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Champs et processus gaussiens indexés par des
graphes, estimation et prédiction

L’objet de cette these est I’étude de processus gaussiens indexés par des graphes.
Le but est de fournir des outils pour la modélisation, ’estimation, et la prédiction
de tels champs ou processus, utilisant fortement la structure du graphe. Dans un
premier travail, nous nous intéressons au probleme de prédiction aveugle de séries
chronologiques et montrons que le biais de 'erreur de prédiction décroit a une
vitesse qui dépend de la régularité de la densité spectrale, sous une hypothese de
courte mémoire.

Nous utilisons ensuite la structure spectrale du graphe pour proposer des modeles
de covariance pour des champs gaussiens indexés par ce graphe. Cela fournit im-
médiatement une représentation spectrale, qui permet d’étendre 'approximation
de Whittle et I'estimation par quasi-maximum de vraissemblance a ce cadre.
Enfin, cette construction et le lemme de Szegd peuvent étre étendus au cas spatio-
temporel. Cela permet de mettre en pratique la théorie sur des données réelles.

Gaussian fields and processes indexed by graphs,
estimation and prediction

In this work, we study Gaussian processes indexed by graphs. We aim at providing
tools for modelisation, estimation, and prediction, that uses the structure of the
underlying graphs. In the first Chapter, we deal with the blind prediction problem,
and compute, in the case of short range dependancy, the rate of convergence of
the bias in the prediction error. This rate depends on the regularity of the spectral
density of the process.

Then, we use the eigenstructure of the adjacency operator of a graph to propose
some models for covariance operators of Gaussian fields indexed by this graph. It
leads to a spectral representation for this operator, that can be used to extend
Whittle approximation, and quasi-maximum likelihood estimation.

Finally, this construction may be extended to the spatio-temporal case, where the
Szego lemma still holds.
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Introduction générale

Un des axes de recherche fondamentaux en statistiques est la création de mod-
eles pour expliquer le comportement de phénomeénes aléatoires, et comprendre le
hasard et réduire les incertitudes. Les processus aléatoires ont ainsi fourni des
modeles pour analyser de nombreuses données issues de ’économie, la biologie, la
sociologie, la météorologie... En particulier, plusieurs méthodes de prédiction ont
été développées pour les séries chronologiques. Plusieurs généralisations ont plus
récemment permis de définir des processus indexés par des espaces autres que Z
(par exemple par Z9¢ [43]R? [60], par des arbres [5], ou par des variétés [27]).
L’objet de cette these est I’étude statistique de processus gaussiens indexés par
des graphes. Cette étude est motivée par un probleme industriel de prédiction (en
temps réel) du trafic routier. L’objectif est de prédire spatialement et temporelle-
ment, a partir de 'observation d’un unique échantillon de vitesses données sur le
réseau routier a différents instants, des données manquantes ou futures.

En pratique, le réseau routier est découpé en portions de routes (arcs), connec-
tées entre elles par des noeuds (les intersections). Des mesures de vitesses sont
enregistrées :

— A intervalles de temps réguliers sur certains arcs. Elles sont collectées par des
capteurs physiques disposés le long des trongons (boucles magnétiques)

— A intervalles de temps irréguliers sur d’autres arcs. Ici les informations sont
recueillies et transmises par une flotte de véhicules (Flotte de Taxis et de livreurs,
Abonnés Coyotte...).

Nous disposons donc de données de vitesses (Xi,t>(i,t)60bs; ou Obs désigne un sous-

ensemble de G x Z. Ici G désigne I'ensemble des arcs du réseau routier.

Notre but est d’utiliser la structure spatiale du réseau routier (un graphe) afin de
spécifier la structure de covariance du processus observé. Pour cela, on modélise
le processus de vitesses comme un processus gaussien indexé par les sommets G
d’un graphe G et le temps est discret.

Le processus est choisi recentré afin d’intégrer dans sa moyenne les données ex-
ogenes du probleme (jour de la semaine, taille des routes...).

Dans cette these, nous nous proposons d’étendre certains résultats existants pour
les séries chronologiques au cas d'un graphe général.

La premiere étape est de construire un modele pour 'opérateur de covariance du
processus spatial, a temps fixé. Nous souhaitons utiliser fortement la structure de
graphe. En outre, nous désirons que ce modele soit stationnaire et isotrope au sens
ol, si le réseau routier est semblable en deux points, alors la structure de covariance
entre ces deux points se ressemble aussi.

S’inspirant de la décomposition de Wold des séries chronologiques régulieres, le



12 TABLE DES MATIERES

processus spatial est modélisé comme une moyenne mobile isotrope d’ordre infini
(MAy). Ce type de modele satisfait en effet la contrainte de stationnarité dans la
mesure ou toutes les arrétes jouent le méme role.

D’autre part, 'analyse spectrale de l'opérateur d’adjacence fournit une représen-
tation spectrale pour les covariances de processus M A.,. Dans toute la these, nous
considerons ce type de modeles spatiaux. Le modele spatio-temporel découle de ce
modele spatial, en considérant une suite stationnaire (au sens litteral) de champs
spatiaux ainsi construits.

La these est articulée en quatre chapitres, qui répondent a quatre questions suc-
cessives :

1. Le fait d’utiliser le méme échantillon pour I’étape d’estimation et celle de
prédiction est-il préjudiciable a la qualité de la prévision ?

2. Quel type de modele pour les processus indexés par un graphe permet d’'u-
tiliser la structure sous-jacente pour faire de l'inférence statistique ?

3. Comment peut-on généraliser la construction précédente (obtenue a temps
fixé) & des processus spatio-temporels ?

4. Quelles quantités contiennent I'information pertinente sur la structure du
graphe ?

La question 1 est traitée dans le chapitre 2, dans le cas d’une série chronologique

(X)iez- Dans ce chapitre, on se propose, a partir d'un unique échantillon (X;);—_n....

de prédire les données futures lorsque 'opérateur de covariance est inconnu.
Pour cela, on estime 'opérateur de prédiction a partir des coefficients de covariance
empiriques. On controle ensuite le biais de ’erreur de prédiction commise, lorsque
le méme échantillon est utilisé pour la prédiction. Plus précisemment, la prédiction
est faite a partir d’un sous-échantillon

(X3)im—K(N),e =15

pour une suite (K (N))yy bien choisie. On obtient une borne pour ce risque et la
convergence du prédicteur correspondant des que le nombre de données utilisées
pour l'estimation est assez grand devant le nombre de données utilisées pour la
prédiction (K (N) << N).

Le point 2 est 'objet du chapitre 3, partie centrale de la these. Un modele de

covariance de processus (spatiaux) réguliers est proposé. Ce modeéle est construit

avec l'objectif de satisfaire les criteres suivants :

— Dans les cas classiques (G = Z4,d > 1, G distance-transitif...), il existe des
modeles dans la littérature [43], [45]. On souhaite que le modeéle proposé coincide
avec ceux-la.
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— Le modele proposé devra également aussi fournir les outils classiques qui existent
sur les exemples G = Z¢,d > 1, G distance-transitif... En particulier, ce modele
doit assurer 'existence d’une représentation spectrale. De plus, on souhaite que
celle-ci coincide avec la représentation spectrale usuelle des cas classiques [5],
[45]...

— Enfin, on veut étendre I'approximation de Whittle a ce modeéle.

Il se trouve que tous ces points peuvent étre satisfaits en considérant des processus

M A isotropes. Dans le chapitre 3, on considere donc les modeles M A, indexés

par des graphes, et on étend 'approximation de Whittle a de tels processus.

Cette approximation a d’abord été developpée pour les séries chronologiques [67],

[68]. Elle permet en particulier de faciliter le calcul de 'estimateur du maxi-

mum de vraisemblance en en maximisant une version approchée. L’extension aux

graphes est possible sous des hypotheses de régularité sur la densité spectrale,
d’homogénéité et d’amenabilité sur le graphe et pour un choix judicieux de suites
de sous-graphes sur lesquels le processus est observé.

On montre alors la consistance de I'estimateur de vraisemblance approchée (type

Whittle). Pour obtenir la normalité et 'efficacité asymptotiques, il est nécessaire,

comme dans le cas de Z¢, de “déformer* le périodogramme. L’estimateur débiaisé

proposé dans la chapitre 3 (pour des graphes quasi-transitifs par exemple) est basé
sur cette idée. Nous prouvons que cet estimateur est asymptotiquement normal et
efficace.

Pour répondre a la question 3, il suffit d’étendre la construction du point précédent
a des processus spatio-temporels. On recherche donc une structure donnant une
suite de champs (spatiaux) gaussiens, M A, sur le graphe, et stationnaire tem-
porellement. En fait, il suffit de construire des processus stationnaires anisotropes
sur Z x G. C’est 'objet du chapitre 4. Ce modele est actuellement testé sur des
données réelles issue de 'entreprise Mediamobile, spécialisée dans la prédiction
du trafic routier. Malheureusement les premiers résultats ne nous sont pas encore
parvenus a ce jour.

Le chapitre 5 explique I'importance de la notion de mesure spectrale pour les
graphes. L’information sur la structure spatiale de graphe peut en effet étre lue
dans sa mesure spectrale.

Cette mesure apparait sous différentes formes dans la littérature. Elle peut étre
interprétée comme une transformation de Fourier, ou comme une diagonalisation
de l'opérateur d’adjacence. Ce dernier point de vue permet de retrouver, des ré-
sultats classiques sur la représentation spectrale d’opérateurs invariants par auto-
morphismes, dans plusieurs exemples.

C’est la structure spectrale de 'opérateur d’adjacence du graphe qui fournit les
outils statistiques pour 1’étude de processus indexés par des graphes (approxima-



14 TABLE DES MATIERES

tion de Whittle, prédiction...).

Le chapitre 5 contient surtout une partie bibliographique sur la mesure spectrale.
Nous donnons plusieurs exemples classiques sur lesquels cette mesure peut-étre
calculée.

Nous espérons que notre thése montre que la classe de M A isotropes introduite
est une généralisation tres naturelle des séries chronologiques (cas G = Z), tant au
niveau des outils mathématiques nécessaires a leur construction que des propriétés
dont ils ont hérités. En particulier, lorsque le graphe intervient directement dans
I'évolution du processus physique (comme c’est le cas pour le trafic routier), les
modeles M A consituent d’excellents candidats pour modéliser et ainsi étudier le
processus considéré, des lors qu’une notion de stationnarité est choisie.

Enfin, nous signalons que les chapitres sont indépendants (& ’exception du chapitre
5). Les objets mathématiques considérés sont donc réintroduits dans chaque chapitre.



Chapitre 1

Introduction

Dans ce chapitre, nous présentons quelques définitions, notations et résultats prélim-
inaires. Cette these s’articule autour de l'idée suivante : le développement d’outils
statistiques pour I’étude des processus gaussiens indexés par des graphes doit s’in-
spirer & la fois des outils existants pour Z (graphe infini le plus simple que 1'on
puisse considérer), et de méthodes multidimensionelles, existant essentiellement
pour des champs indexés par des variétés.

De nombreux outils ont déja été généralisés au cas Z¢,d > 1, ainsi qu’a d’autres
structures de graphes possédant de nombreuses symétries. Nous nous proposons ici
de poursuivre ces extensions, en étudiant les modeles ARM A. Cette idée permet
de s’affranchir d’outils algébriques, en les remplacant par des outils hilbertiens.
Ainsi, certaines définitions et propriétes pourront étre étendues a des graphes non
nécessairement symétriques.

Nous présentons ici toutes les définitions et les résultats qui ont été utilisés dans
notre travail.

1.1 Prédiction

Notre objectif est de développer des outils de prédiction pour des processus gaussiens
indexés par des graphes. Dans cette section, nous présentons le probleme de fil-

trage sous le point de vue le plus général, et rappelons la définition et quelques

propriétés élémentaires du meilleur prédicteur linéaire.

Soit G un ensemble fini ou dénombrable quelconque. Soit X un processus gaussien

centré (non dégénéré) indexé par cet ensemble :

X = (Xi)ieG .
Dans tout le mémoire, on note, pour tout sous-ensemble G’ de G,

XGI = (Xi)iGG’ ;

15
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la restriction du processus X aux positions 7 € G'.

En toute généralité, le probleme de prédiction se présente de la fagon suivante.
Soient O, M deux sous-ensembles (finis ou dénombrables) de G. On suppose que
I’on observe le processus X en toutes les positions j € O, et on cherche le meilleur
prédicteur de Xy (i.e. de X aux positions ¢ € M) en fonction des observations Xo.
Autrement dit, on cherche la statistique X M, solution du probleme d’optimisation
suivant :

X o= in B |[(Zy - Xu)®
M e ZMEIE(I)?O)M {( M M> } ’

ou 0(Xp) désigne la tribu engendrée par Xo.

Par définition de ’espérance conditionnelle, le meilleur prédicteur de X, observant
X n’est autre que I'espérance conditionnelle de X, sachant Xy :

X = E[Xy|Xo].

Dans le cas gaussien centré, ce prédicteur s’exprime explicitement comme une
fonction linéaire des observations.

Pour donner son expression, notons, pour tout G, G5 sous-ensembles de G, (X¢,, Xa,)
I'opérateur (ou la matrice) de covariance entre X¢, et X¢,. Lorsque O, M sont fi-
nis, on a alors

X = (XM,XO><<XO,XO)>_1XO.

En outre, dans le cas gaussien, le mode conditionnel coincide avec 1’espérance
conditionnelle. Cela nous permet de remarquer que le meilleur prédicteur est aussi
le plus vraisemblable :

Xo

~1

Xy = arg Jmax, — [ZAT4 Xg} <<XMUO, XMUO>> [ZM] .
Enfin, d’un point de vue prédiction, modéliser les données comme une réalisation
d’un processus gaussien revient a supposer une forme de régularité sur celle-ci. En
effet, on peut trouver une formulation équivalente a tout ce qui précede dans le
cadre des RKHS [6]. Nous n’introduisons pas ici tout le formalisme correspondant
(voir par exemple [2]). Remarquons seulement que si I'opérateur de covariance de X
possede un inverse continu, alors cet inverse fournit un produit scalaire permettant
de construire l'espace de Hilbert des fonctions [?(G) (pour ce produit scalaire). Si
le processus est assez régulier, cet espace de Hilbert est un RKHS (admettant
l'opérateur de covariance comme noyau).

Des lors, les résultats précédents peuvent étre interprétés de fagon entierement

déterministe, comme
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— Un probleme de projection orthogonale pour le point de vue

Xy:=arg min E [(ZM — XM)Q} ,

Z]uGO‘(Xo)M

— Un probleme de minimisation sous contrainte pour le point de vue

Xo

v T T M
Xy = arg Zrﬂ?gﬂécM [ZM Xo] (<XMUO>XMUO>) [ ] .
Il parait alors naturel d’introduire le probléme de minimisation pénalisé par une
fonction de cout [ :

A -1
X = arg min [Zﬂ Zg} (<XMUO7XMUO>) [?ﬂ + Al (Zo,Xo0),A>0

Z]\/[ ,Zo eRM xRO

Du point de vue des processus gaussiens, ce probleme peut se justifier en consid-
érant que les observations ont été bruitées. Il peut aussi étre interprété comme un
probléme de régularisation de Tikhonov, décrit par exemple dans [34], [62]).
Revenons a la forme du meilleur prédicteur

X = (X, Xo) (X0, Xo)) ™' Xo.

Son calcul effectif requiert la connaissance de 'opérateur de covariance de X. Dans
la pratique,

— Cet opérateur doit étre estimé;

— Son inverse doit étre estimé;

— Le prédicteur doit étre calculable.

Chacun de ces points pose un probléeme. Pour pouvoir estimer 'opérateur de co-
variance, il faut fournir un modele, qui dépend de la structure de G. Dans notre
travail, nous nous intéressons au cas ou G est un graphe. Le cas le plus simple
G = Z est traité dans le chapitre 2, avec un modeéle non paramétrique. Dans les
chapitres suivants, nous étudions un modele paramétrique de covariance pour des
processus indexés par des graphes.

Une fois le modele établi, il faut trouver un moyen de calculer (ou d’estimer)
I'inverse de 'opérateur de covariance. Pour cela, plusieurs outils seront proposés,
inspirés de méthodes classiques, que 'on étendra au cas des graphes.

Enfin, pour traiter les questions de calculabilité, on étendra sur ces modeles I'ap-
proximation de Whittle de la vraisemblance, qui permet de maximiser une fonction
beaucoup plus rapide a calculer en pratique.
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1.2 Modeles pour les opérateurs de covariance

Séries chronologiques

Présentons tout d’abord le cas des séries chronologiques, c¢’est-a-dire le cas G = Z.
On s’interesse & un processus stationnaire (toujours gaussien centré) X = (X;);ez.
Dans le cas gaussien, la stationnarité au sens strict (invariance des lois multidi-
mensionnelles par translation du temps) est caractérisée par la stationnarité 2.
Cela signifie que la covariance entre X;, X;.x, ¢, k € Z ne dépend pas de i. On peut
des lors définir, pour tout k& € Z l'autocovariance 7y par

r, = Cov (Xo, Xj) .

Lorsque la suite (r;)xez appartient a [2(Z), on peut aussi définir la série de Fourier
associée a la suite (ry)gez par

vt €] — w7, f(t) = rpe

kEZ

Cette fonction mesurable L?(] — 7, 7[) est paire et positive. Elle est appelée densité
spectrale du processus.

L’opérateur de covariance I' du processus X est donc un opérateur de Toeplitz
(voir par exemple [23]) associé a la densité f. On note

P=T(f).

Cela fournit un modele non paramétrique pour la covariance, et des outils pour
I’étudier.

Dans le premier chapitre, on s’intéresse au probleme de prédiction aveugle. Autrement
dit, a partir d’'un unique échantillon fini X, O C Z, on cherche un prédicteur Xu
de données manquantes Xy, (M C Z). En réalité, il s’agit d’estimer I'opérateur
de projection, puis de 'appliquer aux données sur lesquelles I'estimateur est con-
sruit. La difficulté du probleme aveugle est donc induite par la dépendance entre
les données permettant de construire l'estimateur et les données utilisées pour la
prédiction.

Extension aux graphes

Notre but a été ensuite d’étendre a des processus indexés par des graphes des
résultats existant pour les séries chronologiques. La premiere étape est de fournir
un modele de covariance pour des champs aléatoires indexés par des graphes.
Ce modele sera obtenu par extension a des graphes quelconques d’une classe de
champs stationnaires, définis sur des graphes symétriques dont on rappelle ici
quelques exemples.
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Définitions

De fagon générale, on définit un graphe pondéré G = (G, W) par

— G désigne 'ensemble des sommets (au plus dénombrable).

~ W € [—1,1]9%¢ est un opérateur symétrique de poids.

L’opérateur W sera appelé opérateur d’adjacence (non pondéré) lorsque

VZ,] € G, Wij < {O, 1},

et opérateur pondéré d’adjacence sinon. Deux sommets 7,7 € G sont dits voisins
(i ~ 7) si, et seulement si, W;; # 0.

On notera d la distance usuelle sur le graphe (pour 4,5 € G, d(i,j) désigne la
longueur du plus court chemin allant de i & j). Le graphe sera supposé connexe :

Vi,j € G,d(i, ) < +o0.

Le degré d'un sommet ¢ € G est défini comme le nombre de voisins de 7. Un graphe
est dit g-régulier (¢ € N) si le degré de chaque sommet est égal a q.
Considerons maintenant I’action de I'opérateur pondéré d’adjacence sur [*(G) don-
née par :

\V/U € l2(G), (WU)Z = Z Wijuj7 (Z € G)

jeG

Supposons que le graphe est de degré borné, c’est-a-dire que le degré des som-
mets du graphe est borné. Alors 'opérateur pondéré d’adjacence est un opérateur
hilbertien borné (voir par exemple [55], Theoréme 3.1). Son spectre Sp(W) (i.e.
I’ensemble des nombres complexes A tels que AId —A n’est pas inversible, Id désig-
nant 'identité sur [?(G)) est un compact non vide de R.
L’opérateur hilbertien W, est continu et normal (car symétrique). Il admet donc
une représentation spectrale par rapport a une résolution de l'identité E (voir
chapitre 3 pour la définition, et [58] pour plus de détails) donnée par

W = AE(N).
Sp(W)
Cette représentation sera utile pour comprendre le lien entre les modeles M A,
que nous allons considérer et la représentation spectrale usuelle existante dans les
cas classiques. Enfin, on appelle automorphisme du graphe G une permutation o
de ’ensemble des sommets G qui laisse W invariant :

Vi,j € G,Wij = Woiiye()-

Avant d’introduire notre modele, rappelons rapidement les définitions dans le cas
de Z% et des arbres homogenes, de la représentation spectrale.
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L’exemple de Z¢

Le cas de Z¢ est trés proche de celui de Z. Un processus gaussien centré X =
(Xi)icza est dit stationnaire si son opérateur de covariance vérifie :

<Xi7 Xi+k>7 (2 k€ Zd

ne dépend que de k. On peut alors définir, comme pour les séries chronologiques,
le k'°™¢ coefficient de covariance par

Tk ‘= <X0 Xk>,

zd’
ainsi que la densité spectrale associée, dés lors que (r})peze € L2(Z4), par

V(ty, - tq) €[0,2n]", fty, - td) = 3 r(kw’kd)efi(kltw---wdtd).
(k1 kq) €LY

Le cas de ’arbre ¢-régulier

Considérons maintenant le cas de l'arbre (¢ + 1)-homogene A,.1. Ce graphe est
défini comme le seul graphe infini connexe (g + 1)-régulier sans cycles. On peut
aussi définir une notion de stationnarité sur cette structure (voir par exemple [5].).
Un processus X = (X;)iea, est dit stationnaire si son opérateur de covariance I'
vérifie
J¢ € RV, Vi, j € G,Ty; = ¢(d(i, §)).

Dans ce cas 1a, il existe encore une représentation spectrale de la covariance. En
effet, il existe une unique mesure positive vx (voir par exemple [5]) telle que :

o) = [ Pa)dvx(),
[-2v/4,2v/4]
ou (P,)nen est une suite de polynémes définie par
o PO(t> =1
- Pl(t> - t,
=V > 1, (g + DtPu(t) = qPusi(t) + 7 Paa (1)

Notons que pour ¢ = 1, on retrouve le cas de Z, et les polynémes de Tchebychev
(& un changement de variable pres), voir Chapitre 5.

En réalité, la positivité de I' équivaut a la positivité de vx car cette représentation
correspond a une représentation spectrale de 'opérateur de covariance I' lui méme
(voir le chapitre 5).

Remarquons enfin que, a la fois dans le cas de Z?, celui des arbres, mais aussi pour
tous les exemples classiques de la littérature (graphe distance-transitif, réseau...),
la stationnarité L d’un processus est définie par I'invariance de son opérateur de
covariance par tout automorphisme de graphe.
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Dans la majorité de ces cas la, il se trouve que ’on peut retrouver tous les processus
stationnaires assez réguliers (i.e. a courte mémoire) en considérant les modeles
M As. Plus de détails seront donnés sur des exemples dans le chapitre 5.

Modéles M A

Soit G un graphe quelconque. Dans le chapitre 3, on considére des opérateurs de
covariance I' = IC(f) définis a partir d’une fonction mesurable positive f réguliere
(par exemple analytique sur I'enveloppe convexe de Sp(W)) de la fagon suivante
(relation qui définit 'opérateur ) :

D =K(f) = /Sp(w) FIVAEN).

L’égalité précédente peut aussi étre interprétée au sens de la convergence normale
de la série entiere associée. Si Vo € Sp(W), f(2) = Sien frx® , alors on a

K(f)=> filW"

keN

La notion de modele M A, s’interprete au travers de 1’égalité précédente. Lorsque
f est un polynéme de degré p, on parlera de modele M A,. De méme, si % est un
polynome de degré g, on parlera de modele AR,.

En fait, cela correspond a une fagon naturelle d’étendre a un graphe quelconque
les processus (réguliers) définis sur Z,Z? ou sur A, a partir de modeles M A,
isotropes (et non causaux).

En effet, les représentations spectrales obtenues ci-dessus pour Z? et A, correspon-
dent a celle d’'un processus M A, sur le graphe correspondant. Cette assertion
est détaillée a travers les exemples du Chapitre 5. C’est encore le cas pour les
graphes distance-transitifs (voir [65] pour la définition et la forme générale de ces
graphes). En effet, toute fonction invariante par les automorphismes, et suffisam-
ment réguliere peut s’écrire sous cette forme (voir [65]).

Le choix d'un tel modele sur un graphe quelconque s’explique donc par une volonté
d’étendre cette notion, et les outils spectraux correspondants, au cas non transitif.
En fait, ces modeles M A sont liés a l'algebre d’adjacence [14] du graphe. La
représentation spectrale découle alors de 1’étude de cette algebre (pour plus de
détails, voir chapitre 5).

Cas anisotrope

La construction précédente peut-étre généralisée a des processus spatio-temporels.
C’est I'objet d'une partie appliquée de notre travail développée au Chapitre 4. En
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réalité, il suffit de comprendre que dans le cas le plus général, un processus sta-
tionnaire en temps (discret : Z) et M A en espace (graphe : G) peut se représenter
comme un processus indexé par Z x (G, stationnaire, mais anisotrope.

C’est pourquoi nous introduisons, a partir d’'un modele jouet, des processus M A
anisotropes. Dans le chapitre 4, ils sont construits sur Z x G, mais la construction
est la méme sur G1 X Gy, si Gy et Go sont des graphes (de degré borné) quelconques.
Notons EC et ES2 les résolutions de I'identité associées aux opérateurs d’ajacence
WS et W&, Alors le modele général de processus M A anisotropes indexés par
G1 X Gg s’écrit (pour ¢ analytique sur I'enveloppe convexe de Sp(G7) x Sp(G2)) :

Ko(t) == / Wz, )dEC () ® dEC:(1).

Sp(G1)xSp(Ga)
Si on écrit
V(x,t) € Sp(G1) x Sp(Ga), ¥ (x,t) = Z Yt
k,leN
cette construction peut-étre encore interprétée comme une moyenne mobile infinie
anisotrope :
Kalw) = 3 v (W) © (W),
k,lEN

ou ® désigne le produit tensoriel.
On peut retrouver ainsi la construction correspondant a Z¢. De plus, remarquons
maintenant que
— Si le processus est M A au sens précédent sur le produit cartésien G; x Gy

(souvent noté G10Gs, voir par exemple [39]), alors il existe une fonction f qui

factorise ¢ par

P(x,t) = flz+1).
— Si le processus est M A sur le produit de Kronecker G; ® Go (voir par exemple
[39] pour la définition), alors il existe une fonction f qui factorise ¥ par

U(x,t) = f(at).

Ce modele de covariance est utilisé dans toute la these. Dans les chapitres 3 et 4,
on se donnera un modele paramétrique de densités dans un espace de fonctions
bien choisi, qui fournira un modele paramétrique d’opérateurs de covariance.

1.3 Estimation

Une fois les modeles établis, on cherche a estimer 'opérateur de covariance et son
inverse, afin d’estimer le meilleur prédicteur linéaire.

Deux méthodes sont proposées ici, I'une dans un cadre non paramétrique, ’autre
dans un cadre paramétrique.
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Séries chronologiques

La premiere méthode, utilisée dans le chapitre 2, permet d’estimer l'opérateur
de covariance d'une série chronologique stationnaire. Elle repose sur un résultat
de concentration dti a Comte [28] sur les coefficients empiriques non biaisés de
covariance.

S’inspirant ensuite d’articles de Bickel et Levina [13], [12] et de Dahlhaus [29], on
utilise 'estimateur empirique non biaisé de la covariance pour estimer 'inverse de
cet opérateur.

Bickel prouve que lorsque 'estimation est faite sur plusieurs échantillons, régu-
lariser I'inverse de l’estimateur empirique non biaisé de la covariance permet d’es-
timer de maniere consistante 'inverse de I'opérateur de covariance.

Dans le cadre de la prédiction aveugle, ou un seul échantillon est disponible, on
estime 'opérateur de covariance sur une petite partie des données paramétrée par
une sous-fenétre. Cela permet d’estimer aussi correctement 'inverse de 'opérateur
de covariance (apres une étape de régularisation). Cela méne a un prédicteur n’u-
tilisant qu'une partie des données observées. Le résultat principal de la premiere
partie donne le taux de convergence de ce prédicteur.

Plus précisemment, on suppose que 'on observe X _py,--- ;X _1, N € N. On utilise
I’ensemble de ces données pour 'estimation de la covariance et de son inverse, et
seulement une partie X_ g (yy, - - - X_1 pour la prédiction, pour une suite (/K (V)) yen
pw)

bien choisie. Cela permet de construire un prédicteur empirique Py, 5~ des don-

nées By = {Xl, . -XK(N)} (futur proche) en fonctions des observations Oy =
{X_K(N), . -X,l}. Alors, on prouve le théoreme suivant :

Théoreme 1 Sous des hypotheses de régularité sur le processus et sur la densité
spectrale (type Sobolev), et pour N assez grand, on a

RO < o KOs

Ok Bk

2 T 31

VN K(N)*

Les constantes C et Cy, les hypothéses exactes, et la définition du risque R utilisé
apparaissent dans le Chapitre 2.

Ce théoreme, ainsi que les lemmes donnant indépendamment le controle du biais
et de la variance de ce prédicteur empirique, permettent en pratique de choisir la
suite (K (NV))yey de facon a ce que le risque ci-dessus soit de I'ordre de grandeur
de I'innovation.

Nous donnons donc ici une justification théorique de procédés pratiques tres util-
isés. En effet, il est courant d’estimer souvent 1’opérateur de covariance sur I’échan-
tillon méme qui servira a la prédiction. Nous montrons en particulier, sous des hy-
potheses de faible dépendance, qu’il est raisonnable d’utiliser le méme échantillon.
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En effet, I'estimateur empirique du meilleur prédicteur linéaire est consistant des
que 'on utilise assez de données pour I'estimation.

Remarquons enfin que dans le cadre d’un modele paramétrique, on sait que, au
moins pour des densités spectrales assez régulieres, I'estimateur de maximum de
vraisemblance est consistant. Nous ne donnons pas plus de détails ici, mais notre
extension aux graphes du cas des séries chronologiques s’est inspirée de la preuve
de Azencott et Dacunha-Castelle [8].

Extension aux graphes

Dans les chapitres suivants (3 et 4), on considere un graphe G et on se donne
un modele paramérique de fonctions (fy)geo, ol O est un intervalle compact de
R¢ d > 1. Ces fonctions sont supposées analytiques sur I’enveloppe convexe de
Sp(W).
Cela fournit un modele paramétrique d’opérateurs de covariance (K(fp))yeq- Soit
0y € O, et X = (X;);e¢ un champ gaussien centré de covariance KC( fy, ). On suppose
que 'on observe ce processus sur une suite de sous-graphes (G,,)nen-

XG" = (Xi)iEGn .
Si on note KC,,(fg,) la covariance du processus X,,, on peut estimer 6, par maxi-
mum de vraisemblance. C’est 'objet du chapitre 3. Dans le chapitre 4, ce modele
paramétrique est étendu au cas spatio-temporel.
Sous des hypotheses de régularité sur la classe de fonctions, sur le graphe, et sur la
suite de sous-graphes sur lequel le processus est observé, on obtient la consistance
de 'estimateur de maximum de vraisemblance.
De plus, ce résultat reste valide dans le cas anisotrope, et donc dans le cas spatio-
temporel.

1.4 Calcul

Les problemes de calculabilité numérique posés dans le premier chapitre et dans
les suivants ne sont pas du méme ordre.

Dans le chapitre 2, le calcul de la vitesse de convergence nécessite de savoir calculer
le prédicteur sur le passé infini. Plus précisemment, pour prouver la convergence
de l'estimateur empirique du meilleur prédicteur linéaire, il faut obtenir une autre
expression de ce prédicteur.

Dans les chapitres suivants, la question se pose pour des soucis de calcul numérique.
On souhaite fournir un estimateur rapide a calculer en pratique. Pour cela, on va
étendre I'approximation de Whittle au cas des graphes.
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Séries chronologiques

Dans le probleme de prédiction aveugle de séries chronologiques, pour calculer le
biais du prédicteur par rappport au prédicteur sur le passé infini, il faut utiliser
une expression alternative du prédicteur sur le passé infini, permettant d’inverser
une matrice finie au lieu d'un opérateur hilbertien. Cette expression est fournie
par une inversion de Schur par blocs, donnant :

Proposition 1 Soit I' l'opérateur de covariance de la série chronologique X et A
son inverse. Le meilleur prédicteur linéaire sur (X;)iea (A C Z) peut s’écrire des
deuz fagons suivantes :

[[dA FAerAc]
pba .

0 0
o Id4 —AAACAZé
- 0 0

L’erreur de prédiction est donnée par
E {(PAY - Y)Z} =u" N b,
ouY =ulX. (voir chapitre 2 pour plus de détails sur les notations).

L’inversion par bloc utilisant le complément de Schur peut étre utilisée en pra-
tique pour la prédiction sur une longue séquence de données. Lorsque A = Z~,
I'expression et I’erreur obtenues sont celles fournies par Bondon dans [16]. Calculer
I'opérateur correspondant plutét que ses coefficients permet une généralisation a
des sous-ensembles quelconques A C Z.

Extension aux graphes

Intéressons-nous maintenant au cadre paramétrique. Dans le cas des séries chronologiques
comme dans le cas de champs aléatoires indexés par des graphes, il est difficile en
pratique de calculer I'estimateur du maximum de vraisemblance (temps de calcul,
instabilité de l'inverse...).

Il requiert en effet le calcul d’'un déterminant et l'inversion d’une matrice, pour
maximiser I’expression :

L(0) = —; (ﬁGn log(27) + log det (Ku(fs)) + X7 (Ku fg))_an> |

Dans le cas des séries chronologiques, pour éviter ces étapes lourdes en temps de
calcul, on utilise en pratique les approximations du déterminant et de I'inverse de
I'opérateur de covariance suivantes :
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Si T (fp) désigne 'opérateur de Toeplitz associé a fy,

logdet (Tw(f0) = = [ log (fs(A) dA

1 -1 1 1
N (Twlf) X XA T () X

Cette approximation est due a Whittle [67], et apparait de trés nombreuses fois
dans la litterature ([68], [9], [10]).

On peut faire la méme approximation dans le cas des graphes, avec le modele de
covariance donné par 'opérateur I introduit précédemment.

Pour cela, il est nécessaire d’introduire une mesure spectrale p, dépendant du
graphe G ainsi que de la suite de sous-graphes (G,)nen sur lesquels le processus est
observé. Cette mesure est la limite de la mesure locale moyenne a la racine lorsqu’on
enracine le sous-graphe GG,, uniformément. Le Chapitre 5 donne des détails sur cette
construction.

L’existence de cette mesure spectrale dépend a la fois d’une forme d’homogéné-ité
sur le graphe G, et de 'exploration de cette homogénéité par la suite des sous-
graphes (G,)nen. Plus de détails seront donnés dans les chapitres 3 et 5.

La mesure spectrale globale u apparait sous differentes formes dans la littérature
(voir [45], [65], [5], et I'article de revue de Mohar et Woess [55] qui utilise la méme
approche).

Cela meéne & une vraisemblance approchée L,, définie par

- 1 1
L0) =~ (16 owten) + 46, [oxtiteNanta) + X7 (1, (1)) ).
0
On définit ensuite l'estimateur du maximum de vraisemblance approchée par
0, := argmax Ly, (6).

Le principal théoreme de la partie 3 stipule que cet estimateur de vraisemblance
approchée est consistant, sous certaines hypotheses de régularité et de géométrie
des graphes considérés.

Théoréme 2 Sous des hypotheses de géométrie sur les graphes, et de régularité
sur les fonctions considérées (voir chapitre 4), la suite (6,)nen converge, avec m,
Py, -p.s. vers la vraie valeur 0.

La preuve de ce théoreme repose essentiellement sur une extension d’un théoreme
de Szego [41], qui fournit un contrdle sur la quantité

Tr <TN(f)TN(g) - TN(f9)>'
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Ce controle est donné en fonction de la régularité des fonctions f, g.

Dans le Chapitre 3, s’inspirant de la version de [8] de ce théoreme (ot beaucoup
de régularité sur les fonctions est nécessaire), nous étendons ce résultat au cas des
graphes, obtenant un contréle de la quantité

T (Kal£)Culg) = Kalf9)):

Des hypotheses supplémentaires sur la suite de sous-graphes sont exigées. La dif-
férence Tr (lCn( HKL(g) — Ku(f g)) apparait en effet comme une mesure des effets

de bord (voir la preuve dans le chapitre 4 pour plus de détails).
Nous avons donc besoin ici d’hypotheses sur les bords de GG,,. Plus précisémment,
la validité du théoreéme requiert, outre des hypotheses de régularité sur les fonc-

tions f, g, que le ratio ©%= tende vers 0 (ici 6G,, désigne le bord de G, i.e. les

Gn
points de G,, voisins de é’\Gn) I1 faut en particulier que le graphe soit amenable
(i.e. une suite de sous-graphes (G, )nen vérifiant ﬁfGi: — 0 existe). Cela exclut
malheureusement les arbres de notre travail.

Encore une fois, ceci peut se généraliser au cas anisotrope, et donc au cas spatio-
temporel. Bien que nous n’ayons pas encore écrit toutes les preuves (seulement
le lemme de Szegd est écrit dans le cas spatio-temporel, voir chapitre 4), elles

s’adaptent parfaitement.

Remarquons maintenant que, dans le chapitre 2, I'estimateur utilisé n’est pas la
covariance empirique classique, mais une version non biaisée.

Pour 'estimation par maximum de vraisemblance, on peut aussi utiliser une ver-
sion “déformée* du périodogramme permettant d’obtenir un score asymptotique-
ment non biaisé. C’est ce que nous faisons dans le cas des graphes. D’une certaine
fagon, cette construction ressemble a celle du périodogramme conique (ou raboté).
Pour cela, on s’inspire de travaux de Guyon [42], [44] et Dahlhaus et Kunsch [30].
Dans le chapitre 3, on construit ce périodogramme conique X! Q,,(¢)X,, pour des
graphes possédant des invariances algébriques.

On peut alors définir une nouvelle approximation de la vraisemblance

L(“)(é’) =

n

(16 outem) + 6, [roxfeanta) + X7 (@407 X,).

1
2 fo

Notons
6 .= arg max L™ (6).

n

On obtient alors
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Théoréme 3 Dans les cas ARp ou MAp (P < 4+00), et sous des hypothéses de
géométrie pour les graphes, et de régularité sur les fonctions (voir Chapitre 3),
l’estimateur 9;“) de 0y est convergent et asymptotiquement normal :

s 2 ) )

De plus, Uinformation de Fisher asymptotique (au sens de la croissance de la suite
de sous-graphes (Gp)nen) est donnée par :

()
Joo
Par conséquent, l'estimateur est asymptotiquement efficace

L’extension de ce théoreme a des classes plus générales de graphes est un probleme
techniquement difficile, et fait partie des perspectives importantes. En particulier,
la construction proposée ici est encore difficile a mettre en oeuvre en pratique. Le
calcul numérique de cet objet étant un de nos principaux objectifs, nous espérons
obtenir dans nos prochains travaux une expression plus simple a mettre en oeuvre,
et s’adaptant a des classes plus générales de graphes.



Chapitre 2

Estimation error for blind
Gaussian time series prediction

Dans ce chapitre, on s’intéresse au probleme de prédiction aveugle de séries chronologiques
gaussiennes. On construit un projecteur empirique sur les observations en injec-

tant l'operateur de covariance empirique dans une décomposi-tion de Schur du
projecteur sur les observations. L’erreur de prédiction est ensuite calculée, en fonc-

tion de la taille de I’échantillon utilisé pour la prédiction, et de la régularité de la
densité spectrale !

Introduction

In many concrete situations the statistician observes a finite path Xi,..., X, of a
real temporal phenomenon which can be modeled as realizations of a stationary
process X := (X¢)iez (we refer, for example, to [23], [60] and references therein).
Here we consider a second order weakly stationary process, which implies that its
mean is constant and that E(X;X;) only depends on the distance between ¢ and
s. In the sequel, we will assume that the process is Gaussian, which implies that
it is also strongly stationary, in the sense that, for any ¢,n € Z,

(X1, X)) Z (X1, Xean), (£ € Z,n €N).

Our aim is to predict this series when only a finite number of past values are
observed. Moreover, we want a sharp control of the prediction error. For this,
recall that, for Gaussian processes, the best predictor of X;,# > 0, when observing
X_n,-+-,X_1, is obtained by a suitable linear combination of the (X;);=_n... —1.
This predictor, which converges to the predictor onto the infinite past, depends

1. Published in MMS : [35]
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on the unknown covariance of the time series. Thus, this covariance has to be
estimated. Here, we are facing a blind filtering problem, which is a major difficulty
with regards to the usual prediction framework.

Kriging methods often impose a parametric model for the covariance (see [61], [8],
[60]). This kind of spatial prediction is close to our work. Nonparametric estimation
may be done in a functional way (see [15], [3], [4]). This approach is not efficient in
the blind framework. Here, the blind problem is bypassed using an idea of Bickel
and Levina [13] for the estimation of the inverse of the covariance. He shows that
the inverse of the empirical estimate of the covariance is a good choice when many
samples are at hand.

We propose in this chapter a new methodology, when only a path of the process
is observed. For this, following Comte [28], we build an accurate estimate of the
projection operator. Finally this estimated projector is used to build a predictor
for the future values of the process. Asymptotic properties of these estimators are
studied.

The chapter falls into the following parts. In Section 2.1, definitions and technical
properties of time series are given. Section 2.2 is devoted to the construction of
the empirical projection operator whose asymptotic behavior is stated in Section
2.3. Finally, we build a prediction of the future values of the process in Section
2.4. All the proofs are gathered in Section 2.5.

2.1 Notations and preliminary definitions

In this section, we present our general frame, and recall some basic properties
about time series, focusing on their predictions.

Let X = (Xi)rez be a zero-mean Gaussian stationary process. Observing a finite
past X_n,--+,X_1 (V> 1) of the process, we aim at predicting the present value
Xy without any knowledge on the covariance operator.

Since X is stationary, let r;_; := Cov(X;, X;), (4, j € Z) be the covariance between
X; and X;. Here we will consider short range dependent processes, and thus we
assume that

Z 7",?3 < 400,
kez

So that there exists a measurable function f* € Ly ([0, 27)) defined by
@)= > rne™ (ae.)
k=—0c0

This function is the so-called spectral density of the time series. It is real, even and
non negative. As X is Gaussian, the spectral density conveys all the information
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on the process distribution.

Define the covariance operator I' of the process X, by setting
VZ,j € Z, Fij = COV(XZ',X]‘).

Note that I' is the Toeplitz operator associated to f*. It is usually denoted by
T(f*) (for a thorough overview on the subject, we refer to [20]). This Hilbertian
operator acts on [%(Z) as follows

Vu € *(Z),i € Z,(Tu); := Y Tyu; = riju; = (T(f*)u);.

jez JEL
For sake of simplicity, we shall from now denote Hilbertian operators as infinite
matrices.
Recall that for any bounded Hilbertian operator A, the spectrum Sp(A) is defined
as the set of complex numbers A such that AId —A is not invertible (here Id stands
for the identity on *(Z)).
The spectrum of any Toeplitz operator, associated with a bounded function, sat-
isfies the following property (see, for instance [23]) :

Vf € Luc (0,27)) , Sp(T(f)) C [min(f), max(f)]
Now consider the main assumption of this chapter :
Assumption 2.1.1

Im,m' > 0,Vt € [0,27),m < f*(t) <m/.

This assumption ensures the invertibility of the covariance operator, since f* is
bounded away from zero (shot range dependancy). As a positive definite operator,
we can define its square-root 3. Let Q be any linear operator acting on [%(Z), con-
sider the operator norm ||Qll,, := SUP,_1,z),ju,=1 [|Qull, , and define the warped
operator norm as

lully=

QI = sup 72 Qul,-

uelg(Z),’ Fiu‘ =1
2

Note that, under Assumption (2.1.1) |[T'l|, ,, < m/, hence the warped norm ||. |, is
well defined and equivalent to the classical one

m m/
Qs < 1@l < ™ 1@l

Finally, both the covariance operator and its inverse are continuous with respect
to the previous norms.
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The warped norm is actually the natural induced norm over the Hilbert space

H = (l2<Z)v <'7 >F) )

where
1,JEL

From now on, all the operators are defined on H. Set
L2(P) := {Y € Span ((X;)icz) , E[Y?] < +00}

The following proposition (see for instance [23]) shows the particular interest of

H
Proposition 2.1.2 The map

®: H—L*P)

i€l
defines a canonical isometry between H and Lo(P).

The isometry will enable us to consider, in the proofs, alternatively sequences
u € H or the corresponding random variables Y € Ly (P).

We will use the following notations : recall that I" is the covariance operator and
denote, for any A, B C Z, the corresponding minor (A, B) by

FAB = (Fij)ieA,jeB .

Note that, when A and B are finite, I" 45 is the covariance matrix between (X;);c
and (Xj);ep. Diagonal minors will be simply written I'g := ' 44, for any A € Z.
In our prediction framework, let O C Z and assume that we observe the process
X at times ¢ € O. It is well known that the best linear prediction of a random
variable Y by observed variables (X;);co is also the best prediction, defined by
Po(Y) :=E[Y|(X;)ico]. Using the isometry, there exist unique v € H and v € H
with Y = ®(u) and Pp(Y) = ®(v). Hence, we can define a projection operator
acting on H, by setting po(u) := v. This corresponds to the natural projection
in H onto the set {®71(X;), i« € O}. Note that this projection operator may be
written by block
-1
pou = lFO 5021 U
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The operator Fal is well defined since f* > m > 0. Finally, the best prediction
observing (X;)ico is

EY = &(u)|(Xi)ico] = Po(®(u)) = S(pou).

This provides an expression of the projection when the covariance I' is known.
Actually, in many practical situations, I' is unknown and need to be estimated
from the observations. Recall that we observe X_y,..., X_1. We will estimate
the covariance with this sample and use a subset of these observations for the
prediction. This last subset will be {(Xi)iEOK<N) }, with Og(ny := [-K(N),--- —1].

Here (K(N))yey is a suitable growing sequence. Hence, the predictor Y will be
here
Y = Po, Vs

where ]SOK( ) denotes some estimator of the projection operator onto Oy, built
with the full sample (X;)i=—n... —1.
As usual, we estimate the accuracy of the prediction by the quadratic error

MSE(Y) =E [(Y - Yﬂ .
The bias-variance decomposition gives

E[(?—Y)Q] = E[(PogY — PoxwY) | +E[ (Pog)Y = Po-Y)']
+E[ (P-Y = Y)?],

where
POK(N)Y =Y,

POK(N)Y = E|:Y‘<X7;)iEOK(N):|7

and R
PrY = E[Y|(Xi)icol.

This error can be divided into three terms

— The last term E{(PZ-Y - Y)Q] is the prediction with infinite past error. It
is induced by the variance of the unknown future values, and may be easily
computed using the covariance operator. This variance does not go to zero as
N tends to infinity. It can be seen as an additional term that does not depend
on the estimation procedure and thus will be omitted in the error term.

2
— The second term E[ (POK(N)Y - P27Y> } is a bias induced by the temporal
threshold on the projector.
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— The first term E{ (ﬁoK(N)Y — POKW)Y)Z} is a variance, due to the fluctuations
of the estimation, and decreases to zero as soon as the estimator is consistent.
Note that to compute this error, we have to handle the dependency between the
prediction operator and the variable Y we aim to predict.

Finally, the natural risk is obtained by removing the prediction with infinite past

error :

R(}Af = POK(N)Y> = E{ (pOMN)Y B POK(MY)Q} + E[ (POK(N)Y N PZ?Y)Q}

_E [(Y _E [Y\(Xi)KO])q .

A

The global risk will be computed by taking the supremum of R(Y) among of all
random variables Y in a suitable set (growing with V). This set will be defined in
the next section.

2.2 Construction of the empirical projection
operator

Recall that the expression of the empirical unbiased covariance estimator is given
by (see for example [8])

VOo<p<N, #M(p) =

Notice that, when p is close to N, the estimation is hampered since we only sum
N — p terms. Hence, we will not use the complete available data but rather use a
cut-off.

Recall that Ok () := [-K(N), —1] denotes the indices of the subset used for the
prediction step. We define the empirical spectral density as

K(N)

W= 3 MM (per (2.1)

p=—K(N)

We now build an estimator for PO (x) (see Section 2.1 for the definition of POk N)).
First, we divide the index space Z into My U Ok U Bg U Fi where :

- Mg ={-,—-K —2,—K — 1} denotes the index of the past data that will not
be used for the prediction (missing data)
— Ok = —K,--- ,—1 the index of the data used for the prediction (observed data)

— Bg =0,--- , K — 1 the index of the data we currently want to forecast (blind
data)
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— Fg=K,K+1,--- the remaining index (future data)

In the following, we omit the dependency on N to simplify the notations.

As discussed in Section 2.1, the projection operator pp, may be written by blocks
as :

_ [(FOK)TOKZ]
pOK - 0 .

Since, we will apply this operator only to sequences with support in By, we may
consider

(FOK)_IFOKBK 0‘|

Yu € 1*(Z), Supp(u) C Br,po Bt i= [ 0 NE

The last expression is given using the following block decomposition, if B denotes
the complement of By in Z :

OxBx OxBYS
0By O$BS|

Hence, the two quantities I'o, g, and (I'o,.)~" have to be estimated. On the one
hand, a natural estimator of the first matrix is given by I'p, g, defined as

(N A N .
(F(OK)BK)ij - T(N)(U —il),i € Ok, j € Bk.

On the other hand, a natural way to estimate (I'p,.)~" could be to use (fg{))
(defined as (fg?) = #™)(|j —1]),i,7 € Ok) and invert it. However, it is not
sure that this matlfjix is invertible. So, we will consider an empirical regularized
version by setting

Io) =T9V) + aldoy,
for a well chosen &.
Set
L m

A . AN)
& = —min f 1 Z]lminfl((N)S%L'

min /() <0
so that H(f(ol\}f())q‘

the function f [((N) = fl((N) + &, that has been tailored to ensure that f&) is always
greater than 7, yielding the desired control to compute fg}{. Other regularization
schemes could have been investigated. Nevertheless, note that adding a translation
factor makes computation easier than using, for instance, a threshold on fl(<N).
Indeed, with our perturbation, we only modify the diagonal coefficients of the
covariance matrix.

) < %. Remark that 1;(01\;) is the Toeplitz matrix associated to
7Op
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Finally, we will consider the following estimator, for any Y € By := Span ((X;)icn, ) :
5 AN (N -
V= Py, (V) = @ (55,5, 07" (V)

where the estimator ﬁg{) By Of Pz- By, With window K'(N), is defined as follows

(N ~ (N~ AV
Ponse = (To0)  TO s, (2.2)

2.3 Asymptotic behavior of the empirical
projection operator

In this section, we give the rate of convergence of the estimator built previously
(see Section 2.2). We will bound uniformly the bias of prediction error for random
variables in the close future.

First, let us give some conditions on the sequence (K (N))yen) :

Assumption 2.3.1 The sequence (K(N))yen satisfies
~ lim K(N) 222 40

" lim K(N)21§>\§(K(N)) N-voo

Recall that the pointwise risk in Y € L?(PP) is defined by
. . 2
R =E |(¥ ~E[YI(Xico]) ]

The global risk for the window K(N) is defined by taking the supremum of the
pointwise risk over all random variables Y € Bx = Span ((X,)icn, )

RK(N) <PgKBK) = YSG%?(’ R(PgK(Y))
Var(Y)<1

Notice that we could have chosen to evaluate the prediction quality only on Xj.
Here, we choose another path, that is to predict all random variables from the close
future. Our result is then quite stronger than if we had dealt only with prediction
of Xo.

To get a control on the bias of the prediction, we need some regularity assumption.
We consider Sobolev’s type regularity by setting

Vs > 1, W, = {g € Ly([0,27)), g(t) = Y are™, > k*a} < oo} :

kEZ keZ
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and define

Vg € Wy, g(t) = > are™, ||gllyy, := inf {M, > k*a; < M} .

k€EZ keZ

Assumption 2.3.2 There exists s > 1 such that f* € Wi.

We can now state our results. The following lemmas may be used in other frame-
works than the blind problem. More precisely, if the blind prediction problem is
very specific, the control of the loss between prediction with finite and infinite
past is more classical, and the following lemmas may be applied for that kind of
questions. The case where independent samples are available may also be tackled
with the last estimators, using rates of convergences given in operator norms.
The bias is given by the following lemma

Lemma 2.3.3 For N large enough, the following upper bound holds,

1
POk Br — Pz-Bi|lp < sz,

m’(1+%).

— || L
where Cy = ‘ v,
In the last lemma, we assume regularity in terms of Sobolev’s classes. Nevertheless,
the proof may be written with some other kind of regularity. The proof is given
in appendix, and is essentially based on Proposition 2.4.1. This last proposition
provides the Schur block inversion of the projection operator.

The control for the variance is given in the following lemma :

Lemma 2.3.4
“p(lls 4 log(K (N
[P (18500, — pouml > ) < Criny Dy
log(K(N))

+0(K(N)4(T)2),

where Cy = 4m/ (8% + L 4+ 2)

Again, we choose this concentration formulation to deal with the dependency of
the blind prediction problem, but this result gives immediately a control of the
variance of the estimator whenever independent samples are observed (one for the
estimation, and another one for the prediction).

The proof of this lemma is given in Section 2.5. It is based on a concentration
inequality of the estimators #{™) (see Comte [28]).

Integrating this rate of convergence over the blind data, we get our main theorem.
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Theorem 2.3.5 Under Assumptions 2.1.1, 2.5.1 and 2.3.2, for N large enough,
the empirical estimator satisfies

» K(N)2,/log(K(N 1
R(PY), ) < G (N) g(())+02 _

VN K(N)*

where C7 and Cy are given in Appendix.

Again, the proof of this result is given in Section 2.5. It is quite technical. The
main difficulty is induced by the blindness. Indeed, in this step, we have to deal
with the dependency between the data and the empirical projector.

Obviously, the best rate of convergence is obtained by balancing the variance and
the bias and finding the best window K (V). Indeed, the variance increases with
K(N) while the bias decreases. Define PN as the projector 13“ng) associated to
the sequence K*(NV) that minimizes the bound in the last theorem. We get :

Corollary 2.3.6 (Rate of convergence of the prediction estimator) Under
Assumptions 1.1 and 2.1, for N large enough and choosing K(N) = L( ]gVN) <2SI+S)J,

lo

- log N\ T&=+9
R(PM) <0 (( Ofv ) ) . (2.3)

Notice that, in real life issues, it would be more natural to balance the risk given
in Theorem 2.3.5, with the macroscopic term of variance given by

E[Y - E[Y|(X:)icol |-

we get

This leads to a larger K (V). Nevertheless, Corollary 2.3.6 has a theoretical interest.
Indeed, it recovers the classical semi-parametric rate of convergence, and provides
a way to get away from dependency. Notice that, the estimation rate increases with
the regularity s of the spectral density f*. More precisely, if s — 0o, we obtain
(logTN)%. This is, up to the log-term, the optimal speed. As a matter of fact, in this
case, estimating the first coefficients of the covariance matrix is enough. Hence,
the bias is very small. Proving a lower bound on the mean error (that could lead to
a minimax result), is a difficult task, since the tools used to design the estimator

are far from the usual estimation methods.

2.4 Projection onto finite observations with
known covariance

We aim at providing an exact expression for the projection operator. For this, we
generalize the expression given by Bondon ([16], [17]) for a projector onto infinite
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past.

~ |Ida T'Tag0

Denote also A := I'"t = T'(%) the inverse of the covariance operator, the following
proposition provides an alternative expression of any projection operators.

Proposition 2.4.1 One has

o IdA _AAACA,Zé
pa = [O 0

Furthermore, the prediction error verifies
E[(PaY = Y)*] = u" ALk,
where Y = ®(u) = u” X.

The proof of this proposition is given in Appendix. We point out that this propo-
sition is helpful for the computation of the bias. Indeed, it gives a way to calculate
the norm of the difference between two inverses operators.

2.5 Appendix

Proof of Proposition 2.4.1

Proof. For the proof of Proposition 2.4.1, let us choose
ACZ,
and denote the complement of A in Z by
M = A®

First of all, A = I'"! is a Toeplitz operator over H with eigenvalues in [$7 %] A
may be inverted as a principal minor of A. Let us define the Schur complement
of A on sequences with support in M : S =A,4 — A AMAK;AM 4. The next lemma

provides an expression of I';* (see for instance [69)]).

Lemma 2.5.1

r,;! = S
= Aa— AanAyfAara
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Proof. of Lemma 2.5.1
One can check

[ AA AAM S-1 —5'_1/\14]\/[‘/\]741
_AMA AM —AX/}AMAS_l A]T/Il —+ AR}AMAS_lAAMA]T/}

-AAS_l — AAMA]T/}AMAS_l —AAS_lAAMAX/Il + AAM(AX/II —+ AX/IIAMAS_lAAMA]T/[l)
_AMAS” — AMAJT/[IAMAsil —AMAsilAAMAK/II + AM(A;; + A]_WIAMAsflAAMA]Tj)

— §97! (Aani A ApraS™8 + Ty — AaS™HAam AL,
T AwaST = AnaSTh —AnaST A AMAG + Tar + AaraST A an AL,
140

0 Iy

Since the matrix are symmetric, we can transpose the last equality. We obtain that

St — ST A Ay _ ozt
—A]T/}AMAgil A]Tj + A]T}AMASFIAAMAJT; o
= TI.
So that 'y = S~ ]
We now compute the projection operator :
~[rda TR an
pa = _ 0 0
_ [Ids STan
N | 0 0
_ [Tds (Aa— AanAyf Anra)Tans
| 0 0
_ [Tda AaTan = AanAnf (Tdar — AnTwr)
| 0 0
_[Ida AaTanr — AanAy) + Aan T
N | 0 0
 [Ida —AauA;}
N | 0 0 ’

where we have used AI' = Id in the last two lines.
Now consider () the quadratic error operator. It is defined as

Vu € I*(Z),u’ Qu := H(pAu - u)QHF =E [(Cb(u) - PA@(u))ﬂ :

This operator () can be obtained by a direct computation (writing the product
right above), but it is easier to use the expression of the variance of a projector in
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the Gaussian case given for instance by [60].
Q="Ta —Tapal' )" Tan

Again, notice that @) is the Schur complement of I" on sequences with support in
A, and thanks to Lemma 2.5.1 applied to A instead of I', we get

Q= Ay

This ends the proof of Proposition 2.4.1. [ |

Proof of Theorem 2.3.5

Proof. of Theorem 2.3.5

Recall that we aim at providing a bound on /R( AngK).
Notice first that we have

R(ﬁéﬁggsJ sup E[(B55, (V) = o, (V)] + R (Pogs).

YeBg,
Var(Y)<1

Using Lemma 2.3.3 for a sequence (K(N))yen and a centered random variable
Y € Span ((X;)iep, ) such that E[Y?] = 1, we have

R(POKBK)) < HPOKBK — Pz-Bg HF V E [Y2]

1
< Cy————-
KN 5

For the variance, we first notice that Y = ®(u) = u’ X,
K(N)-1
1=E [Yz} =u'Tgu>mulu=m Z u3,
=0

Denote A = ﬁ(OZ\QBK — Doy By - We can write, by applying twice Cauchy-Schwarz’s

inequality,

K(N)-1

| (P = Pone) | = [ S Y AmXe) Ew

i=—K(N) j=0

-1 K(N)-1 2 -1
< [ 5 (T aven) X2 (w)dB(w)
“i=—K(N) j=0 i=—K(N)
1 K(N)-1 K(N)-1 —1
< [ XY AW X w Y XwdRw).

i=—K(N) j=0 j=0
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So that,

~1  K(N)-1 —1
<[ Y ¥ L) Y XPW).

——K(N) j=0 M k()

2
E [(ng( Y — POKBKY>

Using the following equivalence between two norms for finite matrices with size
(n,m) (see for instance [59]),

\ 22114% <V Allyp
i=1j

we obtain

. 2 K(N)
B\ (P Y - Pon¥) | < KB [ AR, ¥ x2ape)
i=—K(N)
Further,
K(N)

A 2 —1
B\ (P = Poun) | < B0 [, 3 iR
J

——K(N)

IN

KOO [ has, ae) J/( > X >)2cu@<w>

< BT R (1Al > ) an K02 [ () de),

We have used here again Cauchy—Schwarz s inequality and the fact that, for all
nonnegative random variable Y,

E[Y]:/R+IP>(Y>t)dt.

Since Xg is Gaussian, its moment of order four r, is finite. Then Lemma 2.3.4
yields that, for N large enough,

.\ 2 C2./riK(N)*log(K (N
So that,
- C1K(N)?\/log(K(N))
(V) _ 2l < !
J swp E[(P5)(Y) = Po, (V)] < N
Var(Y)<1
with C; = Svri This ends the proof of the theorem. [ ]

N
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Proofs of concentration and regularity lemmas

First, we compute the bias and prove Lemma 2.3.3 :

Proof. of Lemma 2.3.3

Recall that we aim to obtain a bound on ||po, s, — Pz-Bkllp. Using Proposi-
tion 2.4.1, we can write (looking at the following operators as operators on [%(Z))

lPowBi —Pz-Billr < |Pokzt — Pz-2z+|lp
Ok B Og7Zt
< |["egte] -

_AOKZ+ (AZ+)_11]

0 —AMKZJr (Az+)_ r
So that, using the norms equivalence,
m/ _(FO )71F0 7+ _AO 7+ (AZJr)il
_ _ < = K K o K
||pOKBK Pz BKHF = m i 0 _AMKZWL(AZ*)il yo
< 1 |[[[(Cox) Togz+ + Aogz+ (Az+) ™!
- m AMKZ+ (AZJr)_l 2.0p
< ﬁ/ -(FOK)_IFOKZ+AZ+ + AOKZ+ H(AZ+>_1‘
= m I AMKZ"" 2.0p 2,0p
m’ 1
= m (Az+) 2,0p
X

(H(FOK)—1F0K2+AZ+ + Bogze], + Iz ||2,0p) .

The last step follows from the inequality :

A A 0
ol <ol 4Bl =1+ 11,
2,0p 2,0p 2,0p
But, since A = ',
Lowz+Az+ + Lo Aogzr = —Togme Azt
So, we obtain,
m/ _ _
lpows ~pmelle < |z, ([Tow)™ (Towmnctuz)], , + Aanczs o)
m/ _ _
< m (Az+) ' 2.0p ( (FOK) ! 2.0p H_FOKMKAMKZ+H2,op + |‘AMKZ+H2,0p>
m/ _ _
< E (AZ+) ! 9.0p ( (FOK) ! 2.0p HFOKMK 2,0p ”AMKZ+||2,Op + ||AMKZ+H2,Op>
m/ _ _
< 2z, (ICo ™, oscllag + 1) 180tz sy
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But, we have,

I
<m,
2,0p

|(Aze) ™|

as the inverse of a principal minor of A.

o)™

since it is the inverse of a principal minor of I'.

1
S )
2,0p m

||FOKMK||27op < m/a
as an extracted operator of I'.
Thus, we get
||pOKBK _pZ_BKHF <Cy |‘AMKZ+H2,op>

where Cy = “;L: (1+ %/) Since f* € Wy (Assumption 2.1), and f* > m > 0, we have
also % € Wy (see for instance [58]). If we denote p(k) = A; ;11 the Fourier coefficient of
f%’ we get

”AMKZ+|‘27op S HAMKZ+H2

< >, p(i—i)?
i<—K(N);0<)
< > p(h)?
i=K(N) j=i
o0 ]%
W
S Z i25
i=K(N)
< ‘1 b
— f* W, K(N)Qs—l'

So that the lemma is proved and the bias is given by

1
Ipows. — pa-s i < Cs || .

Fllw, K (N)™
Actually, the rate of convergence for the bias is given by the regularity of the
spectral density, since it depends on the coefficients far away from the principal
diagonal.

1

Now, we prove Lemma 2.3.4, which achieves the proof of the theorem.
Proof. of Lemma 2.3.4



2.5. APPENDIX
Recall that A = ﬁg\QBK — Pox By - We aim at proving that

log(K (N)) log(K (N))

LR (IAl > £) dt < R NHEEE2)? oK (NH(EEE2)2),
To simplify the notations, the dependency on N is omitted.
First,
[4laey = [ Tor) Toxme = Tor) Toxsel,,,
< AToxicllae ||(Cox) ™ = To) 7',
+H(f0K)_1 2,0p fOKBK ~ Lo 2,0p
< Morsillny [Fo) ., | To) ], [Fox = Toul,,,

. .
@)™, [Foxms = Torsl,,,

But, we have,

||FOKBK ||2,op < m',

as an extracted operator of I.

thanks to the regularization.
Now, note that, for any matrix B € M, ,,(R),

n
sup > Byl
j=1,---,m i=1

HBHQ,op < J ) Slup Z ’BU’\I
1= ,---,njzl

<K(N) sup {[fN(p) = r(p)|} + 4]

Hf‘oK —To, 2op = e,

And we also get,

<K(N) sup {[f™(p) = r(p)|}

HFOKBK - FOKBK >~
Zop p<2K(N)



CHAPITRE 2. ESTIMATION ERROR FOR BLIND GAUSSIAN TIME
46 SERIES PREDICTION

Recall the definition of &,

A . N
& = _mme]lminfggo"" llmm <m-
We will now use the following lemma, proved in the next section.

Lemma 2.5.2 The empirical spectral density is such that, for N large enough

- < (2K(N) + 1)p<52111(1[()N) {’f(N)(m _ T(p)’} N %

| Ry = 17

Thanks to Lemma 2.5.2, we have
m
&l < (2K(N)+1) su PN (p) —r +—1_ . inom.
4] < @KW +1) sup {[FO0) = )]} + Tl e
( (N

So, we obtain,

Al sup ([ 000) = )} + 14l

p<2K(N)

)
K00 ({50 o))
4

12m/ 4m “ AN () )
< ( i 2K(N)> K (s {0 - )]}
%ﬂmmf

We will use here some other technical lemmas. Their proofs are also postponed
to the last section. The first one gives an uniform concentration result on the
estimator (V) (p) :

Lemma 2.5.3 Assume that Assumption 2.3.1 holds. Then, there exists Ny such
that, for all N > Ny, and x > 0,

F () — r(p)] < A ( ¢ (log(K(N)) +) ) |

Vp < 2K(N),

N N

T

with probability at least 1 — e~

For ease of notations, we set Cy = 4m/’ (%’?/ + %) and C3 = %’ For the computa-
tion of the mean, the interval [0, +oo[ will be divided into three parts, where only
the first contribution is significant, thanks to the exponential concentration. We
will prove that the two other parts are negligible.
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We obtain, for all z > 0

41,y < (Co+ oK) W calB e N) + ol e

T

with probability at least 1 — e~
4
Set t; = (COK(N) WN(N))) . For t € [0,¢], we use the inequality
4
P (”AHZ,op > t) S L.
We obtain the first contribution to the integral. This is also the non negligible

part.
/Otl]p(HAHi,op >t)dt < (COK(N) bg(KN(N)))

4
Now, set ty = (C’OK(N) W + Og) . For t € [ty, 5], we use

]P’( \|A|’3,op > sup (CgK(N)4 <log(K(]]\>f)) +;z:>27061[((]\f)4 <;)4) )

e "+ P (minf}}f < T) .
Notice that the last lemma provides

_ Nm?2
p(zmzv) sup {\f<N><p>—r<p>|}>m)ge @RI
p<2K(N) 2

Indeed, set zo(N) = %.

One can compute that with probability at least 1 — e

—mO(N)’

s (#0 - riaf} < an ¢10g<K<N>>+wo<N>+xo;VN>)
< dm/ Jlog 64}(?}\2[) IR 4K7(7;‘\j)m/>2)
ot (Pt )
= \/logi 64K )+(64KZL\2f)m/)2)
_oom

8K(N)’
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for N large enough. Hence,

3

~ _ N'rn2
P (min fI](V < 4) < e GKm)mNZ

So, we have

2 4 N2
P (||A||;jop > max (ch(N)4 <1Og(K (V) + ”) L CAK(N) (;) )) < e TRODE

N

Finally, the following lemma (the proof is again postponed in Appendix) will be
useful to transform a probability inequality into a IL? inequality.

Lemma 2.5.4 Let X be a nonnegative random variable such that there exists two
one to one maps fi1 and fy and a C > 0 with

Ve > 0,P(X > sup(fi(z), fo(x))) <e ™+ C.
Then, for all t € Im(f;) N Im(f3),
P(X>t)<e T W peha'®yc

So, thanks to lemma 2.5.4, we have

—N\/4i4—10g(f<uv>) Naf ot Nm?
P (A3, >t) <e VO™ te VKM L TmRM?

Now, we will prove that each term can be neglected. Integrating by part, we obtain

/tz 67\/W+10g(K(N))dt < /0O efN, /W*log(K(N))dt
t1 - t1

—2VIC2K(N)? N CgKt<N)4_10g(K<N>)]°°
e
N

<

t1
e CgK(N)Qe—N, /W—logmw»dt
t1 N\/Z
21og(K (N))CAK(N)*  2C4K(N)*
< e +

1og<K<N>>)4
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Then,
J "V < gy E
t1
1
log(K(N
— 0(((50]((]\[) Og(())) )
N
So that,
t 2
/ TNt < tpe” GERMTT
t1
4
log( K (N
— 0((00[((]\7) Og((») )
N
Leading to

[ (141, > 1) di=o ((%K(N) lg(KN(N))) ) ,

Finally, for t € [ta, +00[, we use

P (Ar;op > max ((QCOK(N)\/IOg(K(j]VV)) L 203) , <2OOK(N); + 203>4)> <e?.

Thanks to lemma 2.5.4, we get

Yi_cy \? 47
N (Gl ) Hostk () | _nYicy
P (A5, >t) < e \F® + eV ooRy

So, integrating by part once more, we obtain

400 _ Yi-c 2 o +oo 3 o 2 .
/ . N(4COK(N%) +1 g(K(N))dt < / 4(u+03)3€ N(COK(N)) +1 g(K(N))du
t2

Vt2—C3
2 400
< | Py(u,N, K(N))G‘N(W) +log<K<N)>}
Vt2—C3

< Pi(u,N,K(N))e™

< 0((COK<N> Zea) )
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Here, P(u, N, K(N)) is a polynomial of degree 3 in u and is rational function in
N and K(n).
Furthermore,
+o0 Vi- +oo _u
/ ¢~ VER gt < / A(u + Cy)e Narm dy
12 Vt2—C3
N +oo
< |:P2(u7 N7 K(N))e COK(N)} Yia—Cs

< Py(u, N, K(N))e~VNosEN)+N)

([owen=52)

where Po(u, N, K(N)) is a polynomial of degree 3 in u and is rational function in
N and K(n).
We proved here

IN

log(K'(N)) 10g(K(N)))2)
N N '
This ends the proof. |

LR (141, > t) < GRS 2 + oK (V)

Technical lemmas

We prove now the technical lemmas :

Proof. of Lemma 2.5.3

Recall that, for any f € L2([0,27)), the matrix Ty(f) is the Toeplitz matrix
associated to the density f. Define g,(t) = Ni_p cos(pt). We have

Hence, we get 7™M (p) = £ X7 Ty (g,) X

We use the following proposition from Laurent and Massart [49]. Let X;,---, Xn
be a centered Gaussian stationary sequence with spectral density f and ¢ a
bounded function such that 7Ty(g) is a symmetric non negative matrix. Then the

following concentration inequality holds for Zy(g) = + (X TTn() X —E[XTTy(9) X ]) ;

P (1Zn(9)] = 211 f 1 (llgll, v + llglle 2)) < 27

“

or, equivalently,

We obtain

N
N—p

#(p) = r(p)| > 2m’

(Vx + a:)) < 2e N7,

N (\/x +log(K(N)) + 210g(2)+x +log(K(N)) + 210g(2)>
N—p N N ’

PN (p) = r(p)| > 2m’
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with probability lower than % By taking an equivalent, we obtain that there
exists Ny such that, for all N > N, for all p < 2K(N)

. +log(K(N)) = e "
P (7™ (p) — 4 ’\/x Sl <—.
(7“ (p) = (p)| > 4m N T
]
Proof. of Lemma 2.5.4
We set t = sup(fi(x), fo(z)) If t = fi(x) then
PX>t)<e /i W4 <e i Oqpeha'®yc
Symmetrically, if t = fo(z) we have
P(X>t)<eh O peh®yc
n

Proof. of Lemma 2.5.2 It is sufficient to ensure that the bias is small enough.
Choose Ny such that

* —S m
2, B(N) o <
Then we use
A K(N)
1R -, < X ™o -r@|+2 X 1)
p=—K(N) p>K(N)
< QKN +1) s {F0) — ()} +20f Iy, K(V)
p<2K(N)
R m
< @K +1) sup {7 V) —r(p)}+
p<2K(N)
This ends the proof of the last lemma. |
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Chapitre 3

Parametric estimation for
Gaussian fields indexed by graphs

Dans ce chapitre, nous utilisons la théorie spectrale des opérateurs de Hilbert, afin
d’étudier des processus ARM A gaussiens indexés par des graphes. Nous étendons
I’approximation de Whittle pour ’estimation des parametres de la densité spec-
trale associée et nous prouvons l'optimalité asymptotique des estimateurs ainsi
construits.

Introduction

In the past few years, much interest has been paid to the study of random fields over
graphs. It has been driven by the growing needs for both theoretical and practical
results for data indexed by graphs. On the one hand, the definition of graphical
models by J.N. Darroch, S.L. Lauritzen and T.P. Speed in 1980 [32] fostered new
interest in Markov fields, and many tools have been developed in this direction
(see, for instance [64] and [63]). On the another hand, the industrial demand linked
to graphical problems has risen with the apparition of new technologies. In very
particular, the Internet and social networks provide a huge field of applications,
but biology, economy, geography or image analysis also benefit from models taking
into account a graph structure.

The analysis of road traffic is at the root of this work. Actually, prediction of road
traffic deals with the forecast of speed of vehicles which may be seen as a spatial
random field over the traffic network. Some work has been done without taking
into account the particular graph structure of the speed process (see for example
[36] and [52] for related statistical issues). In this paper, we build a new model
for Gaussian random fields over graphs and study statistical properties of such

23
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stochastic processes.

A random field over a graph is a spatial process indexed by the vertices of a graph,
namely (X;);cq, where G is a given graph. Many models already exist in the prob-
abilistic literature, ranging from Markov fields to autoregressive processes, which
are based on two general kinds of construction. On the one hand, graphical models
are defined as Markov fields (see for instance [43]), with a particular dependency
structure. Actually, they are built by specifying a dependency structure for X; and
X, conditionally to the other variables, as soon as the locations ¢ € G'and j € G
are connected. For graphical models, we refer for instance to [32] and references
therein. On the other hand, the graph itself, through the adjacency operator, can
provide the dependency. This is the case, for example, of autoregressive models
on Z<¢ (see [43]). Here, the local form of the graph is strongly used for statistical
inference.

More precisely, the usual purpose of graphical models is to design an underlying
graph which reflects the dependency of the data. This method has to be applied
when this graph is not easily known (for instance social networks) or when it plays
the role of a model which helps understanding the correlations between high com-
plex data (for instance for biological purpose). Our approach differs since, in our
case, the graph is known, and we aim at using a model with stationary properties.
Indeed, in the case of road traffic, we can consider that the correlations of the
process depend mainly on the local structure of the network. This assumption is
commonly accepted among professionals of road trafficking speaking of capacity
of the road.

In this paper, we extend some classical results from time series to spatial fields
over general graphs and provide a new definition for regular ARM A processes on
graphs. For this, we will make use of spectral analysis and extend to our framework
some classical results of time series. In particular, the notion of spectral density
may be extended to graphs. This will enable us to construct a maximum likelihood
estimate for parametric models of spectral densities. This also leads to an extension
of the Whittle’s approximation (see [41], [8]). Actually, many extensions of this
approximation have been performed, even in non-stationary cases (see [31], [57],
[38]). The extension studied here concerns general ARM A processes over graphs.
We point out that we will compare throughout all the paper our new framework
with the case G = Z%,d > 1.

Section 3.1 is devoted to some definitions of graphs and spectral theory for time
series. Then we state the definition of general ARM A processes over a graph in
Section 3.2. The convergence of the Whittle maximum likelihood estimate and its
asymptotic efficiency are given in Theorems 3.3.7 and 3.3.10 in Section 3.3. Sec-
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tion 3.4 is devoted to a short discussion on potential applications and perspectives.
Some simulations are provided in Section 3.5. The last section provides all neces-
sary tools to prove the main theorems, in particular Szegd’s Lemmas for graphs
are given in Section 3.6, while the proofs of the technical Lemmas are postponed
in Section 3.6.

3.1 Definitions and useful properties for
spectral analysis and Toeplitz operators

Graphs, adjacency operator, and spectral representation

In the whole paper, we will consider a Gaussian spatial process (X;);cq indexed
by the vertices of an infinite undirected weighted graph.
We will call G = (G, W) this graph, where
— G is the set of vertices. G is said to be infinite as soon as G is infinite (but
countable).
— W € [-1,1]%¢ is the symmetric weighted adjacency operator. That is, |W;;| #
0 when 7 € G and j € G are connected.
We assume that W is symmetric (W;; = Wj;, i,j € G) since we deal only with
undirected graphs.
For any vertex i € G, a vertex j € (G is said to be a neighbor of ¢ if, and only if|
Wi; # 0. The degree deg(i) of i is the number of neighbors of the vertex ¢, and
the degree of the graph G is defined as the maximum degree of the vertices of the
graph G :
deg(G) := max deg(i).

From now on, we assume that the degree of the graph G is bounded :

deg(G) < +o0.

Assume now that W is renormalized : its entries belong to [— degl(G), m]. This
is not restrictive since re-normalizing the adjacency operator does not change the
objects introduced later. In particular, the spectral representation of Hilbertian
operator is not sensitive to a renormalization.

Notice that in the classical case G = Z, the renormalized adjacency operator is

z)y 1 .
Wi(j )= 5]1{“,3-,:1}, (4,) € Z). (3.1)

Here, deg(Z) = 2. This case will be used in all the paper as an illustration example.
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To introduce the spectral decomposition, consider the action of the adjacency
operator on [%(G) as

Yu € l2(G), (WU)Z = Z Wijuja (Z S G)

JjEG

We denote by Bg the set of all bounded Hilbertian operators on (?(G) (the set
of square sommable real sequences indexed by (). The operator space Bg will be
endowed with the classical operator norm

VA€ Be, [Ally, = sup - [[Aull,,

u€l?(G),[lull,<1

where ||.||, stands for the usual norm on I*(G).
Notice that, as the degree of G and the entries of W are both bounded, W lies in
Bg, and we have

||W||2,op S L.

Recall that for any bounded Hilbertian operator A € Bg, the spectrum Sp(A) is
defined as the set of all complex numbers A such that AId —A is not invertible
(here Id stands for the identity on [*(G®)). Since W is bounded and symmetric,
Sp(WW) is a non-empty compact subset of R [58].

We aim now at providing a spectral representation of any bounded normal Hilber-
tian operator. For this, first recall the definition of a resolution of identity (see for
example [58]) :

Definition 3.1.1 Let M be a o-algebra over a set €. We call identity resolution
(on M) a map
E:- M- Be

such that,
1. EM)=0,E(Q)=1.
2. For any w € M, the operator E(w) is a projection operator.

3. For any w,w' € M, we have
Ewnuw') =Fw)EW) = FEW)EW).
4. For any w,w’ € M such that w Nw' =0, we have
E(wUuWw') = Ew)+ EW").

We can now recall the fundamental decomposition theorem (see for example [58])
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Theorem 3.1.2 (Spectral decomposition) If A € Bg is symmetric, then there
exists a unique identity resolution E over all Borelian subsets of Sp(A), such that

A= AAE(N).
Sp(A)

From the last theorem, we obtain the spectral representation of the adjacency
operator W thanks to an identity resolution E over the Borelians of Sp(WV)

W = AE(N).
Sp(W)

Obviously, we have
Wk = / MAE(N), k € N.
Sp(W)

Define now, for any i € G, the sequences §; in [?(G) by
0; == (ﬂk:i)keG-
For any 4, j € G, the sequences ¢; and d; define the real measure p;; by
Vw C Sp(W), pij(w) == (E(w)ds, 0;)2(c)-

Hence, we can write :

vk e NVije G, (Wh) = / Aodyuy;.
] Sp(W)
This family of measures 5,7, j € G will be used in the whole paper. They convey
both spectral information of the adjacency operator, and combinatorial informa-

tion on the number of path and loops in G. Indeed, the quantity (W’“) is the
ij
number of path (counted with their weights) going from i to j with length k.

Note also that all diagonals measures p;;,7 € G are probability measures.

The adjacency operator of Z and its spectral decomposition

In the usual case of Z, an explicit expression for p;; can be given.
Denote T (X) the k™-Chebychev polynomial (k € N). We can provide the spectral
decomposition of W® (W#) has been defined in Equation 3.1).

k 1 Tii—i(N)
Vi, j € Z, ( W ) = f/ AR g,
J ( ) ij  TJ-11 1 — A2
This shows that, in this case, and for any 7, j € G, the measure dyu;; is absolutely
continuous with respect to the Lebesgue measure, and its density is given by
dpij — 1T]5-4(N)

dA /1= \2
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Notice that we recover the usual spectral decomposition pushing forward p;; by
the function cos :

1
Vi, j € G,dj;(t) := o €08 (5 —1i)t)dt.

We get
o @)\ * kqn
Vi, j € 7, (W ) = cos(t)"dfu;(t).
0,27]

ij
Time series, spectral representation, and M A,

Our aim is to study some kind of stationary processes indexed by the vertices GG
of the graph G. To begin with, let us recall the usual case of Z. In particular, let
us introduce Toeplitz operators associated to stationary time series.

Let X = (X;)iez be a stationary Gaussian process indexed by Z. Since X is
Gaussian, stationarity is equivalent to second order stationarity, that is, Vi, k €
Z,Cov(X;, X;1x) does not depend on i. Thus, we can define

T ‘= COV()(Z'7 XfLJrk)

Aassume further that (ry)rez € ['(Z). This leads to a particular form of the co-
variance operator I' defined on [*(Z) by

VZ,j € Z, Fz’j =Ty

Recall that Bz denotes here the set of bounded Hilbertian operators on [*(Z).
Notice that, since (r4)rez € ['(Z), we have I' € By, (see for instance [23] for more
details). This bounded operator is constant over each diagonals, and is therefore
called a Toeplitz operator (see also [20] for a general introduction to Toeplitz

operators).
As (1t)rez € 11(Z), we have

1

T or

Vi,j € Z,T(g)ij := Ty /[02 ]9(75) cos ((i — j)t) dt,

where ¢ is the spectral density of the process X, defined by

g(t) =2 > rycos(kt) + ro.
keN

This expression can be written, using the Chebychev polynomials (T})gen,

g(t) =2 kzl\;* reTy (cos(t)) + roTy (cos(t)) -
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Let, for A € [—1,1],
keN*

We get, using the family (f;;); jez defined above,

Vij € BTy = [ f (cos(t) it (1)
Notice that the last expression may also be written as I' = f(W(#), and the conver-
gence of the operator valued series defined by Equation 3.2 is ensured by the bound-
edness of W) and of the Chebychev polynomials (7([—1,1]) C [~1,1],Vk € 7Z),
together with the summability of the sequence (r)kez-

We will extend usual M A processes to any graph, using this previous remark. This
will be the purpose of Section 3.2.

Let us recall some properties about the moving average representation M A, of a
process on Z. This representation exists as soon as the log of the spectral density
is integrable (see for instance [23] for the Wold decomposition of a stationary
sequence). In this case, there exists a sequence (a)ren, With ag = 1, and a Gaussian
white noise € = (€ )gez., such that the process X may be written as

VieZ,X; = Z Ar€i_f-

keN

Defining the function h over the unit circle C by
Vo € C h(z) =Y apa®,

keEN
we recover, with a few computations, the spectral decomposition of the covariance
operator I' of X :

. . 2 A
Vi,j € Z,1';; = / dfi;(t).

[0,27]

‘h(ez’t)

This implies the equality

f (cos(t)) = (e[
Recall that when h is a polynomial of degree p (with non null first coefficient),
the process is said to be MA,. In this case, f is also a polynomial of degree p.
Reciprocically, if f is a real polynomial of degree p, and as soon as f (cos(t)) is
even, and non-negative for any ¢ € [0, 27|, the Fejér-Riesz theorem provides a
factorization of f (cos(t)) such that f (cos(t)) = |h(e™)]® (see for instance [48]).
This proves that X is M A, if, and only if, its covariance operator may be written
f(W®) where f is a polynomial of degree p.
This remark is fundamental for the construction we provide in the following section
(see Definition 3.2.1).
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Whittle maximum likelihood estimation for time series

Here, we recall briefly the Whittle’s approximation for time series. Let © be a
compact interval of R% d > 1, and (fy)seo be a parametric family of spectral
densities. Let 6y € O, and assume that (X;);ez is a Gaussian time series whith
spectral density fp,.
If we observe X,, := (X})i=1,..n,n > 0, we can define the maximum likelihood
estimate én of Oy as :

0, := argmax L, (0, X,,),

where
L.(0,X,) := —; (n log(27) + log det (T, (fs)) + XZ(’EL(fg))_an> .

This estimator is consistent as soon as the spectral densities are regular enough,
and under assumptions on the function 6 — fy (see for instance [8]). However,
in practical situations, it is hard to compute. The Whittle’s estimate is built by
maximizing an approximation of the likelihood instead of the likelihood itself :

0, = argmax L, (0, Xn)s

where

[.(0,X,) = —; <n log(27) + 1 /[0 ,, Jo8 (o) A+ X,Tlﬁ(;)Xn> |

The Whittle estimate is also consistent and asymptotically normal and efficient,
as soon as the spectral densities are regular enough.

The consistency of the Whittle estimate relies on the Szego’s Lemma, which pro-
vide a bound on the error between * logdet (7,(f)) and Jio.2x110g (fo(A)). There
exists many versions of this Lemma (see for instance [§8], [41]).

In this work, we are interested in a weak version given by Azencott and Dacunha-
Castelle in [8]. The lemma relies on the following fondamental inequality : Let
f(x) = Xpen frr® and g(x) = X pen g™ be two analytic functions on the complex
unitar disk. Then we have

<SY G DAY D (33

keN keN

>

t,j=1,--,N

ij

(TN<f>TN<g> - TN(fg)>

In the following, we aim at developing the same kind of tools for processes indexed
by a graph.
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3.2 Spectral definition of ARM A processes

In this section, we will define moving average and autoregressive processes over
the graph G.

As explained in the last section, since W is bounded and self-adjoint, Sp(WV) is a
non-empty compact subspace of R, and W admits a spectral decomposition thanks
to an identity resolution E, given by

W = AE(N).
Sp(W)

We define here M A and AR Gaussian processes, with respect to the operator W,
by defining the corresponding classes of covariance operators, since the covariance
operator fully characterizes any Gaussian process.

Definition 3.2.1 Let (X;);cq be a Gaussian process, indexed by the vertices G of
the graph G, and I its covariance operator.

If there exists an analytic function [ defined on the convexr hull of Sp(W), such
that

R - FAEQ),
we will say that X is
- MA, if f is a polynomial of degree q.
- AR, zf% is a polynomial of degree p which has no root in the convexr hull of
Sp(W).
~ ARMA, , if [ = g with P a polynomial of degree p and Q) a polynomial of
degree q with no roots in the convex hull of Sp(W).
Otherwise, we will talk about the M A, representation of the process X. We call
f the spectral density of the process X, and denote its corresponding covariance
operator by

I'=K(f).

Remark Actually, this last construction may also be understood as

in the sense of normal convergence of the associated power series. However, the
spectral representation will be useful in the following. Even if we consider only
regular processes in this works, the definition using the spectral representation
allows weaker regularity than the definition using the normal convergence of the
associated power series.
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This kind of modeling is interesting when the interactions are locally propagated
(that may be for instance a good modeling for traffic problems.).

The notation K(.) has to be understood by analogy with the notation 7(.) used
for Toeplitz operators.

Notice that, in the usual case of Z, and for finite order ARM A, we recover the
usual definition as shown in Subsection 3.1. So, the last definition may be seen as
an extension of isotropic ARM A for any graph G. Besides, note that this extension
is given by the equivalence, for any g € L ([0, 27]), such that Jio.2x1 108(g) < +o00,

vf e L*([=1,1]), (9(t) = f (cos(t)) & T(g) = K(f))-

This means that, in the usual case G = Z, the definition of spectral density in our
framework is the usual one, up to a change of variable A = cos(t) (see Subection
3.1).

Now, we get a representation of moving average processes over any graph G. The
following section gives the main result of this paper. It deals with the maximum
likelihood identification.

3.3 Convergence of maximum approximated
likelihood estimators

In this section as before, G = (G, W) is a graph with bounded degree. Let also
(Xi)icc be a Gaussian spatial process indexed by the vertices of G with spectral
density fy, (defined in Section 3.2) depending on an unknown parameter 6, € ©.
We aim at estimating 6y. For this, we will generalize classical maximum likelihood
estimation of time series.

We will also develop a Whittle’s approximation for ARM A processes indexed by
the vertices of a graph. We follow here the guidelines of the proof given in [8] for
the usual case of time series.

Framework and Assumptions

Let us now specify the framework of our study. Let (G,,),en be a growing sequence
of finite nested subgraphs (induced by G). This means that if G,, = (G,, W,,), we
have G,, C G,,11 C G and for any i,j € G,,, W,,(i,7) = W (i, j).

Let m,, = Card(G,,). We set also

5, = Card {i € Gy, 3j € G\Gn, Wi; # 0} .

The sequence (m,,),ez may actually be seen as the “volume” of the graph G,,, and

d, as the size of the boundary of G,,. For the special case G = Z? and G,, = [—n, n]?,

we get m, = (2n + 1)¢ and §,, = 2d(2n + 1)¢1.
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The ratio T‘;—" is a natural quantity associated to the expansion of the graph that
also appears in isoperimetrical [56] and graph expander issues. We will assume
here that this ratio goes to 0 when the size of the graph goes to infinity. In short,
we set

Assumption 3.3.1  §,, = o(m,)

This assumption is a non-expansion criterion. The graph has to be amenable,
which is satisfied for the last examples G = Z% and G,, = [—n,n|?, but not for a
homogeneous tree, whatever the choice of the sequence of subgraphs (Gy)nen is.
We will now choose a parametric family of covariance operators of M A processes
as defined in the last section. First, let © be a compact interval of R.

We point out that for sake of simplicity, we choose a one-dimensional parameter
space ©. Nevertheless, all the results could be easily extended to the case © C
RE k> 1.

Define F as the set of positive analytic functions over the convex hull of Sp(W).
Let also (fs)sco be a parametric family of functions of F. They define a parametric
set of covariances on G (see Section 3.2) by

K(fo) = fo(W).

As in [8], we will need a strong regularity for this family of spectral densities.
Let us introduce a regularity factor for any analytic function

feFNeeSpW), f(x) =" fea,

k

by setting
alf) = Ifil (k+1). (3.4)
keN
Now, let p > 0 and define,
F, = {f € F.allog(f)) < p}. (3.5)

Notice that for any f € F,, we have a(f) <X a(ki,)k < ep,a(%) < e’
We need the following assumption

Assumption 3.3.2

— The map 0 — fy is injective.

— For any A € Sp(W), the map 8 — fy(\) is continuous.
*V@E@,fgefp.
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From now on, consider 0, € ©. Let X be a centered Gaussian M A process over
G with covariance operator K(fy,) (see Section 3.2).

We observe the restriction of this process on the subgraph G,, defined before. Our
aim is to compute the maximum likelihood estimator of 6y. Let X,, = (X;);eq, be
the observed process and IC,,(fy) be its covariance :

X~ N(Oa Kn(fﬂo)) :

The corresponding log-likelihood at 6 is

L,(0) := —; <mn log(27) + logdet (IC,,(f5)) + X T (ICn(fg))an) :

As discussed before, in the case G = Z, it is usual to maximize an approximation
of the likelihood. The classical approximation is the Whittle’s one ([41]), where

o det (T, (9))

is replaced by
1

— 1 t)) dt.
- /H og (g (1))

Back to the general case, we aim at performing the same kind of approxima-
tion. For this, we will need the following assumption to ensure the convergence of
log det (IC,,(fg)) (see Section 3.1 for the definition of ju;;) :

Assumption 3.3.3 There exist a positive measure p, such that

1 S 2o
K23 .
Mn e, "7

Here, D stands for the convergence in distribution

The limit measure p is classically called the spectral measure of G with respect to
the sequence of subgraphs (Gy,)nez (see [55] for example).

Actually, under Assumption 3.3.1, Assumption 3.3.3 is equivalent to the conver-
gence of the empirical distribution of eigenvalues of W, (here, W¢, denotes the
restriction of W over the subgraph G,,).

That is, if Aﬁ”), e ,)\5,’2 denote the eigenvalues (written with their multiplicity
orders) of Wy, , Define
1 &
1] . _
N’L} = min;(skgn)’

and 1
MLZ] = Z i -

My ieq,
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Then, under Assumption 3.3.1, the convergence of pll) to 4 (i.e. Assumption 3.3.3)
is equivalent to the convergence of 12l to .
To prove this equivalence we just have to notice that :

ANdu® (N — (/‘ Aedu® (A
4% pPO) = M)

o L= SN

n =1 Mn ieq,

1 1
= —Tr((Wg,)*) — —Tr (WHe, ).
o (W) = =T (7))
So that, we get the result by Lemma 3.6.1 (see Section 3.6).
As in the case of time series (for G = 7Z), we can approximate the log-likelihood.
It avoids an inversion of a matrix and a computation of a determinant. Indeed, we
will consider the two following approximations.

LnW)f—-—;(ﬂhﬁog@ﬁ)+”nn/d%dﬁﬂxﬁdu@ﬂ*<X3(K%(%D_IX%)-

Ln(0) := —; (mn log(27) + mn/log(fg(w))du(x) +Xxr (lCn (}9)) Xn> .

Notice that approximated maximum likelihood estimators are not asymptotically
normal in general (see for instance [42] for Z¢). Indeed, the score associated to the
approximated log-likelihood has to be asymptotically unbiased [8].

To overcome this problem in Z¢, the tapered periodogram can be used (see [43],

42], [30)).

Let us consider graph extensions of standard time series models :

— The M Ap case : There exists P > 0 such that the true spectral density fp, is a
polynomial of degree bounded by P.

— The ARp case : There exists P > 0 such that all the spectral densities (for any
0 € ©) of the parametric set are such that f—lg is a polynomial of degree bounded
by P.

So, to define the good approximated log-likelihood, we first introduce the unbiased

periodogram in each of the last cases. Now, let P > 0.

Define a subset Vp of signed measures on R as

VP = {M’U’Z’j < G,dG(Zaj) S P}’

where dg (7, 7), 1,7 € G stands for the usual distance on the graph G, i.e. the length
of the shortest path going from 7 to j.
We will need the following assumption
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Assumption 3.3.4 The set Vp of possible local measures over G is finite, and n
is large enough to ensure that

Vo € Vp,3(i,j) € G2, pij = v.

Remark This assumption is quite strong, and holds for instance for quasi-transitive
graphs (i.e. such that the quotient of the graph with its automorphism group is
finite). This assumption may be relaxed, but it is a hard and technical work that
will be the issue of a forthcoming paper.

Define now the matrix B™ (the dependency on P is omitted, for clarity) by

B . Card {(k,l) € Gn X G, s = i}
ij - Card {(k,1) € G, X G, g = pij}’
= 1ifdg(k,l) > P.

if | dg(k,1) < P

The matrix B™ gives a boundary correction, comparing, for any v € Vp the
frequency of the interior couples of vertices with local measure v with the boundary
couples of vertices with local measure v. Actually, this way to deal with the edge
effect is very similar to the one used for G = Z¢ (see [30], [42]).

As example, let us now describe the case G = Z2, for P = 2. In this case WZ

. o 1
Vi, g, k1€ Z, WE) (i, ), (k1) == Zﬂ|i—j|+|k—u=1-

In this example, we set G, = [1,n]?, and we can compute the matrix B™_ Indeed,
it is only needed to notice that

M(i17j1)7(i1+k7j1+l) = M(i27j2)7(i2+61k7j2+€2l)7 il: i27j17j27 k7l € Za €1, €2 € {_]-7 1} .

This means that the local measure of a couple of vertices only depends of their
relative positions (stationarity and isotropy of this set of measure). So, we need
to count the configurations given by Figure 3.1 since we consider only couples of
vertices u,v € Z* such that dz(u,v) < 2.

We %et for any 1,] € 4,

B(, D) = nz = L.

( ) B(n) _ 4n?
B(”) — _n*

((z,j)) J(ik1,541) — (4()n—1)2 : ,

n n 4n
~ Blij i) = Bljeeeg) = W)

One can notice that
su‘p‘Bi(;l) — 1) — 0.

n—oo
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F1GURE 3.1: Possible configurations for couple of vertices

Assumption 3.3.5 ensure that this property holds for the graph we consider.
Back to the general case, let f € F,. We define the unbiased periodogram as

1

XTo,
nQ(f

)X,

where

Qu(f) == B™ @ Ka(f).

Here, the operation ® denotes the Hadamard product for matrices, that is

Vi,j € G, (B™ 0 K, = (B™) K.(f),:

i.j € Gu, (B™W 0 Kul)),, = (B™), Kulf)

Notice that this is actually a way to extend the so called tapered periodogram (see
for instance [42]).

We now define the unbiased empirical log-likelihood, for any 6 € ©

L9(0) =~ (smalowten) + 0, [ on(otaante) + X2 (u(5)) X,

We denote by én, 0,, 0,,, 0 the maximum likelihood estimators associated to L,,
Ly, Ly, Lt respectively.
We will need the following assumption,

Assumption 3.3.5 There exists a positive sequence (uy,)nen Such that,

U, — 0,

n—oo
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and
sup ‘Bi(;]) — 1’ < Up,.
ij

Notice that the last assumption holds for example in the case G = Z¢,d > 1.
To prove asymptotic normality and efficiency of the estimator 8, we will also
need the following assumption.

Assumption 3.3.6 Assume that
— There exists a positive sequence (v, )nen such that v, = o(—=) and

F

Vf € Fpr | TrlKa, (1) ~ [ fau] < alr)un,

n

— For any 0 € ©, fy is twice differentiable on © and

L er, Simer
4o\ =g s e
The first assumption means that the convergence of the empirical distribution of
eigenvalues of IC(f) to the spectral measure u is faster than —=. It holds for

Vmn
instance for quasi-transitives graphs, with a suitable sequence of subgraphs. The

second assumption is more classical. For example it is required in the case G = Z
(see [8]).

Convergence and asymptotic optimality

Let p > 0. We can now state one of our main result :
Theorem 3.3.7 Under Assumptions 5.3.1, 3.3.2 and 3.3.3, the sequences (én)neN,

(On)nen, (On)nen converge, as n goes to infinity, Py, -a.s. to the true value 0y. If
moreover Assumption 8.3.5 holds, this is also true for (0%9),en.

Proof. The proof follows the guidelines of [8]. We highlight the main changes
performed here. First, we define the Kullback information on G,, of fy, with respect

to f € F,, by

(n)
dP; )
n)

HKn(f@o? f) = Epfeo - lOg(

and the asymptotic Kullback information (on G) by

HK(fGoa f) = 117?1 W}LHKn(fG()? f)

whenever it is finite.
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The convergence of the estimators of the maximum approximated likelihood is a
direct consequence of the following lemmas :

Lemma 3.3.8 For any f € F,, and under Assumptions 3.3.1, 3.3.2 and 3.3.5,
the asymptotic Kullback information exists and may be written as

K(me 2/<_1 f?)_1+f;0>

Furthermore, if we set 1,,(0, X,,) = minLn(G,Xn), we have that Py, -a.s.,
(00, X)) — 1,(0, X.,) e IK( fa,, fo)

uniformly in 6 € ©.

This property also holds for 1, := -~ L, and l,, .= L,

Furthermore, for P > 0, and for both the ARP or the MAp case (see above), this
also holds for IV .= W}n Lﬁl“)

Lemma 3.3.9 Let fy, be the true spectral density, and (¢,)nen be a deterministic
sequence of continuous functions such that

Vo € @7 én(GO) - gn(‘g) n——>>oo HK(f@oa f@)
uniformly as n tends to infinity. Then, if 0,, = argmaxy ¢,,(0), we have

Qn — 00.

n—oo

The proofs of these lemmas are postponed in Appendix (Subsection 3.6). [ |

Theorem 3.3.10 In both the ARp or M Ap cases, and and under all previous as-
sumptions 8.3.1, 3.8.2, 8.3.3, 8.3.4, 3.8.5, 3.3.6, the estimator 0(*) of 0y is asymp-
totically normal :

s 200 [ (7)) )

Furthermore, the Fisher information of the model is

5/ ()

Hence, the previous estimator is asymptoticly efficient.
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Proof. Here again, we mimic the usual proof by extending the result of [8] to
the graph case.
Using a Taylor expansion, we get

(1) (Bp) = (1) (657) + (60 — 65) (1) (6,),

where 0, € }9%“), 6o { As 0 = argmax (), we have

So that,
V(0 = 087) = (189" (6,)) ™ V/ima (1) (6o)-

The end of the proof relies on three lemmas :

Lemma 3.3.11 provides the asymptotic normality for |/m,(I{))'(6y). Combined
with Lemma 3.3.12, we get the asymptotic normality for \/m,,(6y — 6(). Finally,
Lemma 3.3.13 gives the asymptotic Fisher information. This information is defined

as (G

Lemma 3.3.11 Under assumptions of Theorem 3.5.10,

J(0) = lim Epf

n—oo

V(I8 (60) 5 N (0 3/ (fi) d“)

Lemma 3.3.12 Under assumptions of Theorem 3.5.10,

-1
((léu))//(én»_l — 2 (/ <]fﬁ’>2du> ,Pp, — a.s.
n—o0 6o 0

Lemma 3.3.13 Under assumptions of Theorem 3.3.10, the asymptotic Fisher in-

formation is :
(R
oo

The proofs of these lemmas are postponed in Appendix (Subsection 3.6)
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3.4 Discussion

Note first that Theorem 3.3.7 provides consistency of the estimators under weak
conditions on the graph. Indeed, amenability ensures Assumption 3.3.1, for a suit-
able sequence of subgraphs. Assumption 3.3.3 holds as soon as there is a kind of
homogeneity in the graph. The simplest application is quasi-transitives graph. Note
that if G is “close” to be quasi-transitive, Assumption 3.3.3 is still true. We also
could adapt notions of unimodularity [1] or stationarity [11] to our framework and
prove the existence of a spectral measure. Furthermore, Assumption 3.3.3 holds
for the real traffic network (this will be explained in a forthcomming paper).

To build the estimator ("), stronger assumptions on the graph G are needed. Let
us discuss two very special cases. First, Theorem 3.3.10 may be applied in the Z¢
case with holes, that is in the presence of missing data, up to the condition that
they remain few enough. Actually, Assumption 3.3.1 is required, so the boundary
of the subgraphs (counting the holes) has to be small in front of the volume of this
subgraphs.

We need furthermore a kind of homogeneity for these holes. For instance, we can
assume that the data are missing completely at random. This particular case is
interesting for prediction issues.

Another strong potential application is quasi-transitive graphs, as mentioned above.
Indeed, take for instance a finite graph (the pattern) and reproduce it at each
vertex of an infinite (amenable) vertex-transitive graph. The final graph is then
quasi-transitive, and all the previous assumptions hold.

This seems to be a natural extension of what happens for Z?. Furthermore, in this
situation as in Z%, our work may also be applied to a process with missing values.

Note also that conditions of both amenability of the graphs and regularity of
spectral densities seem natural, looking at the Szegé’s Lemmas (see Section 3.6).
Indeed, the difference computed in Lemma 3.6.1 is only due to edge effects.

Thus, there are two ways for relaxing this conditions. On the one hand, it could be
interesting to deal with lower regularity (for instance to study long memory pro-
cesses) for the spectral densities. On the other hand, it could be also interesting to
relax conditions on the graph, for instance for more regular densities. In particular,
we could investigate the case of random graphs, and try to pick up homogeneity
conditions into the random structure. As mentioned above, another natural exten-
sion of this work could be done to graphs “close” to be quasi-transitive.

These two limits of our present work are actually two of our main perspectives in
this framework.
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3.5 Simulations

In this section, we give some simulations over a very simple case, where the graph
G is built taking some rhombus connected by a simple edge both on the left and
right (see Figure 3.2).

FIGURE 3.2: Graph GG

The sequence of nested subgraphs chosen here is the growing neighborhood se-
quence (we chose a point z and we take G,, = {y € G,dg(x,y) < n}). We study
an ARy model, where,

O = ]_17 1{7
)2(96 o).

fol@) = <1 —0x
Here, we take for W the adjacency operator of G normalized in order to get
sup; jeq Wiy < ﬁ(@' We choose 6y = %, m, = 724. We approximate the spectral
measure of G by the spectral measure of a very large graph (around 10000 vertices)
built in the same way. Figure 3.3 shows the empirical spectrum of the graph G
with respect to the sequence of subgraphs (G,,)nen-

To compute (/Cp,( fs)) ™", we use the power series representation of fp, and truncate
this expression after the 15 first coefficient. This choice ensures that the simulation
errors are neglectible with respect to the theoretical ones.

Figure 3.4 gives the empirical distribution of

Vi /Sp(A> <f‘j>2 (%n = ).
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F1GURE 3.3: Empirical spectrum
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3.6 Appendix

Szego’s Lemmas

Szegd’s Lemmas [41] are useful in time series analysis. Indeed, they provide good
approximations for the likelihood. As explained in Section 3.3, these approxima-
tions of the likelihood are easier to compute.

In this section, we generalize a weak version of the Szegd Lemmas, for a general
graph, under Assumption 3.3.1 (non expansion criterion for G,,), and Assumption
3.3.3 (existence of the spectral measure ).

For any matrix (Bj;); jec,, we define the block norm

1
bn(B) = o > Byl

Z]EGN

We can state the equivalent version of the first Szegd lemma for time-series

Lemma 3.6.1 Asymptotic homomorphism
Let k,n be positive integers, and let g1,--- , g, be analytic functions over [—1,1]
having finite reqularity factors (i.e. a(g;) < +o0,i=1,--- k). Then,

k—1

algr) -+ algr).

Corollary 3.6.2 For any g € F, (see the first page of Subsection 3.3 for the
definition), and under Assumptions 3.5.1 and 3.3.3,

— log det(K / log(g

n

Proof. of Lemma 3.6.1 This proof follows again the one of [8]. We will prove the
result by induction on k.

First we deal with the case k = 2. Let f and g analytic functions over [—1, 1] such
that a(f) < 400 and a(g) < +oo. We write

b (Kr ()0 (g) — Kn(f9))

S SR PG DINES ST NN
1

= 5 Yo X IRl 1K(g)ws-

1,j€Gn keG\Gn
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Using K(g) = 372, gnW", Fubini’s theorem gives, since all the previous sequences
are in [*(G),

< 5 Y Y KKl

n §,j€Gn keG\Ghr,

1 o0
< ( sup > |K(f zk:|) 5 o> D ol ’(Wh)kj‘
k€G\Gn i@, " keG\Gy jE€EGn h=0
< (supZUC zk|>XZ|gh| > > ‘ ’
keG je On kEG\Gn jEGn
Introducing
Ay = sup — Z Z ‘
NeN 5N k€G\Gy jEGN
we get

b UG (Vnl) ~ Kn(£9)) < sp 3 Kl 3 lanl B

€G e
The coefficient A, is a porosity factor. It measures the weight of the paths of

length h going from the interior of G, to outside.
Note that A, < h + 1, so we get

> gl Ar < a(g).
h=0

Now, we define another norm on Bg :

HBHoo,m ‘= sup Z |sz| ) (B S B(;) .
k€G jea

We thus obtain

IR o = sup D ()i

keG jcq

< Sl
h=0

< SR,
h=0

<

00
DLl =1 -
h=0
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Finally, we get

bn(Ke, (f)Kc,(9) — Ka.(f9)) < | fIl1 por @(9)-
To conclude the proof of the lemma, define, for f € {,,

a(f) = a(f) — fo

Notice that Ag = 0. Hence, by symmetrization of the last inequality, and since
1 < (h+1), we have,

by (K(f)K(g) - K(fg)) < 1(|f|1,wla<> 0l <f>)

1 1
— k‘ ) — | fol @ —|go| &
< k%mug]( P14+ D)+ 3 0l ao) + 5 nlal)
< 5 X Illal (6 06+ 1) + 5 16l ato) + 5 bl a()
< ;au*)a(g)
b (K (F)Kn(0) — Kl £9)) < 50(F)a(g). (3.

To perform the inductive step, we need the following inequalities [59] :

alfg) < a(f)alg),

bn(BC) < 1Bl in 0a(C),
bu(B+C) < bu(B)+b,(C),
I loin = Il = (f)-

Let £ > 1, and assume that for all j < k — 1, Lemma 3.6.1 holds. Under the
previous assumptions, and the inductive hypothesis for £ — 1 we get,

b (Kn(g1)x -+ xKu(ge) = Kaulgr--- gr))

HlCn(gl>H00,m bn, (ICn<92) o 'lcn<gk) - Kn(g2 o gk))

+bn (Kn(gl)lcn(QQ cogk) — K91 gx))
)k’ 2

~Za() - alo) + olaalo - )

IN

IN

a(g1

Lot -ala)

IN
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which completes the induction step and proves the result. [ ]
Proof. of Corollary 3.6.2
Let g € F,, and k be a positive integer. Using Lemma 3.6.1, we have

T (Kal9)* = Ka(9") < 220, (Ka9)* = Kalg")). (3.7

my
Thus, we have, thanks to Assumption 3.3.1
1
— Tr (Kn(g)k — ICn(gk)) — 0.

My, n—-+o0o

Denote ,u[gl] the real measure whose k*"-moment is given by

/xkdug” = lim L Tr (ICn(g)k) :

nomy,
and u[f] the real measure whose £*"-moment is given by

1

mp

/xkd,ufl = lim —Tr (ICn(gk)) .

Notice that both of these measures have support between infg > e ” > 0 and
supg < e? < +o0, since a(log(g)) < p (see Section 3.3). Therefore, the equality
of the moments given by Equation 3.7 gives the equality of the measures ,u[gl] and

pl2.
g
So that, we get

L Jog (det (K. (9))) — — Tr (K, (log(g)) — 0. (3.8)

my m,, n—+4o00
Assumption 3.3.3 completes the proof of the Corollary since it implies that

=T (G, (log(9) | = [ Tog(o)de

my

]
The following lemma enables to replace IC,,(g) by the unbiased version Q,(g) (see
Section 3.3 for the definition).

Lemma 3.6.3 Under Assumptions 3.53.1,3.53.3, 8.3.4 and 3.53.5, and if f or g is a
polynomial having degree less than or equal to P, we have

L (K (H)Ka(9)” = (Ka(£)2u(0)))] < 2Puna(Falg).

My
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Proof. We define, for any f,

fabs Z|fk|$

Actually, the proof is based of the following idea : as soon as f or g is a polynomial
having degree less than or equal to P, we have to control only the number of paths
of length less than or equal to P (counted with their weights).

Let p be a positive number. Recall that Qn(é) =BM Kn(é) (see Section 3.3),

we have,
Tr ((i@(f)fm;))p - (’%(f)%(;))p)

)

. 1
< m Z Z H BZ(QZ?LQZ+1 *)izli2z+1’Cn(f)izz+1i2z+2
" i€Gy t0=1,i1," ,i2p=0 [=0---p g
o Z Z H ]C 12112l+1’C (f)i21+1i21+2 :
N 4€Grn 10=1,i1, ,i2p=1t [=0---p
Then,
1\ 1.\"
L ((rosd) - (kned))
g g
1 (n)
s m . Sup H Biy/priaige — 1
n 11,12, 502p4+1 |[=0..p—1

x> >

1€Gy 10="1,11," Ji2p=11=0---p

1
’Cn(g)imizl-u ICn (f)i21+1i21+2

1 (n)
< mi . sup H Bi2l+1i21+2 -1
n 11,82, 512p+1 | [=0---p—1
X Z Z H IC abs 9182141 n(fabs)i21+1i2z+2
1€Gy 10=1,i1, ,i2p=1 [=0--p
(n) Loy
n
S - Sup H Bi21+1i21+2 - 1 || <KGn(fabs)KGn(()abs)>
21,2257 502p+1 |[=0---p—1 g 2,in
(n) 1
<  sup 11 Bi;+1i2l+2 — 1l a(f)Pa(-)P.
21,2257 502p+1 |[=0---p—1 g




3.6. APPENDIX 79

Using Assumption 3.3.5, we get,

w( (k) - (o))

1

< 10w = talfYa()y
< ’(1 + u, — 1) ((1 )P (L un)P 2 4+ 1)‘ a(f)pa(;)p
1
< fun (22— 1) Oé(f)pa(g)p
P p 1 p
< up2Pal(f) a(g) )
This ends the proof of the Lemma. [ |

Finally, the following lemma explains the choice of B™. The unbiased quadratic
form Q,, is no more than a correction of the error between IC,,(f)XC,,(¢) and IC\,(fg).

Lemma 3.6.4 (Exact correction) Let f,g € F,, and assume that either f or
g is a polynomial of degree less than or equal to P (see Section 3.3). Then, the
unbiased quadratic form Q,(fp) verify

Tr (Kn(f)Cn(9)) = Tr (Ku(f9)) -

Proof. of Lemma 3.6.4
First, notice that

Tr (Ka(£)Qu(9) = > Kulf)iiKalg)i B,

1,J€Gn
Since this expression is symmetric on f, g, we can now consider the case where f
is a polynomial of degree less than or equal to P.

Actually, since f is a polynomial, IC,,(f);; = 0 as soon as d(i,j) > P (i,j € G).
Then, if 7, j, k,l € G are such that p;; = pu, we have

Kn(£)iiKn(9)i = Kn(f)akn(g)n-

So that, we may here denote, for convenience, K(f),,;-
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Using Assumption 3.3.4, this leads to
Tr (Ka(£)Qu(9) = Y KalFuKul9)yB

1,jEGn
= Z Z ICn(f)v,Cn(g)sz(zn)
vEVpP ,j€EGn
nij=vdg (b)) <P
= Y Kl n(9)oCard {(i, j) € G, x G, pij = v}
veVp

y Card{(7,7) € G,, x G, j;; = v}
Card {(i,j) € Gy, X Gy, ptij = v}’
= Z Z Kn(f)UKn(g)qu(zn)

veEVPp  (4,5)EGnXG,
Hij =0, ,dg (4,5)<P

= Y KuPiuKal9)yBY

(4,J)EGnxG
= Tr(Ku(f9))-

That ends the proof of Lemma 3.6.4. [ |

Proofs of the lemmas of Theorem 3.3.7

Recall that the theorem relies on two lemmas. Lemma 3.3.9 states a condition
on deterministic sequences to provide the convergence of the maximizer of these
sequences.

Proof. of Lemma 3.3.9 Recall that fy, denotes the true spectral density. Let
(41)nen be a deterministic sequence of continuous functions such that

V0 € ©,6,(00) ~ (al0) 2. 5 / (—1 ];09 1+ ’;%) dy, (3.9)

uniformly as n tends to infinity. Denotes moreover #,, = arg maxy ¢,,(6). We aim at
proving that
0, — 0.
n—o0

Using the compactness of ©, let 6, be an accumulation point of the sequence
(0)nen, and (6, )ken be a subsequence converging to 6. As the function

1 foo foo
9»—)2/<—10g(fe)—1+ f9>

is continuous on O, and the convergence of (¢,,(6p) — €,,(6))nen is uniform in 6, we

have
f 0o f 0o
foo fo..

enk(eo)—gnkwnk)m;/—log( =1+ 2% g (3.10)
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But we can notice that, thanks to the definition of 6,,, ¢, (6y) — £, (05,) < 0 So,
since the function x — —log(z) + x — 1 is non negative and vanishes if, and only
if, x = 1, we get that fp, = fo. . By injectivity of the function § — fy, we get
0 = 0y, for any accumulation point 0, of the sequence (6,)nen, which ends the
proof of this first lemma. [ |
Lemma 3.3.8 provides the uniform convergence of the contrasts of maximum like-
lihood and approximated maximum likelihood to the Kullback information. The
proof may be cut into several lemmas.

Proof. of Lemma 3.3.8

First, notice that by construction, we have, for any 6 € O,

T (fo, fo) = BB [ (Lo Xo) = Lol X)), (310

n

when it exists. Then, we can compute

ln<f907Xn>_ln(f07Xn) = _2;
1

(log det (K (fs,)) — log det(Kn (/o))

n

(Xglcn(fBO)_an - Xglcn(fﬁ)_an)

n

Corollary 3.6.2 of Lemma 3.6.1 provides the following convergence

L (log det(K, () — Iog det(K, () =, [ o (J;) o (312)

n

To prove the existence of IK( fy,, fg), it only remains to prove the P fo,~8-S. COnVer-
gence of m%X{ICn(fg)*an to [ %Od,u as n goes to infinity.
This is ensured by the following Lemma.

Lemma 3.6.5 (Convergence lemma) For respectively A = Kn(ﬁ), A= (K.(fo)™

or A = Qn(%), we have,

1 T f90
—X, AX, njoo/fedl”b’lpf"o — a.s.

My

Lemma 3.6.5 combined with Corollary 3.6.2 ensures the Py, — a.s. convergence

of In(fay) — In(fo), Ln(fo,) — In(fs) to IK(fa,, fo). It provides also the Py, — as.
convergence of I{Y)(fy,) — (W (f) to TIK(f,, fo) in the ARp or M Ap cases (see
Section 3.3). To complete the assertion of Lemma 3.3.8, it only remains to show
the uniform convergences on © of the last quantities. This will be done using an
equicontinuity argument given by the following Lemma.
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Lemma 3.6.6 (Equicontinuity lemma) For all n > 0, the sequences of func-
tions

(ln<f907 Xn) - ln(f6’> Xn))neN

is an Py, -a.s. equicontinuous sequence on ({fp,0 € O}, |.||,,). This property also
holds for l,,l,. Furthermore, the sequence (lg“)(fgo,Xn - lg“)(fg,Xn)) o 8 also

Py, -a.s. equicontinuous, on ({fg, 6 eco}, ||.||1’pol).

We can now end the proof of Lemma 3.3.8 :

First, notice that the space {fy, 0 € ©} is compact for the topology of the uniform
convergence. This also holds for ({f@,@ €0}, ||.||17p0l). So, there exists a dense
sequence (fg,)pen. Then, using Lemma 3.6.1 and Corollary 3.6.2, the sequence
(ln<f90,Xn> —1n(fo,, Xn))neN converges IP’fQO—a.s. to IK( fa,, fo,)-

If a sequence of functions is equicontinuous and converges pointwise on a dense
subset of its domain, and if its co-domain is a complete space, then the sequence
converges pointwise on all the domain [58].

Using this well known property, we obtain, P fop 8-S+ the pointwise convergence of

(ln(fG(n Xn) - ln(f97 X”))NGN

to IK( fy,, fo), for any 6 € ©.

Furthermore, if a sequence of functions is equicontinuous and converges pointwise
on its domain, then this convergence is uniform on any compact subspace of the
domain [58].

Thus, we get, IF’fgo—a.s., the uniform convergence on © of the sequence

(ln(me Xn) - ln(f97 X”))NGN

to IK(fo,, fo)- o
Using the same kind of arguments, this uniform convergence also holds for [,,,l,

and [(W. This concludes the proof of Lemma 3.3.8.
]

Proof of the technical lemmas

Proof. of Lemma 3.6.5
Let 6 € ©. First, consider the case A,, = K, (f%) We aim at proving that

1

my

T f@o
XIAX, = / Fedu, By, —as.
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To do that, we make use of classical tools of large deviation (see [33]). We compute
the Laplace transform of Xg A X,

Ep [6,\)(,{/6”(]}9))(”]

foq

1 /eéx,?((fcnueo))1—2Aicn(;g>)xn
(v/2m)may [det (Ko ( fo,)

1 -1 1 -
- det(’Cn(feo))Jdet([(Kn(f%)) QMCR(fQ)] )

1
\/det (I, — 2\ fao) HKu (2K (for)?)
These last equalities hold as soon as I, — 2A\C,( fgo)%lCn(f—lg)lCn( fa,)2 is positive.

This is true whenever A < 0 or small enough.
Now, for A < 0, define

N

Dn(N) = 1 log ( Er,, [GAX,?Kn(fle)XnD ’
This function verifies
]_ 1 1 1
(bn()‘) = 9 log det (IGn - 2>‘Icn(f90)2lcn(ﬂ])lcn(f00)2> .

Define also

o) = li7rln On(N),
We get, using Corollary 3.6.2,

S(\) = —; /log (1 - 2)\J;f:> .

We can also compute

¢'(\) = /2(?90 _du>0
BT AT
fo

As usually, we define the convex conjugate of ¢ by

P*(t) = sup At —o(N)],t €R.
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As soon as ¢ is strictly convex, ¢*(t) > ¢(0) = 0, for any t # ¢'(0) = [ gd,u.
We can now write, for A <0,

1 1 1
M, log(]P’(m—nXgAan > 1)) = " log(P(eMnAnXn > gmndt)
1 1
< . log (efm””) + - log (E[eAXgA”XnD
< =AMt + dn(N)
Then we get, Vt > [ %Odlu,
1

lim sup <1 log(P(—

n n n

X AnXa 2 1)) < =M+ 6()
So that, taking the infimum on A\, we get

lim sup (1 log(]P’(iX;{Aan > t))) < —9"(t) <0
n M, Moy,
We can obtain the same bound for t < [ fgo fodu. By Borel-Cantelli theorem,
we get the Py, -almost sure convergence of X TN X, to [ fo,fodu. To prove
the same convergence with A, = (IC,( fg)) , we have to show that the dif-
ference between the spectral empirical measure of K, ( fgo)%lCn(f—lg)lCn( foo)? and
Ko (fa0) 2K (o)™ Cn( fgo)% converges weakly to zero. It is sufficient to control the
convergence of every moment, because these two last measures both have compact
support.
For this, we make use of the Schatten norms. For any A, B matrices of M,, (R),

we define .
| Allsen = (D2 sk(A))"

where si(A) are the singular values of A.
Note that
|Tr(AB)| < HABHSch,l < HAHSch,l ”BHSch,oo’

Recall that since fy € F,, we have e™” < fy < e”. Hence, for any p > 1,

1 p P —-p P
(R KR ) = KUK ) )
< et ezt | (Ragrezim - e )|
< o a0
m,, e 9
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To obtain the same bound with A, = Qn(f—lg), we have to prove that the dif-
ference between the spectral empirical measures of IC,( fgo)%lCn(f—t)lCn( f@o)% and

o fgo)%Qn(ﬁ)lCn( fa,)? converge weakly to zero. This last assertion is a direct
consequence of Lemma 3.6.3. So, we get

1
— XTALX, — @, P, — as.
n f9 fGo

n

Proof. of Lemma 3.6.6
Recall that we aim at proving that, Py, -a-s., the sequence of functions

(ln<f907 Xn) - ln(fo’ X”))HEN

is equicontinuous on {fy,f# € O}, and that this property also holds for l,,l, and
1w,

First, we will prove the equicontinuity of the sequence

(- Togdet(rc, (7))

n neN
Let 0,6 € ©.
Denote )\; the eigenvalues of KC,,(for) ™! (K (for) — Kn(fo)). Since fp € F,, we have
e ? < fo < e

Notice that we have

sup A= K(f) ™! (Kulfo) = Kulo))

< epr@' _f6’||oo

So that, to prove the equicontinuity, we may assume that @ is close enough to ¢’
to ensure that sup,_, ., |\i| < 3.
We have

W1L log det (K, (fo)) — log det(lc”(fG))‘

n

2,0p

= Jtogdet (T, — Kalfu) ™ (Kullfir) — Knlf0)|

1
< — > [log(1+ A\
My cq,
< sup [log(1 + \;)]
i€Cn
<log(2) sup |\
i€Gp

<log(2)e” || for = foll o -
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Furthermore, the sequence ([ log(fs)du)nen is also equicontinuous since, using a

Taylor formula,

/

Now we tackle the equicontinuity of the sequences

(XgKn(fG)_an)neN ’

(Xzfcn<;9>xn)
neN

ro (L
(Xn Onl Jo )Xn> neN .

Notice first that, for any matrix B € MH(R),

log(f)di — [ log(fo)da| < e lfo = foll«

and

\XTBX < — ||B||20p

X7 Xy,
It is thus sufficient to prove the equicontinuity of the sequences

(Kn(fe)_l)neNa

L))

(]Cn(ﬁ

and
(Qn(f@)_l)nGNa

for the norm .,

Note that
1 1 1 1
H’CW B e TP
<e* || fo — follo
Then,
|0aho)™ = (Kald) ™, < [ Calho)) T (ulh) 7, (K (For)) = (

< e | for = foll

Then, recall that, for any symmetric matrix B € M, (R), we have

1Bll5,0p < 1Bl

oo,0p *

ICn(fQ)) ||2,0p
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Recall also that Q,(fs) = B™ ® K,,(fs). Denote

1 1 1 1
Jor Jo lla.op Jor fe sowop
1
S ) RS ES
ij=1, fe' Jo lloo.op
1 1 :
< (14 uy,) — (see Assumption 3.3.5).
fo fo 1 pol
Since the map fy — f—lg is continuous over F,, which is compact, we get the uniform
equicontinuity of the map fy — X7 Qn(ﬁ)Xn (for the norm |.[|; ,;)-

This concludes the proof of Lemma 3.6.6 [ |
Proof. of Lemma 3.3.11

We aim at proving the asymptotic normality of /m, (I{))'(6p).

Using the Fourier transform, it is sufficient to prove that

limE {exp( Vit (( wy(p ) = exp ( /4t2 J;?: (t))

Recall that we have

Jo

6 =3 7

n @n(5)Xn

We can compute

VI E (187 (00)] = v/ (—1 / fao (Kn(fao)Qn( ;:)»

( /foo ( <f00§:> ) see Lemma 3.6.4)

< Cvp/my, = 0 (see Assumptlon 3.3.6).

If we define I
Z — XT [
n= g XT QU)X
and L
Z =t- [ Yedu,
2. g

the last equality means that
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This holds only if fp, is a polynomial, or if all the fy,0 € © are polynomials.
This brings out that the second theorem holds for the ARp or M Ap case. It also
explains the term 'unbiased estimator’ used for #(*)

Then, it is sufficient to show

lim E [exp i/, (Z, — E [Z,]) ( /42&2 J;fg ()).

If 7, denotes the eigenvalues of the symmetric matrix

/!

My = K () 2K, ()

13,

then we can write
1 2

727%}/19

Mn .25

where (Y% )req, has the standard Gaussian distribution on R,
The independence of Y} leads to

o8 B exp iy (2, ~ BLZ))]) =~ 33 (i + gloat1 - 2],

The 75, are bounded, thanks to the following inequality :

Mallagy = | 550G, ()
o 2,0p
t 1 fo 1z
= 2 (f00)2 2,0p Qn(fzo) 2,olecn(f90) H270p
t 1 fo 1
< (feo)Q yor Qn(fzo) o chn(f90)2 2op

< epoz(féo)a(feo)2(1 + Un)-
The Taylor expansion of log(

\/Tr%n) gives

. 1 &
log (E [exp (iv/m, (Z, — E[Z,]))]) = - S i+ Ry
n k=1
With [R,| < Ol S |7
Since the 75, are bounded the assertion will be proved if we show that

LTr(M2 m—z i /4152 zi(g)du(t).

M, n k=1
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This last convergence is a consequence of Lemmas 3.6.1 and 3.6.3.
This provides the asymptotic normality of \/m, (1) (6,) and concludes the proof
of Lemma 3.3.11 :

Vi (I59) (60) — N (O / (;ZZ) du)

Proof. of Lemma 3.3.12
We aim now at proving the Py, -a.s. following convergence :

(6)" 25 (/B0

We have
w)\/ o 1 f fG (f) 2<f,)2_ "fe
00 =~ (B G e, (MR ),

0

which leads to

" , N2 _ i
(l,(f‘))"(Q) njoo ;/ ( GfG;GZ(fG)Q + f00 (Q(fe;g gfe)) d,u, Pfgo_a"s'

Since the sequence [(*) is equicontinuous and 6, = 0y, we obtain the desired
n (o]
convergence :

W\ () f490
(189" (6,) il 2/( 7 du, Py, -a.s.

[ |
Proof. of Lemma 3.3.13
We want to compute the asymptotic Fisher information. As usual, it is sufficient
to compute
1
— Var (L],(6p)) = lim

my, n my,

where M, (0) = K (fo) ™ Kn(f5)u(fo) Kl fo0).
This leads, together with Lemma 3.6.1, and Assumption 3.3.3 to

Tr (Mo (600)°),

L Var (2,(05)) — ;/ oSy,

my, I

This ends the proof of the last lemma. [ ]
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3.7 Extensions

In the present chapter, we provided tools to study ARM A processes on graphs.
Such processes have a very specific covariance structure. Indeed, as we built the
covariance as a power series of the adjacency operators, every edges play the same
role.

Therefore, ARM A models may be considered as too much restrictive. For instance,
on Z% d > 1, any stationary process (even isotropic) is not necessary an ARM A
process. In this section, we aim at giving a more general framework, studying
larger class of processes. However, we would like that, in the usual case when there
exists an universal notion of stationary processes ( Z?, the homogeneous tree...)
we recover these notions with the definitions proposed here.

Note that we could have generated ARM A covariance with other operator than
the adjacency one. For instance, we could have chosen the discrete Laplacian L (see
for instance [26]) of the graph G and made all the previous work with covariance
operators of the form

I = f(L).

This underlines a limit of the previous work : the generator has been chosen as W,
but this choice is not necessarily the best. On the contrary, rather than W, the
generator should come from physical real-life models. The first goal of this section
is therefore to take into consideration this remark.

Another motivation for this work comes from graphical models. Indeed, as ex-
plained in the previous sections, our motivation was far away from such issues.
But the only Markov processes we can obtain with ARM A models are AR;. In-
deed, the inverse of the covariance operator has to vanish out of the edges. On
the other hand, graphical models are also restrictive since, in many cases, the
underlying graph is nothing else than a mere model for the correlation.

Actually, graphical models may be always seen as AR; models, built with other
operators than the adjacency one. For instance, we can choose the inverse of the
covariance operator I' as the generator, and the function % as the density. This
trivial remark leads to an important question :

Why do we restrict ourselves to order 17

More precisely, in many situations, the Markov assumption is a model. It certainly
provides conditional independency of variables X;, X; indexed by vertices ¢,j € G
which are not neighbors (with respect to all the other variables). But in some
real cases, where the underlying graph exists (for instance social networks), the
meaning of the Markov hypothesis is not obvious.

Here we will present the beginning of a work, established with the goal of providing
a link between ARM A models and graphical models. Consider that we observe a
process (X;);cq. Many interesting statistical questions arise :
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— The graph G may be unknown. We have to estimate it. To this aim, we need
some assumptions on the correlation structure of the process. This is classically
achieved by considering that the process is Markovian. This is the natural frame-
work of graphical models, and a lot of work has been done in this direction for
many years (for instance see [64]).

— Assume now that the graph is known, and that the process is still Markovian.
Another natural question which arises is the estimation of the covariance struc-
ture of the process. This question is still close to graphical models issues. But
now, instead of modeling the process as a Markov process, we can extend this
to ARM A models (not necessary generated by the adjacency operator), and try
to estimate the generator. This will not be done here, but it is clearly one of the
main perspective for the future works.

— Assume now that the generator is also known. We aim at estimating the covari-
ance operator of the process. This work has been done in the last section, when
the generator is the adjacent operator W. In this section, we extend the last
work to other generators. Indeed, only a few assumptions on W were needed.
This extension to other generators explains the term ’admissible modification of
the graph’ which appears in the following.

Finally, this extension also leads to a very formal notion of stationarity that does

not use the invariance by automorphisms. We underline here (without proofs) that

this notion is not exactly equivalent to the usual one (invariance of the covariance
operators by automorphisms), because it changes, in some way, the condition of
isomorphic to isospectral.

So this section is devoted to modify the weights in an “isotropic” way, and locally,

for finite order operators (see Definition 3.7.2). Now, let us give a sense to this

“isotropic” modification.

For sake of clarity, each time we will define a quantity of interest we will illustrate

it for the case G = Z.

To define a notion of stationarity (with respect to W) for Gaussian processes

indexed by G, a first idea is to use the set of all automorphisms of G. Recall that,

a permutation o on G is an automorphism if it leaves W invariant :

Vi,j € G, Woio(i) = Wij-

In the case of Z, the automorphisms are the symmetry and the translation oper-
ators. Stationarity is defined through invariance by these transformations of the
covariance function. More generally, the definition of stationarity on Z?, homo-
geneous trees or distance-transitive graphs may be set in the same way [42], [5],
[45]. Unfortunately, as the generic situation for a graph is to a have a trivial set of
automorphisms (reduced to the identity operator), this way to define stationarity
is a dead-end. Indeed, in this approach any covariance operator would be station-
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ary. To get away from this dead-end we choose to take another path defining
stationary covariance operators as images of W by adequate invariant
functions. We recall here that W € Bg where Bg is the set of all bounded Hilber-
tian operators on [2(G). We denote also by ¢ the set of permutation of G. Let
us define the operator M, attached to the permutation o € ¥ by

Vi, j e G, (My)iy; = Lico).

Let Fg be the set of all continuous linear operators from ' (G) to [*(G). We first
define the class of invariant functions.

Definition 3.7.1 We call invariant a function
d . DOIII((I)) C Bg — Fg,

that satisfies the following assumptions :
— Dom(®) is stable by any permutations and by transposition

VA € Dom(®),Vo € ¥g, M;'AM, € Dom(®), AT € Dom(®).
— For any permutation o € X, ® commutes with the conjugation by M,
Vo € ¥g,VA € Dom(®), ®(M; ' AM,) = M, '®(A)M,.
— ® commutes with the transposition
VA €€ Dom(®), d(AT) = ®(A)".
We will denote by Zg the set of invariant functions from a subset of Bg to Fg.

Remark Notice that any invariant function ® € Z is given by a family of func-
tions @;; all defined on a subset Dom(®) of Bg. Let 1¢,2¢ € G be two vertices
of G. Actually, thanks to the invariance, the functions (®y;), ;. are completely
determined by their domain Dom(®), and two real-valued functions ¢ := &y,
and 9 := @, 5, from B to R such that
— For any k € G, for all A € Dom(®), and for any permutation o € ¥ such that
g (1g) =k y
D (A) = ¢(M;TAM,).

— For any k,l € G,k # [, for all A € Dom(®), and for any permutation o € ¥
such that o(1g) = k,0(2¢) =1,

D (A) = (M, AM,).
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— For all A € Dom(®), and for any permutation o € ¥ permuting 1¢ and 24
D(A) = (M ATM,).

Note that we also get
— For any k € G, for all A € Dom(®), and for any permutation o € ¥ letting 14
invariant

$(A) = o(M, " AM,).

— For any k € G, for all A € Dom(®), and for any permutation o € 3¢ letting 14
and 24 invariant,

B(A) = $(M;  AM,).

An example is given by the discrete Laplacian. Recall that the discrete Laplacian
L) of W& on the graph G is defined by :

vi,je G LW =1, S WO — W@,

v
keG

Set, for A € Bg,

or( (Z Apig + > A1Gk) ,

keG keG

and
wL(A) = _A1G2G7
where ¢ and 1) are defined in the last remark. We get

CI)L(A>ij = ]l(l J)2 (Z Api + Z Azk) — = LEJA)

keG keG

The domain of ®; is the set of the operators A € Bg such that, for any i €
G, the sequences (A;x)rec and (Ayg;)rec are summable. This domain is stable by
permutations and transposition. Moreover, we can verify the invariance property,
writing, for any permutation o € Y,

®L(A)owot) = Lioti=rt1) 5 (Z Aro) + 2 Aot ) — Aso)
keG keG

_11_32(2 Aoy + 2. Ao za(k)_AU(i)U(j)

(k)eG o(k)e@
=& (M;TAM,)

7R
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and

Vo € Xg, ®r(A"); =1, i=i5 (Z A+ > Am) Aji

keG keG

Z (Z Aﬂc"‘ ZAkg> - ji

ke 2 \kec keG
-1
=& (M, "AM,);;.

Then, this shows that

(OFS Ig.

We go back to the general construction. One can have the intuition that the func-
tions @, 1 € G associated to an invariant function ® contains information on the
exploration of the graph from the vertex ¢ € G. This leads to the definition of
the order of an invariant function. This order may be either finite or infinite and
roughly speaking depends on the exploration size. Recall that the natural distance
dg on G measure the length of the shortest path going a vertex to another. This
distance depends only on the edges, and not on the weights.

For any r > 0, let us define BM)(i,7) as the ball of radius r (for the natural
distance dg) centered on a vertex i € G :

BM(i,r) = {j € G,dali,j) <r}.
We now precisely define the order of an invariant function.

Definition 3.7.2 Let ® be an invariant function in Zg, we will say that ® is r-
local for somer > 0 if for any W € Dom(®), (W) depends only on (I/ij,j, ke B
and (W) depends only on

(I/I/jk’vjak € B(W)(]'Gar) U B(W)(QGvr)) )

where the functions ¢ and ¢ have been defined in the previous Remark. The order
of ® is define as the smallest r > 0 such that ® s r-local.

The order of an invariant function is an important notion. Indeed, Definition 3.7.1
builds a large class of invariant functions. This class of functions will lead to a class
of covariance operators of stationary processes (see Definition 3.7.3). Therefore,
this last class of stationary covariance operators will be very large too. Defining
the order of an invariant function gives a way to classify stationary processes.

Back to the general construction, we recall that Fy is the set of linear continuous
operators from ['(G) into (*°(G). Any covariance operator lies in this set (as soon

W) (14, r)),
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as the variance is bounded), so we can define stationarity over the graph G with
some subclasses of F; using the invariant functions Zg.

We are now able to state an extension of isotropic stationary Gaussian processes
to any graph.

Definition 3.7.3 We say that a Gaussian process (X;)icq is stationary of order
r, if its covariance operator I' verifies

I' is positive definite

Des (W)= {F =o(W),® € Zg, P has order T}

We say that an operator W' is an admissible modification of the graph G of order
r if we have

/ W) {W/ =O(W),d € Zg, P has order r}
Whe S{(W) =

(W =0= W =0)

Remark A stationary process of finite order » > 0 has the following property.
Let (i1, j1), (ia, j2) € G2 be two couples of vertices such that BV (i;, r) is iso-
morphic to BW ) (iy, ) and BW')(jy,r) is isomorphic to B™“)(j,, 7). Then
for any stationary covariance operator I' of order less or equal to 7,

F1'1]'1 - Fi2j2 .

That means that, if the graph is locally isomorphic in two different regions, then
the correlations will be also identical in these areas.

To close this section, let us notice that if the entries of W takes their values in a
finite set, then the entries of any admissible modification of finite order » > 0 take
also their values in a finite set, since there is a finite number of possible subgraphs
of size bounded by deg(G)".

Remark All the previous work may be applied to a admissible modification W’
of the graph instead of W.

In very particular, any AR; model built with an isotropic modification of G pro-
vides a graphical model [32]. That was one of the main motivation for this section.
Indeed the definition of stationarity we propose here leads, on one hand, to usual
stationary processes when it is well defined (Z?, the homogeneous tree...).

On the other hand, for a graph with a trivial set of automorphism, we recover
many classical kind of modeling as ARM A processes and Markov fields. This falls
into a very classical point of view on Gaussian fields, and allow us to used all
general tools developed in this framework for our case.
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To end this section, let us deal with an example with the usual case of G = Z.
In this case, the last construction recovers any covariance operator I', even non
regular. Indeed, set

V’L,j € Z,Fij = T|i—j|s

and define, for any A € By such that the following is well defined, and for any
peN,i,jeZ,

P (A); = S > > Aigy Ay -+ Apy 1520

k1#4,j€Z ka##i,5,k1€Z kp—1#i,5,k1, kp—2€Z

We can define ® € Zg, for any A such it is well defined, as

O(A) = r, 0P (A).

p=>0

Notice that W# € Dom(®). Thus we get that

I=oWw®),

which proves the statement.

Remark Back to the general case, if I' is the covariance of an ARM A process
over the graph G, built with any admissible modification W' of the graph, then
I' € 8, so ARMA processes are always stationary processes with respect to
Definition 3.7.3.

In the framework of road traffic modeling, as in other modeling issues, W/ may be
seen as a structural generating operator. That means that the physical evolution
of the underlying temporal process (diffusion...) is given by this operator. The
parameters of the ARM A process gives the particular state of the field at a given
time.



Chapitre 4

Spatio-temporal anisotropic case

Dans ce chapitre, nous étendons la construction précédente au cas spatio-temporel,
en vue d’applications avec des données réelles. Nous prouvons le Lemme de Szego
pour le cas spatio-temporel. Les démonstrations sont tres proches de celle du cas
uniquement spatial (& temps fixé).

Introduction

In this chapter, we extend the construction of ARM A processes indexed by graphs
and Whittle-type estimation of the parameters of the spectral density to the spatio-
temporal case. Actually, we perform this extension in view of applications of our
work on real datas.

In the framework of road traffic, the vertices are the locations of speed sensors
on stretches of roads. This vertices are neighbors as soon as the corresponding
stretches of roads are connected by a node.

We aim to use the physical characteristics of this network to specify a covariance
structure for the data. The global street network will be modeled as an infinite
graph G...

In this Chapter, we will assume that the speed process is only observed in a few
locations. That is, in a subset G of the vertices set G, and at many times. More
precisely, we model the road traffic speed process as a Gaussian spatio-temporal
process X := (Xiy);cq_ sz (the time here is discrete). Indeed, we aim at filtering
some missing or corrupted values. For this, we will use kriging methods (see for
instance [60]) for processes indexed by graphs.

In the most general frame, our observation is (X;;) (i)€0" where O is a subset of
Goo X Z.

From a theoretical point of view, the set of observations should be a growing
sequence of subgraphs of G, X Z. In practical situations, one has only to chose O

97
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large enough.

The process X will be assumed to have zero-mean. Indeed, our data have already

been centered with regression methods. In this work, we are interested essentially

in the correlations. Indeed, our aim is twofold :

— On the one hand, we chose a fixed time t;, and deal with a spatial field. In this
case, the observation set is O = G x {to}, where G C G . In this case, we can
forget the temporal dimension, and we provide a way to perform spatial filtering
for the Gaussian field.

— On the other hand, we generalize this construction, to spatio-temporal processes,
and build a generalized spatio-temporal predictor.

In both cases, we need to learn the covariance structure of the process from the

data. This is performed using a parametric model and the estimators built in

Chapter 3. This work has been established in view of application to road traffic

problems.

This parametric estimation relies on a Whittle’s approximation (see for instance

[67], [68]...) of the maximum likelihood method. Our construction requires the

definition of the spectral measure of a graph. Then, as in the classical setting of

time series, we plug it into the Maximum Likelihood Estimator.

4.1 Notations and theoretical background

In this section, we give the theoretical background required to understand the
estimation procedure developed in the paper. More precisely, we recall the general
framework of a Gaussian field indexed by a graph (here the time is fixed). Further,
we will extend the tools to the spatio-temporal case.

Gaussian field

Let Goo = (Goo, W) be a countable graph. That is,

— G is the set of vertices (modeled as infinite, but countable).

— WG g [—1,1]%=*C= ig the symmetric weighted adjacency operator.

For any vertex 1 € G, a vertex j € G is said to be a neighbor of ¢ if, and only
if, V[/g"" # 0. The degree deg(i) of i is the number of neighbors of the vertex i,
and the degree of the graph G, is defined as the maximum degree of the vertices
of the graph G :

deg(Goo) := max deg(i).

ZEGOO

From now, we assume that this degree is finite. For the real data, we have deg(G ) <
10. Indeed, there exists no stretch of road linked with more than 10 others.
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In the most usual frame, we choose for W& the adjacency operator A%=. Recall
that the adjacency operator is defined, for 7, j € G, by A;; = 1if, j are neighbors,
and A;; = 0 otherwise.

However, we can also modify in an isotropic way this weights (see Chapter 3,
Section 3.7) in order to get a better model for the process (since W< will be
the generator of the AR spatial field). For instance, for diffusion processes, one
can choose for W& the discrete Laplacian (see for instance [26]) instead of the
adjacency operator.

Anyway, we renormalize this operator to get

sup ‘ °°‘ <1
1,j€G 0

Now, consider the action of the adjacency operator W= on [2(G,) as

Vu € P(Goo), (Wou); = > WGmu], i € Goo).

7J€Gso

Denote B, the set of Hilbertian operators on [?(Gy.).
The Hilbertian operator W& is continuous with respect to the the classical op-
erator norm .|, ,, over Bg.,, defined by

VA € BGoo7 HAHZ,op = sup HAU'H27

UELR (Goo),|Jull <1

where |||, stands for the usual norm on I*(G).

Define a growing sequence of nested subgraphs as a sequence (Gy)yen, Gy =
(Gn,WEN)) N € N that verifies Gy C Gny1 C Go and, for any 4,7 € Gy,
Wi, j) = WO=(i, j).

Spectral measure

The adjacency operator W& is a bounded normal Hilbertian operator. Thus, it
admits a spectral decomposition, with respect to an identity resolution dE“~ (see
for instance [58]).

WG = / 2d EG= (1),
Sp(WGoo)
Let, for i € Go, 0% € I12(G4) be the sequence defined by

Vj € Goo, 0V = iy,

We can define the local measure ,uiGj"" of G at the couple of vertices (i,7) € G2,
as

pse = (69, B9 ).
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(Here, (.,.)i2(c..) denotes the classical scalar product on I*(Gx).)
Actually, it is the only compact measure on R that verifies

vz 0, (W)) = /Rxduijw(x).

Let now (Gy)nen be a growing sequence of nested subgraphs of G..
The global spectral measure x> with respect to this sequence is defined, when it
exists, as the limit of the mean local measure over this sequence of subgraphs :

for the topology of the weak convergence.
The meaning of this spectral measure is easier to understand through the conver-
gence of the moments :

1 N—o0
V20, 5 ((Wo=y) X, /R G ().
Recall that for any bounded Hilbertian operator A € Bg, the spectrum Sp(A) is
defined as the set of complex numbers A such that AIdg —A is not invertible (here
Id¢ stands for the identity on [?(G)). Since W is bounded and self-adjoint, Sp(7/)
is a compact non-empty subset of R [58].

Actually, the measure p“= is supported by Sp(W%=).

Model

Using the spectral decomposition of the adjacency operator, we may now recall
the model for the covariance operators of autoregressive processes.

First, we denote by Dy the set of all real functions, continuous over Sp(WW %),
whose inverse is a polynomial, with no roots in the convex hull of the spectrum
of W&=_ Then, for any non negative f € Dy, we define the covariance operator
KC(f) associated to the spectral density f by :

KU = [ e, F@NAE (@)

Note that any function f € Dx may be written as a power series :

Vo € Sp(W), f(z) = > fra®.

keN

Actually, in the spatial case, the operator K(f) may also be written

K(f) = fF(W),
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in the sense of the normal convergence of the corresponding power series :

K(f) =" fu(Wo=)k,

keN

Denote also by K¢, (f) the restriction of the operator K(f) to the subgraph Gy.

Szego6 Lemma

As in the case of time series, the fundamental properties of the operator K are
given by the Szego Lemma.
Define the boundary of the graph G as

3(Gn) = {i € Gy, 3j € G\Gn, W= #0}.

Then, we have, for any f, g € D,

6<c1;N> e (K (NKay(9) = Kay(79) )

where Cy, is given in Chapter 3.
Assume now that

< Cfg7

ij

t0(Gw)
ﬁGN Njoo 0

Assume also that the spectral measure < of G, with respect to the sequence
(Gn)nen exists. This two assumptions imply that

o lodet(Ka (1) = [ tog(f(@)an~ (o)

Moreover, the Szegd Lemma gives also the following convergence

1

iGN

Ko () - KGN<}>

This partially justifies the Whittle approximation explained in the next subsection.

— 0.
N—oo
2,0p

Estimation

In this section, we assume that © is a compact subset of R%, d > 1, and that we
have a parametric family of spectral densities (fp)sco, such that

Vo € O, fy € Dy.

Then, let 6y € é, and assume that Y is a centered Gaussian field with covariance

]C(feo)'
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Again, let (Gy)nen be a growing sequence of nested subgraphs. Assume that the
observation is the Gaussian vector Y, , that is the restriction of the field Y to
the subgraph Gy (so that, the asymptotic is meant as N goes to infinity). That
is,

Yo, ~N(0.K6,(£):

Now, we can write the normalized log-likelihood of the model :

1 1
INO,Yay) = —3 (log(Zﬂ) + e

iGN

1
1G N
The Whittle’s approximation consists in a modification of this expression, as in

the time series case.
We get

log det (Kay (fo)) + s 5~ Y (Kay (fo) )‘1YGN> :

(6, Ya) =~ (1oa(2m) + [ Tog(Uae)aute) + 2-¥6, K (1) Yo )

Finally, we estimate 6, by maximizing the last expression :
O = argmaxy(0, Yq, ).

In Chapter 3, we proved the convergence of this estimator.

Prediction

Now, we may consider that the covariance operator is known. In practical situa-
tions, this means that the estimation has already been done with an independent
sample. Assume that we observe the process Y at some locations G, C Go,. We
wish to predict some missing values (Y;)icq,, using the observed values (Y;)icq,-
Consider the two Gaussian vectors

YGm = (K)iEGm )

YGO = (K)ZEGO?

The prediction is built by taking the best linear regression of Y, over Yg,.
Actually, this corresponds also to the vector Yy which minimizes the quadratic
form YgKg(fg())_lY(;.

ZmERGm

o

. ) 1| Zn
Yg, :=arg min [Zm YGO} Ka(fo,)™! [YG ] .

Indeed, in the Gaussian case, the conditional mode is also the conditional expec-
tation, so that, the best linear predictor.
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Note that, in practical situations, we may use here the Szegé Lemma to approxi-

mate Kg(fp,) ™! by ,Cg(i).

This best linear prediction may easily be expressed using the covariance operator.

Denote, for any X, Y Gaussian vectors living in the same Gaussian space, (X,Y")

the covariance operator (or the covariance matrix, depending on the dimension)

between X, and Y. That is, in our case,

<YG17YG2> = (COV(Y;, Y}))ieG1,j€G2 :

The optimal prediction of the missing values Y, using the observed values Yg,

is given by : .
Ye, = (Ye,, Ye,) (Ye,. Ye,) ' Yo,

m o

Regularization

Assume now that there may be some observation noise, or some corrupted values.
Thus, we want to regularize the observed field. This may be done by maximizing
a penalized likelihood instead of the likelihood itself. It is close to the predic-
tion problem, except that the constraint ffgo = Y, turns into a penalization on
HYGO — YG0H2. Denote G = G, U G,.

We obtain the following regularized process :

V) = arg max —Z¢Ka(fo) ™' Za + M (Za, = Yeo,)' (Za, - Ya,).

Here again, we can use a Whittle approximation, and define instead the regularized
process as

r 1

§) = arg Jnax ZgICG(ﬁ)ZG +A(Za,—Ya,) (Za,— Ya,).
This method may be used to filter the corrupted values. However, the parameter
A has to be adjusted. In practical situation, we choose A from a cross validation
procedure.

Gaussian spatio-temporal process

Now, we develop the same kind of tools for a Gaussian spatio-temporal process.
Actually, the major part of the tools used before remains available in the spatio-
temporal case.

We will explain the general construction of covariance operators for spatio-temporal
processes. For this, we first introduce a toy-model to explain the general form of
admissible covariances. Then, we prove a Szegd Lemma for this model. However,
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since the proofs are pretty close to the ones performed in Chapter 3, some step
are skipped. Nevertheless, we claim that the Szegé Lemma is sufficient, almost in
the autoregressive model, to provide the convergence of approximated maximum
likelihood estimators.

A toy model

Let us introduce a natural model for the space-time process X. Consider a space-
time process, causal-AR; in time, and non-causal autoregressive in space. This
construction will use the non-causal autoregressive structure given in the last sec-
tion.

Recall that a causal temporal AR, process (Z,)nez on Z verifies :

Zn = aZp_1 + €, |al < 1.

Here € is a white noise of variance o2.

In the spatio-temporal case, we can use, in place of €, a sequence (H,),ez of i.i.d
Gaussian spatial fields of covariance IC(f), where f € Dx (let say f = %, where P
is a polynomial of degree p).

Then we can mimic the last construction, and take the following model for X :

X =LX 1+ H,,

where L is a generator, that will be also chosen as the inverse of a polynomial of
the adjacency operator W= (for instance L = IC(%), where @ is a polynomial of
degree q). Note here that the problem of existence of such processes will be tackled
later, using the spectral representation of this process.

This leads to a particular form of covariance. Denote by B the shift operator on
Z and T" the covariance operator of the process X.

Denote also by W7 the normalized adjacency operator of the graph Z. That is

1
ng = §ll|n_m|:1,n,m €.

We get

-1

. (IGW—(@WG@))_I@BT) (P<WG°°>—1®IZ) (IGWZ—(QWM)‘I@B)

(Here, T stands for the transposition)
This computation is exactly the same as in the time series case (in this case,

we obtain o2 (Idz —aBT>71 (Idz —aB)™" ). Here, P(W%=)~! @ I stands for o2
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Indeed, it is the variance of the process H viewed as a spatio-temporal process.
-1

Thus, (IGOO@)Z — (Q(WE=))"l g B) stands for (Idz —aB) ™.
Using the commutativity of Q(W%=) and (P(W%><), I may also be written as :

-1
I=PW%) el (IGK@Z —2QW) @ WD 4 QW) [Z) :

This example helps to understand the general structure of the process X. Let us
now discuss the general frame, using again a notion of spectral density.

Spectral measure

As above, we work with the renormalized adjacency operator (or with an isotropic
modification of the graph, if it may have a better physical sense).

As we hope to build spatio-temporal processes, with discrete time, we have to
consider also the graph Z, that will correspond to the indices of the time (n € Z).
We will use both the spectral decomposition of the graph G, and Z. Write

P Gee — / 2d B9 (z),
Sp(WGoo)

Wt = / tdE%(t).
Sp(W%)

Here, E%= denotes, as in Chapter 3 the identity resolution associated to the op-
erator W< and E” the identity resolution associated to the operator W¥.

As for the graph G, we can define, for any n,m € Z, the local measure of Z at
the couple of vertices n, m. That is

o = (60, EZ60) 2.
Actually, this family of measure is well-known :

Tjn—m)(t)
z _ Zln—m|
Vn,m € Z,d iy, (t) = JI-2 dAr1,y(®),
where T}, denotes the k' Chebychev’s polynomial, and dA[—1,1) denotes the restric-
tion of the Lebesgue measure to [—1, 1] (see Chapter 5). In particular, the measure
pZ n € Z is constant and equal to the arc-sinus law, at any vertex n € Z.
So that, the global spectral measure, with respect to any growing sequence of
nested subgraphs of Z, is also the arc-sinus law :
Z ].

du = ﬁd)\[_l’” (t)
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Model

Back to the toy model, we can now write in the spectral domain the covariance
operator obtained in this case.
Using

-1
['=P(W%) @Iy, (JGO@Z —2QW) @ WD 4 QW) [Z> .

We get

1 1

r= /
zeSp(WGee) Jtespwz) P(x) 1 — 2Q(x)t + Q(z)%t?

dE%(z) @ dE%(t),

where ® denotes the tensor product.

Hence, if we denote by D§! the set of functions whose inverse is a polynomial of two
variables, with no roots in the closure of the convex hull of Sp(W%=) x Sp(WZ), it
is natural to define, for any non negative ¢ € D5, the covariance operator K5(¢)
associated to the spectral density ¢ by :

40) = |

,t dEG"O X dEZ t).
2€Sp(WG) /tGSp(WZ) Cb(x ) (17) ( )

Actually, for the monomial ¢(x,t) = z*#', the corresponding covariance operator is
nothing else than the spatial operator K applied to the identity function (which is
not nonnegative, but the definition may be extended to non covariance operators)

over the tensor product (W% )* @ (WZ)!. That is
/CSt($ktl) — (WGoo)k ® (WZ)Z.

In particular, when ¢(z,t) = f(xt), the corresponding covariance is the covariance
associated to an M A, process on the Kronecker product W= @ W?%. In this case,
we have

K (@) = KWW ().

Finally, denote by K& () the restriction of the operator K (¢) to a subset O of
Goo X 7.

Note that this construction is coherent with the stationarity. If we fix a vertex
190 € G and consider the corresponding process X, , it is a stationary time
series. Its spectral density may be compute by an integration of ¢ over the first
variable z with the measure p;,;,. Symmetrically, fix a time ¢y, the corresponding
Gaussian field is a classical autoregressive spatial process.
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Szego6 Lemma

In this section, we prove only the Szeg6 Lemma for the space-time processes defined
in the last subsection, but not the whole convergence theorem. It avoids some
technical proofs, very close to the ones of Chapter 3. We admit that it is sufficient
to ensure the convergence of the corresponding estimators. Actually, the proof is
very close to the one in the spatial case. So that, we mimic our last proof.
Consider the cylinder Cy 1 = Gy x [1,T]. Consider also its complementary

FN,T = (G X Z) \ (GN X {1,T])
Then, denote Sy the surface area of the cylinder Cy 7.
Snr =28GN + TH10(Gy).
For any matrix (B(i,n),(j,m))(i,n),(i’,n’)ECMT7 we define the block norm

1
bnr(B) = S > ‘B(Ln),(i’,n’) :
NT (in),(i' 0" eCn

We can state the equivalent version of the first Szegd lemma

Lemma 4.1.1 Asymptotic homomorphism
Let ¢, € D, then, we have the following control

bN,T (’Cng[l,T}(@ngNx[LT] (1/1) GNX[l 1] (gmp)) < C¢w-

Proof. of Lemma 4.1.1

Let ¢,¢ € D§L.

We can write V(z,t) € Sp(W=) x Sp(W?%),¥(x,t) = Yp1en Yrma"t!, where the ¢y
decrease exponentially, because i is a polynomial, with no roots in Sp(W=) x
Sp(WE).

We write

bN,T <’CSC§N><[1,T] <¢)]CSCE’N><[1,T] (@Z)) GN>< (1,7 (¢¢)>

1
= > > ]’C?;tNx[l,T](@m Jm)H’CGleT}(w>( ), (i) | -

SN7T (ian)v(ilvn/)ecN,T (jvm)EFN,T
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Using K(¢) = 229—0 Y (WE=)F @ (W%)!, Fubini’s theorem gives, since all the
previous sequences are in ['(Gy X Z),

bm(/cewﬂw) 5 () — GWTW))

1
< > ’(’CG x[1, T}(Cb)) N (ICG x[1,T] (w)) LN oty
SN’T (i,n),(#' ,n")ECN, T (5,m)EFN T " (5, () " ), )
< sup ”CGNX [1,T] (Qb)(i,n),(j,m)‘
(] m)eFN T (’L ’I’L)ECN T
1 o0
Yo > el (W) (W2
NT (jm)eFy 1 (i ,n')eCy 1 k=0
< sup ’ICGNX [1,7] (Cb)(i,n),(j,m)‘
(m)€FNT (5, n)eCN T
> CAED DD DI (U (e
k,l=0 NT (j,m)EFN,T (i/,n’)ECNyT
Introducing
1
Ak,l = Sup Z Z (WGOO)]?i’(WZ)inn’ )
N, TeN SNT G, m)EFN,T (i’,n/)ECN,T ’ J ‘
we get

bn,r (KZEN 1) (DK xpm (V) = Ky < (QW))

< sup > K@) am o) Z |Vki| A

(15m)€Gos XZ (§,n)€Goo X Z k,l=0

The coefficient Ay, is a porosity factor. It measures the weight of the paths of
length (k,1) going from the interior of the cylinder G x [1, N] to outside.
Note that Ay; <kl + 1, so we get

i [ Vni| Apr < i [Yw| (Kl +1).

ki=0 kl=0

Thanks to the exponential decreasing, this last expression is finite.
Now, we define another norm on Bg__ «z :

[Blloin = sup > Bemom
(1,n)€Goo X7 (j,m)eGoo N/

, (B € BGOOXZ> .
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We thus obtain

N o
) (1,n)EGs XZ (5, m)xZ
< Y loulJovEy | ovE
k,l=0 ' 7
< Z |¢kl| HWGOOHOOW ‘WGooHoom ‘WZHoom
< Z |Pra| = ||¢||1,pol-
k,1=0

Finally, we get

m( o (O () — K3 (6 >) <Nl S il (K4 1),

k,1=0

To conclude the proof of the lemma, by symmetrization of the last inequality, and
since 1 < (kl + 1), we have,

S S 1 =
bn,r (’CGtNX[LT](Cb)’CGtNx[LT](@D) K& exir) CWJ) 2, Z |Pi| (KI+1) Z [Vra| (KI41).
=0 kl=0
Now, the exponential decreasing of the coefficients gives
S Z | S| (K1 + 1) Z [Yw] (k1 +1) < Cyy < 0.
250 kl=0
This finishes the proof of the Lemma [ ]

Estimation

Now, the Szegd Lemma is proven. We admit now, that it is sufficient to get the
convergence of the approximated maximum likelihood estimator built in the last
subsection . However, we did not tackle the question of asymptotic normality
and efficiency. In this case, build an unbiased periodogram could be very tricky.
Hopefully, it is not very important in prediction or regularization issues. Indeed,
in such schemes, the variance of the underlying white noise (corresponding to the
innovation in the case of time series) makes the prediction error much larger than
the bias of the estimator.
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As in the last section, assume that © is a compact subset of R?, d > 1, and that we
have a parametric family of spectral densities (¢p)gco, such that V0 € ©, ¢y € DL
Then, let 6y € é, and assume that X is a centered Gaussian space-time process
with covariance K (¢y, ).

Again, let (Gn)nen be a growing sequence of nested subgraphs of G.,. Assume
that we observe X, 1, the restriction of the process X to the cylinder G x [1, T
(so that, the asymptotic is meant as N, T go to infinity, and we need to specify
the joint rate). That is,

Xeyr ~N (Oa /CSGtNx[LT](Qb)) .

Now, we can write the normalized log-likelihood of the model :

1
Iv(0, Xeyr) = —3 (1og(27r) + log det (K&, 11.7(¢0))

1
TiGn
b X (Kb (60)) X

TﬂGN GN,T GN,[].,T] N:T ‘

The Whittle’s approximation consists in a modification of this expression, as in
the spatial case.
We get

In(6. Xar) = — (log<2w>+ [ tog(@u())dp(z)

1 1
+ ngN,T’CGN,[l,T] <¢0> XGN,T) .

Finally, we estimate 6, by maximizing the last expression :
Oy = argmax Iy (0, X¢y.1)-
We admit that if Gy, T are such that

8ONT NT—oo

0,
SN

then this estimator is consistent.

Prediction and regularization

Actually, there is nothing more than in the spatial case. We have only to specify the
framework for the prediction and the regularization. Once we know the covariance
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estimator (for instance after an estimation over an independent sample), we can
plug it into the projection operator.

Here, the observation indices is a subset O C G4, X Z. The procedure is the same
as in the spatial case.

4.2 Estimation of the spectral measure

In this section, we compute the spectral measure of the traffic network.

Indeed, in practical cases, the global measure u®>< is unknown and has to be
estimated.

The assumption §6(Gy) = o(§Gy) is really reasonable for the traffic framework,
and holds in all simulations done for this work. As said before, the traffic network
is embedded into R? without accumulation points, and so that, it is amenable.
That means that we can choose some sequences of nested subgraphs such that the
assumption holds.

Now, let us introduce the procedure performed here to estimate the spectral mea-
sure. As a matter of fact, thanks to the homogeneity of the traffic network, this
limit does not depend on the choice of the sequence of subgraphs. We point out
that we will discuss the structure of this measure in a forthcoming paper.

Figure 4.1 shows different area of the French road traffic network where the spec-
tral measure has been estimated. Actually, the data and the results come from
Mediamobile, a French firm specialized in prediction of road traffic. Some other
experiments (estimation, prediction, regularization) using the methods developed
here are still in progress.

Figure 4.2 gives the results of this estimation step, and an goodness-of-fit x? test
between all this distributions. The null-hypothesis is rejected in none of the simu-
lations done. This means that we recover the same pattern in every studied area.
Therefore, Whittle type estimation may be a good framework for road-traffic fore-
casting.
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F1GURE 4.1: Selected Areas
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FIGURE 4.2: Goodness-of-fit x? test. Green is for non rejected null hypothesis






Chapitre 5

Spectral measure : a little survey
with the Hilbertian point of view

Cette partie propose une discussion et une revue bibliographique autour de la
notion de mesure spectrale d'un graphe. Nous présentons quelques propriétés de la
mesure locale, pour une classe de graphes tres particuliere, puis donnons plusieurs
exemples de graphes sur lesquels cette mesure peut étre calculée explicitement.

Introduction

In this chapter, we highlight the notion of spectral measure which is at the core
of our study. To this aim, we first recall some well known spectral properties of
several structured graphs, and then show how they can be recovered using simple
Hilbertian tools.

We will work with a few examples of the literature : the square lattice Z¢, d > 1,
the homogeneous tree A1, any distance-transitive graph, which is more general
than the homogeneous tree (see for instance [39] for the definition), and the semi-
homogeneous tree.

Notice that the case of the time series G = Z has already been explained in Chapter
3.

In the first Section, we give a way to compute the local measure at the root, in a
specific class of rooted graphs.

Then, Section 5.2 is devoted to recover the spectral measure on several examples
of graphs.

Actually, all of the following work is more or less well known. In particular, this
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work follows both the ideas of Mohar [55] and Bordenave [19]. A very close ap-
proach appears in all the recent works of Obata [51], [46]. This last work deals with
spectral analysis, with a quantum point of view, of growing graphs. It is interesting
for our purpose of statistical inference on graphs.

We underline here the importance of the adjacency algebra, for statistical inference
(in particular for the Whittle approximation), and of its spectral representation.
Indeed, M Ap, P < +00 processes are nothing more than processes whose covari-
ance operators lies in the adjacency algebra of the graph. Studying the properties
of this kind of processes means studying this algebra.

5.1 Simple computation of the local measure at
the root

In this section, we study a very specific class of rooted graphs, and give an
elementary way to understand the measure at the root. In particular, this compu-
tation does not involve Gelfand’s pair or any other tools from harmonic analysis
[45], [50], [65]. This relies only on the spectral decomposition of Hilbertian opera-
tors. This point of view is also the one chosen by Mohar and Woess to present the
results in their survey on spectra of infinite graphs [55], and is close to the tools
used by Bordenave [18] . Indeed, the induction proposed here is equivalent, in the
case of trees, to an induction on the resolvent function over the size of the tree.
Our computation gives another way to understand the spectral decomposition of
time series and spatial processes and maybe useful in other frameworks.

Let us first introduce the class of rooted graphs that is considered in this work.
A rooted graph (G,o0) is a graph G = (G, W) (for the definition, see Chapter
1) given with a root o € G. Here, we choose unweighted graphs, for a sake of
simplicity. Then, W denotes the adjacency operator (or matrix, if §G < +00).
We assume that G has bounded degree. Hence, Sp(IV) is a compact subset of R
(see Chapter 1).

Then, we denote by Sj the k'-stratum of the graph. That is

Sy :={j€G,do,j) =k}.

Here, d stands for the natural distance on the graph G (see the Introduction).
Denote also, for any ¢ € GG, and for all [ > 0,

si(i) :=={Jj € Si,j ~i}.
Note that, if i € Sg, k > 0, then s;(i) = () as soon as |k — 1| > 1.
Finally, denote, for i € Sk, k > 0 by ax(i) = fsk_1(7), br(i) = fs,(i) and cx(i) =
tsk11(7) (by convention, s_j(0) = (). Denote also dy = £Sj.
From now, we make the following assumption on G :
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Assumption 5.1.1 For any k > 0, ay, by and ¢, do not depend on i € Sy. This
means that any verter at the same stratum has the same number of neighbors on
the inferior stratum (ay), the same stratum (by), and the superior stratum (cx).
Figure 5.1 shows a part of an example of such graph.

(0]

FI1GURE 5.1: Exemple of graph which verifies Assumption 5.1.1

As in Chapter 3, we consider the spectral decomposition of W, with respect to an
identity resolution E' :

W = AE(N).
Sp(W)

Consider also the family of (signed) measures (u;;);jec defined in the Chapter 3
by

Vw C Sp(W), pij(w) == (E(w)ds, ;)12
where, for any ¢ € G, the sequences §; in [?(G) is defined by

0; = (Lp=i)rea-

Denote vy = oo, and vy, = ﬁ%k > ies, Moi- Note that, these measures have compact
support subset of Sp(W).

Note also that the measure u;,7 € G (and it is true for a diagonal local measure
of any bounded Hilbertian normal operator) is always a probability measure.

We can show that :

Proposition 5.1.2 The family of measures (vy)ren verifies :

— For any k > 0, the measure vy, is absolutely continuous with respect to vy ;

— For any k > 0, the density Py, := 3%’; is a polynomial of degree k ;

— The family of polynomials (Py)ken verifies the following inductive equalities :
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Note here that the sequences (ax)r>0 and (cx)g>o are linked. Indeed, counting the
total number of edges going from stratum Sy_; to stratum S gives :

arpdy = Cp—1dp_1.
Proof. Let us prove this result by induction : First, we have

. dVO .: 17

BPy:=—":
0 dVO

by definition.
Let ¢ be a polynomial. Let I' = ¢(W). We can write

(W), = / 2(x)dvo ().

Sp(W)

But, using W', = 325, [jo = >jes, 'jo, we also have

W)y =di [ ga)din,

WD)y =y [ ofa)dn
Therefore, the equality holds for any polynomial ¢, and we get that v, is absolutely
continuous with respect to vy, and that

duv, T T

Vx € Sp(W), Pi(z) :== d—yo(x —.

Now, let & > 1. To perform the inductive step, assume that, for any j < k, v; is
absolutely continuous with respect to v, and that the polynomials

dv;
p. =
J Cll/()7

J <k,

verify the inductive equality given in the proposition.
We can write :

L s, = [ wow)amx).

dr i3, Sp(1V)
On the other hand, we have,

S (WD) = [

P(x) (Ck—ldkz—ldyk—l + brpdpdyy, + ak+1dk+1d7/k+1>-
1€Sy Sp(W)
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Since this equality is true for any polynomial ¢, once again, this leads to the

absolute continuity of v, with respect to 1. Furthermore, we get that the density

Py = dzzgl is a polynomial of degree k + 1 which verifies :

Vo € Sp(W), dxP(x) = cp_1dp—1Pe—1(x) + bpdp Pr(x) + ar1dii1 Prgr ().
Hence, using ag1dk1 = cpdy, we get

Vo € Sp(W), 2 Py(x) = apPr_1(x) + b Pr(x) + ¢ Pry1(x).

This ends the proof of the proposition.

Now, we are looking for a family of polynomials (Q)ren such that,
Vk?l) € N7 Z (Qk‘(W))Og = ]lp:k'
9E€Sp
With another induction, we can obtain also the following proposition.

Proposition 5.1.3 The family of polynomials (Py)ken defined in Proposition 5.1.2
verifies the equality :

Vk,p € N, Z (Pk(W))og = ﬂp:k‘

9€Sp

Proof.
Again, we will prove the proposition by induction on k. For the initialization, let
p > 0. Since Py = 1, we have Py(W) = Id and so

Z (PO(W))OQ = ]lp:O'

g€Sp
Then recall that,
x
P, = —.
1 () d,
We can write, for any p > 0,
W,
S (AW = 3 =Ty,
gESp ges, “1

by definition of S; and d;.
Let k > 1. To perform the inductive step, let us write, for any p > 0,
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Z (Pk(W)W)og - Z Z (pk(W))og

QESP gESpj~g
=cp1 D, (Be(W)yy +bp D (Be(W))yy +apra Y (Pu(WV)),,
JESp_1 JESY JESp+1

= Ckﬂp:k+1 + bkﬂp:k + akﬂp:k_l.

Then, using

Vr € Sp(W),ka(x) = CLkPk_l(l’) + kak<.I) -+ CkPk+1($),

we may compute

Ch ZS: Py (W) = Z; (PeW)W = by P(W) — ax Pr—1(W)),,

= Cpllppqr + Op Mg + ap gy — Op g — gl p—py

= Ck]lp:k+1.

This ends the proof of this proposition. [ |
Now, using both propositions 5.1.2 and 5.1.3, we obtain

Proposition 5.1.4 The family of polynomials (Py)ken is orthogonal with respect
to the measure vy.

Proof. Indeed, on the one hand, we have, for any k,p > 0,

Ip—p = P.(W)),, =d Py(x)dyy,.
k=p g;p( k?( ))og P Sp(W) k(l’) Vp

But, using % = P,, we get

1
=2 (P(W)),, = /S o Py() P,y ()dwy.

P gesSy

So that,
1
Py(x)P,(x)dvy = —1j—p.
Ly P B0 = 51y

Now, we can use the Stieltjes transform to compute the spectral measure 1. This
will be tackled in a few classical examples in the next section.

We will consider some very structured graphs. For this, define an automorphism
of the rooted graph (G, o) as an automorphism of the graph G which stabilized
the root.
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Consider now a rooted graph (G,o0) such that its quotient with its set of auto-
morphisms is isomorphic to N. This means that all vertices in the same stratum
play the same role. This implies in particular that, for two vertices j, g € G which
belong to the same stratum, one has p,g = pt0;. This leads to, for j € Sy, k > 0,

Hoj = VE-

5.2 A few examples

In this section, we give some simple applications of the last computation, and a
simple way to recover classical spectral measures. Note that, in all the examples
below (except for the semi-homogeneous tree) the graphs are vertex-transitive.
This means that any vertex can be send to any other by an automorphism. It
implies that the local measure is equal at any vertex, and then that it is also equal
to the global spectral measure p (defined in Chapter 3), whathever the choice of
the sequence of subgraphs (G, ),en is. Recall that the global measure is defined as
the weak limit of the mean local measure on G,,, uniformly rooted :

1

Z loo, in the sense of the weak convergence.
OGGTL

The two way infinite path G =7

Let us chose the origin as 0, and consider the rooted graph (Z,0). It verifies As-
sumptions 5.1.1, with the sequences

a, =1,k > 1,
b, =0,Vk >0,
co = 2,

c,=1,k>1.

Denote by (Px)ren the family of polynomials which verifies that the local measure
at the root is orthogonal with respect to this measure. This family verifies the
relations

P()(.I) 1,
P (z)=1z/2,
Vk > 1,2Py(z) = Pyr1(z) + Pr_1(x).

Now, consider the change of variables ¢ = 7, and define, for any k > 0,

Ty(t) := Pr(x).

.
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We get

To(#) = 1
Ti(t) =t,
Vk > 1, 2¢T5(t) = Tia () + Th-1(2).

We recognize the Chebychev polynomials, and using the properties of this family

of polynomials, we recover

— The measure dug, is absolutely continuous with respect to the Lebesgue measure
dA

— The density verifies

dugo 1
Vz € [-2,2], () = =
dA a1 — 22

4

— Moreover, we get

Vo € [-2,2],Vk € Z, ju%’“(g:) :lel(g)-

Finally, let g be a positive measurable function, analytic over [—2, 2], and define
[ = K%(g) = g(W?).

The operator I is positive definite. Let X be a Gaussian process of covariance I'.
Here g denotes the spectral density of the process X, in the sense of our framework.
Define futher, for any k € 7Z,

T -— FOk = <X0,Xk>

Using the definition of pZ,, we have

TR = 9($)dMoZk
[ 2,2]

Define f by the relation

vt € [—m, 7, £(t) = g(2cos(t).
We get, using the change of variables 2 cos(t) = z,
2
rE = f(t) cos(kt)dA(t)

[m,0]
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Example 1 (The two way infinite path)
Using the notations introduced before, we obtain

= 2 [ () cos(Rt)AA®)

T J[—7,m]

We recover the usual spectral framework for time series, with the notations given
in Introduction.

The square lattice G = Z¢

The computation of the spectral measure of Z? does not require the proposition
of the last section. Indeed, the knowledge of what happens for Z is sufficient to do
the work.
Given two graphs G; and Gq, we can write the Cartesian product G; x Gy (see
[39] for the definition), using the Kronecker product (denoted by ®, see [39] for
the definition) :

WG — [, QW + W ® Ig,.

This gives the spectral decomposition of W *&2 using the tensor product ® :

WGl xGa — (:E + t)dEGl (.CU) ® dEGQ(t)

/Sp(Gl)XSp(G2)

It gives immediately the spectral decomposition of Z% :

d
Wzd:/[_md(A1+A2+-~-+Ad) (AB™)™ (A, M),

So that, for any k£ > 0,
(V59,0 = [ O A ) i)

Furthermore, we can compute ,u%ld k.1 € Z%. Indeed, notice first that, using an
automorphism sending (k,[) onto (0z4,l — k), it is sufficient to compute p%;d ok €
7. To simplify the notations, we denote

zé . 79
Hr 2= Ho k-

As in the previous section, let g be a positive measurable function, analytic over
[—2d, 2d], and define

D= K%() = g(W™).

The operator I' is positive definite. Let X be a Gaussian process of covariance I'.
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Here again g denotes the spectral density of the process X, in the sense of our

framework.
Define futher, for any k = (ky,--- , kq) € Z¢,

T ‘= FOk = <X0,Xk>
Using the definition of 42", we have

Ty = 2)dpZ’
k [—2d,2d]g( )dpzy

= g+ X+ 4 Aa)dpigy, (M) - dprg, (Aa)-

[72’2}d

Define 1) by the relation

Y(ty, - tq) € [—m, 7|4 (ty, - tg) = g(2cos(ty) + - - 4+ 2cos(tg)).

With the change of variables 2 cos(t;) = A\;,i = 1---d, we get the following expres-
sion.

Example 2 (The square lattice)
Using the notations introduced before, we obtain

1
rp = —
k md [—m,m]?

W(ty, -+ tq) cos(kyty) - - - cos(kgty)dN(ty) - - - dA(tg).

We recover the usual spectral framework for Z? (see for instance [43] and [44]).
Notice also that, we can build anisotropic processes, choosing a function v which
can not be written as

U(ty, -+ ta) = g(cos(ty) + -+ - + cos(ta))-
In particular, for the Kronecker product Z®¢, (and it is the case for the Kronecker

product of any other graphs) the previous spectral representation holds, with 1
such that, for some function g,

Yt ta) =g <1j1 cos(ti)> .

The explicit computation of the global spectral measure ,uZd is not easy. Therefore,
the Fourier representation is used instead of the measure ,LLZd itself.
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The homogeneous tree G = A 4

The (¢+ 1)-homogeneous tree A, is also vertex transitive. So that, as in the case
G = Z, the measure at the root is the same at any vertex, and also equal to the
global measure.

First choose a vertex o € A,41 as the root. The rooted graph (A,+1,0) verifies
Assumptions 5.1.1, with the sequences

a, =1,k >1,
b, =0,Vk >0,
co=q+1

cr=q,k>1.

So that the measure uﬁf“ is such that the sequence of polynomials (Py)xen defined
below, is an orthogonal family, with respect to this measure :

Po(flf) = 1,
x
P = —
1 () g+ 1
vk > 1,£L'Pk($) = qu+1 + Pkfl.
This sequence of polynomial is, up to a different normalization, the sequence in-
troduced by Cartier, Dunau and Arnaud ([25], [5]).

We can compute the measure pjﬁf“, using its Stieltjes transform.
Define the resolvent operator R, for z large enough, by

R(2) == (z1d —WHAa+1)~L,

Then, the Stieltjes transform s of ,ufi)q“ admits a continued fraction expansion (see
for instance [66]) :
1

_Z_(Q+1) —

2—q 5=

For the regular computation, see [18]. We recall the main steps.
Define

5(z) =

S
We have

() = —

5(z) = ————.

z —q5(2)
Hence, we have (see for instance [18])
2 — /22 —4q
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Thus,

1
22— (g +1)3(2)
2q
(g—1)z+ (g+ 1)v/22—4q
I—(g+1z+ (¢+1)v/22 —4q

2 (g +1)2 =22

Using the Stieltjes inversion formula (see [18]), we get the absolute continuity of

,uﬁ?“ with respect to the Lebesgue measure, with the following density :

(q+1) V4q— 22

= 1 .
f(:L’) o (q+ 1)2 — x2 (-2v/4,2/4]

This formula is due to McKay [54] and Kesten [47].
Now, let g be a positive measurable function, analytic over [~2,/g, 2,/q], and define

[ = KA (g) = g(WA),

The operator I is positive definite. Let X be a Gaussian process of covariance I'.
Here again g denotes the spectral density of the process X, in the sense of our
framework.

Define futher, for any i,j € Ag41,

ragig) = Lij = (Xi, Xj).
Using the definition of uiZjd, we have

2)dps ™ ()

Td(i.i) =
D) /[—m,z\/a]g(

= 9(2) Py jy (z)d s (2)
(—2v/4,2/4]

Example 3 (The homogeneous tree)
Using the notations introduced before, we obtain

e = 9(x) B () f(x)dA(x).
[~2v4.2d]

We recover the classical representation of the covariance of a stationary process
indexed by a homogeneous tree.
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In the paper of Arnaud [5], they also obtain a spectral representation for the
process himself. This representation relies on a factorization of the polynomials
P,,n € Z. Furthermore, this representation is linked to the ends of the tree.

The same representation may be obtained, using tools of harmonic analysis, com-
puting the Green function and the Poisson kernel on a tree. This leads to the same
factorization, and the explicit formula depends on probability of returns of the
isotropic random walk on the tree. These two approachs are equivalent since the
transition kernel P of the random walk is colinear with the adjacency operator W.
We do not give further details here, since it is far away from our purpose, but one
may refer to [53], [24]...

We can now deal with the more general example of distance-transitives graphs.

Distance-transitive graphs

Recall that the graph G is said distance-transitive if for any ¢, j, k,[ € G such that
d(i,j) = d(k,l), there exists an automorphism sending i on k and j on I.

Infinite distance-transitive graphs with bounded degree are of the following form
(see for instance [65]) : there exists two integers a,b € N* such that every vertex
is in a b-clique, and these cliques are assembled in a a-regular tree-like way (each
vertex is in a different copies of complete graphs of b vertices.)

We will denote this graph by DT, 5. See for instance figure 5.2 for the construction
of IDT273.

Note that, thanks to the definition of A,

DT a2 = Aa.

Now choose a vertex o € DT, as the root. Here again, the measure at the root is
equal to the global specral measure p (thanks to the vertex transitivity).
The rooted graph (DT ., 0) verifies Assumption 5.1.1, with the sequences

G,kzl,k’ZL
b, =b0—2,Vk > 1,
co=a(b—1),

cx=(a—1)(b—-1),k>1.
Define the sequence of polynomials (P )ren by

Pi(z) = m,

Yk > 1,2Pu(z) = (a — 1)(b — 1) Pt (2) + (b — 2)Pu(z) + Pes(2).
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FIGURE 5.2: The graph D73

Therefore, thanks to Proposition 5.1.2, the family of polynomials (Py)ren is or-
thogonal with respect to the measure at the root uz,)oT“’b. This polynomials appears
in [65] and [45] under the name of Cartier polynomials.

The following presentation follows the ideas of Voit [65] and Heyer [45]. However,
our approach is again inspired by the one which appears in the survey of Mohar
and Woess [55].

Again, using the Stieltjes transform, we may compute the resolvent

R(2) = (z1d =WPTer)™!,

using
1
R(Z)OO = 1 '
z—a(b— 1)2_(17_2)—(@—1)(1;—1)%
Define
5(2) 1
5(z) = 1 '
z—(b—=2)—(a—1)(b— 1)z—(b72)7(a*1)(b*1)zjm
we obtain

(z=b0+2)—/(z=b+2?—4(a—1)(b—1)
2(a—1)(b—1) '

5(2) =
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Further,
1
R(Z)oo = .
a ar/ (z—(b—2))2—4(a—1)(b—
e (2= (b—2)) gty — V= ;)(l_s( 1(b-1)
B 2(a—1)

(a—2)z—ab—2)—ay/(z— (b—2)) —d(a—1)(b—1)

Denote

Ly =[b-2-2/(a—1)b—1),(b—-2) +2/(a—1)(b—1)].

Using again a Stieltjes inversion formula, we obtain (see [55] for the result, and [7]
for the computation),

a Jala—1)(b—1)— (x — (b—2))°

i+ () = o (-1 o) (ata) e
ifa>b

—_— a Jala—1)b—1)— (& —(b—2))°
dpigy ™" (@) = 9 (alb—T—a)(ata)
+b ; aé_a(x)7
ifa<bd

Note that, when b = 2, we recover the example of a homogeneous tree.
As above, let a,b € N, and g be a positive measurable function, analytic over

[min <(b ——2/(a—1)b-1), —a) =2 +2/a=D-1),

and define
[ KCPTos (1) = g(WPTos),

The operator I' is positive definite. Let X be a Gaussian process of covariance I'.
Define futher, for any i, j € DT 4,

ragig) = Uij = (Xi, Xj).
Using the definition of ,uz-Zjd, we have, if k = d(i, )

DT,
T = g x)dﬂz‘j ()
[—2v/4,2/4]
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Example 4

Using the notations introduced before, we obtain

T = 9(x) Py jy (@) dpl = (2).
[(-2v/4:2\/4]

We recover the classical representation of the covariance of a stationary process
indexed by a distance-transitive graph (see for instance [45]).

Semi-homogeneous tree

Finally, we deal with the semi-homegeneous tree A,, in order to show what hap-
pens in the case of a non vertex-transitive graph. Define the semi-homogeneous
tree as the only connected graph without cycles such that

— Each vertex has degree a or b,

— All neighbors have different degree.

This graph have been studied by many authors [21], [37]...

If we choose a vertex o, of degree a, and a vertex o, of degree b, then both (A, 4, 0,)
and (Agp, 0p) verify Assumption 5.1.1.

Proposition 5.1.2 may be applied to (A, 0,) with the sequences

akzl,kaL
b, = 0,Vk > 0,
Co— a

Cokr1 =b—1,k > 0.
cop =a—1,k>0.

Define a family (Pg)ren of polynomials by

Po(l‘) =1
Pi(z) =
Vk > 1, 2Py(x) =

Vk > 1 l‘ng 1(1’)

(
(

x
2
a — 1)Popy1 + Py,
b—1)Py + Py,

Then the spectral local measure [Léﬁ%i at the root is orthogonal with respect to this
family of polynomials. Permutting a, b, we obtain the same result for /LZ,L},%’: with a
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family (Qp)ren defined by

QO(x) =1,
Ql(x) - %)
VEk > 1,2Qu(z) = (a — 1)Qag1 + Qr—1,
Vk > 1,2Qa-1(7) = (b — 1)Qax + Qr—1,
Actually, we have
Yk > 1,Qu(z) = = Py_y(2).

b
Then, to compute the measure ,uét"az, we have to note that

2k

Yk >0, (WAavb) - (WDT ab 4 aId)

k
0404 00

Indeed, this equality may be proven by induction, or undertood as shown by the
construction of figure 5.2.

FI1GURE 5.3: Equivalence between semi-homogeneous tree and distance-transitive
graphs

Furthermore, since A, is a bipartite graph, we have

(WAayb)Qk—i-l _o.

0qOq

Hence, we get that the spectral measure uﬁt‘lo‘z is the only symmetric measure on
R which verifies :

vk 20, [ a®aul (@) = [ v+ a) dulTe ().
R R

Denote

15 = [Va=1-vo—1],Va—1+vb—1]
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With the change of variables y = 2% — a, and a few calculations (using the fact

that the measure is symmetric), we get (see [40])

anL(a_ )b —1) - <x2 - ((a— 1)+ (b— 1)))2
1

A
Moaao’z (:E) = - . <2>d/\(x),
p (ab B x2> " jwle1?)
ifa>b
2
\l4(a -1b-1) - (932 - <(a - 1)+ (b- 1)>>
A a
Moo (z) = — L e dA(z)
T (ab - x2> || eI las
b—a
+ 9% 50($),
ifa<b

Of course, we can do the same computation for ué,%f , getting the same result.

Note that only the dirac mass and a multiplicative constant changes between this
two cases.
Note also that, when a = b, we obtain

o(r) = = [—2va—1,2v/a—1)
g (a2 — x2> ||

a \/—az4 +4(a—1)2?
= P d>\[—2\/a—1,2\/a—1}'
(a2 - :v?) ||

We recover, as whished, the spectral measure of an homogeneous tree.
As above, let now a,b € N, and g be a positive measurable function, analytic over

- (Va=T+Vb—1) Va—1+vb—1],

and define
[ im K () = g(I74),

The operator I' is positive definite. Let X be a Gaussian process of covariance I'.

Example 5
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Using the notations introduced before, we obtain

L= / 9(x) Py jy (@)d st (z), if i or j = a,
[(—2v/4,2/4]

= g(x)Pd(i,j)(x)du;t‘g: (x), otherwise.
[-2v4,2v/4]

We recover the classical representation of the covariance of a stationary process
indexed by a distance-transitive graph (see for instance [45]).

Finally, the global measure p“** may be easily obained for any sequences of sub-
graphs (Gy,)),,cn- However, it depends on the choice of this sequence.

With the notations used by Mohar in [40], if ¢,, ¢, denotes the asymptotic propor-
tion of vertices of degree a (resp. b) in G,,, then we have

Agp Aap Aap
2 “r = Cal’l‘oaaoa + Cbuob%b :

We stop here the examples, but we could study also a lot of other graphs (for in-
stance a lot of particular lattices). Finally, note that, except for the semi-homogeneous
tree, all the measures obtained in this section belongs to the class of Free-Meixner

measures, since the sequences (ax)ren, (bx)ken, (Ck)ren are constant (see for instance
[22]).

5.3 Stationary random graphs and global
measure

In this last section, we recall some properties about the convergence of the spectral
distribution of a finite graph to the global spectral measure. This will be done with
two different approachs, which provides the same results. In particular, this gives
a way to understand the convergence of the spectrum of the adjacency operator
of a random regular graph to the measure of a homogeneous tree.

The first approach appears in [55]. It considers directly the convergence of the
identity resolution. The second is due to Aldous and Lyons [1], and shows the
convergence of the spectral measure as a consequence of a local convergence.
Actually, both approachs relies on local convergence of graphs. For instance, in
the case of convergence of random regular graph to the homogeneous tree, an
assumption under the number of small loops is needed (see for instance [55]).
Assuming that there is, with a large probability, a small number of short loops, is
a way to say that locally, the graph is isomorphic to a tree.
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Convergence of the identity resolution

First consider a sequence of graphs (G,,) such that G,, = (G, W(”)) (without loss
of generality, we may assume that the graphs have the same vertex set).
In [40], a proposition states that if (W(”)) converges weakly to W, that is, for any
r € 1*(G),

W — W,

then the associated identity resolution (E(”)()\)) oy converges to E()) for every

A where E' is continuous.
Further, the weak convergence of (W(”)) to W implies the weak convergence of
(n)

ij
Consider now a sequence of g-regular random graphs (G,,) such that the number
of small loops decrease to 0 a.s. as n tends to infinity (for the explicit assumption,
0
weakly (and in probability) to the spectral measure y;; of a g-regular tree, since we
can prove the weak convergence of the adjcency operator of G,, to the adjacency
operator W of A,. The assumption under the number of loops holds for instance
for Erdos-Rényi graphs conditionned to be g-regular.

Actually, the same kind of results can be proven for any quasi-transitive graphs
(i.e. graphs such that their quotient with their automophism group is finite).
The assumption under the weak convergence of the adjacency operator is also
satisfied by a sequence of subgraphs of G. For instance, let us take a vertex o € G

and G, as the ball of radius n and center o. Then the spectral measure u{)

the sequence of measures (,u ) e i,7 € G to p;; on the set of continuity of .
n

see [54]). Then, it appears that the spectral measure (,u ) o ij € G converges
n

converges weakly to fie,.

Weak local convergence of the graph

Another point of view has been developped for random graphs. It deals with the
local convergence of random rooted graphs. The usual framework and notations
appear for instance in [1] and [11]. Denote by G, the set of isomorphism classes of
locally finite (deg(G) < +00) rooted graphs endowed with the distance d defined

by d((G, 0), (G, 0’)) = ﬁ, where r is the largest integer such that the ball of
center o and radius r in G is isomorphic to the ball of center o' and radius r in
G’. This define a metric on G,. This metric space is then Polish set, and we can
study convergence properties in this metric.

Actually, when the limit of the sequence of rooted graph has no automorphisms,
the induced topology is equivalent to the topology given for G by the last notion

of convergence. This allows us to recover some results.
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In [1], the authors consider random weak limits of finite graphs by rooting uni-
formly at random the graph G,,. In the examples considered above, the limit mea-
sure v on G, is atomic. Indeed, if (G,,)nen denotes a sequence of g-regular graphs
with no small loops, then rooting this graph at random provides the weak conver-
gence of this sequence to the homogeneous tree A,, in the sense of [1]. The limit
measure verifies, for any o € A,, v(A,,0) = 1.

For our purpose, instead of looking to

1
=G

()

Z 5(Gn,0)7

OGGn

we should consider the measure

ﬂG Z 5(Go)>

oeGy,

where (G,)nen is a sequence of growing subgraphs of G.

The difference here is essential. Indeed, choose for instance (G),)nen as a sequence
of growing connected subgraphs of the ¢g-homogeneous tree A,. In this case, the
measure (™ converges weakly, but not to the Dirac distribution on (A, 0),0 € A,.
Indeed, there is some edge effects due to the exponential growth. However, the
measure 7" converge to d(G,0)-

Now, the convergence of the trace measure (which appears both in [1] and [18]) is
a consequence of the random weak convergence of the rooted graphs.

Indeed, if 7™ converges to 7, then ™ = ﬁG% > oca, Moo converges to i, and we
have

= Es[ul)].

We do not gives further details here, but we need to keep in mind that this notion
of local convergence, and associated definitions of stationary sequences of random
graphs [11] or unimodular graphs [1] may be a good framework to study spec-
tral properties of the limit graph. Furthermore, it allows us to deal with random
sequences of finite graphs.

Finally, in the framework of road traffic, we just state a combinatorial assumption
about the sequence of subgraphs, that ensures the convergence of the spectral
measure.

We first define, for any [ > 0, the [-type of a vertex k € G by

tl(k’) - Wlik

The I-type of a vertex is the number of loops around k, counted with their weights.
Define also a subset U; of R as

Ul = {tl<k),/{7 € G} .
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This set gives all the possible values among the vertices k € G of the [-type of k.
Notice first that when the entries of W take their values in a finite set, U is finite
for any [ > 0.

Assumption 5.3.1 (Homogeneity assumption) The sequence (G,)nen and the
operator W satisfy :

t{j € Gn,ti(j) = v} o .

ﬁGn n—00

Vi >0,Vn > 1,Vv € U],

Remark : This last assumption may be understood as an homogeneity hypothesis
on the frequency of the type for the vertices of G,,. Figure 5.4 shows an example
of admissible sequences of subgraphs.

F1GURE 5.4: Example of admissible sequences of subgraphs.

Proposition 5.3.2 Under Assumption 5.3.1, the spectral measure is convergent.
That is, there exists p with

1
1G

D
Z Hii =7 s
1€Gn

Proof. Under homogeneity assumption, we have

ijlr'Tr ((Wl)cn) e > v,

vel;

Define
p =3 pv.

vel;

Since sup; jeg |Wis| < %, we also have

Wl 50 < 1.
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So that
vi>0,U, C Sp(W) C [-1,1].

And
N(l) < 1.

Since the series t — ,u(l)% has a positive convergence radius, there exists a prob-
ability measure p with moments (u));50. The weak convergence of the measure
is derived from the convergence of the moments, and the tightness of x. This con-
cludes the proof of the last proposition. [ ]
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