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Green - Naghdi equations : Linearization

We consider the classical Green - Naghdi system for the propagation of
dispersive waves on shallow water:

hy + (hu), =0,
9 ﬁ 1,27 . LEGR,t>0
(hu)¢ + (hu® + %5~ + 3h*h), = 0,

Linearized on the steady state h = const, u = 0 nondimensionalized
system takes form:

reR,t>0

Tt + Wy = 07
Wi + 1Ny — EWpgz = 0,

here ¢ is a parameter of dispersion. The coupled system describes the
evolution of free surface elevation 1 and average fluid velocity w.




Motivation
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Boundary conditions:
Hyperbolic system - Riemann invariant
Dispersive system - Schrodinger equation, non-reflecting ABC for WE




Motivation

» Restriction of the observation area.
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Domain decomposition for coupling different models
Generation of the waves Schrodinger equation
Objective Generation of the waves for the dispersive water waves problem



Numerical implementation

Results
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Exact boundary conditions

We consider the initial value problem set on the whole space

mt+w, =0, VYreRVt>0
Wi + My — EWze =0, Ve e RVE>0
7(0,x) = no(x), w(0,z) =wo(z), VreR
xBI:iloow@’ .T) - xEIjr:loo T](t7 33) =0,
where the initial data 7, wo are compactly supported functions in a finite
interval [z¢, z,]. The problem set on the complement of [zs, z,] C R:

e+ W, =0, VreR\[xy,z],Vt>0
wt+ﬁm*€@tzz:0, VmGR\[zz,xr],Vt>0
7(0,z) =0, w(0,2) =0, Vze€R\ [z z,]

ﬁ(t7a:€) = n(tv xg),’lf)(t,a?g) = w(t,l‘g),ﬁ(t,l‘,-) = n(tvxr)vw(t’xT) = ’UJ(t,JZT),
lim @(t,z) = lim #7(t,z)=0.

r—+oo z—+o0



Exact boundary conditions
Applying the Laplace transform :

sL(7]) + L(w5) = 0,
SL(®) + L(7a) — £5L(i00s) = 0.

The solutions of the system have the from

E(~)(S7$> _ ry+ ot r — Az
(E(ﬁ)(s,x) =aVTe +a"V=er T, Vx>z,,
E(N)(&{E) _ 0 + ATz YA — Az
< L(77)(s, ) =alVTer "+alV7er ¥, Vo<

r4

where a:jz, ™" are constant coefficients, AT, A\~ are given by

)\+:+ 82 )\7:_+ 82
V1+es? V14 es?’

and V1, V~ are the constant vectors:

VT =(1,-AT/s)", V7 = (1,AT/s)".



Exact boundary conditions

Laplace transform inversion

20y = L(w)(s, ;) — V1 +es2L(7)(s,z,) =0,
= L(W)(s,w¢) + V14 es2L(7)(s, x¢)

This leads to the condltlons at the boundary pomts Ty, Ty

1+ es? 1+ es?
L(w)(s,zr) = ﬁﬁ(n)(s,wr% L(w)(s,z¢) = —mﬁ(n)(s,w)
The inversion of Laplace transform is explicit:
t
Wy (t, ) — n(t, x,) = — ; jz%jo (\2) w(t — s, 2,)ds — ew(t, z,.),
t
Jo+To [ s
x ta - t7 = = t— ) d ta )
ewy (t, 20) — n(t, zp) e (\/g> w(t — s,x0)ds + ew(t, xr)

where 7,, is the Bessel function of the first kind:

Tn(t) = %/0 cos(nt — tsinT)dr



Exact boundary conditions
Stability result

Proposition
The problem

M+ wy, =0, W+, — W =0 Va €z, z,.[,VEt>0

n(0,z) = no(z), w(0,2) =wo(z), Va €lxy, x|

¢
Wiy () — Mt 2p) = — ; “722;5“70 (\2) w(t — 8,2, )ds — Vew(t, z,.),
¢
gwyz (t, xe) — n(t, xp) = ; ;722-1\;5.70 (\2) w(t — s,20)ds + Vew (t, xy),

is L°(R*, H(R) x L?(R)) stable: for all t > 0 and for all smooth
solution of (0.1), we have

. 2 2 2

/Z" 772(t,x)+w2(t,w)+€(wx(t,x))2dxS/x"' né(z) w(2)2(:v) (wo o ())?



Exact boundary conditions
Stability result

proof The time-derivation of the generalised kinetic energy is

d [Tfte)  witr) | (wa(t 7))
al, 2 T2 3

[w(t, :L‘) (Ewtm(tﬂ :E) - n(tv ;C))]Z 3

dr =

Integrating over the time interval (0,t) gives:

x 2 2 2
Tnitx) | wite) o (Gew(t,x)”
/g; 5 + 5 +e€ > dx

£

2+2 2

/“ m(@) | wile) _ (Gewo()?

4

:/ w(&xr)(awm—n)(s,m,,)ds—/ w(s, z¢)(ewz—n) (8, 2¢)dt := J—Jy
0 0



Exact boundary conditions

Stability result
proof The time-derivation of the generalised kinetic energy is

dr =

d Tr 2 t, 2 t, - t, 2
4 [pha) | wRte) | (wta)
at J,, 2 2 2
[w(t, z) (cwes (t,2) — n(t, 2))]5,
Integrating over the time interval (0,t) gives:

x 2 2 2
Tnitx) | wite) o (Gew(t,T)”
/z 5 + 5 +e€ > dx

£

+

[ B ), e,
. 2 2 2

4

= / w(s, x,) (ew —n)(s, z,)ds — / w(s, z¢)(ewre — n) (s, xe)dt := J. — J,
0 0
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Exact boundary conditions
Stability result

- t (B2 ot + V) ) wisa)ds

Next, we fix 7' > 0 and denote W (t) = w(t,x,)1[0,T](t). One has
w'(t) = W' (t) + W(T)d:—r. By substituting into the formula for .J,., one
has

_ = j2+‘70;* s (s S, &y )ds— 2
5= [ (T2 W)+ VAW 6) ) Wssa, s EW (T

By applying Plancherel’s identity, one finds:

Jo= / Y1 @ R(©)de — VEW(T)P <.




Linearized Boussinesq equation

The system is equivalent to the following equation:
(w - ngz)tt — Wgy = 0, Vr € R, Vi > 0.

Solution decreasing at infinity: this gives us one condition on the left
boundary and one on the right one for the function L(w):

ﬁﬁ(w)(s,xy.), L(wg)(s,z¢) = ﬁ

The inversion of Laplace transform can be found explicitly and finally we
get

L(wz)(s,2p) = — L(w)(s,

S

wrltr) =1 | ‘7 () wle = s.0)ds = e,

, (1)
walt70) =~ = /0 7 (\/g) w(t — 5, 70)ds + %wu,xe), :



Stability result

Proposition
Any smooth solution of the problem

(W — €Wy )tt — Wee =0, VYV € [z, z,],Vt >0

w(0,z) = wo(x), w(0,2)=uwve(x), Y €z, x|

02 b T+ t—
(1 + 5(%2> we(t,z,) = — jzﬁjo (\@S) wy (s, zp)ds — Vews (¢, z,),

0

0? t To+ Ty (t—s
(1 + €6t2) wm(tu ‘rf) = 2\/5 ( \/g ) U}t(S,fL'g)dS + \/gwtt(taxg)a

0

satisfies for all t > O the following estimate:
., 2
/ ((“’;) wa) e (wmﬁ) (1 2)dz <
Te

o (g 2 2
/ ? + (’u}o@) + e ('UO,z) dz.
T



Discrete transparent boundary conditions

We write down the centred-Crank Nicholson discretization :

+1 +1 +1
77?+1/2 Ni1/2 n 1 gn+1 w;‘L + Wit — Wy -0
ot 2 ox ox ’
Wit —wp (-t bl gy - 2wl by
ot 61‘2 ox?
+1 +1
+1 Nii12 = M 172 n Miv12 =~ Mi—1j2 | 0
2 20z 20 ’

1<j<JneN

where 6t > 0, dx > 0 the time and space step, respectively,

w} ~ w(ndt,; + joxr) and number of space cells J is calculated as

Tp — X
J =
ox
ox/2
¥ X\
Wo Ny, W Wer N Wy



Discrete transparent boundary conditions

We will apply the discrete Z—transform with respect to time index n,
which is defined as follows

i(z) = Z{(un}(z) = Y upz™", |2/ >R>0,

n>0

C. Besse, M. Ehrhardt, |. Lacroix-Violet, Discrete artificial boundary
conditions for the linearised Korteweg-de Vries equation* Num.Meth. for
PDE, V. 32, Issue 5, (2016) 1455-1484.

C. Besse, Mesognon B., Noble P., Discrete Artificial Boundary Condition
for the Benjamin- Bona-Mahoney equation*

C. Besse, P.Noble, D. Sanchez, Discrete transparent boundary conditions
for the mixed KDV-BBM equation*.



Discrete transparent boundary conditions

Recurrence relation

. 1 . .
Nj+1/2 = —m(wﬂl — ),
es(z) . 2¢ ) . es(2) . Njt1/2 — Nj—1/2 ’
S tote) (1 )iy = i BT <
where, )
21—z
s(z) = prEppe=

M‘ 2] >1 = R(s(z2)) > OHZ(un+1) = zZ(un)‘

(1+es?(2))j_q1 — 2 (1 + s(2) <

+5x2
et
2

)) s+ (4 2 ey =

1<j<JneN




Discrete transparent boundary conditions

Recurrence relation, solution

This solution of the linear recurrence written in the form:
Wy = Ayri(2) + Ar_(2)!

where r4 are the roots of characteristic polynomial associated with the
recurrence:
S

P(r) = (1+es?(2))r* —2 <1 + 5%(2) (&: + 2>) r+ (1 +es%(2)).

The explicit formulae for the roots reads

s2(2)6a? " s(2)0z+/622 + 4(1 + £52(2))
2(1 + es2(z)) 2(1 + es2(2))

re(z) =1+



Discrete transparent boundary conditions

Roots separation, assymptotics

Proposition 2 The roots of characteristic polynomial associated with the
linear recurrence relation have the following property

P = (42 =2 (1426 (o + 55 ) ) r+ (14 2262

re(2) > 1, [r-(2)] <1



Discrete transparent boundary conditions

Procedure of the boundary condition construcion
Remark 1 The further strategy of discrete boundary conditions
construction will be based on the fact proved in Proposition 2.
Solutions space decomposition : E*(z) U E*(z)
E*(z) : solutions decrease to 0 with j — o0
E*(z) : solutions decrease to 0 with j — —oc0

Choice of the space step dx in order to separate the roots r, r_ well.
Take into account the relation between 6t and ¢ for the dispersive effects.

4e z—1

1 14 2 —
tes =t S



Discrete boundary conditions

Inversion of Z transform

i (14 2622%(z —1)2 N 20x(z — 1)y/T22 —2vz + T "
T A2 —2uz+ A Az22 —2uz+ A 0
2002(z — 1) 20x(z —1)VI22 —2vz +T
. _ (1 _ .
W < + AzZ —2uz+ A Az —2uz+ A W

here A = 4e + 62, p=4e — 612, T = A + 622, v = p + §22%.



Discrete boundary conditions

Consistency result

The Crank-Nicolson approximation O(6t? + 6x2).
The derived discrete boundary conditions provide the same order of
approximation:

Theorem

Let w(t,x) be a smooth solution, then one has for all compact K € CT,
all s e K:

(e, 6x) — 1y (3w (e*,0) = O(6t + %)

w(e*2t, 1) — ry (%) (e, Jdx) = O(0t* + 622)

where r1(z) the roots of recurrence relation and Z—transform of w(-, x)
for all z € [0, 1] defined as



Numerical implementation

Scheme

—a+w]7lrll+(l+2a+)w;b+1 a+wj"+11—2( a_wi+(14+2a_)wi—a_wj_,)

- (—a+w;—’;11 + (14 2a4) Jfl - a+wj711), 1<j<JneN,
where
e —ot/4 e+ dt/4
=——" ar=—F.
sz2 7 T dx2

The linear system to solve numerically is:

My W = 2M, W™ — M, W™ +V,n e N,



Collocated grid

The numerical scheme reads as follow:

1 1 1
=y e wit —wi =y S
5t 2 20x 20x ’
11 11 +1 41
wit —wp o (wiin 2w ety wiyy — 2w wpy
ot dx? ox?

1 1 n n
n 1 77?11 - 77?1_1 n M1 — M1 _ 0
2 20x 20z ’



Collocated grid

Left boundary condition:

(14 P*)wy, = S“wWo — 26z P"s(2)no,
2533 S(Z)’I]l —+ Suwl = (1 + P")wo

Right boundary condition:

(1+Ps)’tﬁJ+1 S'UL]*Q(SZ'PS ()77J,
20w S(Z)ﬁJ+1 + SS'IUJ+1 = (1 + PS)U}J.

Explicit inversion is not possible!




Numerical implementation

Dispersive effects. Gaussian initial data

3 5 8 8 § 88 88 ¢
3 5 88 § 88 8 8¢

3 s 8 8 § § 8§88

Figure 1: e = 1072 Figure 2: e = 1073 Figure 3: e = 107
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Numerical implementation

Dispersive effects. Wave package

w(k) 1 _ dw(k) 1

U¢(k) = A = T _A'_igk;Q’ 'Ug(k) = dk = (1 n €k2)3/2 .

Group velocity is always less than phase velocity (see right Figure 77).
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Figure 4: Evolution of the error functions;



Numerical implementation

Incoming wave

w'(x,t) = Beos(kx — w(k)t) with wave number k = 2mp, p € N

p=4,{—:=10_3 p:8,5:10_3

Figure 5: Evolution of incoming wave solution for different wave number.

velocity




Conclusions and Perspectives

» Theoretical results

> Exact transparent boundary condition are constructed (energy
dissipation is shown)
» Discrete conditions are derived
» Consistency of the discrete conditions is proofed
» Numerics

> The applicability of the technique is shown numerically as well
Outgoing wave
Incoming wave

Purpose for the further investigation:

Non-linear cases
2D case
Two-layer models Green-Naghdi type
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