CONVERGENCE OF A FINITE VOLUME SCHEME FOR
COAGULATION-FRAGMENTATION EQUATIONS

JEAN-PIERRE BOURGADE AND FRANCIS FILBET

Abstract. This paper is devoted to the analysis of a numerical scheme fa the coagu-

lation and fragmentation equation. A time explicit nite vo lume scheme is developed,
based on a conservative formulation of the equation. It is shown to converge under a sta-
bility condition on the time step, while a rst order rate of ¢ onvergence is established and
an explicit error estimate is given. Finally, several numer ical simulations are performed

to investigate the gelation phenomenon and the long time behavior of the solution.
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Coagulation and fragmentation processes arise in the dynaios of cluster growth and
describe the mechanisms by which clusters can coalesce torrio larger clusters or break
apart into smaller pieces. In the simplest coagulation-frgmentation models the clusters
are usually assumed to be fully identi ed by their size (or vdume, or number of particles).
The coagulation-fragmentation models we consider in this pper describe the time evolu-
tion of the cluster size distribution as the system of clustes undergoes binary coagulation
and binary fragmentation events. More precisely, denotingby Cy the clusters of sizex
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with x 2 R* =(0;1 ), the basic reactions taken into account herein are

Q) Cy + Cyo a(lx;x() Cy+x0; (binary coagulation)
and

0
(2 Cx b(x x%x9) Cx xo+ Cyo; (binary fragmentation) ;

where a and b denote the coagulation and fragmentation rates respectily, and are as-
sumed to depend only on the size of the clusters involved in thse reactions.

The dynamics of the density functionf = f (t;x) 0 of particles with massx 2 R*,
at time t 0, subject to coagulation and fragmentation phenomena is gerned by the
following equation

@f_ .
®) G ) Q)

where the coagulation and fragmentation terms are respeogely de ned by

Qc(f)(x)

X 1
> ax®x  xYfF(xAf(x  x9Ydx° a(x; x9 f (x) f (x9 dx°
Qs (f)(x) > b(x%x  x9 dx°f (x) b(x; x9 f (x + x9 dx®

0 0
The coagulation coe cient, a= a(x;x9, characterizes the rate at which the coalescence of
two particles with respective volumesx and x°produces a particle of volumex+ x% whereas
the fragmentation coe cient, b= b(x;x9, represents the rate at which the fragmentation
of one particle with volume x + x° produces two particles of volumex and x° Both
coe cients a and b are nonnegative symmetric functions and

(4) ab2Li, R* R*

For symmetric kernels, we observe that during the microscojt coagulation and frag-
mentation processes, as depicted in equations (1)-(2), theumber of particles varies with
time while the total mass of particles is conserved.

In terms of f , the total number of particles and the total mass of particles attimet O
are respectively given by

z
Mo(t) := f(x)dx; Mq(t) = xf (t;x) dx:
R+ R+

For some coe cients a and b, the total mass might not remain constant throughout time
evolution. More precisely, if a increases su ciently rapidly compared to the fragmentation
kernel b for large x, x% then the larger the particles are, the faster they merge. Tken a
runaway growth takes place, producing particles with \in n ite" mass in nite time which
are removed from the system. Unlike the local mass in the mi@scopic picture (1)-(2), the
total mass is thereby not conserved, that is,M; starts to decrease, a phenomenon usually
called the occurrence of gelation.

Writing equation (3) in a \conservative" form, as proposed in [21, 22], enables to describe
precisely the time evolution of the total mass. Also, this famulation is particularly well
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adapted to a nite volume discretization which, in turn, is e xpected to give a precise
account of mass dissipation or conservation. Precisely, # coagulation and fragmentation
terms can be written in divgrgence form:

2 xQ= B
F vamm= ey,
where 7.7,
(5) Cf)(x) := ua(u;v) f(u) f(v) dvdu; x2 R";
Zox leu
(6) F(f)(x) = ub(u;v) f(u+ v) dvdu; x2R*:
0 xu

Then, the coagulation-fragmentation equation reads

S e @) , @),
@t @x @x ’

> .
f(O;x)=f"(x); x2R*

and we assume that the initial datum f " satis es:
(8) fin 2 LI(R*)\ LY(R*;xdx) is a nonnegative function.

Here and below, the notationL*(R* ; xdx) stands for the space of the Lebesgue measurable
real-valued functions onR* which are integrable with respect to the measurexdx.

The main purpose of this work is to present a numerical scheméo solve (5)-(7) built
upon an explicit Euler discretization with respect to the time variable t and a nite
volume discretization with respect to the volume variable x. The analysis of the so-
obtained scheme allows to prove the convergence of the distized particle density towards
a solution to the continuous problem. An error estimate on the approximation is given
and the scheme is shown to give a rst order accurate discresation of the coagulation-
fragmentation equation.

Before describing more precisely our results, let us recathat the coagulation and frag-
mentation equations (5)-(7) have been the object of severastudies recently. On the one
hand, the relationship between discrete and continuous moels has been considered by
some authors, see the survey paper [5] and [1]. Their analysiis either performed at a
formal level [1] or restricted to a particular fragmentation model (scaling technique [23]).
A rigorous setting for the formal analysis performed in [1] under general assumptions on
the coagulation and fragmentation coe cients has been giva in [16]. Among the various
approaches for the approximation of coagulation and fragmetation models, we may dis-
tinguish between deterministic and Monte Carlo methods. Werefer for instance to [7, 18]
for deterministic methods, [2, 6, 13] for stochastic method, and the references therein.
However, there are few results concerning the convergencenaysis of numerical methods
for coagulation and fragmentation models (see [17] for quasvionte-Carlo methods).

(tx) 2 (R")?;

(7)
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In Reference [16], the authors obtain as a by-product of theianalysis a convergence re-
sult for an explicit time discretization. However, note that the main outcome of this study
is a deeper understanding of the link between the discrete ahcontinuous Smoluchowski
equations, thanks to scaling methods, whereas the presentaper is rather focused on the
discretization of the continuous Smoluchowski equation iself. To this aim, we use the
formulation in divergence form, which is more suitable to design a nite volume scheme,
and, unlike the discretization proposed in [16], this schera is built on non-uniform meshes.
Also, while reference [16] gives an analysis for unboundedothains of admissible size val-
ues, one of our goals is to asses the reliability of non-consative truncation methods.
Among other features established in this paper, these appromation methods prove to
give a faithful picture of long time behaviour as well as of ocurence of gelation.

Indeed, the occurrence of gelation at nite time is a well-known feature of coagulation
and fragmentation processes. It has been theoretically eablished in [14] with a proba-
bilistic approach and in [8, 9] with deterministic arguments. Once gelation is known to
occur, a natural question is to determine the gelation time ad to investigate the beha-
vior of f (t) at the gelation time, which still consitutes an open problem. In this context,
numerical simulations could give some clues on how to solvehis problem and, in partic-
ular, non-conservative truncation methods of approximations may prove an e cient tool
to observe gelation with accuracy.

We now brie y outline the contents of the paper. In the next section, we introduce the
numerical approximation of (5)-(7) and state the convergerce result which we prove in
Sections 3 & 4. In Section 5, we give some error estimates wheéhe mesh is uniform. In
the nal section (Section 6), some numerical simulations ae performed with the numer-
ical scheme presented in Section 2. Long time behaviour andcourrence of gelation are
investigated.

2. Numerical scheme and main results

When designing the volume discretization of the coagulatio and fragmentation terms,
one is confronted with two somewhat contradictory requirenents. First, the coagulation
and fragmentation terms should be discretized so as to allovior the simulation of gelation
phenomena for instance. But occurrence of gelation depends the behaviour of kernels
a and b for large values of the volume variablex. On the other hand, discretizing these
terms makes necessary to truncate the in nite integrals in brmulae (5)-(6). But this
means restricting the domain of action of kernelsa and b to a bounded set of volumesx,
that is, preventing coagulation to occur among particles wth volume exceeding a xed
value.

The discretization we propose tries to overcome this con it by using a non-conservative
truncation method for the coagulation term. The following t runcation has been introduced
for the Smoluchowski coagulation equation in [3]. Given a psitive real R, let

Z X Z R
(9) Q?C(f )(X) = ua(u;v) f(u) f(v)dvdu; x2 (O;R):
0

X u
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In that case, GR.(f)(R) 0 so that the total mass of the solution is now nonincreasing
with respect to time. This approximation is particularly we Il suited for reproducing the
gelation phenomenon [3, 4].

As regards the fragmentation term, the rst idea would be to give a \non conservative"
truncation as for the coagulation term, according to

VA X VA R

F,f{c(f )(X) = ub(u;v)f (u+ v)dvdu; x2 (0;R);
0 xu

where R is, as above, a constant positive parameter. Obviously, if oe only considers the
solution to the non conservative fragmentation equation, t leads to a time increasing mass
for the system. However, it is hard to conclude on the consemtivity of the full model
when including the coagulation term @ CR, since one should have to determine the sign
of

CR(tR) + FR(LR); t O
which is not obvious (in particular, the rst term is quadrat ical in f and depends ona,
whereas the second one is linear ih and depends onh).

Possibly the most meaningful truncation is therefore a conervative truncation on the
fragmentation term (while a nhon conservative truncation is performed on the coagulation
part). We introduce

YA X YA R u
(120) F?(f )(X) = ub(u;v)f (u+ v)dvdu:
0 xu
Then, the conservative fragmentation operator satis es exctly the conservation of total
mass, so that the following equation is indeed a non conserti@e coagulation and frag-
mentation equation:

8
> @k _  @f(fr) @FEER) oy ¥ DY -
a1 ) X ot @x (x) + @x xX); (tx)2R O;R);
f(O;x) = f"(x); x2 (O;R);
since . Z g
Tt xfr(t;x)dx = CR(fr)ER) O
0

Convergence for large values oR has been thoroughly studied in the recent past. We
brie y mention some results for the coagulation equation (that is, with b = 0). These
results adapt easily to the coagulation-fragmentation eqation but under di erent as-
sumptions on the kernels.

On the one hand, whena(x;x9=(x x9 ! 0asx+ x°! +1 , convergence aR ! +1
of the solutions to (11) toward a solution of (5)-(7) can be proven by using the approach
developed in [16]. First, we observe that the previous growi assumption on a(x;x9
does not exclude coagulation coe cients for which the occurence of gelation takes place.
Second, when gelation does not take place, it can be shown thahe solutions to (11)
converge toward a solution to (5)-(7) satisfying M1(t) = M1(0) for t 0 (we refer to
[11] for a rigorous proof). On the other hand, the convergene of the nonconservative
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approximation (11) to the solution of (5)-(7) is valid when a(x;x9  x x9for large x;x°
[15]. Therefore, this approximation is well-suited for the description of both gelation and
mass conservation, despite the qualitatively important ggp between these regimes.

Since the convergence of solutions to (11) towards solutianof (5)-(7) is well established
in rather general situations, this paper will only focus on the convergence of a sequence
built on a numerical scheme towards a solution to the equatia (11) when the truncature
R is xed. The works we have just mentioned Il in the gap to get a convelgence result to
solutions to the original problem. In the remainder of the paper, for the sake of clarity, we
drop the subscript R and write f instead of f g for a solution of equation (11). Parameter
R being xed, this should raise no confusion.

Now, we turn to the discretization of equation (11). Having reduced the computation
to a bounded interval, the second step is to introduce the tine and volume discretizations.

To this end, let h 2 (0;1), 1" be a large integer, and denote by X; 1-5); 01 hg @ mesh
of (0;R), where

X 1=2=05 Xi =(Xj 1=2F Xj+1=2)72;  Xi = Xjr1=2 X 1=2 ;]
and P = [Xj 120;Xj+1=2) for i 0. Moreover, given two integersi and j such that
Xis1=2 Xj 0, we introduce integer jj 2f0; :1"g such that

h .
i
In the general case of a non uniform mesh, we denote by, = min  x; and assume that
|

Xis1=2 Xj 2

there exists a positive constant (independent of the meshK such that

h
(12) — K
h
or, if the mesh has to be excessively re ned in some regions gually close to the origin),

we assume that the mesh is increasing, that is

(13) Xi Xis1, 8i2founI" 1g
Remark 2.1. In the case of a uniform mesh (that is when x; = h for all i), there holds:
xi%zih; o= 0
In particular, whenever Xj 1 <X <X j+ andj<i , we have
h .
Xi+% X 2 i ] .

Let t denote the time step andN be a large integer such thatN t= T, where [QT]
is the time domain on which the equation is studied. We also dae the time interval
n=[thitn+1).

The discretization of the coagulation and fragmentation kenels will be detailed at the
end of this section. For the time being, we formally set
(14) a(u; v) a'(u;v) = ay

(15) b(u;w  u) B'(u;w  u) = by



A FINITE VOLUME SCHEME FOR COAGULATION-FRAGMENTATION MODE LS 7

foruin M vin Mandwin [, suchthati;j 2f0;:::;1"gandk2fi+1;:::;1"gand
assume that this de nes a suitable approximation of the kerrels.

Let us now introduce the numerical scheme itself. For each itregeri 2 f 0, :1"g and
eachn2f0; ;N 1g, we de ne the approximation of f (t;x) fort2 , andx 2 ,h as
fh.

The sequencef();n is de ned recursively by the following discretization of the coagulation-
fragmentation equation: forn2f1;:::;N 1g; i 2f0;:::;1"g, we set
(16) xpx (FP0 £ = t G Cilam + t Fluo F {1 s

where the uxes C,, _, and F}, _, are given by

X X"
j=0 k=i
XX
(18) Filiiomp = Xj o Xiexj b fies
j=0 k=i+1

and the initial datum is approached by

(19) fii”=% hfi”(x)dx; i2f0;:::;1Mg;

|
whereas the uxes at the boundary are
(20) Cp=FY=Fh,5,=0; n2f0::;N g

This discretization obviously relies on an explicit Euler time discretization and a nite
volume approach for the volume variable (seeg.g. [10, 19]). This will be even clearer
when the discretization of a and b will be given.

We denote by a the characteristic function of a set A. The following function fh
dened on [0;T] [0; R] will be useful in the sequel.

X X"
(21) f(tx) = fir () n(x):

n=0 i=0 '
Note that this function depends on the time and volume steps ad that

h
th; )= n (O
i=0
converges strongly tof " in L1(0;R) as h goes to 0.
We may now state our main result.

Theorem 2.2.  Assume that the coagulation and fragmentation kernels sasfy (4) and
f'" satis es (8). Moreover, suppose that the volume mesh used ithe numerical scheme
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is regular in the sense of assumptions (12) or (13) and that th time step satis es there
exists a positive constant such that
(22) max(2;K +1) Cyr t < 1
whereK is given by (12) and
(23) Crr = kak_: kfMk 1 eRKl T 4 Rkbk 1 :

Then, up to the extraction of a subsequence,

fh o f in LY OT;LY(O;R) ;

wheref is the weak solution to (11) on[0; T] with initial datum " . More precisely,f is

a nonnegative function satisfying
TZR
0 g
(24) + xf "™ (x)" (0;x) dx (L R)' (;R)dt = 0;
0 0

Q' Q@'
xf(Ex) =(t;x) + CR(tx) F J(t;x) —=(t;x)dxdt
@t 7. @>S

for all continuously di erentiable function ' compactly supported in[0;T) [O;R].

Moreover, when the mesh is uniform x; = h, forall i 2 f0;:::;1"g, we get the following
error estimate

Theorem 2.3. Assume that the coagulation and fragmentation kernels sasfy

(25) a;b2wgl R* R
We also assume thatf " satis es
(26) fin 2wl (R*):

We consider a uniform volume mesh and require time step t to satisfy condition (22).
Then, the following error estimate holds

(27) ki" fk: C(T;R)(h+ t);
wheref is the weak solution to (11) on[0; T] with initial datum f ™" .

This implies the uniqueness of the limit, and, consequentlythat the whole sequencef "
converges under these assumptions.

Of course, these results depend on the de nition of a correctapproximation of the
coagulation and fragmentation kernels. Equations (14) and(15) are now given a precise
meaning.

Unless otherwise speci ed, in the sequel kernela and b are taken as in (4). On the one
hand, the kernel a is approached by a nite volume approximation a"(u;v) on each space
cell: for all (u;v) 2 [0;R] [O;R],

) h Xh
a'(u;v) = aij  p(u) n(v);
i=0 j=0
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where p denotes the characteristic function of setA and
Z
1

e
[ J

a(x;y) dxdy:

h
P
This approximation method is well-known and yields strong @nvergence in the space of
integrable functions provided the kernelais in L1((0;R) (0;R)), which is the case here
according to (4)
h a 1 0 ash! O

L1

The fragmentation kernel b is discretized in a di erent way. Indeed, we rst notice that b
need not be de ned on the whole square [(R] [0; R] and that the kernel de ned on the
compact set

a

Dp = f(u;v)2[O;R] [O;R]; O wu+v Rg

can be used to compute the fragmentation termF R as given in (10). Therefore, all we
need is to give an approximationt" of the kernel b on the compact setDy,. First, we de ne
the following nite volume approximation of b, for all (u;v) 2 Dy,

h h

(28) B'(u;v) = B a(u) a(vHou);
i=0 j=i+1
with
, Z
(29) bj = ——— bix;y x)dydx; 0 i<j I
Xi  Xj Ih Jh

This sequence is particularly well suited to approachb(u;v  u) since, for all (u;v) 2
[0;R] [0;R] suchthatO u v R,

Xh Xh
p'(u;v )= B p(u) n(V)

i=0 j=i+l

is obviously a nite volume approximation of b(u;v u). Then, since bis symmetric, one
would expect that a good approximation b of b should satisfy

B (u;v) = B'(v;u);
which would translate on the sequencey; as:
(30) bj = b ij:

However, this is not true in general and one can prove that, inthe case of a more regular
kernel b satisfying condition (25) and for a uniform mesh, equality (30) holds true only up
to rst order terms in h whenlb; = 14 .

This motivates the following de nition:

De nition 2.4.  We de ne the approximate kerneld such that
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(i) if the fragmentation b satis es (4), then an approximation of bis de ned by
(31) B'(u;v) = B'(u;v); 8(u;v) 2Dy,

where " is given by (28) and (29);
(i) if the fragmentation kernel b satis es (25) and if the mesh is taken uniform, then
one introduces the following approximation ofb,

h h

(32) B'(u;v) = b n(u) w(v+u); 8(u;v) 2Dy
i=0 j=i+1 ' :
where
(33) b = Foby+n o o i2fL:ihgj2fi+1;ilng
Po; ; i=0;j2f1::::1Mg
It will be useful to write, conventionally,

Properties of these approximations are summarized in the flowing Lemma.
Lemma 2.5. The approximate kernel b given either by (31) or by (32) satis es the
following convergence properties.

(i) Let bsatisfy (4), then equation (31) de nes an approximation of b which converges
strongly in the L topology

1 00 ash! O
L1(Dp)

(i) Let b satisfy (25), and take a uniform mesh. Then the approximatian of b given
by equation (32) converges in the strong topology ol !:

! 0 ash! 0
L1(Dy)
and the sequenced;; de ned in (33) satis es
(35) by =B i; i2fL:1gj2fi+1;:1Ng

Proof: Strong convergence for the approximation (31) is classicalthe proof is close to
the convergence proof of the nite volume approximation a".

On the other hand, when the kernelb satis es (25), we can perform a Taylor expansion
of b and easily prove that

G; B ij Kk bkwas b

which means that up to a rst order term with respect to h, the approximation (32) is
equal to the approximation (31). Therefore, strong convergnce for (31) implies strong
convergence for (32) since the rst order term inh vanishes asymptotically. 2
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Remark 2.6. It is worth mentioning that property (35) is used only in the proof of The-
orem 2.3 to estimate the error between the numerical schemend the actual solution of
(11). In this case, we use approximation (32), take a uniformmesh and assume regularity
(25) for b. In contrast, Theorem 2.2 can be proven without appealing t@ymmetry property
(35) and, therefore, can be established under the weaker assption (4), using approxi-
mation (31). Of course, it also holds true under assumption 25) and with approximation
(32).

In the convergence analysis of the numerical scheme, it wilbe useful to consider point-
wise convergence for the coagulation and fragmentation kerels. These convergences hold
true up to the extraction of subsequences. Namely, there exis a subfamily of the fam-
ily R* of indices h such that, for almost every (u;v) 2 [0;R] [0;R] and almost every

(X;y) 2 Dy,
al(u;v) | oa(uv); BY(sy) ! bxy)

as h goes to 0. In the remainder of this paper, all sequences will & indexed on this
subfamily of indices, so that these almost everywhere convgences can be used.

3. A priori estimates

In this section, our goal is to prove that the sequence of funiions (f "), converges in
some sense to a functiod ash and t go to 0. First, we prove that the solution f " to the
scheme (16)-(19) enjoys properties similar to those of furion f given by (11) which we
gather in Proposition 3.1 below. Next, we prove the weak conergence off " to a function
f in L1(0;R).

The midpoint approximation of a point x is denoted by X "(x), i.e. X"(x) = x; for
x 2 P, see section 4 for further details.

Proposition 3.1. Assume the time step satis es (22). Then, the distribution finction
f M is a nonnegative function such that

ZR ZR
X P (x) f "t x) dx X)) fM(s;x)dx; 0 s t T
0

and, for all t 2 [0;T],
Zg

(36) fhEx)dx  k fMk o eRKos t
0

Proof: We proceed by induction and rst notice that f "(0) is nonnegative and belongs
to L1(0;R). Assume next that the function f "(t") is nonnegative and
VA R
(37) FRNx)dx k f Mk o eRKkBkr
0
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We start by proving that f"(t"*1) is nonnegative, and rst take i = O since it involves
boundary conditions,
n+l _ n t t n .
Xofg™ = Xxofg —chzz+ —XF1=2-
0 0 01
)(h
@1 t Xkao;kaA Xof(r)]l
k=0

Then, using condition (22) on the time step with (37), we condude to the nonnegativity
of f§*1. Fori 1, we have

t t
n+l _ n n n n
Xifi™" = xifj = G Cllim + > Fiiio F i1

On the one hand, from the nonnegativity of f "(t"), we show that

o cn X" x1 x !
Qi i1=2 _ x; £ X apy F + Xk £ xiay x; f1
Xi i k Tk Xi k J K AT
! 0 k= i 1 j=0 k=i 1
)(h
(38) @ Xk ajx FRA x; f:
k=0

On the other hand, still using the nonnegativity of f "(t"), we get for the discrete frag-
mentation operator

Fl,o, F .. X X
i+1=2 _ =2 _ Xk Xi bk £ Xj B % 17
i =i j=
k—b+l i 1 J 0
(39) @ Mhafai
k=0

Then gathering the two inequalities (38) and (39), we get
0 0 11

" X" X
Xifin @1 t@ Xk @ik i + Xka;iAA xi f":
k=0 k=0

Using condition (22) on the time step and theL *-estimate (37) onf "(t"), we nally prove
that f "(t"*1) is nonnegative.
Next, the time monotonicity of the total mass with respect to time follows at once from
the nonnegativity of f " by summing (16) with respect to i
X" X" X"
xi x; f "1 xi x; £ tChuy oo xi x; £
i=0 i=0 i=0
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Now, let us prove that f "(t"*1) enjoys a similar estimate as (37). It follows from (16)
that
X" X" X", CM o X" Fh, L, F Mo
Xifin+l — Xifin t C%n+1—2 i 1—2+ t i+1=2 ‘ i 1—2:
i=0 i=0 i=0 i=0 Xi

Xj

Of course the coagulation term decreases the number of padies G,1-> 0, foralli)

h h
X C?+1=2 C |n 1=2 X 1 1 .
X CIn+1 =2 X_ Xi O:
i=0 ' i=0 ' i+1
For the fragmentation term, we observe that
X FlLi, Fla, X X '
- Xi Xk bk i
i=0 : i=0 k=i+1

and using the assumption (4) on the kernelb, we nally get
X" X"
xif"™ (1 + Rkbk: t) x; £
i=0 i=0
Thus, using estimate (37) at stepn,
h
X Xif-n+l Kk fin kLleRkbkLl th+1,
i ;
i=0
2

We also remark that f "(0; ) is an approximation of f ", with strong convergence in
L1(0;R). Moreover, the initial datum f™" is in L1(0;R), hence, by the La Valee Poussin
theorem, there exists a nonnegative and convex function catinuously di erentiable on
R* with (0)=0, 90) =1, such that Cis concave,

n,
— |

+1;asr!l
and
Zg

(40) £ (x)dx< +1 :
0

Let us now recall an inequality on convex functions.

Lemma 3.2. Let 2 CI(R*) be convex and such that ®is concave, (0)=0 , q0)=1,
and (r)=r! +1 asr! +1. Then, for all (x;y) in R* R",

(41) x W () ()

Next, the following result holds.
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Proposition 3.3. Let f" 2 L1(0;R) be nonnegative, andf" be de ned for all h and
t by (16)-(21) where t satises (22). Then the family (f h)(h; 1) is weakly relatively
sequentially compact inL((0;T) (0;R)).

Proof: Based on estimate (40), one can prove a similar estimate on # function f ",
uniformly in h. First, the integral of ( f") is clearly related to the sequence " through
Z1Zg DG
fN(t;x) dxdt = t X (fM:
n=0 i=0
From the discrete equation (16), together with the convexity of the function and the
nonnegativity of  © it follows

0

h Xh
xi (M) (fN) xi £ qE
i=0 i=0
X" X1 X !
k ak.: t x; " YOR DA (e
i=0 j=0 k=i 1
X" X"
+ kbk. ot xi xefg M)
i=0 k=i+l
where we have used assumption (4) and the fact thak; =x; 1 wheneverj i. Then the
convexity of together with (41), entails
X" x1 X !
kak . t X f" xe fo M
i=0 j=0 =01
X" K1 X !
k ak . t x f° xk (f)+ (M
i=0 j=0 k=i 15
X" XX 1
= kak: t x; £ xk (fM+ (M
j=0 i=j+1 k= i g
and still applying (41) to the fragmentation term, it yields
Xh
Xi ( fin+l) (f"
i=0
X" Xox ot
k ak . t x f" xe (fFO)+ (£
j=0 i=j+1 k=i 1
X" X"
+ Kbk . ot Xi xk (f)+ (£

i=0 k=i+1
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On the one hand, we have

X" ox ! % X'
(42) x () = xi (i) xi ()
i=j+1 k= g k= jj k=0

On the other hand, observing that

X 1
Xk = X i 1=2 X i1 1=2
k=i g5
and sincex , 1 andXx, ,. 1=, are dened as left point approximations of Xj.; =  X;
and X; 1-p Xj respectively, it gives

X 1=2 Xy gy 122 = Xy o122 Xjs1=2 Xy 122 X 1=2 + X
= X=X X4y 1=2 Xiv1=2  Xj X 1=2 +t X
Xi 1=2 Xj X. .. 1=2* Xij:

i L
Either assumption (12) or assumption (13) holds, and we getaccordingly,

Xi 1=2 X X, 4 1=2 h

or
Xi1=2 Xj Xy 1= Xi:

The latter inequality is a consequence of the fact that the meh is increasing. In the former

case, however, the regularity of the mesh is such that, by (12 one has

h K Xx;:
Finally, both cases yield
Xy 122 X, 4 122 M X
with M =1+ K or M =2. Therefore,
Xox ot X"
xe (M) M xi (fMh):
i=j+1 k= | 14 i=0

Consequently, this result and inequality (42) lead to

Xh
xi (£ (f

i=0 0 ) 1
X X
tkak, @  x;f"A xi M)+ (F)
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P
which entails, askak 1 X fj” is bounded by Ct.g according to (23) and (36)
h Xh
xi (fMh (M tM C 1R xi (")
i=0 i=0
Xh
+ tCT;R Xi ( fin)l
i=0
Finally, it appears that if the time step satis es (22), a discrete version of Gronwall's

lemma gives
Z R

Cr.r (1+M) Z R

(fhtx)dx e T ! (fN(x)dx; 8t2[0;T)
0

and this estimate allows to conclude to the compactness of t sequencef(");, thanks to
the La Valke Poussin theorem. Indeed, the exponent is unibrmly bounded with respect
to hand t aslong as (22) holds true. 2

Remark 3.4. Proposition 3.3 implies that there exist a functionf in L1((0;T) (0;R))
and a subsequence dff h)h such thatf"*f ash! 0. By a diagonal procedure, one can
extract subsequences off "), , (a"), and (b"), such that

fN*f; in the weak topology ofL1((0;T) (O;R)); as maxfh; tg! O
and

ah(u;v) I a(u;v); for almost every(u;v) 2 (O;R) (O;R); ash! 0

B'(u;v) ! b(u;v); for almost every (u;v) 2Dy, ash! O

In the sequel, these diagonally extracted subsequences amnsidered implicitely, unless
otherwise speci ed.

Thus, Proposition 3.3 gives enough information to study theasymptotic behaviour of
all terms in equation (16). However, the following lemma realls a classical tool that will
be needed afterwards.

Lemma 3.5. Let be an open subset oR™ and let there exist a constant > 0 and two
sequencegVn)n2n and (wp)n2n such that (vp)nan 2 LY() , v2 LY() and

Vp *Vv;  weakly inLl() ;asn!l ;
(Wp)2 LY () ,w2LY(),andforall n2N, jwyj with
wn ! w; almost everywhere in ; asn!l

Then, nI!i{n kvp (wn w)kl_l() =0, and

VaW, *vw;  weakly inLY() ; asn!1l
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Proof: The proof of this classical result in measure theory is basedn the Dunford-Pettis
and Egorov theorems. 2

All the material required for the convergence proof is now gthered. The following
Proposition gives, under additional assumptions on the kemels and on the mesh, some
estimates which will prove useful to estimate the error in vew of Theorem 2.3.

Proposition 3.6. Let the coagulation kernela and fragmentation kernelb satisfy property
(4) and let the mesh be regular in the sense of (12) or (13), théme step t also satis es
(22). _

Assume that the initial datum f' is bounded in L&,C(R+). Then, the approximate
solution f " and the exact solutionf to (11) are essentially bounded in(0;T) (0;R)

k'Kt ) ory  C(TiR) Kfkiiom) ©ry  C(TiR):

Moreover, if the kernels a and b satisfy (25) and the initial datum f" satis es the
smoothness condition (26). Then, there exists a positive atstant C(T; R) such that

(43) kf (t)kw 11 R) C(T;R);
wheref is the exact solution to (11).

Proof: We prove a priori boundedness for the solutionf to the continuous equation (11)
only. The proof in the discrete case is similar to the one for he nonnegativity of f".
Integrating equation (11) with respect to time gives

Z R
} @ S'X) + E @:
o X @x'’ X @Xx
. 1 t X
fin(x)+ = a(x®x  x9f(s;xYf(s;x  xYdx%ds

2 0 o
ZZg
+ b(x® x;x)f (s;x9 dx’ds
0 x

fiN(x) + kbky1 kfky gt +

f(x) = fN(x)+ (s;x) ds

Z

Kf kq -1 sup f(s;y)dx;
2 0 y2(0;R)

kak, 1

where kf k; .1 denotes the norm off in LY (0;T; LY(0;R)). Then, Gronwall's lemma
enables to conclude the proof.

We turn to the proof of estimate (43). First, we integrate equation (11) with respect
to time, divide it by x and next di erentiate it with respect to volume variable x (using
formulae (9) and (10) for the coagulation and fragmentation terms). Then, taking the
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maximum value over all possible values ok, it yields

@f @f N3 1 5
@ = = - - = fk

o) B ox . Skakyrs Kfkyakfkee + Skakis Kf ks
3 1 0

+ E ku(Ll kf k|_1 + kmwl;l kf k]_ 1 + é Rkf k|_1 t

Z

3 @f
— 4+ =
+ > (kakp 1 Kkfkg .1 kbky 1) @)Ss) g ds

o

and, again Gronwall's lemma allows to conclude. 2

Note that, in this proof, f 2 L (0;T; L(0;R)) has been extensively used. Indeed,
Theorem 2.2 gives this information under the same (or weakgrassumptions as those made
in Proposition 3.6. We underline that, of course, Theorem 22 is proven independently of
this Proposition.

4. Convergence of the numerical solution

Proving Theorem 2.2 is achieved by interpreting the sequeref " build with the numer-
ical scheme as a sequence of step functiofd depending on the mesh sizér and on t.
Properties (in particular weak compactness) of this sequece have been stated in details
in the previous section. The proof is now reduced to writing te discrete coagulation and
fragmentation operators in terms of f " and proving (weak) convergence for these expres-
sions towards the continuous coagulation and fragmentatia operators (5)-(6). This is
provided by Lemma 4.1 below. Then usual nite volumes techngues allow to conclude.

The following notations will be used throughout the analysis of the numerical scheme.
First, several point approximations are de ned:

h

XM:x2@©O:R) I X"(x)=  x n(x);  (midpoint approximation)
i=0
h
h:x2 (O;R) ! Nx)= X1 n(X); (right endpoint approximation)
=0
h
h:x2©OR) ' "X)= X 1 n(x);  (left endpoint approximation)
i=0
and
X" X
h:(x;u) 2 (O;R)? ! (x;u) = Xy 0 a(u):
i=0 j =0

At this stage, note that (X"),, ( "), and ( "), converge pointwisely: for allx 2 (0; R),

X))t ox Px)!ox;



A FINITE VOLUME SCHEME FOR COAGULATION-FRAGMENTATION MODE LS 19

ash! 0and for all (x;u) 2 (0;R)?, we have
hx;u) ! x u ifx U
hx;u) 10 ifx u
Then, the proof of Theorem 2.2 is based on the following Lemma
Lemma 4.1. Letus de ne the approximations of the coagulation and fragmentation terms
according to:
RER h h h h
A"(t;x) = . 0; "o (W) [ npeuy:ry(V) X (U) @t (upv) £t u) fU(t v) dvdu
ZRriR
FMtx) = O e e uw V) X M) B (u; v) £ P (U + v) dv du;

There exists a subsequence df h)h, such that
c * & in LY©O;T) (O;R); ash! 0
F' » FRin LY©O;T) (O;R)); ash! o
In addition, C"(;R) converges weakly toC}.( ;R) in L1(0; T).
Proof: We consider the sequencesf('),, (a"), and (0"), extracted according to the

procedure sketched in Remark 3.4. Then, obviously for all{{x) 2 (0;T) (0O;R) and
almost all (u;v) 2 (0;R) (0;R), the sequenceX "(:) a"(:;v) is bounded inL! (0;R) and

o 7601 (W [ ey ri M XMW aM(uiv) T o)k wr)(V) uau;vy;
ash goes to O. Th%s, applying Lemma 3.5, it yields
R
o neo1 (W) [ nguyri(V) X M(u) " (u;v) Pt u) du
VA

X

(44) ! x urj(V)ua(u;v)f(t;u)du
0

for eacht, x, and almost everyv. The same argument is used to prove the pointwise
convergence ofC". Indeed, for eachx and t and for almost every v (44) holds true, and
sincef " converges weakly, Lemma 3.5 applies again and gives:

C"(t;x) ! C R(t;x)

for every (t;x) 2 [0;T] [0;R]. This pointwise convergence obviously implies weak con-
vergence forC" and for the boundary value C'( ; R).
The convergencze stzudy ofF N is similar to that of C", observing that
R R
FM(tx) = . noop (W) [ neoR)(W) XM B (u;v - u) (G v) dvdu

and recalling that b"(u;v u) converges tob(u;v u) for almostevery0 u v R.2

To make the importance of this Lemma clear, it may be useful tomention that C(t; x)
(resp. F(t;x)) actually coincide with G (resp. F") whenevert 2 , andx 2 I'. This
will be proven in the sequel.
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Now, we turn to the proof of Theorem 2.2. We consider a test fustion ' 2 C([0; T)
[0; R]), which is compactly supported. On the one hand, we observehat, for t small
enough, the support of' with respect to the time variable satis es Supp,' [Otn 1]
On the other hand, we de ne the nite volume (in time) and left endpoint (in space)
approximation of ' on , P by

N
i

4
1 th+1 ,
— (EXi 1=p)dt:

tn

Then, multiplying equation (16) by ' " and summing overn 2 f0;:;N 1gandi 2

f0;::;1Ng, yields by a discrete integration by parts

X1 Xh +1 +1 X Ik ' h !
xp xj oD o+ t Guo F i " 7
n=0 i=0 n=0 i=0
X" . X 1
(45) + xi xi fin P tGhim' v =0;
i=0 n=0

where the boundary and initial value properties (19)-(20) have been used. The rst and
third terms in the left hand side of equation (45) can be written in terms of function f ":

X 1" X" _
Xi Xj fin+l 1 in+1 1 In + Xi Xi filn [ IO

n=0 i=0 i=0

w1y £ Z D opoh C ¢ g h
- X ") £t %)) ) Gt

n=0 i=0 n+1 P t

Z Z

X' hevehieey X 0 ooh
+ XT(x) f (0,x)—t t; "(x) dtdx

. h 0

i=0 i

Z T Z R ' . h ] . h

t; t t;

- X (%) £ " (t: x) ) t ) gt

zy° z .

(46)

+

xh(x)fh(o;x)it "t "(x) dtdx
0

We rst treat the last term of the former equality. On the one h and, X "(x) converges
pointwise in [0; R] whereasf "(0; ) is a nite volume approximation of f™ and, henceforth,
converges strongly inL(0; R). On the other hand, since' is continuously di erentiable
with compact support, its derivatives are bounded and, therefore, the following conver-
gence isuniform with respect to t;x as maxh; tg goes to O:
1 Z
— ot "(x) dt! ot (0;x):
t o
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Consequently, it rst yields

z R 1 z t z R
xh(x)fh(o;x)—t 't "(x) dtdx ! xf M (x)" (0;x) dx;
0 0 0

as maxh; tggoestoO.

To deal with the rst term in (46), a Taylor expansion of the sm ooth function ' is
performed, which nally yields

L)ttt @,
" ! @t(t,x)

uniformly as maxf h; tggoesto 0, while | ¢1;(t) X h(x) converges pointwise to (o;71(t) X.
Applying Lemma 3.5, together with Proposition 3.3, entails that the rst term on the right
hand side of (46) converges to

@
. o xf(t,x)@t(t,x)dxdt

as maxh; tggoestoO.
Consider now the coagulation and fragmentation terms. As mationed above, the ap-

proximations C" and F" coincide with the discrete coagulation and fragmentation erms.

Indeed, on the one hand, fort 2 , andx 2 P,

Z
Xj+1=2 © R
A(tx) = X Py a(u;v) f"(t;u) f " (t; v) dv du
0 h(x;u)
Xz oxZ
= ) du i dv xj ajx fjnf|£'
j=0 j k= iij k
= Qi

where we have used that, fox 2 f'landu2 I, "(x;u)= x ;. On the other hand, for
the fragmentation operator

Z
Xj+1=2 < R
FMtx) = XMWy (u;v  u)f"(t;v) dvdu
0 Xj+1=2
X Z X" 2
= du dv x; b fy
=0 | k=i+l K
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Consequently, it is straightforward to write the second and fourth terms of the left hand
side of equation (45) in terms ofC" and F

X1 1 h | ¥ 1
t G F i " tCQhi1o
n=0 i=0 n=0
v 1g 12 Z h i
= ) Cii= F = . " tXiy= 0 LX) g dxdt
n=0 i=0 n i I
X 12
Ghio' (BR X/n) dt
=0 n
£ 1R x,n D i @'
= A"(t;x) F "tx) 5 {Ex) dxdt
0 @

TCf“(t;R)‘ (tR X;n) dt:
0

Therefore, the weak compactness result given by Lemma 4.1 iplies the convergence of
the right hand side of the latter equality to the corresponding terms in (24), as expected.

5. Error estimates on the numerical solution

The error estimate is performed by giving a priori estimateson the dierence f" f,
where f " is built thanks to the numerical scheme andf is the exact solution to (11).
The dierence f" f is obviously a solution to the di erence of equations (16) ard (11)
respectively divided by x; and x. A mere integration by parts enables to give to equation
(11) divided by x a convenient form. Lemma 5.1 shows that summations by parts an
yield a similar result in the discrete case. Then, estimating the dierence f" f is easy
thanks to Proposition 3.6.

When the mesh is uniform, that is x; = h for all i 2 f0;:::;1"g, the discrete coagu-
latation and fragmentation terms read

C'|n+l CirI 1 X1 X'
47) 2 H 2 = h Xj & 1fjnfinj . h Xi @ finfjn;
j:O j:O
Firl% F in% _ X1 n h n.
(48) — T h‘ Xj ;i fi +h- - Xi by fj.
j=0 j=i+l

The following Lemma gives a simpli ed expression of these vaation rates.

Lemma 5.1. Assume thata and b satisfy (4) and (25) respectively and consider a uniform
mesh, that is, x; = h for all i. We also assume that the initial datumf™ is bounded in
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L1 (R*). Let (s;x) 2 h hwith n2f0;:::;N 19,0 2f0;:::;1"g. Then

1 G 1% "
(49) = 5 a'(x%x "X N xYf(six M(x9) dx°
i 0
ZR
a(x;x9 f "(s;x9 dxf "(s;x) + "N(x)
0
F", F ", Z ny
s0) -tz 3 - 1 B(x%x  x9dx% N(s: x)
Xj h 2 h
ZR
+ B x% x)fN(s;x9dx® + "P(x);
P (x)
where " and P denote rst order terms with respect to h in the strong L* topology:
(51) K" Pk, 2 %kfhkfl kak 1 h
(52) k" Pk, 1 %kfhku + kfPMky .4 kbke1 h:

Proof: First, the variation rates have to be written in such a way that the volume x;
is factored out. To this aim, we consider for instance the frgmentation term: since the
mesh is uniform, there holdsx;, 1  Xj = X; j and we have, fori 1,

2

X1 X1 X1
h o oxphi £ = hoxi b f7 X h g ff
]=1 ]=1 1:1
X1 X1
= h th j;ifin Xi+%h t];ifinl
i=1 j=1
Thus, using the symmetry property (35) of by;
X1 X1 X1
h Xphi ' = h o oxpbi f7 xah o b £
j:l J:l z J=1
which nally gives
X1 h X1 i
hoxli 0 = oxiey B f
j=1 j=1
and for (48) 3
n F n 1 X: . 1 X 1 h
i+3 T3 _ 4 X0, ¢n vz 1 CfN 4 < fN5
hx;i n Xi i T Xi 2 B T . B ]
j=1 j=i+l
2 ) 3
i 1 i 1
Xo h X 1 X
= h 4 X_Itb’l fin 4—)(| Q| |n E - q;i fin + h,] fJn5
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sincexi+% = X+ % We have used convention (34), so thaty; is equal to zero whenever
i =0. We de ne
h2 X1

. X
f(X) = hx—?bo;ifi” ax b £
j=1

and then get (50). Moreover, estimating the x integral of this term is equivalent to
estimating the following sum
X' x h2 X!

20y fgny 0 LN
h. hX| l:b,lf| 4X| jzl t]’|f| .

The rst term in this sum is bounded if one remarks that xg=x; 1 while the second one
is bounded by noting that

h2 X! i 1)h h _
4—)(i - q” hku(Ll 4X| Z ku(Ll .

Hence, applying Proposition 3.6, the approximate solutionis bounded inL! and estimate
(52) easily follows.

Now, turning to equation (47) and remarking that x; 10X = X, we similarly
prove that

C.nl X Xl Xh
T h ey g af 0 0 by Y
i=0 j=0

which gives expression (49) by setting

h2 X1
"e(x) = Ax i 1fjnfinj 1
| j=0
and the estimate (51) is obtained in the same way as (52). 2

Therefore, both terms (51) and (52) have to be compared to theexplicit formulation of
the continuous coagulation and fragmentation terms

Z
1@, oo_ 17X 4 . . 0
(53) ;@(t,x) = 5 aldx xOf (t;x%f (x  xYdx
) a(x; x9f (t; x 9dxOf (t; x);
1 @:R 17X Z R
(54) @X(t;x) = 3, b(x%x  x9dxf (t;x) + ) bx;x®  x)f (t;x9dx®
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Using formulae (49), (50), (53) and (54), equation (11) and he scheme (16), we easily get
fort2 o,

z R z R
fN(tx)  f(tx) dx f10:x) " (x) dx
0
¥4 h i
(55) + Eg + E?; + Eﬁn + kuEkLl + k"PkLﬂ
=1
where E! _1 ..., are error terms related to the coagulation operator

Z ZrZ ny
a"(x%x PN xYf(s;x M(x9)

J5
[y

1
NI =

0 0 0
ax®x "9 f(s;xYf(s;x "(x9) dx%dxds
1 Z t Z R Z h(X)

B, = 3 a(%x " f(sAf(six  "(x9)
2 90 0 o
ax®x  x9f(s;x%f(s;x  x9 dxPdxds
1 Z2tZrZ
Eh, = = ax®x  x3f(s;x9f (s;x  xY dxdxds
’ 2 90 0 h
and
ZZRrlg
El, = a" (o xYF (s x)F(s;xY  a(xYf (s x)f (s:x9 dxCdxds;
0 0 o0
whereas th; _q ..., are error terms related to the fragmentation operator
1ZtZ RZ h(X)
B, = = B(x%x  x9fN(s;x)  bx®x  x9f(s;x) dxCdxds
' 2 o 0
R4
n, = = B'(x%x  x9f"(s;x)dx%dxds
’ 2.9 o [OhI["X):x]
ZZRrlg
B, = B x% x)f"(s:x%  bix;x® x)f(s;x% dx%dxds
0 0 h(x)
and
Z tZ RZ h(X)
B, = B'(x;x°  x)f"(s;x% dx°dxds:

0 O X
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Finally, E[h;n is the error due to the time discretization:

Zt(ZR 1Z h(X)

B, = 5 a"(x%x PN x9N (six M(x9) dx°
th 0 0
ZR 1Z h(X)
+ al (o xY (s x) FN(s;xY dx+ "N(x) + > B(x%x  x9f"(s;x)dx°
+ B'(x;x% x)f(s;x9dx®+ "P(x) dx ds:
h(x)

On the one hand, the error given byEQ’2 is estimated from the smoothness of the kernel
a and of the solution f to (11). Indeed, since in this sectiona is taken in ngcl , we have
for all x 2 (O;R) and x°2 I
ax®x  x;) ax®x x9 k akyui h
and applying Proposition 3.6, the W1 estimate (43) onf gives
ftx  x) f(x x99  kf(t)ky h

Thus, it yields
2
(56) EQZ Rka ky kakwu1i kfky + kak i kfki i w1y the

On the other hand, we consider the termsEl;, B, and E, which are all integrals on a
domain of sizetRh. Then L' bounds onf and f" give

(57) Els  k ak: kfk?: tRh

and

(58) B, + B, 2Kkbk,» kf k.1 tRh:

The error due to the time discretization is treated similarly and it is easily seen that

n (o}
(59) E", 2 R?kf"k?: kak: + RZkfk_: kbkpr + k'Pkoi+ k"Pkoa t

sincejt tpj t.

Finally, we turn to the estimation of terms Ef,, E,, El; and El'5. A detailed calculation
is given for Ech;l. Estimations for the other terms are obtained by using simikr arguments
and details are left to the reader to check. First we perform achange of variablex ! y =
x  "(x9 and split E, into three parts:

1 z tZ R z R
By 5 a"(xGy)  a(x%y) f(six)f(s;y) dx’dyds
’ 2 0 _0 _0
1 VA tZ R VA R
+ = a"(x%y) fM(s;x9  f(s:xY f(s;y)dxUyds
2 0 -0 0
1 YA tZ R YA R
t 5 a"(xCy)f"(s;xy fh(s;y) f(s;y) dxldyds:
0

o
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Thus, it yields,

EL, tR2kf k21 kakyy 11 g
(60) + %kakLl kf "k r + Kf ks Zotkfh(s) f (s)k, 1 ds:
Similarly,

E, tR2kf k?1 kakyy 11 g
(61) + %kakLl kf "kt + Kf ks Zotkfh(s) f (s)k, 1 ds:
and

EN, + E', 2 tR2kf kLzl kbky1:

(62) + 2 Rkbk.1 Otkfh(s) f (s)k 1 ds:

Finally, using (55) and gathering estimates (56)-(62), we onclude thanks to Gronwall's

lemma that
o]

n .
ki" fkoioriii0r)y  C(TIR) kiMNO0;) M kiigr)y + (h+ 1)
To get estimate (27), one only has to remember thatf " is taken in ngcl , So that the
nite volume approximation of the initial datum by f"(0; ) is actually of order 1 in L1
with respect to h.

6. Numerical simulations

This section is devoted to the numerical study of two di erent phenomena: the conver-
gence to equilibrium under the detailed balance condition ad the gelation phenomenon,
that is, the possible loss of matter during time evolution.

6.1. Detailed balance kernels and convergence to equilibrium. We assume that
the coagulation and fragmentation coe cients ful | the det ailed balance condition: there
exists a nonnegative functionM 2 L}(R* R%), such that

(63) axXOMOOM (X9 = bx;xOYMx+ x9: (x;x% 2 R* R*:

Observe that this condition implies that M is a stationary solution to (7), usually refered
to as an equilibrium. An additional and interesting consequence of the detailed balance
condition (63) is the existence of a Lyapunov functionalH given by
Z
f(t;x)

H(f) := R+f(t;x) log M (%)
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Indeed, any positive solutionf of the coagulation-fragmentation equation satis es

EH(f) 1 a(xYf (Ex)f (XY bGxYf(tx + x9

at 3 ae g

log(a(x; x3f (t;x) f (£;x9)  log(b(x;x9 f (t;x + x9) dxdx°
0:

Since any such solutionf decays the Lyapunov functional, convergence of towards the
equilibrium state M is expected. The rst series of results proposed in this seatn is
concerned with the observation of this trend to equilibrium. We choose kernels and b as
follows:

a(x;x9 = b(x;x9 = (xx9*2;
so that

M(x) = exp( X); x2R":
As an initial datum, we take

in _ 2, if0 x 1;
00 = 0; else
with R = 30, t=0:004.

From a numerical point of view, some care is needed to computthe small x-behavior
of the stationary state, taking into account that it also dep ends on its values for large
X. Therefore, it is important to consider a suitable mesh in oder to obtain an accurate
numerical solution Whe8nx is small but also for largex. We construct the following mesh:

2 e 61 forO i N;
. - - 3=2
Xi 1= > e+(R ¢ % forN+1 i 2N;
with N = 25, 50, 100 and 200. This mesh satis es the condition (13) ad is extremely
re ned in the region close to the origin in order to describe wth a lot of accuracy the
solution in this region. On the other hand, the mesh x; is increasing for largex in order
to use a large enough truncatureR = 30 with few points.

In Figure 1, we report the evolution of the total number of particles Mo, the second
moment of f, the Lyapunov functional H (f ) and the behavior of the asymptotic pro le
f(+1 ;x). As expected, the total massM(t) remains constant throughout time evolu-
tion and the moments stabilize to a xed value. As regards the asymptotic pro le, our
numerical results are in fair agreement with the equilibrium M (x) = exp( x), even when
using few points (N = 25). Moreover, in view of the comparison between the exact eady
state and the numerical solution for large time, we observetiat using a non uniform mesh
allows to get a very good approximation in the region close tazero.

6.2. Occurrence of gelation.  As already mentioned in the introduction, when the co-
agulation coe cient a increases su ciently rapidly for large x;x° a runaway growth takes
place and leads to the formation of a particle of \in nite mass" in nite time. Since no

such particle is taken into account in (7), some matter escaps from the system of particles
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Figure 1. Evolution of the total number of particles Mg, the second mo-
ment of f , the functional H (f ) and the stationary distribution f (x) in log
scale.

described by the density distribution function f. As a consequence, the total mas$/1 1
decreases with time, and the gelation timeTgg is de ned by
Z, Z,
(64) Tger:=inf t 0; xf(t;x) dx < xf(O;x)dx 2[0;+1]:
0 0
Then we say that gelation occurs ifTge < +1 .

An elementary proof that Tge) < +1 was given in [20] whena(x;x%9 = xx© and a
central issue in the physical literature in the eighties wasto gure out for which coagulation
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coe cients a the gelation time Tge is nite. We restrict our discussion here to the model
case

(65) axxy=x x9 +x (x% ; bx;xY=(x+x9 ; (x;x% 2 (R")?;

with O land 2 R. Putting = + |, itfollows from [9, Theorem 3.1] that
there is a mass-conserving solution to (7) for any initial ddum with a nite rst order
moment when > 2. On the other hand, when 2 (( 3)=2; 2), itis proven in
[9, Thoerem 1.2] that gelation occurs when the initial rst moment M 1 is large while there
should be mass-conserving solutions wheM 1 is small enough. Finally, gelation should
occur for every non-zero solution when < ( 3)=2 [9, Section A.1].

We have rst performed several computations to con rm the fact that the non con-
servative truncation allows to approximate as well mass-coserving solutions ( > 2)
as gelation phenomenon (< ( 3)=2). In these situations, the long time behaviour
does not depend on the initial mass, but only on the relative poportion of coagulation
and fragmentation phenomena. Not surprisingly, the soluton is well approached by the
scheme in this case and we prefer to give a detailed account tfe more delicate situation
where the long time behaviour strongly depends on the initih mass. Thus, the main pur-
pose of the numerical simulations presented in this sectioris to observe numerically the

intermediate regime 2 (( 3)=2; 2), which is, due to the dependence with respect
to the initial datum, the most di cult to study.
We restrict ourselves here to the model case (65) with = = =2; that is,

ax;x9=(xx3%2; bx;xY=(x+x9 ; (x;x% 2 (R")?;
with  =5=2 and =0. We take the following initial datum fg:
(66) fo(x) = M1 exp( Xx); X2 R":

Thus, the gelation phenomenon does take place when the inal massM; is large enough
and Tgey < +1 (see [9, Thoerem 1.2]) and the authors conjecture that for ammall initial
massM i, there is a mass-conserving solution.

In Figure 2, we present our results for an initial massM 1 = 0:4 and observe that gelation
occurs at nite time ( Tqe1* 1). We see that the choice of the truncation (9), (10) and the
scheme (16)-(21) provide a good estimate of the gelation plmmenon.

Next, the moments M- (t) are expected to blow up ast ! Tge for ° 2. We compute
numerical approximations of the solution to (7) with initia | datum (66) for increasing
values of the truncation parameter R. We de ne the moment of order - 0 of the
numerical approximation by

h
M D™ = xi x; f;

i=0
and we plot the time evolution of the moments of order 1, 2, and3 (see Figure 2). It
is clear that the gelation transition takes place in nite ti me and that there is a sudden
growth of the moments of order 2 and 3 near the numerical gelabn time. In particular,
the growth rate increases for increasing values oR, which is seemingly a good evidence
for occurrence of blow-up. The fact that these moments decrse after the numerical
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gelation time is due to the nite length of the interval of com putation (0; R). Indeed, due
to the non conservative approximation, the amount of massF 1, ; _, is lost and high order

moments then start to decrease with time.

On the other hand, we perform other computations (see Figure3) for a small initial
massM; = 0:25 and observe that in this case the solution is mass-consang. Moreover,
the numerical solution converges as time goes to in nity to an equilibrium (note that
the detailed balance condition is not valid for these kerned a and b (65)): there are two
di erent regimes in this case, the solution rst spreads out and next concentrates itself to
reach a steady state (see last pictures of Figure 3).

7. Conclusion

This paper provides an extensive study of a discrete approxnation of coagulation
and fragmentation equations. The scheme rst introduced fa the discretization to the
coagulation-fragmentation equation in [12] proves unexpetedly e cient in the description
of gelation as well as long time behaviour of solutions to thé model. In particular, it should
be emphasized that mass conservation or dissipation is obtaed in strong agreement with
theoretical works.

The discretization is based on a divergence formulation, with (in association with the
nite volume method) makes it well adapted to the observation of the time evolution of
the total mass. Finally, numerical results seem to indicatethe validity and the exibil-
ity of the present approach that, to our opinion, will make deterministic schemes much
more competitive with Monte Carlo methods in several situatons for coagulation and
fragmentation models.
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