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Introduction Brief description of the hierarchy of free surface models

~~———~—F~———~——1

MODELS:
(E) Euler eq. with monovalued free surface
(SW) Shallow water model [Saint-Venant'1871]

ASSUMPTIONS: |
pr) Hydrostatic pressure: p(t,x,z)=P(t,x)+g(n

(t,x)-2)

Hy,) Homogeneity of the horizontal velocity in the column: u(t,x,z)=u(t,x)
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MODELS:
(E) Euler eq. with monovalued free surface

(SW) Shallow water model [Saint-Venant'1871]
(NH) Non-hydrostatic model [Sainte-Marie'11]
(GN) Green-Naghdi model [Serre’'53]

ASSUMPTIONS:

H)’,)p) Hydrostatic pressure: p(t,x,z)=P(t,x) +~g(n (;,x) 7z)
Hy,) Homogeneity of the horizontal velocity in the column: u(t,x,z)=u(t,x)
Hy,) Homogeneity of the vertical velocity in the column: w(t,x,z) =w(t,x)
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MODELS: B
(E) Euler eq. with monovalued free surface
(SW) Shallow water model (SW,) Layerwise shallow water model [ABPSM'11]
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0
and a monovalued free surface n(t, x): (2) dtu+u-Vu+wdu=-Vp
(3) dtw+u-Vw+wizw=-0p—g
with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0
at free surface, the pressure is fixed: (5) P,y =P(t.x)
and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0
and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

Energy conservation of (E)

For s.e.s., we have: at(€"‘3+J{“+J{‘”)+V-<§: (n—B)0tP+p|,-p0tB
with &h = h(gB+ P+gI§"J and ZY¥ = %f; |1/J|2 dz.
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q

with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0

at free surface, the pressure is fixed: (5) P,y =P(t.x)

and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0

and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

o We use the hydrodynamic pressure: q(t,x,z)=p(t,x,z)-(P(t,x)+g(n(t,x)-z))

o For L fixed parameter (¢;)1<j<; such that ¥;¢; =1, we discretize the column by layers of
thickness ¢;h with h=n—B and L; = [{;_1,,{j+1s] With (i1, =(i—+¢;h and (i, = B.

o Assuming u is close enough to its average in L;: u(t,x,zel;)=u;(t,x)+ O(¢)
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q

with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0

at free surface, the pressure is fixed: (5) P,y =P(t.x)

and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0

and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

o Integrating (1) on L;: 0th+V-(hu;) = %[G];fiﬁ

with G is the mass exchanged between the layers Gj 1, =0+, +u)__ Vg —w__
z=Ciyy, z=City,
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q
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at free surface, the pressure is fixed: (5) P,y =P(t.x)

and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0

and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

o Integrating (1) on L;: 0th+V-(hu;) = %[G];fiﬁ
. 1
o Integrating (2) on L;: at(hu,-)+V-(hu,-®u,-):—hV(P+g17)+%[uG ;tﬁ—%fLquz
i i !

Martin Parisot NumWavel7? Layerwise Dispersive models 4 /10



The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):
Between a given bottom B(t,x)
and a monovalued free surface n(t,x):

with no-penetration at bottom is assumed:
at free surface, the pressure is fixed:
and the kinematic condition is considered:

and compatible initial condition 7°, 10 and w0.

o Integrating (1) on L;:
o Integrating (2) on L;:
» Assuming H}’,’p

» To close the system, we set

Energy conservation of (SW/)

0t (hu;) +V-(huj®u;)=—-hV(P+gn)+
), we have ¢ =0, and it leads to (SW}).

Uiy, Gy, =

(1) Vou+ow=0

(2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q

(4) atB+u‘z=B~VB—W|z=B=O

(5) P,y =P(t.x)

(6) 5t17+ Ujpep V=W, =0
v-u0+9,w0=0

0 0 —
6tB‘t:O +u|z:B VBltZO_W‘z:B =0
Oth+V~(hu,-) [G]'ﬂj;

7 Gty —IW

itUi+l Uit1 Ui | .
5 |Givs-

Gity +y

Assuming y =0. For s.e.s., we have:

with 6" =h(gB+P+g}) and 2 = G hly;* 2

oy (gh +z,-<;(,.") +V-9 < hd: P+ ghd: B
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q

with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0

at free surface, the pressure is fixed: (5) P,y =P(t.x)

and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0

and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

o Integrating (1) on L;: 0th+V-(hu;) = %[Glﬁfiﬁi
. U .
o Integrating (2) on L;: 0¢(hu;)+V-(hu;®u;)=—hV(P+gn)+ fl: [UG]:J_rii -V (hg;)+ [% [qV(]:-J_riZ
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q
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1 1
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0
and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q
with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0
at free surface, the pressure is fixed: (5) P,y =P(t.x)
and the kinematic condition is considered: (6) 6t17+ Uy V=W, =0
and compatible initial condition r]o, w0 and w0, V.4 +02w0 =0
0 0 —
atB‘t:O + u'z:B VBH*:O - W‘z:B =0
o Integrating (1) on L;: 0th+V-(hu;) = [G]’ﬂg
o Integrating (2) on L;: 8¢ (hu;)+V-(huj®u;) = —hV (P+gn)+ [uG]'+1//§-v(hq,)+ z [qu]'ﬂg
o Integrating (3) on L;: 0t (hw;) + V- (hW, uj) = l [ G]'Jr:z [ ]’ﬂz
o Integrating twice (1) on L;: =0t{j+uj- V(, Gj

with ;= gi- '/z+(:+1/2 and G; = Gi—'/z;Gw/z
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0
and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
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0 0 —
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o Integrating (2) on L;: 8¢ (hu;)+V-(huj®u;) = —hV (P+gn)+ [uG]'+1//§-v(hq,)+ z [qu]'ﬂg
o Integrating (3) on L;: 0t (hw;) + V- (hW, uj) = l [ G]'Jr:z [ ]’ﬂz
o Integrating twice (1) on L;: =0t{j+uj- V(, Gj

» Assuming HJY), we have g; = iz iz and it leads to (NHL).

Energy conservation of (NH)

Assuming y =0. For s.e.s., we have: 0t (é”h+Z,'[J(i”+J(iW)J+V-<£S hot P+ (gh+qy,)0+B
. i
with £h=h(gB+ P+gg) and & = 5 hlyi|>.
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0

and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q

with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0

at free surface, the pressure is fixed: (5) P,y =P(t.x)

and the kinematic condition is considered: (6) 0¢n+ Uy V=W, =0

and compatible initial condition r]o, O and w0 v-uP+0,w%=0
0tBj,g+u_ VB _o-w)_ =0

o Integrating (1) on L;: 0th+V-(huj) = % [G];tzz
. U .
o Integrating (2) on L;: 0t (hu;)+V-(hu;®u;)=-hV(P+gn)+ fl: [uG]:J_’iZ -V (hg;)+ [% [qVC]:-J_riZ
o Integrating (3) on L;: 0t (hw;) + V- (hw; uj) = [i [WG]::J::E— % [Q]:J_riz
] 1
o Integrating twice (1) on L;: w;j =0¢lj+u;i- Vi - G;

o Multiplying (3) by (z—{;) and integrating (weak derivation) on L;:

2 Gi-1s+4i
0t (hoj) +V-(hoj uj) = 7%. (07 = V3 (Wisre = 1)) G = (0 + VB (Wi—ry = wy)) Giag ) + T‘é (g - I=eydire )
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The hierarchy of layerwise models Derivation

EULER EQUATIONS (E):

Between a given bottom B(t,x) (1) Vou+ow=0
and a monovalued free surface n(t, x): (2) dtu+u-Vu+wiu=-V(P+gn+q)
(3) dtw+u-Vw+wizw=-0,q
with no-penetration at bottom is assumed: (4) 0¢B+u,_g-VB-w,_p=0
at free surface, the pressure is fixed: (5) P,y =P(t.x)
and the kinematic condition is considered: (6) 6t17+ Uy V=W, =0
and compatible initial condition r]o, w0 and w0, V.4 +02w0 =0
0 0 —
atB‘t:O + u'z:B VBH*:O - W‘z:B =0
o Integrating (1) on L;: 0th+V-(hu;) = [G]’ﬂg
o Integrating (2) on L;: 8¢ (hu;)+V-(huj®u;) = —hV (P+gn)+ [uG]'+1//§-v(hq,)+ z [qu]'ﬂg
o Integrating (3) on L;: 0t (hw;) + V- (hW, uj) = l [ G]'Jr:z [ ]’ﬂz
o Integrating twice (1) on L;: =0t{j+uj- V(, Gj
° 0t (hoj)+V-(hoj uj) = _[%. (7= V3(Wisss = W) iy = (07 + VB(Wj_ys — wj) Gifl/z] + 2T‘C§ (ai- iz ity )
o Looking at the oriented standard variation in (1) on L;: o= —2[\"/’%v uj

Energy conservation of (GN)

Assuming y=0. For s.e.s., we have: 0 (gh+z,(J4“+%W+%0)]+v-gs ho:P+ (gh+qy,)0:B
with & =h(gB+P+g}) and & = 5 hly;[>.
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The hierarchy of layerwise models Dispersion relations

Dispersion relations of the layerwise models (NH;) and (GN,)

The dispersion relation around the state (h, u;) = (H,0) reads: ‘CZX =, /(A;ﬁle,l)CSh
with c$M = \/gH, 0= (¢)1<i<p, €= (1)1<jc1, AT =4, 18" =6

2 e [max(i,j) L
and Ax =1y -x“B with Bjj= —=08;;-¢; " y ¢
A 2 I=max(i,j)+1

' -
g — (B
— (s5W;)
E-L (GN;)
LI (NH),)

Sale 1 - — v
SN E AR N - N 10 30

Brenggex
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The hierarchy of layerwise models Dispersion relations

Dispersion relations of the layerwise models (NH;) and (GN,)

The dispersion relation around the state (h, u;) = (H,0) reads: ‘CZX = (A#]e,é}cSh
with CSh =+/gH, ¢= ([i)lsiva e= (]_)15’_51_’ /'th —4, 18" =6
i [2 [max ij L
and Ax =14 -x?B with B;; = 2o Oii =4 2( ) ¢
I=max(i,j)+1

For any wave number k>0, the phase velocity of the dispersive models converges to the phase
velocity of (E) when the number of layers goes to infinity.

5 £ tanh(kH)

oo € KkH
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):

0:Ui +V-F(U;) = S(U)+[ [+ + D;
dth + V-(huj) = kl6lit:
ot (huj) + V-(huj® u;) +hV (P+gn) = [ucw:;; - V(hg))+ 7 [qVeIit;
3¢ (hw;) + V-(hw; uy) = ,—1,[ Gl - 4la ]’ﬂj;
oc(hoy) + V-(ho; uy) = HloGlEe + M( —%)
wj = 0t +ui-V{j—G; oj == 2\f

Solved using a splitting approach:
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):
0:Uj+V-F(Uj)=5S(U))

hn* hn
6"

hn* nx hn n

. h"uf’) =0

h"ul @ uf )+h"V(P+gn") =0

7 d

hn* n* hnwn
5w + V-(h”wl.” u’”] =0
t

A% g1 _pgh

Ll 4 V- (b0l uP) =0

t

Solved using a splitting approach:
1. Advection and conservative forces
1.1 Horizontal advection
using in each layer a classical shallow water scheme (Godunov, HLL, kinetic...)
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):

. _ 1 ri+ee
at Ul - [l [ i—I/Z@

n+Ys _ pnx .

h 5nhi _ %[Gn+%]:tiﬁ
t 1

n+Y  n+Ys nk  nx :
AU =R U] _ 1 [u"+]/ZGn+l/2]l-+l/2
or T4 i=Ye

n+¥a  n+Ve_pnk o nx ;
AW T W] _ 1 [Wn+1/z Gt i+%e
6}7 7 i-%

n+Ve n+Ve _ pnx nx ;
Wor ThTOT 1 gnekgnen)itie
5? -7 i—Y2®

Solved using a splitting approach:
1. Advection and conservative forces
1.1 Horizontal advection

1.2 Vertical advection
implicit up-wind scheme but solved explicitly

6/ 10
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):

0+ U; = D;
n+l_pn+Y%
h 6?h -
pn+1 n+l_pn+Ve n+Ya i+
i 5? i = -V (hn+1q;7+l) + [% [qulV(rH-l .
hlf’JrlWI."Jrl—II:If"*'VZw,.’7+‘/2 B _% [qn+1]i+‘/z
6 - i [—1
t i i—Y
1, n+1 Vs ntVs 1 1
hl{1+ UICH _::‘7+ ZU,’.” o _ 22/23) (qn+1 B q,’-qj/z;rq}q;/z)
o i i
t ]
n+l _ an+1 n+l grn+l _ Lipn+l Ll n-*—l,_[ihm—:l Gt
wh =0y B+ul. v(i—1/2 5 h"TEV u; ;oo = 3 V-u
Solved using a splitting approach:
1. Advection and conservative forces
1.1 Horizontal advection
1.2 Vertical advection
2. Dispersion and dissipative forces
Linear system but very big 1d: (5LN)2—system with a 3-point stencil
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):

0:U; = D;
L 1 1 1 1 —
X, (a,-juj"+ +V(y,-j-ujf’+ )—v,-jV-qu’J’ —V(K,-J-V~uj'+ )) = PBi
n+l _ An+l n+l grn+l _ ﬁ n+l LN+l . n+l _ _fih’H:l n+1l
w =0y B+uj V(’,_l/Z 5 h" V- g ; e W !

Solved using a splitting approach:
1. Advection and conservative forces
1.1 Horizontal advection
1.2 Vertical advection
2. Dispersion and dissipative forces
2.1 Implicit elliptic scheme on u;
System smaller but very large stencil 1d: (LN)2—system with a 5L-point stencil
2.1 Reconstruction of w; and o;
and eventually g; and gj_y,
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Entropy-satisfying numerical resolution Numerical scheme

LAYERWISE SERRE/GREEN-NAGHDI MODEL (GNj):

0tUj+V-F(U;) = S(U)+[ [r]’*ijggm
och + V- (hu;) = kl6lit:

1, 1,
0t (hu;) + V- (huj®u;)+hV(P+gn) = [uG]’*.Z—V(hq,-) 7 lavelity;
3¢ (hw;) + V- (hw; uj) = %l GIitY - - lalfy;
0¢ (ko) + V- (hor uy) = FIoGITYS + 2 (g Gegon)

Using a numerical scheme of (SW) satisfying the positivity and the entropy-dissipation under a
CFL condition A(h",u")67 <6y
then under the CFL condition

A (A", up) o <6
the proposed scheme satisfies the positivity and the entropy-dissipation even at dry front.
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Entropy-satisfying numerical resolution Numerical results
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Entropy-satisfying numerical resolution Numerical results
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Entropy-satisfying numerical resolution Numerical results
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Entropy-satisfying numerical resolution Numerical results

DISPERSIVE JUMP
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Entropy-satisfy

g numerical resolution Numerical results

WATER DROP
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Realizations Perspectives

REALIZATIONS:

» A dispersive layerwise hierarchy of models was proposed
@ [Fernandez-Nieto, Parisot, Penel and Sainte-Marie] hal-01324012
Extendable to: viscosity, friction, Corriolis, capillary [Marche'07].

»  An entropy-satisfying numerical scheme was designed

[4 [Parisot] hal-01242128.

PERSPECTIVES:
/\ Link with other models
o the o-transform [Castro]
o (GN) with vorticity [Castro, Lannes'14]
Boundary condition
o transparent boundary for layerwise model [Kazakova, Noble]
o imposed hydraulic head (for hydraulic jump analysis)
Breaking waves
o numerical investigation of the energy dissipation
o adaptative layer discretization

A\ Considering other transformation (for plunging wave [Murashige])
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