization. Let
T(x,p) denote the corresponding measure on U(F) (see Sec. 2.1.8). Endow the line
bundles Ox (D) and Ox(D,), for a € 7, with metrics, in such a way that the
natural isomorphism Ox (D) ~ & Ox (D)% is an isometry. For a € <7, denote by
fo the canonical section of Ox (D, ); denote by fp the canonical section of Ox (D).

One has fp = [, ., fd=.
We also endow wx with the metric which makes the isomorphism wx (D) ~
wx ® Ox (D) an isometry. Letting 7x be the Tamagawa measure on X (F') defined

by the metrized line bundle wx, we have the following equalities:

drix,py (@) = Ifp(@) |~ drx (2) = [ ] fa ()| =% d7x ().

Let L be an effective divisor in X whose support contains the support of D;
assume that the corresponding line bundle &x (L) is endowed with a metric. The
norm of its canonical section f; vanishes on L, hence on D. Consequently, for
any positive real number B, the set of all z € X(F) such ||fy(z)|| > 1/B is a
closed subset of X (F'), which is contained in U(F'), hence is compact in U(F).
Consequently, its volume with respect to the measure 7(x p),

wmz/ drix.p) (), (4.1)
[Ife(2)||>1/B

is finite for any B > 0. We are interested in its asymptotic behavior when B — oo.
Let us introduce the Mellin transform of the function ||fz|| with respect to the
measure T(x,p), namely:

ﬂ$=/ 2@ [*drx. oy ). (4.2)
U(F)

The analytic properties of Z(s) and V(B) strongly depend on the geometry of
the pair (X, D). We will assume throughout that over the algebraic closure F, the
divisor D has strict normal crossings in X; in that case we will see that the answer
can be stated in terms of the analytic Clemens complex of D. In principle, using
resolution of singularities, we can reduce to this situation, even if it may be difficult
in explicit examples (see [29] for a specific computation related to the asymptotic
behavior of integral points of bounded height established in [22]).

For a € 7, let A\, be the multiplicity of D,, in L; the divisor A = L—> A\, D, is
effective and all of its irreducible components meet U. We denote by fa the canonical
section of the line bundle &x (A); we endow this line bundle with a metric so that

Il = Ifall TTHfal*>
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Following the conventions of Sec. 2.1.4, the results extend to the case where D
and L are Q-Cartier divisors; in that case, the coefficients A, and d, are rational
numbers.

Let 0 = max(dy,—1)/\s, the maximum being over all a € & such that D, (F) #
@. If there is no such «, we let 0 = —oo by convention; this means precisely that
U(F) is compact. Only the case ¢ > 0 will really matter. Indeed, as we shall see
below, the condition o < 0 is equivalent to the fact that U(F') has finite volume
with respect to 7(x p)-

Let €31, D)(D) be the subcomplex of the analytic Clemens complex ¢3"(D)
consisting of all non-empty subsets A C & such that Fa(F') # @ and dy, = Aqo+1
for any a € A.

Let b = dim 6%, p) (D). For any face A of maximal dimension b of 6%, D)(D)
let Dg = (1 ca Da be the corresponding stratum of X. The subset D(F) carries
a natural measure drp, and we define

ZA(8)=/D( fa@@)ll® TT Ifa(@) 2% dra(a). (4.3)

af A

Proposition 4.6. Let o, ;,TEL,D)(D) and b be defined as above. Then the integral
defining Z(s) converges for Re(s) > o and defines a holomorphic function in that
domain.

Assume that o # —oco. Then there is a positive real number § such that Z has
a meromorphic continuation to a half-plane Re(s) > o — ¢, with a pole of order
b=dim € p)(D) at s = o with leading coefficient

1
lim (s — 0)°Z(s) = Z Za(o) H "
AEER 1, py (D) acA ¢

dim A=b

and moderate growth in vertical strips.
When F =R or C,Z has no other pole provided 9 is chosen sufficiently small.
When F is ultrametric, there is a positive integer f such that (1—qf (=)0 Z(s)
is holomorphic on the half-plane {Re(s) > o — 0}, again provided § is sufficiently
small.

Proof. By definition,
Z(s)z/x( il T o)~ o),

an integral of the type studied in Sec. 3. Precisely, using the notations introduced
in Sec. 4.1, we have Z(s) = .#(1, (s + 1;sAq — do + 1)), where the first parameter
s refers to the divisor A, while for each o € &/, the parameter s, = s\, — dq
corresponds to the divisor D,,. Similarly,

Za(s) = Fa(1,(s+ 1;80q —do +1)).
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By Lemma 4.1, this integral converges and defines a holomorphic function as long
as Re(s) > 0 and Re(s)\y > dq. This shows the holomorphy of Z(s) for Re(s) > o.

Assume that o # —oo. By Proposition 4.2, the function Z has a meromorphic
continuation to the domain of C defined by the inequalities Re(sq) > —3 and
Re(s) > 0, hence to some domain of the form Re(s) > o — .

In the ultrametric case, the existence of a positive integer f such that (1 —
q'"=#*))°Z(s) has no pole on such a half-plane also follows directly from Proposi-
tion 4.2 (one may take for f the l.c.m. of the f,), as well as the growth in vertical
strips.

It remains to prove the asserted behavior at s = 0. By Proposition 4.3,

. b : . 1
lim(s —0)°Z(s) = > Fa(1l;(0+1;0 0 —da + Daga) [| o

S§—0

Aed "y acA
dim A=b
1
= > ZA(U)HA—. O
Acaltmy acA T
dim A=b

Using the Tauberian Theorem A.l recalled in the Appendix, we obtain the
following estimate for the volume V(B) in the archimedean case.

Theorem 4.7. Assume that F' =R or C and that o > 0. This implies that b > 1.
There exists a polynomial P and a positive real number § such that

V(B) = B°P(log B) + O(B°~°).
Moreover, if o > 0, then P has degree b — 1 and leading coefficient
1 1
coeff(P) = 2 =i > @) 1] o

ACEr 1, py(D) acA
dim A=b

otherwise, if o = 0, then P has degree b and its leading coefficient satisfies

1 1
lcoeff (P) = 5 S Zalo) ][]
TACER L by (D) acA
dim A=b

Considering integrals of the form
Zus) = [ @) drix, (o)
U(F)

or applying the abstract equidistribution theorem (Proposition 2.10), we deduce
the following corollary (“equidistribution of height balls”):

Corollary 4.8. Assume that ' =R or C and that o0 > 0. Then b > 1 and, when
B — 400, the family of measures

V(B) "1t (@)1 21/8) d7(x,0) (%)
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converges tightly to the unique pmbability measure which is proportional to

Y fate II"H [T fa(@)I 7" drp ().

ACai™, acA Ao agA
dim A=b
In the case of ultrametric local fields, our analysis leads to a good understand-
ing of the Igusa zeta functions but the output of the corresponding Tauberian
theorem, i.e. the discussion leading to Corollaries A.4—A.6 in the Appendix, is less
convenient since one can only obtain an asymptotic expansions for V(¢V), when N
belongs to a fixed congruence class modulo some positive integer f. In fact, when
all irreducible components of D are geometrically irreducible, one may take f =1
in Proposition 4.6. In that case, Corollary A.5 even leads to a precise asymptotic
expansion in that case.
We leave the detailed statement to the interested reader and we content ourselves
with the following corollary.

Corollary 4.9. Assume that F' is ultrametric and that o > 0. Let b* =b if 0 = 0,
and b* =b—1 if 0 > 0. Then, when the integer N goes to infinity,
V(") V(™)

W S lim sup N

< oQ.

Proof. Changing metrics modifies the volume forms and the height functions by
a factor which is lower- and upper-bounded; this does not affect the result of the
corollary. Consequently, we may assume that all metrics are smooth and that the
function ||z | is ¢Z-valued. The Igusa zeta function Z(s) is then 2im/ log g-periodic
and has a meromorphic continuation of the form Y~ , ®4(s) [T, c 4(1 — gfere(0=9),
for some functions ® 4 which are holomorphic on an open half-plane containing the
closed half-plane given by {Re(s) > o}. Let f be any positive integer such that f
is an integral multiple of f,\s, for any a € o; we see that Z(s)(1 — ¢/(@=9))b
extends holomorphically to this open half-plane and it now suffices to apply
Corollary A.4. O

4.3. Adelic Igusa integrals
4.3.1. Geometric setup

Let F be a number field, let Ap be the ring of adeles of F'. More generally, if .S is
a finite set of places of F, let A% be the restricted product of local fields F,, for
vegS.

We fix an algebraic closure F' of F'; for each place v, we also fix a decomposition
group I, at v in the Galois group I'r = Gal(F/F).

Let X be a smooth projective variety over F, let (Dy)acer be a family of irre-
ducible divisors in X whose sum A = > ace Da is geometrically a divisor with
strict normal crossings. For o € &7, let fp_ denote the canonical section of the line
bundle 0% (D,) and let F, be the algebraic closure of F' in the function field of D,,.
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Let o/ be the set of irreducible components of the divisor Ay; it carries an action
of T'r, the set of orbits of which, <7 /T'r, identifies canonically with the set 7.

Endow all line bundles 0% (D,), as well as the canonical line bundle wy, with
adelic metrics.

Let # be any subset of &7, corresponding to a subset % of &/ which is stable
under the action of I'r. Let Z = (J,c4 Da be the union of the corresponding
divisors, D = Uag@ D,, the union of the other divisors, and let us define X = X\Z
and U = X\D.

The local spaces X (F,), U(F,), for any place v of F, and the adelic spaces
X(Ar), U(Ar) are locally compact and carry Tamagawa measures 7x ., Tv,v, Tx
and 7y (see Definition 2.8) which are Radon measures, i.e. finite on compact subsets.
The set of irreducible components o7, of the divisor Ap, is in natural bijection
with the set of T',-orbits in «7. For any such orbit «, we will denote by D, the
corresponding divisor on Xp, .

Our aim here is to establish analytic properties of the adelic integral

D=/, Tl e an

AF) acor v

when ® is the restriction to U(Ap) of a smooth function with compact support on
X(Ap).

It will be convenient to view the map o — s, as a I'p-equivariant map from
o/ to C. In other words, for each o € &7, we let sq = 5[a], Where [a] € o7 is the
orbit of o under I'r. More generally, if 3 is any subset of such an orbit, we define
83 = 84, for any a € o7 belonging to 3 (it does not depend on the choice of «).

4.3.2. Convergence of local integrals

Assume that ® = HU ®, is a product of smooth functions and define, for any
v € Val(F),

Ty (50)) = / TT 6.1~y () Lo(1, EP@U))drx. .
U(Fv) acd
When the local integrals .%, converge absolutely, as well as the infinite product

[1, #o(®;(54)), then the integral #(®; (s,)) exists and one has an equality

I (®; (s4)) = Ly (1,EP(U)) ! H,ﬂ

Let a € &. Let us decompose the I'p-orbit o as a union of disjoint I';-orbits
at,...,ap. Then Dy = Y1 Dy, and fp, =[[;_, fp, . It follows that the integral
Z, can be rewritten as

s, / TT 0,15~ @u(a) L (1, EP(U))drx...

) a€o,
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By Lemma 4.1, %, (®,; (so)) converges absolutely when Re(s,) > 0 for each o € 7.
If moreover @, has compact support in X (F,), then the conditions Re(s,) > 0 for
o € A are not necessary.

The decomposition o = |Ja; corresponds to the decomposition F, ®p F, =
[1;_, Fa,. Observe that the local factor of Dedekind’s zeta function (g, at v is
given by the formula

Crawls) = [T =g 7=) 7,
i=1
where for each i, fo; = [Fa,i: Fy]. Let C}a(l) be the residue at s = 1 of this zeta
function.

4.3.3. Convergence of an Euler product

To study the convergence of the product, we may ignore a finite set of places.
Let S be a finite set of places containing the archimedean places so that, for all

other places, all metrics are defined by good integral models 2°, 2", %, ..., over
Spec 0, 5. Assume moreover that for any v € S, @, is the characteristic function of
2 (0y).

By Denef’s formula (Proposition 4.5), one has

. o —1
Fu@ui(se)) = D0 (o (o)™ X # D5 k) TT

AC AN\ B, aca B

for any place v ¢ S. Combined with the estimate of Theorem 2.5, this relation
implies that

jv(q)v;(sa)) H CFQ,U(SQ)_lzl_FO(qlTl_E)

acd\RB

provided Re(s,) > 1 + ¢ for each a ¢ A. (See Proposition 9.5 in [13] for a similar
computation.) This asymptotic expansion will imply the desired convergence of the
infinite product.

Proposition 4.10. Assume that ® is a smooth function with compact support on
X (Ap). Then the integral 7 (®; (so)) converges for Re(sq) > 1, for each o & A, and
defines a holomorphic function in this domain. This function has a meromorphic
continuation: there is a holomorphic function ¢ defined for Re(sq) > % if o & B,
such that
I (@5 (54)) = @(s) [] ¢ralsa)-
ag B
Moreover, if so =1 for a & B, then

WFHGNWLAM@HHWMWMWy

g B (Ar) BeB v



Igusa Integrals and Volume Asymptotics in Analytic and Adelic Geometry 399

(Note that, in the last formula, the function under the integration sign has
compact support on X (Ag), while d7x is a Radon measure on that space.)

Proof. The first two parts of the theorem follow from the estimates that we have
just derived and the absolute convergence for Re(s) > 1 of the Euler product
defining the Dedekind zeta function of a number field.

Let s € C¥ be such that s, = 1 for « ¢ 2. One therefore has

Fy(Py;s) = L, (1, EP(U /U H HfD,BHSB lp D, (x) drx o ().

(Fo) e

Moreover, one has equalities of virtual representations of I'p (cf. Eq. (2.5)),

EP(U) = EP(X) + ) Tndpt 1,

acd
EP(X) = EP(X) + > Indff 1,
aERB
from which it follows that
EP(X) = — ) Indpf 1.
o B
In particular, for any finite place v of F,
L,(1,EP(X)) = L,(1,EP(V)) [ ¢rua(
af B

and

L*(1,EP(X)) = L*(1,EP(U)) [] ¢k (
ag B

If S is the set of archimedean places of F, then (recall that s, = 1 for a & %)

o(s) = L*(LEPW)) ™ [ #o(@uis) [[ [ 2o(@uis) ] Crun()

vESoo v€500 ag B
— L*(1,EP(U IH/ 2) TT o, 15 Lo(1, EP(X)) dry o (2)
X(Fv) Bez
= L*(1,EP(U))~'L*(1, EP(X)) / z) [T TT o, 112" drx (@)
(AF) BeB v

= H C*a(l)_ /X H HHfDﬁHSﬁi dTX(x)' O

ag®B BeB v
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In fact, it is possible to establish a more general theorem. Let S be a finite
set of places of F' containing the archimedean places. For any place v € S, let @,
be a smooth bounded function on X (F,); let also ®° be a smooth function with
compact support on X (A7); let ® be the function ®° ] . @, on X (Ap).

By the same arguments as above, the integral % (®;(s,)) converges provided
Re(sq) > 1 for each o ¢ # and Re(sg) > 0 for each 8 € Z and defines a holomor-
phic function in that domain.

Proposition 4.11. Let Q C C7 be the set of (sa) such that Re(sa) > & for o ¢ 2
and Re(sg) > —% for B € B. The function .7 (®;(ss)) admits a meromorphic
continuation of the following form. For any place v € S and any face A of maximal
dimension of €3 (D), there is a holomorphic function w4 on Q such that

J(®;(sa)) = H C}ga (sa) H Z pa(s) H CFov(Sa)

17374 vES Ae%;Z’m“X(D) acA

Moreover, the functions g4 have moderate growth in vertical strips in the sense that
for any compact subset K of R N, there are real numbers ¢ and r such that

oa(s)l < e [T (1 +Isal)®,

acad

for s € C% such that Re(s) € K.

4.4. Volume asymptotics over the adeles

In this section we derive asymptotic estimates for volumes of height balls in adelic
spaces, similar to those we established above for height balls over local fields.

Let F' be a number field, X a smooth projective variety over F', purely of dimen-
sion n. Let D be an effective divisor in X and &7 its set of irreducible components;
for a € &7, let D, be the corresponding component and d, its multiplicity in D.
We have D = > d,D,. For a € o7, let f, be the canonical section of Ox (D,,); let
fp denote the canonical section of Ox (D). We have fp = []fd=.

Let us endow these line bundles with adelic metrics, in such a way that the
isomorphism Ox (D) ~ & Ox (Dy)% is an isometry.

Let U = X\D; let us endow wx and wx (D) with adelic metrics in such a way
that the isomorphism wx (D) ~ wx ® Ox (D) is an isometry. By the constructions of
Sec. 2, we obtain natural measures 7x, 7v and 7(x,py on U(Ar) or X(Ar), related
by the equalities

dr(x,p)(z) = Hp(x)d7u (z),

where, for z € U(Ar), Hp(z) =[], Ifp ()], "
Let L be an effective divisor in X whose support is equal to the support of D;
for a € o, let A\, be the multiplicity of D, in L, so that L = > A\, D,. We endow
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the line bundle &x (L) with the natural adelic metric deduced from the metrics of
the line bundles Ox (D).

The canonical section of €x (L) vanishes on L, hence on D. Let H, denote the
corresponding height function (denoted Hg, (1), in Sec. 2.3) on the adelic space
U(Ap); recall (Eq. (2.3)) that it is defined by the formula

Hyx)= [ Ifelit)™" forx = ()
veVal(F)

By Lemma 2.1, Hy, is bounded from below on U(Ar) and, for any real number B,
the set of all x € U(Ap) such that Hy,(x) < B is compact in (X\L)(Ap). Let V(B)
denote its volume with respect to the measure 7(x py:

V(B) = d7(x,p) (x); (4.4)

U(Ar)
{HL(x)<B}
it is a positive real number (for B large enough) and we want to understand its
asymptotic behavior when B — oco. We are also interested in the asymptotic behav-
ior of the probability measures

1
Wl{HL(xKB}dT(X,D) (x).

As in the case of local fields, we introduce a geometric Igusa zeta function, namely
2)= [ Huw)* dry (o) (45)
U(AF)

for any complex number s such that the integral converges absolutely. For any
such s, we thus have

Z(s) = / [T (@) drx (x) = #(1; (sha — da +1))
U(AF) v
with the notation of Sec. 4.3.
Let 0 = maxpew (do/Aa) and let @71, p be the set of o € &7 such that d, = \y0.
Then, the integral defining Z(s) converges for any complex number s such that
Re(s) > o (Proposition 4.10). Moreover, there exists a positive real number &
such that the function s — Z(s) admits a meromorphic continuation to the half-
plane given by Re(s) > o — §. Namely, by Proposition 4.10 again, there exists a
holomorphic function ¢ defined for Re(s) > o — § such that

Z(s) = ¢(s) H Cr,(sAa —da +1)
a€dr D
and

= [ G / [ Ho. (@) dry(a).

a€dL, D X(Ar) af .y p
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In particular, the function Z has a pole at s = 1 of order #(<7;, p) and satisfies:

(D) - Cr, (1)

fiy(o —#207(:) = ot TT 52
- 11 / [ Ho. (@)t drx ().
a€dL, p X(ar) a9 p

Let E denote the Q-divisor oL — D. We have
E=0L—-D=) (0da—da)Da= Y (0Aa—da)Da.

acd af A1 p
Consequently,
lim (s — 0)# 720 Z(0) = ] )\;1/ Hg(x) ' dryx (z)
s—0 aEsts b X(AF)
X(AF)

We summarize the results obtained in the following proposition:

Proposition 4.12. Let o and <71, p be defined as above. Then the integral defining
Z(s) converges for Re(s) > o and defines a holomorphic function in that domain.
Moreover, there is a positive real number § such that Z has a continuation to the
half-plane Re(s) > o—4 as a meromorphic function with moderate growth in vertical
strips, whose only pole is at s = o, with order b = #(<7, p) and leading coefficient
given by Eq. (4.6).

Similarly to what we did in the local case, using the Tauberian Theorem A.1 and
the abstract equidistribution theorem (Proposition 2.10), we obtain the following
result.

Theorem 4.13. There exists a monic polynomial P of degree b and a positive real
number § such that, when B — oo,

At
HQGLB"P(Iog B) / Hp(z) tdryx(z) + O(B°79).

V(B) =

Moreover, we have the tight convergence of probability measures

1 1

—1 . dr z) > —————— Hp(z) drx (2).
7B M@ <my 4o (@) Teon Har p(r)" drx (v)
Remark 4.14. Let S be a finite set of places of F. At least two variants of the
preceding results may be useful in S-integral contexts.

Let A% be the ring of adeles “outside S”. For the first variant, we consider
points of U (A7) of bounded height, and their volume with respect to the Tamagawa
measure T(s;(’ D) in which the local factors in S. In that context, all infinite products
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of the set Val(F") of places of F' are replaced by the products over the set Val(F)\S
of places which do not belong to S. The modifications to be made to the statement
and proof of Theorem 4.13 are obvious and lead to an asymptotic expansion for the
volumes of height balls in U(A%.).

A second variant is also possible which restricts to the subset Q of U(Ap)
consisting of points (2, )yevai(r) Which are “integral” at each place v ¢ S. We do
not need to be specific about that condition; for all that matters in our analysis,
we understand that this subset is relatively compact in U(Ap) and has non-empty
interior. A scheme-theoretic definition would ask that we are given a projective and
flat model of X over op; then a point (x,) € U(Ag) belongs to Q if and only if,
for any finite place v ¢ S, the reduction mod v of x, does not belong to D(F,).
An adelic definition would consider €2 to be defined by a condition of the form
[T.¢s Ifzllo(x) < Bo, for some real number By.

In that case, the analytic study of the adelic zeta function involved is straight-
forward from what has been done in Sec. 4.2. Namely, it decomposes as an infinite
product over all places v € Val(F) of v-adic zeta functions. The subproduct cor-
responding to places v € S extends holomorphically to the whole complex plane,
while each factor attached to a place v € S is the source of zeros and poles described
by the v-adic analytic Clemens complex as in Proposition 4.6.

Although the procedure should be quite clear to the reader, in any specific
example, a general statement would certainly be too obfuscating to be of any help.
We would like the reader to observe than when all abscissae of convergence at places
in S are equal to a common real number o, the order of the pole at ¢ will be the
sum of the orders b,, and the leading coefficient the product of those computed in
Proposition 4.6. Moreover, if S contains archimedean places, the order of the pole
at o will be strictly greater than the order of the other possible poles on the line
Re(s) = o. In that case, the Tauberian Theorem A.7 gives a simple asymptotic
formula for the volume of points of bounded height. With the notation of that
Theorem, the ¢; are powers of prime numbers and the non-Liouville property of the
quotients log ¢;/ log q; follows from Baker’s theorem on linear forms in logarithms,
[1], Theorem 3.1.

We expect that these asymptotic expansions for volumes can serve as a guide to
understand the asymptotic number of S-integral solutions of polynomial equations,
e.g. to a S-integral generalization of the circle method. For two positive results in
that direction, we refer to the papers [14, 15].

5. Examples
5.1. Clemens complexes of toric varieties

Let T be an algebraic torus over a field F. Let M and N denote the groups of
characters and of cocharacters of the torus T, endowed with the action of the
Galois group I' = Gal(F'/F) and the natural duality pairing (-, -).
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Let X be a smooth proper F-scheme which is an equivariant compactification of
T. By the theory of toric varieties, X corresponds to a fan X in the space Ny which
is invariant under the action of I'. By definition, ¥ is a set of convex polyhedral
rational cones in Ny satisfying the following properties:

e for any cones 0,0’ in X, their intersection is a face of both ¢ and ¢’;
e all faces of each cone in ¥ belong to X;
e for any v € I'p and any cone o € X, (o) € 3.

Assume for the moment that 7" is split, meaning that I' acts trivially on M. To
each cone o of 3 corresponds a T-stable affine open subset X, = Spec F[o" N M]
in X, where oV is the cone in MR dual to . The variety X is glued from these
affine charts X,, along the natural open immersions X, — X, for any two cones
o and 7 in ¥ such that 7 D o. The zero-dimensional cone {0} corresponds to 7'; in
particular, each X, contains 7" and carries a compatible action of T'.

Let t denote the dimension of T" and let o be a cone of maximal dimension of >.
By the theory of toric varieties, the smoothness assumption on X implies that there
exists a basis of IV which generates ¢ as a cone. Consequently, the torus embedding
(T, X,) is isomorphic to (G!,, A?). The irreducible components of X, C 7T then
correspond to the hyperplane coordinates in At. In particular, X,\T is a divisor
with strict normal crossings, all of whose components of X,\7T meet at the origin.
This shows that a set of components of X\T has a nontrivial intersection whenever
the corresponding rays belong to a common cone in 3. The converse holds since
each point of X admits a T-invariant affine neighborhood, hence of the form X,.

In particular, what precedes holds over F' and implies the following description
of the geometric Clemens complex € (X, D) of (X, D). There is a bijection between
the set of orbits of T in X and the set ¥. The irreducible components of Dy
are in bijection with the set of one-dimensional cones (rays) of X and a set of
components has a nontrivial intersection if and only if the corresponding rays belong
to a common cone in X. The cone {0} belongs to ¥ and corresponds to the open
orbit T. Consequently, the Clemens complex € (X, D) is equal to the set X\{{0}},
partially ordered by inclusion, with the obvious action of the Galois group I'f.

If T is split, then T'p acts trivially on € (X, D), hence (X, D) = ¢ (X, D). We
have also observed in that case that the various strata of X even had F-rational
points. In other words, the F-analytic Clemens complex 3" (X, D) is also equal to
¢ (X,D).

Let us now treat the general case by proving that 2" (X, D) = ¢r(X, D). By
definition, the F-rational Clemens complex € (X, D) is the subcomplex of € (X, D)
consisting of I' p-invariant faces; in other words, it corresponds to I' p-invariant cones
of positive dimension. We need to prove that for any such cone o, the closure of
the corresponding orbit &, in X, which is defined over F’, has an F-rational point.
For each ray r of o, let n, be the generator of N N r; the group I'r acts on the
set of these n,., and their sum n is fixed by I'r. It corresponds to a cocharacter
¢n: Gy — T whose limit at 0 is an F-rational point and this point belongs to @,.
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In fact, it even belongs to &, because the point n belongs to the relative interior
of the cone o.

Lemma 5.1. Let Ty be the maximal F-split torus in T'; the group Ny of cocharacters
of Ty is equal to the subspace of N fized by U'r. Let Xy be the Zariski closure of
To in X. It is a smooth equivariant compactification of Ty and its fan Yo in (No)r
has as cones the intersections o N (No)r, for all cones o € XF'F which are invariant
under I'g.

Proof. It suffices to prove the desired result in each affine chart of X. Consider a
cone o € ¥ and let X, = Spec F[M N "] be the corresponding affine open subset
of Xz7. A vector in My N o, being fixed under the action of I'r, belongs to all of
the cones 7(o), for v € I'p, hence belongs to their intersection 7 which, by the
definition of a fan, is a cone in X, obviously I'z-invariant. As a consequence, the
closure of Ty in X, is contained in the toric open subvariety X,.

We can thus assume that o is a I p-invariant cone, and we may moreover assume

that it is of maximal dimension. Since X is smooth, there is a basis (eq, ..., eq) of N
and an integer s € {1,...,d} such that o is generated by S = {e1,...,es}. We can
also assume that eg41,...,e, belong to My and generate a complement to the

(saturated) subgroup generated by My No. Over F, this identifies T with G¢, and
X, with A® x G4-%. Moreover, I'r acts by permutations on S. This implies that
My Mo is generated by the vectors ), e;, where O runs over the set S/I'r of
I p-orbits in S. Consequently, ToN X, is the set of elements (1, ..., 74) in G¢, such
that x; is constant on each orbit O, and x; = 1 for i > s. Its closure is the set of
such elements (z1,...,24) € A" x G4~ satisfying the same relations. This shows
that the closure of Tp in X, is an isomorphic to the toric embedding of G&im Mo in
AH#S/Tr) o G(ri,im Mr#(S/Fp)' O

Corollary 5.2. By associating to a Ty-orbit in Xy the corresponding T-orbit in
X, we obtain a bijection between the Clemens complex of (Xo, Xo\To) and the
F-analytic Clemens complex of (X, X\T).

5.2. Clemens complexes of wonderful compactifications

Let G be a connected reductive group over a field F'. Let Ty denote a maximal split
torus of G and T" a maximal torus of G containing T.

Let X be a smooth proper F-scheme which is a biequivariant compactification
of G. We denote by Y and Yj the closures of the tori 7' and Ty in X; these are
toric varieties defined over F. We assume that over a separable closure F of F),
the divisor D = X\ G has strict normal crossings. Observe that this assumption is
satisfied if X is a wonderful compactification of G.

Proposition 5.3. With this notation, one has: X(F) = G(F)Y(F)G(F) and
Y(F)=T(F)Yy(F); in particular, X (F) = G(F)Yo(F)G(F).
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Proof. Let us first prove that X (F) = G(F)Y (F)G(F). It suffices to prove that
X (F) is contained in the latter set. We use the arguments of [10], Lemma 6.1.4. Let
xo € X (F); since X is assumed to be smooth, we can choose an arc x € X (F[t])
such that z(0) = z¢ and z is not contained in X\G. We interpret x as a F((t))-point
of G; by the Cartan decomposition ([11], Proposition 4.4.3. The fact that the group
G(F'[t]) is good follows from the property that the [F'((t)-algebraic group G p(y)
is split over an unramified extension, namely F((¢)), and descent properties of the
building)

GF(®)) = GFERDT(F(@)HG(F[tD),

we may write © = g1ygs, where g1,92 € G(F[t]) and y € T(F((t))). Writing y =
gy trgy ", we see that y € Y(F[t]). Specializing at t = 0, we now obtain zy =
91(0)y(0)g2(0), as required.

Let us now prove the second equality, namely Y (F) = T(F)Yy(F). Again, it
suffices to prove that Y (F) is contained in T'(F)Yy(F). Let xg € Y (F); as above,
there is an arc @ € X(F[t]) N G(F((t))) such that x(0) = x¢. Using the Cartan
decomposition, we may replace x by an arc of the form y = g7 Yego, with g1, g €
G(F[t]) satistying y € X(F[t]) N T(F((t))). Moreover, we may also assume that
91(0) = g2(0) is the neutral element of G(F'). In particular, y € Y (F[t]) and
y(0) = zo.

Let S denote the anisotropic torus T/Tp and 7: T — S the quotient map. One
has 7(y) € S(F((t)). Since S is anisotropic, one has S(F[t]) = S(F((t))) (Lemma 5.4
below), hence 7(y) € S(F[t]). Looking at the exact sequence of tori

1-Ty—->T—-85—-1

and applying Hilbert’s Theorem 90 over the discrete valuation ring F[t], it follows
that there exists z € T(F[t]) such that 7(2) = n(y), hence 27ty € To(F((t)).
Moreover, z~ 1y € Y (F[t]). Specializing t to 0, we see that z(0)~1y(0) € Yo(F),
that is y(0) = xg € T(F)Yo(F), as claimed.

The last equality follows immediately. O

The following lemma is well known; we include a proof for the convenience of
the reader.

Lemma 5.4. Let S be an anisotropic torus over a field F. Then, S(F(t)) =
S(F[t])-

Proof. Let F’ be a finite extension of F' which splits S; then, for any F-algebra
E, S(E) is the set of morphisms from X*(S) to E ®p F’ which commute with the
actions of I'p//p on both sides. It follows that a point P in S(F((t))) corresponds
to a I'p-equivariant group morphisms ¢ from X*(S) to F'((t))".

By composing ¢ with the order map F'((t)" — Z, we obtain a I’/ p-invariant
morphism ordoyp: X*(S) — Z, which is necessarily 0 since S is anisotropic. Con-
sequently, p(c) = 0 for any ¢ € X*(S), which means that p(c) € F'[t]". In



Igusa Integrals and Volume Asymptotics in Analytic and Adelic Geometry 407

other words, ¢ is a I'p//p-equivariant morphism from X*(S) to F'[t]", and the
corresponding point P belongs to S(F'[¢]). O

Our goal now is to describe the various Clemens complexes attached to the pair
(X,D). Let W = Ng(T')/T and Wy = Ng(Tv)/Za(Th) be the Weyl groups of G
relative to the tori 17" and Tj.

Since the Weyl group W acts on G via the conjugation by an element of G,
this extends to an action on X. This action induces the trivial action on €(X, D).
Indeed, the group G being connected, each irreducible component of D j is preserved
by the actions of G 5.

Proposition 5.5. Over F, the open strata of the stratification of X p deduced from
Dy are exactly the orbits of (G x G)p in Xp. Moreover, associating to an orbit its
closure defines a T p-equivariant bijection from G(F)\X (F)/G(F) to € (X, D).

Proof. We may assume that the field F is separably closed. We then have T' = Tj.
By Proposition 5.3, the map

Y(F)/T(F) — GIF)\X(F)/G(F)

which associates to the T'(F')-orbit of a point  in Y (F') the orbit G(F)zG(F') in
X (F) is surjective. By the theory of toric varieties, T'(F') has only finitely many
orbits in Y'(F'). Consequently, G x G°PP has only finitely many orbits in X.

Let Z be an element of (X, D), viewed as an irreducible closed subvariety of
D. Tt is smooth, and possesses a G x G°PP-action. The group G x G°PP acts on Z
with only finitely many orbits; necessarily, one of these orbits, say Z, is open in Z.
Since Z is irreducible, it follows that Z = Zj, and Z is the closure of a G x GPP-
orbit. By Theorem 2.1 of [33], there exists an open affine subset X of X such that
Zy is the unique closed orbit of G x G°PP in GX(G.

Let us show that Z\Zj is contained in X\GXoG or, equivalently, that Z N
GXoG = Zy. Indeed, let O be any orbit in Z distinct from Zj; we need to prove
that ONGXG = @. Let us denote by O the closure of O in X since Z is open in
Z, O has empty interior in Z, hence is an irreducible subset of X whose dimension
satisfies dim O < dim Z. However, any action of an algebraic group on an algebraic
variety has a closed orbit; in particular O N GXoG contains a closed orbit, which
implies that ONGXG D Zy, and this contradicts the assumption dim O < dim Zj.

Since Xy is open in X, it contains at least one point of G, hence GXyG con-
tains G. Consequently, X \GX,G is contained in X\G. Since GX(G is an G x G°PP-
invariant open subset of X, each irreducible component of Z\ Zj is contained in some
irreducible component of X\GXoG which does not meet Zj.

Consequently, the orbit Zy is an open stratum of the stratification defined by
the boundary divisor D.

Conversely, let O be an orbit of G x G°PP in X and let Z be the stratum of
minimal dimension in (X, D) which contains O. By the preceding argument, Z is
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the closure of an orbit Zy whose complement Z\ Zj is a union of lower dimensional
strata. By the minimality assumption on Z, Zy = O, which proves that O is an
open stratum.

The rest of the proposition follows at once. O

The group of characters My of Ty is the group of coinvariants of T in M (it is
a quotient of M), and its group of cocharacters Ny is the group of invariants of T’
in N (a subgroup of N). Let ¢ty = dim Ty. Let X denote the fan of Ny induced by
¥; it is simplicial albeit not obviously smooth in general. This fan defines a toric
variety Xy which in fact is isomorphic to the Zariski closure of Ty in X.

5.3. Volume estimates for compactifications of
semi-simple groups

5.3.1. Introduction

Let G be a semisimple algebraic group of adjoint type over a field F' of character-
istic 0. Let ¢: G — GL(V) be a faithful algebraic representation of G in a finite
dimensional F-vector space V. The natural map

GL(V) — End(V)\{0} — PEnd(V)

induces a map 7: G — PEnd (V). Let X, be the Zariski closure of its image; it is a
bi-equivariant compactification of G. Let X, be the complement to G in X,.

When ¢ is irreducible with regular highest weight, X, is the wonderful compact-
ification defined by De Concini and Procesi in [19], Sec. 3.4. In that case, X, is
smooth and 90X, is a divisor with strict normal crossings.

When F' is a local field, we endow the vector space End(V) with a norm ||-||.
When F is a number field, let us choose, for any place v of F', a v-adic norm on
End(V) ® F,, so that there is an op-lattice in End(V') inducing these norms for
almost all finite places. As it was explained in Secs. 2.1.6 and 2.2.4, such choices
give rise to a metric on the line bundle &(1) on the projective space PEnd (V) (resp.
an adelic metric) when F is a number field.

We claim that the line bundle €/(1) on X, has a nonzero global section s, which
is invariant under G. Such a section s, is unique up to multiplication by a scalar,
since the quotient of two of them is a G-invariant rational function on X,. (See also
[19], 1.7, p. 9, proposition.)

To prove the existence, let us first observe that the line in End(V') generated by
idy is G-invariant. By semi-simplicity of G, there exists a linear form ¢, on End(V)
which is invariant under G and maps idy to 1. Let s, be the restriction to G of the
global section of &/(1) over PEnd(V) defined by ¢,. Now, we have
_ ()l _ 14(e)]

= @l ~ Te@)l

Is.11(2(9)) = (o),
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for any g € G(F') when F' is a local field, and similar equalities at all places of F
in the number field case.

Consequently, for FF = R or C, the results of Sec. 4.2 imply, as a particular
case, an asymptotic formula for the volume of sets of g € G(F) with ||c(g)]] < B,
when B — oo, as well as similar (but weaker) estimates when F is a p-adic field.
Similarly, when F' is a number field, the volume estimates established in Sec. 4.4
imply estimates for the volume of adelic sets in G(Ap) consisting of adelic points
of bounded height.

In the case of local fields, it requires further computations for making these
estimates explicit, in terms of the representation ¢. In particular, we will need to
describe the analytic Clemens complex of 0X,.

5.3.2. The wonderful compactification of De Concini and Procesi

For simplicity, we assume for the moment that G is split. We fix a maximal torus
T of G which is split, as well as a Borel subgroup B of G containing T'. We identify
the groups of characters X*(T") and X*(B), as well as the groups of cocharacters
X.(T) and X.(B); we also let a = X, (T) ®z R and a* = X*(T) @z R.

Let @ (resp. @), be the set of roots of G (resp. of positive roots in X*(7')); let
3 denote the sum of all positive roots. Let A C ®T be the set of simple roots; they
form a basis of the real cone in a* generated by positive roots, hence we may write
B =2 pca Maa for some positive integers m,,.

Let ©: G — GL(V) be a representation as above; we assume here that ¢ is
irreducible and that its highest weight A\ is regular, i.e. can be written as A =
> aca daa, for some positive integers d,. In that case, as recalled above, X, is the
“wonderful compactification of G” defined by De Concini and Procesi. The variety
X, does not depend on the actual choice of ¢, but the projective embedding does.

The irreducible components of X,\G are naturally indexed by the set A; we will
write D, for the divisor corresponding to a simple root a. Let D = > D,,. The
Clemens complex % (0X,) is simplicial, and coincides with the F-analytic Clemens
complex € (0X,) since G is assumed to be split.

The line bundles &'(D,,) form a basis of Pic(X,), as well as generators of the
cone of effective divisors (which is therefore simplicial). The restriction of Op(1) to
X corresponds precisely to A, and there is a canonical isomorphism

Openav)(1)|x, ~ O (Z daDa> .

aEA

According to [19], the anticanonical line bundle of X, is given by

Kil~0 (Z(ma + 1)Da> .

aEA

Let ¥ C a* be the convex hull of the characters of T" appearing in the represen-
tation ¢. This is also the convex hull of the images of the highest weight A under the
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action of the Weyl group. This is a convex and compact polytope which contains 0
in its interior by [36], Lemma 2.1.

Lemma 5.6. Let 0 = maxaea(ma/dy), let t be the number of elements o € A
where equality holds. Then o is the smallest positive real number such that 3/o € €
and t is the mazimal codimension of a face of € containing 3/o.

Proof. For any simple root «, let ¥ be the corresponding coroot, so that the
simple reflexion s, associated to « is given by s, (z) = v — 2(a", z)a, for z € a*.
We have (", a) = 1 while (a¥, ') = 0 for any other simple root .

Within the Weyl chamber of A, the polytope ¢ is bounded by the affine hyper-
planes orthogonal to the simple roots a and passing through A. Consequently, a
point x in this chamber belongs to ¢ if and only if (a¥,z) < (a¥,\). Moreover,
such a point x belongs to the boundary of ¢ if and only if equality is achieved for
some simple root «; then, the number of such « is the maximal codimension of a
face of ¢ containing z. For = /0 = ) . A(ma/0)a, we find

Ma

(aV o —)\) = - Aas

a

hence the lemma. O

Consequently, our geometric estimates (Theorem 4.7) imply the following result
of Maucourant [36] under the assumption that G is split and V' has a unique highest
weight.

Corollary 5.7. Define 0 = maxaea(ma/da) and let t be the number of a € A
where the equality holds.

Assume that F' = R or C. When B — oo, the volume V(B) of all g € G(F)
such that ||t(g)|| < B satisfies an asymptotic formula of the form:

V(B) ~ ¢B°(log B)" .

According to our theorem, the positive constant ¢ can be written as a product
of the combinatorial factor

1 H 1
o(t—1)! iy Ao

and an explicit integral on the stratum of X, (F') defined by A, with respect to its
normalized residue measure 7p, .
In the p-adic case, Corollary 4.9 similarly implies the following result:

Corollary 5.8. Keep the same notation, assuming that F' is a p-adic field. Then,
when B — o0,

V(B) < 400
t—1 :

.. V(B) .
0 < liminf 5o T < lim sup W

(log B)'~
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5.3.3. The case of a general representations (split group)

We now explain how to treat non-irreducible representations, still assuming that
the group G is split.
By Proposition 6.2.5 of [10], there is a diagram of equivariant compactifications

X, X

where X, is the wonderful compactification previously studied and X is smooth.
Since the boundary divisor of a smooth toric variety is a divisor with strict normal
crossings, it then follows from [10], Proposition 6.2.3, that the boundary X of X is
a divisor with strict normal crossings in X . Moreover, the proof of this proposition
and the local description of toroidal G-embeddings in loc. cit., Sec. 6.2, show that
X is obtained from X, by a sequence of T-equivariant blow-ups. Therefore, the
boundary X consists of the strict transforms [)a of the divisors D,,, indexed by
the simple roots, and of the exceptional divisors E; (for ¢ in some finite index
set I). These divisors form a basis of the effective cone in the Picard group. The
anticanonical line bundle of X decomposes as a sum

> (Ma+1)Da+ > Ei.
acd el
Let L be the line bundle 7*&(1) on X; let us write it as L = > Ag Do + > A E;
in the above basis. Since we can compute volumes on X, our estimates imply that
V(B) has an asymptotic expansion of the form given in Corollary 5.7, o being
given by

( Ma, 0 ) Me

0 = max | max =—,max — | = max —,
aed )\, i€l )\ acd )\,

and t is again the number of indices o € &/ where equality holds.

Observe that the definition of ¢ precisely means that the line bundle on* L —
(K ¢ +0X) belongs to the boundary of the effective cone of X; the integer ¢ is then
the codimension of the face of minimal dimension containing that line bundle. These
properties can be checked on restriction to the toric variety Y given by the closure
of T in X; indeed the restriction map Pic(X) — Pic(Y) is an isomorphism onto the
part of Pic(Y) invariant under the Weyl group, and similarly for the effective cone.
To determine o, it now suffices to test for the positivity of the piecewise linear (PL)
function on the vector space a* associated to this divisor.

The above formula for the anticanonical line bundle of X implies that the PL
function for K5 + 09X is that of Kx, +0Xy.

On the other hand, the theory of heights on toric varieties relates the PL function
corresponding to a divisor to the normalized local height function (see [4]). The
formula is as follows. Let D be an effective T-invariant divisor, the corresponding
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T-linearized line bundle has a canonical T-invariant nonzero global section sp.
For t € T(F), let £(t) be the linear form on a defined by x +— log|x(t)|; dually,
one has £(t)(x) = (x,log(t)). Then, the norm of sp with respect to the canonical
normalization is given by

log [sp ()| ™" = wp(£(t)).

If the local height function is not normalized, the previous equality only holds up
to the addition of a bounded term.

In our case, let ® be the set of weights of T" in the representation ¢. Then, for
teT(F),

t)[| ~ t
()] ~ max]x (1)l

hence
log |[s,(t)]| ! = log [|e(t)| = max log|x(#)] + O(1).

In other words, the line bundle 7*L corresponds to the PL function ¢, =
max,ea (X, ) on a*.

As explained above, o is the least positive real number such that the PL function
sg, is greater than the PL function ypg associated to K)_(i(—aX ). Since the Weyl
group acts trivially on the Picard group of X, these PL functions are invariant under
the action of the Weyl group and it is sufficient to test the inequality on the positive
Weyl chamber C' in a.

Let (wy) denote the basis of a* dual to the basis (o) — up to the usual iden-
tification of a with its dual given by the Killing form of G, this is the basis of
fundamental weights. One has C' = )" Ryw,.

Recall also that g is the sum of the fundamental weights of G, hence belongs
to the positive Weyl chamber in a*. It follows that w3 > g for any element w in
the Weyl group W (Bourbaki, LIE VI, §1, Proposition 18, p. 158). It follows that
(wh,@a) < {B,@q) for any w € W. Consequently,

vp(y) = max(wp, y) = (6, y)

for any y € C. Moreover, if y = Y yow@, € a, then

(B,y) = <Z maa,Zyawa> = Zmaya.

Let A be the set of dominant weights of ¢ with respect to C. For any A € A,
let us write A = > Ay, for some non-negative A\, € Z. Consequently, for any
Y=> Yaws € C, with y, > 0 for all «, one has

#uy) = max(x, y) = max(A, y) = max (%: /\aya> .
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The condition that s¢,(y) > pg on C therefore means that smaxyea Ao > mq for
any « € ®. In other words, o0 = rn&1L)<(r)”La/5\(,¢)7 where we have set \, = maxyea Ao
Moreover, ¢ is the number of simple roots o such that Aoo = mq.

As in [36], let € be the convex hull of @ in a*; it is a compact polytope whose
dual € is defined by the inequality ¢,(-) < 1in a*. Let s be a positive real number.
By definition, /s belongs to € if and only if (3/s,y) < 1 for any y € a* such that
. (a) < 1. This is precisely equivalent to the fact that sy, — (8, -) is non-negative
on a*.

Let y € a* and let w € W be such that wy € C. Since ¢, is invariant under W,

sou(y) — (B,y) = s (wy) — (w™' B, wy) < sp,(wy) — (B, wy),

with equality if and only if w = e. We have thus shown that §/s € % if and only
if the PL function s¢, — 3 is non-negative. In other words, o is the least positive
real number such that §/0 belongs to €, as claimed by Maucourant in [36].

Let .# be the face of € containing /0. It is also explained in [36] that the dual
face of .7 is contained in the positive Weyl chamber C' (Lemma 2.3) and is given
by

Fr={ye€;(B,y) =0}

If again we decompose y as Y Yn@Wa, it follows that .#* identifies as the set of
non-negative (y,) such that ¢,(y) < 1 and (8,y) = o. The first condition gives us
> Aava < 1 and the second is equivalent to > maYo = o. This implies >y, = 1
and y, = 0 if 0 # ma/j\a. Consequently, codim.% = dim.#* = t, showing the
agreement of our general theorem with the result obtained by Maucourant in [36],
under the assumption that G is split.

5.3.4. The general case

We now treat the general case of a possibly non-split group. Let T be a maximal
split torus in G, so that its Lie algebra ag is a Cartan subalgebra of Lie(G). We have
already explained how the F-analytic Clemens complex of X is related to the toric
variety Y given by the closure of 7" in X. As a consequence, all positivity conditions
and dimensions of faces which intervene in our geometric result rely only on the
divisors which are “detected” by Y, hence are expressed in terms of PL functions
in a*. The previous analysis now applies verbatim and allow us again to recover
Maucourant’s theorem.

5.3.5. Adelic volumes

Let us now assume that F' is a number field. Theorem 4.13 describes the analytic
behavior of the volume — with respect to the Haar measure — of adelic points in
G(Ap) of height < B, when B — oo. This allows to recover Theorem 4.13 in [27].
In fact, that theorem itself is proved as a corollary of the analytic behavior of the
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associated Mellin transform which had been previously shown in [45], Theorem 7.1.
Similarly, this analytic behavior is a particular case of our Proposition 4.12.

5.4. Relation with the output of the circle method

Let X be a non-singular, geometrically irreducible, closed subvariety of an affine
space V of dimension n over a number field F. When FF = Q, W = A" and X is
defined as the proper intersection of r hypersurfaces defined. Let n be a positive
integer and let fi,..., fr € Z[X1,..., X,] be polynomials with integer coefficients.

The circle method eventually furnishes an estimate, when the real number B
grows to 0o, of the number N (X, B) of solutions x € Z™ of the system X given by
fi(x) = -+ = fr.(x) = 0 whose “height” ||| is bounded by B. A set of conditions
under which the circle method applies is given by [6]; it suffices that the hypersur-
faces {f; = 0} meet properly and define a non-singular codimension r subvariety of
A" and that n is very large in comparison to the degrees of the f;.

Let us assume that X = V(f1,..., fr) is smooth and has codimension r. By the
circle method, an approximation for N (B) is given by a product of “local densities”:
for any prime number p, let

# X(2/p"Z)

pp(X) = lim kdimX

k—o0 p

for the infinite prime, let
Hoo (X, B) = lirrtl)fs*r vol{z € R"; ||z|| < B, |fi(z)] < e/2},
E—

where vol refers to the Euclidean volume in R™. In some cases, one can indeed
prove that N(X, B) ~ poo(X, B) [ [, #p(X) when B — oo.

As already observed by [7] (Sec. 1.8) we first want to recall that the right-
hand side V(X, B) of this asymptotic expansion is really a volume. Under the
transversality assumption we have made on the hypersurfaces defined by the f;,
there exists a differential form @ on a neighborhood of X in A™ such that

OAdfy Ao Adfy =dzg A Aday,.

The restriction of w to X is a well-defined gauge form w on X and

oo (X B) = [ dloloc(o)s (0 = [ ol (p prime)
l2ll<B X(Zp

Let us write [t : 2] for the homogeneous coordinates of a point in P"(K), so
that t € K and = (21,...,2,) € K™. One then defines a metric on ¢'(1) by the
formula

|F(t,z)|
max(|], [|]|)de ¥

Isell(ft - «]) =
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for any point [t : ] € P"(R) and any homogeneous polynomial F' in R[t,z], sp
being the section of &'(deg F') attached to F'. Let fy be the section corresponding to
F = t; for B > 1, the condition ||z|| < B can thus be translated to |[fo]|([1 : z]) >
1/B.

First assume that the Zariski closure of X in P™ is smooth; let D be the divisor
V(fo) in X. Letting d = >_ deg(f:), the divisor of w is equal to d —n — 1. In that
case, the measure |w| coincides with the measure 7% (,41_qyp on X(R), so that
oo (X, B) is an integral of the form studied in this paper, namely

troo (X, B) = 7(x,(n+1-ayp)([[foll > 1/B).

Assume n > d. Then, when B converges to infinity, Theorem 4.7 implies that
oo (X, B) ~ B"~%(log B)*~!, where b is the dimension of the Clemens complex of
the divisor D(R), that is the maximal number of components of D(R) that have a
common intersection point. (When n = d, a similar result holds except that b — 1
has to be replaced by b.)

The paper [22] showed that this asymptotic does not hold for the specific exam-
ple of a generic SL(2)-orbit of degree d binary forms. For example, when d = 3, this
amounts to counting points on a hypersurface of degree 4 in P* and the expected
exponent 0 = 4 —4 is replaced by 2/3. This discrepancy is explained by [29]: observ-
ing that (X, D) is not smooth in that case, they computed a log-desingularization
of (X, D) on which the behavior of the integral 1. (X, B) can be predicted.

In the general case, let us thus consider a projective smooth compactification Y
of X together with a projective, generically finite, morphism m: ¥ — X such that,
over Q, the complementary divisor £ to X in Y has strict normal crossings. Let
E,, be the irreducible components of E. It is customary to assume that 7 induces
an isomorphism over X, but this is not necessary in the following analysis; it is in
fact sufficient to assume that the degree of 7 is constant on the complement to a
null set.

Let us set 7 = 7m*w; then, the divisor of 7 has the form div(n) = — > poFo =
—FE’, so that

peXB) = [ il = (ol 2 1/B)).
[ foll>1/B
Write also 7D = Y Ao E,. According to Theorem 4.7, jioo (X, B) ~ B%(log B)’~!
where now, a = max(p, — 1)/As, the minimum being restricted to those o such
that E,(R) # &; the integer b is the dimension of the subcomplex of the analytic
Clemens complex consisting of those F, achieving this minimum. (When a = 0,
b — 1 is replaced by b.)

Let us give the specific example of an SL(2)-orbit in the affine space of binary
forms of degree d, as treated in [29]. That paper constructs a pair (Y, F) with an
action of G,, such that ' = E1+ F»s has two irreducible components, the divisors Fy
and Es (denoted A[n—1] and A[n] in that paper) forming a basis of the &,,-invariant
part of Pic(Y). Moreover, K;l = F1 + 2F5. They compute the inverse image of
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0(1) and obtain 2532 Ey + 2% Es (loc cit., Lemma 3.3). Consequently, (p1 —1)/A1 =0
and (p2—1)/X2 = 2/n. Finally, a = 2/n and b = 1, implying that p. (X, B) ~ B?/™.

Let us return to the general case, and assume that K¢ is Q-Cartier. Then, the
log-discrepancies (€,) are defined by the formula

Ky (B) =" (Kx(D) + 3 eaF,

so that 1 — po = (d — n)A, + €4 for any a. Then,

. —Ea
a=n—d+ min ,
@ a

where, again, the minimum is restricted to those a such that E,(R) # @. When
(X, D) has log-canonical singularities, e, > 0 for each a and one obtains again
a < n — d since the log-discrepancy corresponding to the strict transform of the
components of D is 0.

However, in the case treated by [29], €1 = 0 and g5 = —1, leading to the opposite
inequality a = % > 0.

5.5. Matrices with given characteristic polynomial

5.5.1. Let Vp be the Z-scheme of matrices in the affine 4-space whose characteristic
polynomial is X? + 1, and let By be the Euclidean ball of radius 7' in R*. Shah
gives in [44] the following asymptotic expansion:

1/2 s 21

= TG((U@ =Cx211 T,

where Ca(i) is the leading term at 1 of Dedekind’s zeta function relative to the
number field Q(7).
A matrix in Vp has the form (; 7;) with 22 + yz + 1 = 0. Let X denote the

subvariety of P3 defined by X2 +YZ + T2 = 0. It is smooth of dimension 2 over
Z[1/2]. The scheme Vp is exactly the open subset U C X defined by T # 0. The
divisor at infinity D = X\U is defined by T' = 0; it is smooth as well (still over

Z[1/2]).

™

I'(3/2) T(2/2)¢C(2)

#(Vp(Z) N Br) ~ Tk (1)

5.5.2. Let p be an odd prime number. One has #U(F,) = p? + (_71);0. Indeed,
z # 0 gives p(p — 1) points. If z = 0, y may be arbitrary and x has to be £+v/—1,
hence 2p points if —1 is a square and 0 else. Finally,

. _ 2 _ —_1)1
olU(Z,) = p 2#U(F,) 1+<p o
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For p = 2, we split U(Z2) into two parts:

e y odd, so that z = —(22 + 1) /y. This has measure 1/2.
e y = 2y even, which implies that ¥’ and x = 22’ + 1 odd, so that

z=—(a?+1)/y = —(1+ 22" +2(2")?) /v

This has measure 1/4. Indeed, it parametrizes as

=1+ 2u,
2
Y= 150

2= (142u+2u?)(1 +2v) = 1+ 2u + 2v + 2u?(1 + 2v) + 4uv,

with (u,v) € (Z2)?. The differential of this map is given by the matrix

2 0 1 0
0 —4(1+20)72 | =2 0 —2(1+20)~2
2+ 4u(1+3v) 2+ (4u? + 4u) 14 2u(l43v) 1+ 2u(l+u)

and is twice a 2 x 3 matrix with coefficients in Zs, of which one of the 2 x 2 is
invertible. Therefore, the measure of its image is 2|3 = 1/4.

Finally, volU(Zy) = 1/2+ 1/4 = 3/4.

5.5.3.  The virtual character EP(U) is —[x], for x = (—1/-) the quadratic character
corresponding to Q(i). We will prove this in general below, however, this can be
seen directly as follows.

First, U is a hypersurface of the affine 3-space, so it has no non-constant invert-
ible function. Let us now study its Picard group. Over Q(i), X is the hypersurface
of P? defined by the equation (z+it)(—x+it) = yz, so is isomorphic to P! x P!, the
two factors being interchanged by the complex conjugation. Consequently, Pic(X 5),
being generated by these two lines, is the Galois module 1 & [x]. The result then
follows from the fact that Pic(Xz) maps surjectively to Pic(Uf), its kernel being
the submodule generated by the class of the hyperplane of equation ¢ = 0 in P3.

The L-function of EP(U) has local factors L,(EP(U),s) = 1 — (_71)19*3. The
product L(EP(U), s) of all L, for p > 2 is exactly L(x, s)~!. At s = 1, it has neither
a pole, nor a zero.

5.5.4. One has
3

_ 6 _
Vol U(2s) [T vol Uz, (1) = S [0 -p%) = 5 =)
p>2 p>2
As L(x, s)((s) = Cq(i)(s), one has L(x, 1) = Ca(i)(l) and the normalized volume of
U(Ay) is equal to

Q) (1)@~
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5.5.5. Now we have to compute the volume of the divisor at infinity. Due to the
way matrices are counted in [44] (one wants 222 + y% + 22 < T?) the natural metric
on the tautological bundle of P? is given by the formula

P(x7 y’ Z’t)
max(2[z|? + [y[? + |2]2, [t]?)des 7727

Ispll(:y:z:t) =

where P is a homogeneous polynomial in four variables and sp the corresponding
section of O(deg P).

The divisor D has equations s1 = X24+YZ+T?=0and s, =7 =0 in P3. We
will compute its volume using affine coordinates (y, z,t) for P3 and x for D. Affine
equations of D corresponding to the two previous sections are 1+ yz +t? = 0 and
t = 0. One has

d(1 +yz +t*) Adz Adt = zdy Adz Adt,
and by definition,
[dy A dz A dt|| = max(2 + y* + 22, t2)2.

Consequently, on D, one obtains the following equalities

sl _ ! 1

lim = =
[14+yz+12] max(2+y?+22,62) 24y + 22

(since t =0 on D) and

1 1
N

[t] max(2+y2 + 22,62)1/2 (2442 4 22)1/27

Finally,

l|s1]] o 1z
14 yz + 3| |£]

= |z| max(2 4 y* + 2'2,152)1/2 = 2|2+ (1/2)® + z2)1/2
= (14222422 =1+ 22,

|dz|| = ||zdy A dz A dE|| lim

so that the canonical measure on D(R) is given by |dz|/(1 + 2z2). Hence,
volD(R) = .

5.5.6. Finally, we obtain that Shah’s constant C'x2; satisfies
CX2+1 = 2VO]D(R) VO] U(Af),

compatibly with Theorem 4.7.
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Appendix A. Tauberian Theorems

Let (X, 1) be a measured space and f a positive measurable function on X. Define

2(s) = /X (@)~ dp(x) and V(B) = u({/(x) < BY).

One has

“+o0
Z(s) = B~*dV(B).
0

Theorem A.1. Leta be a real number; we assume that Z(s) converges for Re(s) >
a and extends to a meromorphic function A.1 in the neighborhood of the closed half-
plane Re(s) > a — 6, for some positive real number §.

If a <0, then V(B) has the limit Z(0) when B — oo.

Furthermore, assume that:

(1) Z has a pole of order b at s = a and no other pole in the half-plane Re(s) > a—9d.
(2) Z has moderate growth in vertical strips, i.e. there exists a positive real number
K such that for any 7 € R,

|Z(a—6+im)| < (1+]|7])".

Then, there exist a monic polynomial P, a real number © and a positive real number
€ such that, when B — oo,

B {@Bap(log B) + O(B*¢) if a>0;
Z(0)+©B*P(log B) + 0(B*“¢) if a<O.
Moreover, if a # 0, then
deg(P)=b—1 and ©Oa(b—1)!= Slgrcll(s —a)’Z(s)
while
deg(P)=b and ©b! = lim(s - a)’Z(s)

if a=0.

For any integer k£ > 0, let us define

=] o) = o )

where log™ (u) = max(0,logu) for any positive real number u.
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Lemma A.2. Let k be an integer such that k > k. Then there exist polynomials P
and @ with real coefficients, a real number 6 > 0 such that

Vi(B) = B*P(log B) + Q(log B) + O(B*~°).

Moreover, the polynomials P and Q satisfy

1
'@Tb‘1+--~ if a0,

P(T) = < a**t1(b—1) (A1)
0 if a=0;
0 if a>0;
1 .
Q(T) = (b+k)!@Tb+k+'” if a=0; (A.2)
%Z(O)T’“ +o if a<o0.

Proof. We begin with the classical integral

. ds AT Lk
/UHR)\ PUES U H(log ()7,
where o and A are positive real numbers. For ¢ > max(0, a), this implies that

V(B = 37 [ 102" (B/S@)F dn(o)

- | 5w [ Bl S auta)
1

ds

= — BSZ(S) @7

20w Jorim
where the written integrals converge absolutely. We now move the contour of inte-
gration to the left of the pole s = a, the estimates for Z(s) in vertical strips allowing
us to apply the residue theorem. Only s = a and s = 0 may give a pole within the
two vertical lines Re(s) = o and Re(s) = a — ¢ and we obtain

BsZ(s) 1 s ds
Vk(B) = Z ReSS:u (W) + /15+iRB Z(S) Skﬁ

2T
ue{0,a}
a—d<u<o

Ifa>0and a—d >0, orif a <0, one checks that there exists a polynomial P
of degree b — 1 and of leading coefficient ©/a*+1(b — 1)! such that

B*Z(s) a
Ressza (W) =B P(lOgB)

In the case a > 0, moreover we set @ = 0.
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If a = 0, let us set P = 0. There exists a polynomial @ of degree b + k and of
leading coefficient ©/(b + k)! such that

Ress—o (B:kLJr(ls)) = Q(log B).

Finally, if a < 0, one verifies that there exists a polynomial @) of degree k and
of leading coefficient Z(0)/k! such that

B Z(s)
Res;—o <$]€T) = Q(log B).
This implies the lemma. O

Lemma A.3. Assume that there are polynomials P and Q, and a positive real
number &, such that

Vi(B) = B*P(log B) + Q(log B) + O(B*™%),

where we moreover assume that P =0 if a =0 and @ =0 if a > 0. Then for any
positive real number &' such that &' < §/2, one has the asymptotic expansion

Vie1(B) = B*(aP(log B) + P'(log B)) + Q'(log B) + O(B“~").

Proof. For any u € (—1,1), one has

Vi(B(14+u)) — Vi(B) = B*(P(log(B(1+u))) — P(log B))
+Q(log(B(1 + u))) — Q(log B) + O(B*~*)
= B*P(log B)((1 + u)* —1)
+ B(1 4+ u)*(P(log B +log(1 + u)) — P(log B))
+(Q(log B + log(1 + u)) — Q(log B)) + O(B*™%)
= B*P(log B)(au + O(u?)) + B*P’'(log B)u
+ B*O(log B)ee =22
+Q'(log B)u + O((log B)4° @=24/?) 4 O(B* ™).

Let € be a positive real number; if u = +B~°, we obtain

Vi(B(14u)) — Vi(B)
log(1 + u)

= B%(aP(log B) + P'(log B)) + O(B“~%)

+Q'(log B) + O(B™°) + O(B“_5+5),
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where the O notation indicates unspecified powers of log B. If §' < & /2, we may
choose ¢ such that 0’ < e < 6/2 and then,
Vi(B(1 +u)) — Vi(B)
log(1+ u)

= B*(aP(log B) + P'(log B))

+Q'(log B) + O(B*™"). (A.3)
On the other hand, for any real number u such that 0 < v < 1, and any positive
real number A, one has
log(A(1 — u))* — log(A)*
log(1 — u)
which implies the inequality
Ve(B(1 —u)) — Va(B)

o _ log(A(1+ )" — log(A)*
< klog(A)F! < log(1 + u) ’

V(B(1 +w) — Vi(B)

log(1 — u) < Ve-1(B) < log(1 4 u) A

Substituting in the estimates of Eq. (A.3), we deduce the asymptotic expansion
Vi_1(B) = B*(aP(log B) + P'(log B)) 4+ Q' (log B) + O(B*™?"), (A.5)
as claimed. O

Proof. (Proof of Theorem A.1) We can now prove our Tauberian theorem. Let k
be any integer such that k& > k. Lemma A.2 implies an asymptotic expansion for
Vi(B); let P,Q,0 be as in this lemma. Applying successively k times Lemma A.3,
we obtain the existence of an asymptotic expansion for V(B) of the form

V(B) = B“D¥ P(log B) + DEQ(log B) + O(B*~"),

for some positive real number ¢’ (any positive real number ¢’ such that §' < §/2%
is suitable), where we have denoted by D, and Dy the differential operators P +—
aP+ P and P~ P’.

For a # 0, the operator D, does not change the degree but multiplies the leading
coefficient by a. Consequently,
1 b—1 :

pipry=dap—1m® T ie#l

0 if a=0.

Similarly, the operator D decreases the degree by 1 and multiplies the leading
coeflicient by the degree. It follows that

Z(0) if a <0
1

DEQ(T) = E@Tb+~-~ if a = 0;
0 if a > 0.

Theorem A.1 now follows easily. O



Igusa Integrals and Volume Asymptotics in Analytic and Adelic Geometry 423

In ultrametric contexts, the function f usually takes values of the form ¢", with
n € Z, where ¢ is a real number such that ¢ > 1. In that case, the function Z is
(2im)/ log g-periodic, its poles form arithmetic progressions of common difference
2im/log q, and Theorem A.1 does not apply.

Let ¢ be a real number with ¢ > 1 and assume that f(z) € ¢% for any = € X.

Let a be a non-negative real number; let us assume that Z(s) converges for
Re(s) > a and extends to a meromorphic function in the neighborhood of the
closed half-plane Re(s) > a — ¢, for some positive real number §.

Suppose furthermore that the poles of Z belong to finitely many arithmetic
progressions of the form a; + @inz, where aq,...,a; € C are complex numbers
of real part a, not two of them being congruent mod 2i7/logg; let b; = ords—q; Z(s)
and let ¢; = lim,_.q, (s — a;)% Z(s).

Let us make the change of variable u = ¢~° and set Z(s) = ®(u). The function
® is defined by

D(u) = Z Znu",  where Z,, = p({f(z) =q"});
nez

it is defined for 0 < |u| < ¢~® and is holomorphic in that domain; moreover, it
extends to a meromorphic function on the domain 0 < |u| < ¢°~¢, with poles at

g% (for 1 < j <t) such that

lim (1 —¢%u)®®(u) = lim (1 —¢% %)% Z(s) = (logq)* c;.
u—>q7“j s—a;
Consequently, there are polynomials p; of degree b; and leading coefficient
(log q)% ¢; such that

t
B pj(u)
Jj=1
is holomorphic in the domain defined by 0 < |u| < ¢°~%. Therefore, the Cauchy
formula implies an asymptotic expansion of the form

Zy =Y Pi(n)g*™ + O(g=m),

j=1

where ¢’ is any positive real number such that 0 < ¢’ < ¢ and, for 1 < j <t, P; is
a polynomial of degree b; — 1 and of leading coefficient c;(log q)% /(b; — 1)!.

Since the Laurent series defining ® has non-negative coefficients, the inequality
|Z(u)] < Z(Ju|) holds for any u € C such that 0 < |u| < ¢~*. In particular, we see,
as is well known, that ® has a pole on its circle of convergence. This means that,
unless ¢t = 0, we can assume that a; = a and that b; < by for all j.

We are not interested in the sequence (Z,) itself, but rather on the sums
V(q") = >,.,<n %n, when n — oo. (Their convergence follows from the fact that
®(u) converges for arbitrary small nonzero complex numbers w.)
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We begin by observing that for any integer j, there exists a polynomial Q;

such that
Pj(m) = Qj(m) —q~*Q;(m —1)

for any m € Z. Moreover, if ¢* # 1, then there is only one polynomial satisfying
these relations, its degree satisfies deg(Q;) = deg(F;) while its leading coefficient
is equal to lcoeff(P;)/(1 — ¢~ %); however, if ¢% = 1, then deg(Q;) = deg(P;) + 1
and lcoeff(Q;) = lcoeff(P;)/(deg(P;) + 1).

Let us now separate the discussion according to the value of a.

Case a < 0. Then, V(¢™) has the limit ®(1) when n — +oo, and

V(qn) = (I)(l) - Z Zn = (I)(l) — Z Z qaijj(m) + O(q(a75/)n)7

m>n j=1lm>n

provided that ¢’ < ¢ is chosen so that a < a + ¢’ < 0. Since

D avPim) = 3 (g"Q(m) — ¢ " TVQs(m — 1)) = =g Q;(n),

m>n m>n

we obtain that

t
V(g") = (1) + > ¢“"Q;(n) + O~ (A.6)
j=1
Case a > 0. In this case, we have

V(g =Y > (@ Qy(m) — g%V Q;(m — 1)) + O(¢"~°™),

j=1m<n
so that

V(g") = Z ¢%"Q;(n) + O(¢"'n). (A7)

Moreover, deg(Q;) = b; for all j.

Case a = 0. Then V(¢") also satisfies the asymptotic expansion (A.7). However,
deg @1 = b1 + 1 and degQ; < b; < by for j # 1, and we obtain

_ (logg)™
lcoeff (Py) = ¢ . (A.8)

Corollary A.4. Let us retain the previous hypotheses, assuming moreover that
a > 0. Then, we have the following weak asymptotic behavior:

lim V(¢")n=""lcoeff(Q) =

n—oo b]_ + 1

0 < liminf V(¢")g~*"n~" <limsup V(¢")g~“"n~"" < oco.

Corollary A.5. Let us assume that for some positive integers b and d, the function
Z(5)(1 — ¢*=*)N® has a holomorphic expansion in some neighborhood of the half-
plane {Re(s) > a — &}. Then, where n is restricted to belong to any arithmetic
progression mod. d, the sequence (V(q")q~"*log(¢™)~°) has a limit.
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Proof. The assumptions allow us to set ¢t = d and a; = a+ 2in(j — 1)/dlog(q), for
1<j<d, and bj = b. Let us fix m € N and let us write n = m + kd, where k € N
goes to infinity. For n € N, we may write

ny,—ne | —b (aj—a)n __j\'"") ( ) —§'n )
V(g")g " log(q Zq miogg? 0@

The asserted convergences follow from the fact the observation that for any j,
¢\@% =" is a dth root of unity. More precisely, we find

n—oo
n=ng (mod d)

d

: ny,—na ny— 1 . . Cj

lim  V(¢")g " log(q") " = ME exp(2im(j —1)/d)$7
b

where

¢j = lim (s —a;)"Z(s). O

5—)0.]‘

The following corollary has been inspired by the recent paper [17] by Cluckers,
Comte and Loeser.

Corollary A.6. Let V*(¢™) be the Cesdro mean of V(q™), namely

x/ n 1 &
Vig") =g D Vi
m=0

If a > 0, then V* satisfies

1 b1
lim V*(qn)qfannfbl =c ( 0g q)

n—o0o 1 — q—a ’

If a < 0, then

1 b1

lim (V*(¢") — Z(0))g™*"n™" = ¢, 7(1% 2

n—oo — q a
Proof. This follows from the main result and the fact that for any complex number
z € C such that |z] = 1 but z # 1, the sequence (z") Ceséro-converges to 0. O

We conclude this Appendix by a Tauberian result which is useful in S-integral
contexts.

Theorem A.7. Let a be a real number; we assume that Z(s) converges to a holo-
morphic function for Re(s) > a. Let us furthermore assume that it has a meromor-
phic continuation of the following form: there exists a positive integer b > 1 and
a finite family (q;j,b;);cs where q; is a real number such that ¢; > 1 and b; is an
integer satisfying 1 < b; < b —1 such that, setting by = b — deJ bj, the function
Zy defined by

29 =29 (722 ) T -

jeJ
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extends to a holomorphic function with moderate growth in vertical strips, i.e. there
exists a positive real number k such that for any T € R,

|Z(a—4d+im)| < (14 |7])".

Assume also that for any two j,j" € J,logq;/logg; is not a Liouville number.
Then, there exist a monic polynomial P, a real number © and a positive real
number ¢ such that, when B — oo,

B {@B“P(log B) + O(B*(log B)™ax(b:)) if a>0;
Z(0) + ©B*P(log B) + O(B*(log B)™*®i)) if 4 < 0.
Moreover, if a # 0, then
deg(P)=b—1 and Oa(b—1)! = lim(s - a)’Z(s)
while

deg(P)=b and ©b! = lim(s —a)’Z(s)

sS—a

if a =0.

Proof. For any integer k£ > 0, let us define

6= o (7)o )

where log™ (u) = max(0,logu) for any positive real number w.
As in Theorem A.1, we begin by proving an asymptotic expansion for Vi (B),
where k is an integer satisfying k > k. As above, we have

1 < ds
Vi(B) = ﬁ/ RB Z(S)skﬁ,
o+1

for o > a, and we will move the line of integration to the left of s = a, the novelty
being the presence of infinitely many poles on the line Re(s) = a, namely at any
complex number of the form «;.,, = a + 2imn/logg;, for some j € J and some
integer m € Z.

Let F} be the holomorphic function given by Fy(s) = B%Z(s)/s"*1. Let u be
any common irrationality measure for the real numbers log ¢;/log ¢;, namely a real
number such that for any two integers m and m’ such that mlog ¢; +m’logg; # 0,
we have

|mlogg; +m'logqj/| > max(|m/|,|m’|)".

A straightforward computation based on Leibniz and Cauchy formulae shows
the existence of a positive real number ¢ such that for any j € J and any nonzero
m € Z,

|ReSs=aj,m Fr(s)] < c¢(1+ [Im aj,m|)"*k*1*”5B“(log B)maX(bﬂ'),
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where 0 = Zje] bj. Moreover, as in the proof of Lemma A.2, there exists a poly-
nomial P of degree deg(P) = b — 1 with leading coefficient ©/a**1(b — 1)! such
that

Ress=q Fi(s) = B*P(log B).

We choose k such that k > k + pf. Since b > max(b;), these upper bounds imply
that the sum of residues of F} at all poles of real part a is dominated by the residue
at a = 0 and satisfies the following estimate

> ResFi(s) = B“P(log B).
Re(s)=a
If a > 0, we set @ = 0; if @ < 0, there exist a polynomial @ of degree b + k and
leading coefficient ©/(b + k)! such that

Ress—o Fr(s) = Q(log B).
We may then continue as in the proof of Lemma A.2 and conclude that
Vi(B) = B*P(log B) + Q(log B) + O(B“(log B)").

An application of Lemma A.3 similar to that of Theorem A.1 then implies
Theorem A.7. |
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