Some Anisotropic Viscoelastic Green Functions
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ABSTRACT. In this paper, we compute the closed form expressions of elas-
todynamic Green functions for three different viscoelastic media with simple
type of anisotropy. We follow Burridge et al. [Proc. Royal Soc. of London.
440(1910): (1993)] to express unknown Green function in terms of three scalar
functions ¢;, by using the spectral decomposition of the Christoffel tensor as-
sociated with the medium. The problem of computing Green function is, thus
reduced to the resolution of three scalar wave equations satisfied by ¢;, and
subsequent equations with ¢; as source terms. To describe viscosity effects, we
choose an empirical power law model which becomes well known Voigt model
for quadratic frequency losses.

1. Introduction

Numerous applications in biomedical imaging [6, 14], seismology [2, 22], ex-
ploration geophysics [29, 30], material sciences [4, 15] and engineering sciences
[1, 17, 32] have fueled research and development in theory of elasticity. Elas-
tic properties and attributes have gained interest in the recent decades as a di-
agnostic tool for non-invasive imaging [28, 37]. Their high correlation with the
pathology and the underlying structure of soft tissues has inspired many investi-
gations in biomedical imaging and led to many interesting mathematical problems
[7, 10, 9, 11, 8, 16, 38, 39].

Biological materials are often assumed to be isotropic and inviscid with respect
to elastic deformation. However, several recent studies indicate that many soft tis-
sues exhibit anisotropic and viscoelastic behavior [27, 35, 38, 39, 33, 47]. Sinkus
et al. have inferred in [38] that breast tumor tends to be anisotropic, while Weaver
et al. [46] have provided an evidence that even non cancerous breast tissue is
anisotropic. White matter in brain [33] and cortical bones [47] also exhibit similar
behavior. Moreover, it has been observed that the shear velocities parallel and or-
thogonal to the fiber direction in forearm [35] and biceps [27] are different. This in-
dicates that the skeletal muscles with directional structure are actually anisotropic.
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Thus, an assumption of isotropy can lead to erroneous forward-modelled wave syn-
thetics, while an estimation of viscosity effects can be very useful in characterization
and identification of anomaly [16].

A possible approach to handle viscosity effects on image reconstruction has
been proposed in [18] using stationary phase theorem. It is shown that the ideal
Green function (in an inviscid regime) can be approximated from the viscous one
by solving an ordinary differential equation. Once the ideal Green function is
known one can identify a possible anomaly using imaging algorithms such as time
reversal, back-propagation, Kirchhoff migration or MUSIC [7, 12, 14, 6]. One can
also find the elastic moduli of the anomaly using the asymptotic formalism and
reconstructing a certain polarization tensor in the far field [10, 12, 15, 13].

The importance of Green function stems from its role as a tool for the numerical
and asymptotic techniques in biomedical imaging. Many inverse problems involving
the estimation and acquisition of elastic parameters become tractable once the
associated Green function is computed [5, 7, 12, 18]. Several attempts have been
made to compute Green functions in purely elastic and/or isotropic regime. (See
e.g. [18, 16, 19, 22, 36, 43, 44, 45] and references therein). However, it is not
possible to give a closed form expression for general anisotropic Green functions
without certain restrictions on the media. In this work, we provide anisotropic
viscoelastic Green function in closed form for three particular anisotropic media.

The elastodynamic Green function in isotropic media is calculated by separating
wave modes using Helmholtz decomposition of the elastic wavefield [2, 18, 16].
Unfortunately, this simple approach does not work in anisotropic media, where three
different waves propagate with different phase velocities and polarization directions
[22, 17, 23]. A polarization direction of quasi-longitudinal wave that differs from
that of wave vector, impedes Helmholtz decomposition to completely separate wave
modes [26].

The phase velocities and polarization vectors are the eigenvalues and eigen-
vectors of the Christoffel tensor I' associated with the medium. So, the wavefield
can always be decomposed using the spectral basis of I'. Based on this observa-
tion, Burridge et al. [19] proposed a new approach to calculate elastodynamic
Green functions. Their approach consists of finding the eigenvalues and eigenvec-
tors of Christoffel tensor I'(V,) using the duality between algebraic and differen-
tial objects. Therefore it is possible to express the Green function G in terms
of three scalar functions ¢; satisfying partial differential equations with constant
coefficients. Thus the problem of computing G reduces to the resolution of three
differential equations for ¢; and of three subsequent equations (which may or may
not be differential equations) with ¢; as source terms. See [19] for more details.

Finding the closed form expressions of the eigenvalues of Christoffel tensor I is
usually not so trivial because its characteristic equation is a polynomial of degree
six in the components of its argument vector. However, with some restrictions on
the material, roots of the characteristic equation can be given [36]. In this article,
we consider three different media for which not only the explicite expressions of
the eigenvalues of T are known [19, 44], but they are also quadratic homogeneous
forms, in the components of the argument vector. As a consequence, equations
satisfied by ¢; become scalar wave equations. Following Burridge et al. [19], we
find the viscoelastic Green functions for each medium. It is important to note that
the elastodynamic Green function in a purely elastic regime, for the media under
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consideration, are well known [44, 19]. Also, the expression of the Green function
for viscoelastic isotropic medium, which is computed as a special case, matches the
one provided in [18].

It has been shown in [20] that Voigt model is well adopted to describe the
viscosity response of many soft tissues to low frequency excitations. In this work, we
consider a more general model proposed by Szabo and Wu in [40], which describes
an empirical power law behavior of many viscoelastic materials including human
myocardium. This model is based on a time-domain statement of causality [41, 42]
and reduces to Voigt model for the specific case of quadratic frequency losses.

We provide some mathematical notions, theme and the outlines of the article
in the next section.

2. Mathematical Context and Paper Outlines

2.1. Viscoelastic Wave Equation. Consider an open subset  of R3, filled
with a homogeneous anisotropic viscoelastic material. Let
u(x,t) : 2 x RT — R3
be the displacement field at time t of the material particle at position x € Q and
V.u(x,t) be its gradiant.
Under the assumptions of linearity and small perturbations, we define the order
two strain tensor by

(2.1) g:(x,t) €EQAxRY — % (Vou+ V,u') (x,1),

where the superscript 7' indicates a transpose operation.

Let C € £2(R?) and V € L2(R?) be the stiffness and viscosity tensors of the
material respectively. Here £2(R?) is the space of symmetric tensors of order four.
These tensors are assumed to be positive definite, i.e. there exists a constant 6 > 0
such that

(C:):£>6¢)* and (V:§):£>6[¢7, Ve Ly(RY,

where £,(R3) denotes the space of symmetric tensors of order two.
The generalized Hooke’s Law [40] for power law media states that the stress
distribution
0:QxRT = L(R?)
produced by deformation e, satisfies:
(2.2) oc=C:e+V: Af]

where A is a causal operator defined as

ot
_(_1\Y/2 2 . .
(-1) -1 7 1s an even integer,
2 H(t
(2.3) Alpl =] =(y— 1)!(—1)(7“)/2—;) %; @ v is an odd integer,
T
2 H(t
—=I'(~) sin(yn/2) |t|(’7) *g O ~ is a non integer.
T

Note that by convention,
A[U]Z = A[’U,l] and A[Q]ij = A[Eij] 1 S i7j S 3.
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Here H(t) is the Heaviside funtion, I' is the gamma function and #; represents
convolution with respect to variable ¢. See [3, 21, 40, 41, 42] for comprehen-
sive details and discussion on fractional attenuation models, causality and the loss
operator A.

The viscoelastic wave equation satisfied by the displacement field u(x, t) reads
now

0%u

P ot

where F(x,t) is the applied force and p is the density (supposed to be constant) of
the material.

~F = V,.0=V, (C:e+V:Af]),

REMARK 2.1. For quadratic frequency losses, i.e, when v = 2, operator A
reduces to a first order time derivative. Therefore, power-law attenuation model
turns out to be the Voigt model in this case.

2.2. Spectral decomposition by Christoffel tensors. We introduce now
the Christoffel tensors T, TV : R?® — L, (R?) associated respectively with Cand V
defined by:

3 3
I’fj(n) = Z Ckiljnknj, Ffj(n) = Z Vkigjn;cnj, Vn € R3, 1<4,5 <3.
k=1 k=1
Remark that the viscoelastic wave equation can be rewritten in terms of Christoffel
tensors as :

0%u
P ot
Note that I'“ and I'” are symmetric and positive definite as C and V. are already
symmetric positive definite.

Let L§ be the eigenvalues and D¢ be the associated eigenvectors of I' for
i =1,2,3. We define the quantities M¢ and E? by

(2.4) —F = I°[V,]u+ L[V,]Aful.

(2.5) Mf =D¢-Df, and E{= (M) 'D{® DS

As I'° is symmetric, the eigenvectors DS are orthogonal and the spectral de-
composition of the Christoffel tensor I'° can be given as:

3 3
(2:6) L°=) L{E] with I=) Ef
i=1 i=1

where I € £,(R?) is the identity tensor.
Similarly, consider I'” the Christoffel tensor associated with V and define the
quantities LY, DY, M? and E7 such as

3 3
(2.7) I"=> L'E! with I=) E!
=1

i=1

We assume that the tensors I'¢ and ' have the same structure in the sense
that the eigenvectors D and D} are equal. In the sequel, by abuse of notation, we
use D instead of D¢ or DV and same for E and M.
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2.3. Paper Outline. The aim of this work is to compute the elastodynamic
Green function G associated to viscoelastic wave equation (2.4). More presisely, G
is the solution of the equation

28) (VG061 + T9AGI 1) - o T 0D r)s0L
The idea is to use the spectral decomposition of G of the form

(2.9) G= iﬂi(vx)@ = zs:(Di ® Dy)M; ' i,

where ¢; are three scalar Zf;lnctions satifinn:gl

.10 (LE(V.2)01+ LUV A1) — 022 = 6(0)50

(See apendix A for more details about this decomposition.)
Therefore, to obtain an expression of G, we need to:
1- solve three partial differential equations (2.10) in ¢;
2- subsequent equations

(2.11) P = M; ¢,
3- and calculate second order derivatives of 1; to compute
(D; ® Dy)v;

In the following section, we give simple examples of anisotropic media which
satisfy some restrictive properties and assumptions (see subsection 3.4) defining the
limits of our approach. In section 4, we derive the solutions ¢; of equations (2.10). In
section 5, we give an explicite resolution of ¥; = M[l(bi and (D; ® D;)v;. Finally,

in the last section, we compute the Green function for three simple anisotropic
media.

3. Some Simple Anisotropic Viscoelastic Media

In this section, we present three viscoelastic media with simple type of anisotropy.
We also describe some important properties of the media and our basic assumptions
in this article.

DEFINITION 3.1. We will call a tensor ¢ = (¢;,,) € Ls(R®) the Voigt represen-
tation of an order four tensor C € L2(R?) if
Cmn = Cp(i,5)p(k,l) = Cijkl 1<4,7, kal <3

where

p(i,i) =1, p(i,j) =p(j,i), p2,3)=4, p(1,3)=5 p(1,2)=6.
We will use ¢ and v for the Voigt representations of stiffness tensor C and viscosity
tensor V respectively.

We will let tensors ¢ and v to have a same structure. For each media, the ex-
pressions for I'°, L§(V,), D$(V,) and Mf(V,) are provided [19, 44]. Throughout
this section, p,q will assume the value c,q for ¢ and vy, for v where the subscripts
p,q € {1,2,---,6}. Moreover, we assume that the axes of material are identical

9
3xi '

with the Cartesian coordinate axes eq,es and e3 and 0; =
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3.1. Medium I. The first medium for which we present a closed form elas-
todynamic Green function is an orthorhombic medium with the tensors ¢ and v of
the form:

H11 —pes —pss 0 0 0

—pes  p22  —pae 00 0

—pss —faa p3z 00 0

0 0 0 paa 0 0

0 0 0 0 pwpss O

0 0 0 0 0 H66
The Christoffel tensor is given by
0118% + 66683 + C558§ 0 0
I‘= 0 066812 + 022322 + 04433 0
0 0 0558% + C448% + C338§

Its eigenvalues L$(V,) and the associated eigenvectors D§(V,,) are:
L§(Va) = 1107 + c6605 + 5503
L5(V2) = co607 + 2205 + 0403
Lg(Vm) = C55812 + C44(9§ + 6338§
DS=e; with Mf=1 Vi=123

3.2. Medium II. The second medium which we consider is a transversely
isotropic medium having symmetry axis along es and defined by the stiffness and
the viscosity tensors ¢ and v of the form:

M1t p12 —pae O 0 0
iz p11 —paa O 0 0
—fa4  —l4aa P33 0 0 0
0 0 0 pag 0O 0
0 0 0 0 paa O
0 0 0 0 0 He6
with pes = (11 — p12)/2. Here
Cua% + 66683 + C443§ (611 - 066) 0105 0
‘= (c11 — ce6) 0102 c660% + c1103 + ¢4402 0
0 0 1407 + ¢4405 + 3303
The eigenvalues L$(V,,) of I'°(V,) in this case are
LS (Va) = €440 + 4403 + 3303
L;(Vx) = 011812 + 611622 + C448§
L§(Vs) = c6607 + ce603 + 4403
and the associated eigenvectors D¢(V,) are:
0 o 1))
Di=|(0]|, Ds=1|0|, D5=|-0
1 0 0

Thus M{ =1, and M§= M§=0?+03
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3.3. Medium III. Finally, we will present the elastodynamic Green function
for another transversely isotropic media with the axis of symmetry along es and
having ¢ and v of the form:

M1t i1 — 266 11 — 2444 O 0 0
11 — 2pi66 H11 11— 2paq O 0 0
P11 — 2aa p11 — 20044 i1 0 0 0
0 0 0 paga 0 0
0 0 0 0 paa O
0 0 0 0 0 pee
The Christoffel tensor in this case is
C11312 + 06633 + 0443§ (c11 — ce6) 0102 (c11 — ca4) 0103
= (c11 — co6) 0102 0668% + 011322 + C443§ (c11 — ca4) 0203
(c11 — €44) 0103 (c11 — €44) 0205 1407 + €4403 + 1103
Its eigenvalues LE(V,) are:
Li(Vw) = 011(9% + 01163 + 01163 =c11A,
L5(Ve) = ce607 + o605 + cas03
L§(Vy) = C448% + 0448§ + 0448§ = caal\y

81 82 _8183
(3.1) Di=[0], D5=|-01], D§=| —0:05
0 0 02 + B2

In this case, M{ = A, M$§=0?+02 and MS§ = (07 +03)A,
3.4. Properties of the Media and Main Assumptions. In all anisotropic

media discussed above, it holds that

e The Christoffel tensors I'° and I'” have the same structure in the sense
that

D¢ =DV, Vi=1,23.

e The eigenvalues L$(V,) are homogeneous quadratic forms in the compo-
nents of the argument vector V, i.e.

3 o2
: _ 2
Li[V,] = Zazj@a
j J
and therefore equations (2.10) are actually scalar wave equations.

e In all the concerning cases, the operator M7(V;) is either constant or has
a homogeneous quadratic form

3
82
c __ 2
M = E mij—axz.
Fi J

In addition, we assume that

e the eigenvalues of I'° and I'” satisfy
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e and the loss per wave length is small, i.e.
B << 1.

REMARK 3.2. The expression M§ = (8? + 02)A, will be avoided in the con-
struction of the Green function by using the expression

G = @31+ E|(V)(d1 — ¢3) + Eo (Vi) (d2 — ¢3)

for the elastodynamic Green function.

4. Solution of the Model Wave Problem

Let us now study the scalar wave problems (2.10). We consider a model problem
and drop the subscript for brevity in this section as well as in the next section.
Consider

@) (L1910 + L[V Al6]) — 22 = 8(2)3(x).
Our assumptions on the media imply that L¢ and LY have the following form:;
‘ ) v ‘ =2
L[V, = ;aj%? and LY[V,] = BL[V,] = ;5%@

Therefore, the model equation (4.1) can be rewritten as:

3 2 0% 82 62

j=1
By a change of variables z; = %fj, we obtain in function 25(5) = ¢(x) the
i
following transformed equation :
~ ~ 82~ D
(42) acd+sA[Ad] - 22 = i),

where the constant a = ajasas.
Now, we apply A on both sides of the equation (4.2), and replace the resulting

expression for A {Agﬂ back into the equation (4.2). This yields:

2%
R

9?¢

A = P 5(6) (5) — BB}

A¢d+ A

5] bl
Recall that 3 << 1 and the term in 5?2 is negligible. Therefore, it holds

8%] 2 ~ Y25¢) {a(1) - BAB()Y.

(4.3) Aed+0A | 55 | — 5m

Finally, taking temporal Fourier transform on both sides of (4.3), we obtain the
corresponding Helmholtz equation:

(4.4) A +w? (1- BAW)) & = (1- BAW)) ga(g)
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where ®(¢,w) and A(w) are the Fourier transforms of ¢(¢,¢) and the kernel of the
convolution operator A respectively. Let

K(w) = 1/ w? (1 - BA\(W))

Then the solution of the Helmholtz equation (4.4) (see for instance [25, 34]) is

expressed as
- eV —1r(w)T(x)
P(x,w) = /p (1 - ﬂA(W)> T darr(x)
where
2 2 2
_ 1, % 13
T(x) =/p a%+a§+a§

s
Using density normalized constants b; = TJ, we have
D

- eV —1r(w)7(x)
(4.5) B(x,w) = (1 - ﬂA(w)) T
where constant b = b1bab3 and

2 2 2

Ty x5 X3
T(X) =43+ 5+
bi b3 b3

5. Solution of the Model Potential Problem

In this section, we find the solution of equation (2.11). We once again proceed
with a model problem. Once the solution is obtained, we will aim to calculate, its
second order derivatives for the evaluation of D ® D1.

5.1. Solution of the Potential Problem. Let t¢(x,t), be the solution of
equation (2.11) and ¥(x,w) be its Fourier transform with respect to variable ¢.
Then ¥(x,w) satisfies,
e\/jln(w)’r(x)

5.1 MU (x,w) = (x, :(1f A )
(5.1) () = 0cw) = (1 - BAW))

When M is constant, the solution of this equation is directly calculated. As
M = (974 03)A, will not be used in the construction of Green function, we are only
interested in the case where M is a homogeneous quadratic form in the component

of V i.e.
3 , O
j=1 J
So, the model equation (5.1) can be rewritten as:

3
92T N e\/jﬁ(b))T(X)
2 (1 _
(5:2) 2 922 (1-pAw) Toprr (%)

Jj=1

m; 7& O7 Vj

By a change of variables z; = m;n;, equation (5.2) becomes Poisson equation
in U(n,w) =¥(x,w) ie.

oV ~Tr(w)T(n)

(5.3) AT = (1 - ﬁﬁ(w)) o = 20
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B m2n2  min2  minl -
7(n) = \/ b12 Ly b22 2 4 ;2 3 —7(x) and ®@(n,w) = &(x,w)
1 2 3

Notice that the source ®(n,w) is symmetric with respect to ellipsoid 7, i.e.

(I)(n7 w) = q)(?v w)'

Therefore, the solution ¥ of the Poisson equation (5.3) is the potential field of a
uniformly charged ellipsoid due to a charge density ®(7,w). The potential field ¥
can be calculated with a classical approach using ellipsoidal coordinates. (See for
example [24, 31] for the theory of potential problems in ellipsoidal coordinates.)

For the solution of the Poisson equation (5.3) we recall following result from
[31, Ch. 7, Sec.6].

PRroPOSITION 5.1. Let

flz)= Zl @zjhc)szrZ -1 and ¢(z) = H§?:1 [(ajh)Q + z}

and let Z(h, () be the largest algebraic root of f(z)g(z) = 0. Then the solution of
the Poisson equation

2 2 2
A?Y(¢) = 4my <é§ + % + g;) CeR3
1 2 1

is given by
Y() = 27Ta1a2a3/ x(h)I(h,¢)dh.
0

The integrand I(h, () is defined as

o0 1
h2/ dz Z>0

2(h¢) V/9(2)
I(h,¢) =
h? /OO #dz Z <0
o Vo2
Hence, the solution of (5.3) can be given as
00 V/=Tk(w)h
T = 22 (1 0Aw) & [ dnmyan
or equivalently,
1 R 00 o/ "Th(w)h
(G4) Woow) =g (1 - 5A(w)) /0 ———I(hx)dh, m = mimamy

By a change of variable s = h=2z, we can write I(h,x) as:

mh/ #ds h<rt
S(hx) V/G(s)
(5.5) I(h,x) =

h>r

mh/ooo \/%ds
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with S(h,x) = h=2Z(h,x) being the largest algebraic root of the equation
F(s)G(s) =0

where

3
F(s) = h2f( Z — K2

G(s) = T59(h%s) = IOy {V;(5)}

with  Vj(s) = b3 +m3s

REMARK 5.2. Note that, F(s) =0 corresponds to a set of confocal ellipsoids
(5.7) s+ h2(s Z {V;(s
such that 7(x) = h(0) i.e. S(1) =0. Moreover7 S > 0 if the ellipsoid & lies inside

7 and S < 0 if the ellipsoid A lies outside 7.

5.2. Derivatives of the Potential field. Now we compute the derivatives
of the potential ¥. We note that I(h,x) is constant with respect to x when h > 7.
So,

95 (h,x) 1
—mh h <
orth,x) | """ 0w, JG(50) !
Ba:k
0 h>T
for £k =1,2,3 and by consequence,
oV 1 ~ o eV=IR(@h 91 (h, x)
Orp _8p7rm (1 - ﬂA(w)) /0 h Oxy, dh
or
ov 1 ~ i - 95 (h,x) 1
. - ——— (1-8A4 / V—=1k(w)h 5 dh.
68 Pe = 8pr (1-pA) 0 g ] dxy  \/G(S(h,x)

0

Now, we apply . for I =1,2,3 on (5.8) to obtain the second order derivatives of
1)

v

2 T
_SpWaik\I;l = ( )g [/ { rn(w)h} ;i 1(S)dh‘|
or
o

wwyr] 95(1) 1
) {{F )} Oz G(S(T))}

|
/—\

" 02 as 9SG’
+< A@) [ s s~ 300 s 6150

G(S)
As F(S)G(S) =0 and G(s) is normally non-zero on S, therefore by differenti-
ating F(S) = 0, we obtain [19, eq. (5.21)-(5.23)]
oS —2xy,

(5.9) 9o~ V(S)F'(S)

}an
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625 - 741’]41‘[ F”(S) mi le B 25kl
“mem@‘wmwawwm{ma+ww+wwﬁ Vi(S)F'(S)
where,

—m2z3 2mia? m2
5.11 F'(s) = I F(s) = L1 G'(s) = G(s) 1

and prime represents a derivative with respect to variable s.
Substituting the values from (5.9) and (5.10), the second order derivative of ¥
becomes

(5.12)
—TRI] (1 — ﬂﬁ(w)) {eﬁn(w)f }
aaia?F'(0) T
820 o .
4pm = _Aax w e\/jl/{(w)h 1
P Sznai + <1 26./4( )) /0 [F”(S) } 7F’2(S) %G(;S”) X L 5
Tl my my 1 kl
EETE ) e e 16 ) s

REMARK 5.3. If for some i € {1,2,3}, m; — 0 one semi axis of the ellipsoid 7
tends to infinity but no singularity occurs. Therefore the results of this section are
still valid in this case.

6. Elastodynamic Green Function

In this section we present the expressions for the elastodynamic Green functions

[c
for the media presented in section 3. Throughout this section ¢, = /=% with
p

pe€{1,2,---,6}. We recall that ;(w) = \/w2 (1 - ﬂzﬁ(w))

Medium b1 b2 b3 mip Mmo M3 ]\/fl
C1 Cg Cs 1 0 0 M 1

I Cg Co C4 0 1 0 M. 2

C; €4 C3 0 0 1 M. 3

Cq4 C4 C3 0 0 1 M 1

1I Cc1 C1 C4 1 1 0 M. 2

Cg Cg C4 * * * M. 3

c1 €1 1 1 1 M- 1

111 Cs Cg C4 1 1 0 M- 2

Cq4 Cq4 C4 * * * M. 3

TABLE 1. Values of b; and m; for different media. Here * repre-
sents a value which is not used for reconstructing Green function.
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6.1. Medium I. All the eigenvectors of I' are constants in this case i.e. D; =
e;, therefore M; = 1 and E; = e; ® e;. If G is the Fourier transform of the
viscoelastic Green function G with respect to variable ¢, then:

(6.1)
: 1 Feuss (1 )
~ 1 Ci+3 ( i
G = ;‘pi(wi)ei ®e; = Fp; p— exp(V—1ki(w)Ti) | e ®e;
where

2 2 2 2 2 2 2 2 2
x x x x x x x x x
1 2 3 1 2 3 1 2 3
=y Ft+2+2, =y Ft2+2 =43+ =+,
C2 02 02 C2 C2 02 C2 02 02
1 6 5 6 2 4 5 4 3

6.2. Medium II. According to section 4, the functions ®; have following
expressions:

eV Tm@n ()
P1(x,w) = (1 B 51A(w)) dckezprr(x)
—~ eV —1rz(w)T2(%)
Da(x,0) = (1 - RAW)) ST et
—~ eV —1rg(w)73(x)
Dy(x,w) = (1 BAw)) ST et
where
T (x) = £§+£§+£§7 T(x) = %%-i-%%—i-%%, T3(x) = xf;—&-%%-&-%%

cg ¢ ¢ ¢ g g
To calculate Green function, we use the expression
G = &1+ D; @D M (&) — @3) + Dy @ DMy (B2 — ®3) .
D; =e3 and M7 =1, yield
D, @D M () — ®3) = (B — D3) ez @ e3
To compute Dy @ Do M, ! (®y — ®3), suppose
Uy = My '®y and U3 = M, 'd;

and notice that m; = my =1 and mg = 0. Moreover for ®5 and P3, by = by. (See
Table 1). Thus, we have

4pm 0%,
(1~ B2 A(w)) Iz

|
e}y

- V—1ka(w)T2 1 A To
(& S/~
R - o — 2Rk R, —tr2(@h ] gp,
R { 0%0472 } 64152( M k l) /0 |:€ i|

4 82\11 ~ \/jll‘és(w)'rg 1 R s
pTr,\ a 3 = Rle {6 5 - R2 (5kl - 2Rle) / |:6\/jlli3(w)h:| dh
(1 - ﬂ3-A(W)) TR CGCAT3 C4 0

where ﬁk =Tk for = 1,2. See appendix C for the derivation of this result.

By using the second derivatives of ¥4 and W3 and the expression
2
Dy @ DoMy ' (Dy — 03) = Y 00, (V2 — Us)ep @ e
k=1
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we finally arrive at

a ) A\ ex/jlng (w)T3(x) P ) A\ e\/jlnl(w)‘rl (x)
G=(1-m ij( - BAW) Gy e e
V—=T1ka(w)T2(x) V—=1k3(w)73(x)
~ e -~ (& 3 .

1— PR ——— ) - — R®R
+ ( ﬂgA(w)) 4c2cypre(X) ( ,BgA(w)) 4cgeaprrs(x) ¥

L J-2ReR)x

4pmeyR?2

[(1 - ﬁgﬁ(w)) /O b [eﬁ'w(w)h} dh — (1 - ﬂg./zl\(w)) /0 " [eﬁm(@h] dh]
Or equivalently,

QZ <I>1e3®e3+<1>21?{®f{+¢3(i—f{®f{)

1 T2 T3 N /\
2 [c‘f/ h®y(h,w)dh — cg/ h@g(h,w)dh} (J-2R®R)
0 0
Here J =1— e3 ® e3 and R = ﬁlel + ﬁ,geg

6.3. Medium III. The solutions of the wave equation ®; in this case are

—~ eV —1r1(w)T1 (%)
~ eV —Lr2(w)m2(x)
—~ eV —1rg(w)73(%)
P3(x,w) = (1 - 53A(W)) “idprra(x)

where

1 r x2  x2 22 T
7’1(X)=a\/x§+x§+x§=E, T2(x) = ?é+?§+?§, T3(X):a

To calculate Green function, we once again use the expression
G =031+ Dy @D M; ! (91 — B3) + Dy @ Do M, (g — B3).

Suppose ¥ = Ml_1<I>1 and W3 = Ml_1<I>3. Notice that m1 = mo = mg = 1 for
M; and by = by = b3 for ®; as well as @3 (see Table 1). Thus,

4 82\11 R V—=1k1(w)T1 1 R T1
pﬂ,\ L _ rir; 637 - Ta((%z — 3I'i1'j>/ {hem’“(‘”)h} dh
(1 _ 51A(w)) Oz 31 r o

4 2\:[] \/jllﬂg(w)Tl 1 T3
() oo f :

CiT3
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See appendix B for the derivation of this result. It yields
D, @ DM () — ®3)

1 1 le\ e\/jl/ﬂ(w)n(x) ) /Zl\ e\/jlmg(w)‘rg(x) A
iy ( — b (W)WJF( — B3 (@)W ror

(- maw) [T e an- (1o mdt) [T ey o] an
0

0

1
4pmr3

(I-3rer)

T1 T3
— [B1(2,w) — By(z,w)]FOT — %3 [/ W20, (h, w)dh — / h2<1>3(h,w)dh] (1- 307
0 0

PPN ~ ~ . ~ Z; .
where T =T1e; + Toes +T3e3 with T; = — for all i = 1,2, 3.
r

To compute, D2®D2M2_1 (P2 — @3), suppose ¥y = M2_1<I>2 and ¥, = M2_1<I>3.
By using formula (C.3) with m; = mgs =1 and m3 = 0, we obtain:

4 2 PN V—=T1ka(w)T2 1 PR T2
p'ﬂ;\ g 2 Rle {6 5 . R2 (5k[ . 2Rle) / |:e\/—71K2(LU)h:| dh
(1 _ ﬂgA(w)) T cieams c4 0

4pm 0%,
(1 _ 53;4\(&))) al'kl’l

|
=

~ eV —1lrs(w)Ts 1 ~ ~ 3 —
R, — 0 — 2RLR |:€ Lrs( )h:| dh
k l{ 63473 } C4R2( M k l)/o

with Ry, = %C and k,l € {1,2}. This allows us to write

D, @ DoMy ! (By — 3)

1 ) le\ e\/jlmg(w)rg(x) ) /Zl\ e\/jlmg(w)‘rg(x)
 dpm ( — P (w)) c319(x) +< — s (w)) cit3(x) %

(ﬁ§e1 ®el — RiRyle; ® ey + €3 @ ey] + R2ey @ 82)

—m [(1 - hA(w)) /072 [/t an — (1 - g A(w)) /073 [/ Tt ] dh] x -

((1 — 21/:\{%)81 X e — 2ﬁ1ﬁ2[€1 X ey +ex® 91] + (1 — Zﬁ%)eg (24 e2>
= [®y(z,w) — Py(z,w)| R @ R*

1 T2 T3 N N
- [cg/ hdy(h,w)dh — ci/ h(bg(h,w)dh] (; _9Rte RL)
R 0 0

where Rt = ﬁgel — ﬁleg andJ=1—-e3®e;s.
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Finally, we arrive at
G=dTRT+ PR @R + 03(I-FT®F - R* @ RY)

1 T1 T3
3 [/ h*®1 (h,w)dh —/ h2c1>3(h,w)dh] (I-3r®T)
0 0

1 T2 T3 /\ /\
~ 5z [cf/o h®s(h,w)dh — cg/o h<I>3(h7w)dh} (J - 2R+ ®@R*)
6.4. Isotropic Medium. When cgs = c44, medium III becomes isotropic. In
this case
r
Dy(x,w) = P3(x,w), [ =0, nx)=—, and mn(x)=

r
— =T73(x)

C1 Cq

Thus, the Green function in an isotropic medium with independent elastic param-

eters c11 and cyqq can be given in frequency domain as:

G = I+ Dy @ Dy M; () — By)

PR PN 1
=¥+ P(I-T®T) — —

3
r 0 0

/” h2®, (h,w)dh — / h2¢2(h,w)dh] (I1-3F®F)

where ®; and ®, are the same as in medium III. This expression of the Green
function has already been reported in a previous work [18].
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Appendix A. Decomposition of the Green function

Consider the elastic equation satisfied by G:
*G(x, 1)

(A1) (LYY 1) + D (Va)AICI(x, 1) — p=—= = = §()3(x)L.
If G is given in the form

(A.2) G= iEi(Vx)qﬁi

Then substituting (A.2) in (A.1) yiel(;::l

()X = (D(V.)G(x,t) +LY(V.)AG](x,t)) — p82%§§" 2

3
(L5(Va)di + L3 (Vo) Alo]) B (Vo) Ei(V2) = p > Ey(Va) — 57—

3
=1 =1

4,J
By definition E,;(V,) is a projection operator which satisfies

Ei(vx)Ej (Vo) = 5ijEj (Va)
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Consequently, we can have

3 20 (x
St)6(x)I = Z E;(Va)dijp~ ' (L5(Va)di + LY (Vo) Aldi]) — pZ—Z(VI)a (%1(62 -
3 2 (x
o B (LATE LAV IRy

3
Moreover I = ZEZ-(V;C), therefore

i=1

3 24 (x
S BV ((E(T200+ LT Al - oo — 601309 ) =0
=1

Finally, remark that G we can express in the form (2.8) if the functions ¢; satisfy
equation (2.10).

Appendix B. Derivative of Potential: Case I

If by = by = b3 and my = mo = mg3, we have

Vi(s) = Va(s) = Va(s) = b + mis
332- 7’2
F — J _ h2 _ 12
0= 7 " 7w
3 —m%m _m2y2 —m2p2
F'(s) = L= —1— and F'(0)= —7
B.1) 9= 2726 ~ 7 0=
> 2mia?  omis?
F" s) = J _ 1
O =256~ Vi)
G(s) = (Vi(s))® and G'(s) = G(s) s
S - )
with r = /2% 4+ 23 + 2. When F(S) = 0, we have
2
.
Vl(S) = ﬁ7
{ 1 -1 and 1 -1
_ N _ ’
(B.2) VSIS ()] ~ mir? FI(S)\/G(S)  mirh
F(S) m3 m? 1G'(S) 3 m? 3 m3ih?
4 M T 1 _o. my _ oMy
FI(S)  Vk(S)  Vi(S) 2 G(S) 2i(s) 2 r?
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Substituting (B.1) and (B.2) in (5.12) we finally arrive at:
(B.3)
4pm3T 0?v

(1 - ﬁﬁ(w)) Oy

1 e T —1k(w
} — T—3(5kl — 3rirj)/0 [he‘/i1 ( )h} dh

where T L for all j =1,2,3.
T

Appendix C. Derivative of Potential: Case 11

If by = ba, m1; = mo and mg = 0, we have

Vi(s) = Va(s) = b3 + mis andV3(s) = b3
2 2,.2 2 p2 2 P2
—mizi; —m?R —miR
F'(s) = L — ! and F'(0) = 1
0= 272 ~ Ve =
(C.1) )
F(s) = Z ZTr;‘llx? _ 217?‘]{2
=1 Vi (s) Vi (s)
2 2 , 2m?
with R = \/z? + x2. For all [,k € {1,2}, we have
1 -1 and
= n
Vi(S)VI(S)E'(S) m32 R?
o 1 _ =V(S)
(©2) F'(S)/G(S) mibsR*’
{F”(S) n m3 m? 1G’(S)} _ m3
Fr(S)  Vi(S)  Vi(S) 2 G(S) Vi(S5)

Substituting (C.1) and (C.2) in (5.12) and simple calculations, we finally arrive at:

(C.3)
dom2n PU [V T 1 T
Pmlﬂ' 5 _ Rle € ; - ; 5 (akl _ 2Rle)/ [emH(w)}L] dh
(1 _ 5.A(w)) TrT T sR 0
where f{k = % for k=1,2.
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