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Geometric model underlying field and gauge theories

‚ space-time manifold M

‚ vector/spinor bundle E Ñ M with fibres V

‚ (matter) field ψ : M Ñ E section of E
ñ configuration space E “ ΓpM,Eq

‚ dynamics via action Srψs (isolated particles)

ñ use derivatives DXψ i.e. linear connection on E

‚ symmetries by Lie group G acting on fibres of E

‚ principal G -bundle P Ñ M s.t. E “ P ˆG V
(associated bundle)

‚ gauge bosons (force carriers) A P Ω1
locpM, gq

local form of principal connection on P

‚ gauge group pG “ AutMpPq “ ΓpM,Pad q “ AutMpEq
ñ acts on ψ and A

‚ dynamics via pG -inv. action Srψ,As (interacting particles)

ñ new covariant derivative DA
Xψ

Idea: replace

$

&

%

connection on P
` gauge group
p` Lie algebra gq

by

$

&

%

direct connection
on gauge groupoid of P
p` Lie algebroid of Pq

.



Infinitesimal structure: Lie algebroids

‚ Lie algebroid: vector bundle AÑ M with a Lie bracket r , sA on sections ΓpAq and an

anchor map a : AÑ TM inducing a derivation on sections w.r.t. vector fields on M:

rX , fY sA “ f rX ,Y sA ` apX qpf qY

‚ Atiyah Lie algebroid of a principal G -bundle π : P Ñ M:

ApPq“TP{G Ñ M with fibres Ax pPq – TpxP,

anchor ApPq Ñ TM induced by dπ : TP Ñ TM

via quotient map j : TP Ñ TP{G

and Lie bracket of G -invariant vector felds on P.

‚ Trivial G -bundle: P “ MˆG Ñ M ñ ApMˆGq “ TM ‘ pMˆgq
id`0
Ñ TM

where g “ LiepGq.

‚ Frame bundle of a vector bundle E Ñ M of rank r : F pEq “
ď

xPM

IsopRr ,Ex q Ñ M

ñ ApF pEqq “ DerpEq Ñ TM bundle of derivative endomorphisms
s.t. ΓpDerpEqq = derivations of ΓpEq.



Principal connections, gauge fields and covariant derivative

‚ Principal connection on P: five equivalent presentations

1) G -equivariant horizontal subbundle HP Ă TPÑP s.t. TP“HP‘VP, where the
vertical bundle VP (spaces tangent to the fibres) is canonical.

2) G -equivariant connection 1-form ω P Ω1pP, gq s.t. ωppÂpq “ A if Â is the (vertical)

fundamental vector field on P det. by A P g, and ωppBpq “ 0 if Bp P HpP is horizontal.

3) infinitesimal connection δ :TM Ñ ApPq s.t. j´1pδpX qq P HP is the horizontal lift of

X PTM.

4) parallel transport τγpy , xq : Px
»
Ñ Py along a curve γ of M from x to y given by the

horizontal lift of γ.

5) (local) gauge fields tAα P Ω1pUα, gqu = pull back of ω along local sections of P.

‚ Covariant derivative on sections of E : bundle map DA : TM Ñ DerpEq equivalent to

C8pMq-derivation DA
X : ΓpEq Ñ ΓpEq for X P ΓpTMq given only locally by

DA
X pψq|Uα

“
ÿ

µ,i,j

`

XµBµψ
i ` XµAi

µjψ
j
˘

ei

if X “ XµBµ in coordinates xµ on Uα Ă M
ψ “ ψiei on a local basis pe i q of EUα

and Ai
j “ Ai

µjdx
µ are the components of the gauge field A in terms of generators of g.



Lie groupoids

‚ Lie groupoid G Ñ M : bi-fibred manifold G “
ď

py,xqPMˆM

Gy
x

with elements ayx P Gy
x called arrows

projections s, t : G Ñ M

"

source spayx q “ x
target tpayx q “ y

such that

- arrows can be composed: bzyayx P Gz
x if spbzy q “ tpayx q (composition is associative),

- there are units upxq “ 1x P Gx
x and M ” upMq Ă G,

- each arrow ayx P Gy
x has an inverse a´1

yx P Gx
y .

The induced map pt, sq : G Ñ M ˆM is called the anchor.

Each Gx
x is a Lie group, called the vertex group or isotropy.

‚ Infinitesimal structure of Lie groupoid = Lie algebroid: LG “
Ť

xPM T1xGx Ñ TM



Gauge groupoids

‚ Gauge groupoid of principal G -bdl P Ñ M: GpPq “ P ˆGP Ñ M

contains equivalence classes rp, qs under pp, qq „ pp g , q gq for g P G .

ñ 1) LpGpPqq “ ApPq Ñ TM

2) GpPq acts on E“ PˆGV : GpPqˆME “
 `

rp, qs, rr , vs
˘

, πpqq“πprq
(

Ñ E

with action ρrp,qsprr , vsq “ rp, gvs where g P G s.t. r “ qg ,

3) pG “ AutMpPq Ă GpPq given by Φ ÞÑ rΦppq, ps for any p P P.

‚ Pair groupoid: PairpMq “ MˆM Ñ M for P “ Mˆt1u Ñ M

ñ Lie algebroid = LpPairpMqq “ TM
id
Ñ TM.

‚ Trivial Lie groupoid with fibre G : MˆGˆM Ñ M for P “ MˆG Ñ M

ñ Lie algebroid = TM ‘ pMˆgq
id`0
Ñ TM.

‚ Frame groupoid of E Ñ M: IsopEq “
Ť

x,y IsopEy ,Ex q for P “ F pEq

ñ Lie algebroid = DerpEq Ñ TM

If the structure gp of E reduces to G Ă GLr pRq and P Ă F pEq then GpPq ãÑ IsopEq



Direct connections on Lie groupoids

‚ Local map ψ : G Ñ̊G1 between two groupoids: map ψ : U Ă G Ñ G1 defined on an

open neighborhood U of the units upMq Ă G, which commutes with s, t and u.

Local morphism: local map which also preserves composition (hence inversion).

‚ [Teleman 2004 in the linear case, Kock 2007 similar, ABFP general]

Direct connection on G Ñ M: local right inverse of the anchor which preserves units,

i.e. Γ : PairpMq Ý̊ÑG defined on an open n. U∆ of the diagonal ∆ Ă PairpMq s.t.

Γpy , xq P Gy
x for all py , xq P U∆ and Γpx , xq “ 1x P Gx

x for all x P M.

‚ A Lie groupoid with a direct connection is a gauge groupoid.

‚ If GˆME Ñ E is a linear action, then a direct connection Γ on G induces
a transport on fibres Ex Ñ Ey which is not necessarily a parallel displacement!

‚ Γ natural if Γpx , yq Γpy , xq “ 1x for all x P M and suitable y .

‚ Curvature of Γ at x : RΓpz, y , xq “ Γpz, xq´1Γpz, yq Γpy , xq P Gx
x for suitable y , z.

Γ is flat if RΓp , , xq “ 1x for any x , i.e. Γ is a groupoid morphism.



Relationship to usual connections

Assume M is a manifold with affine connection ∇M and local geodesics.

‚
Parallel displacement τ on P Ñ M along small geodesics
(equivalent to a principal connection ω on P hence to gauge fields A)
defines a direct connection Γτ on GpPq Ñ M by

Γτ py , xq “
“

τpy , xqppq, p
‰

for any choice of p P Px

Same for E Ñ M and IsopEq [Teleman 2004].

‚ Viceversa, a direct connection Γ on GpPq Ñ M induces an infinitesimal
connection on the Lie algebroid ApPq Ñ TM by

∇Γp 9γp0qq “ DΓ|Mp 9γp0qq “
d

dt |t“0
Γpγptq, xq,

hence a principal connection ωΓ on P.

‚ Apply maps ω ÞÑ τ ÞÑ Γτ ÞÑ ωΓτ , then ωΓτ “ ω on P.

‚ Viceversa, if apply maps Γ ÞÑ ωΓ ÞÑ τΓ ÞÑ Γτ
Γ
, then Γτ

Γ
‰ Γ on GpPq in general.

There are direct connections on GpPq which are not parallel displacements!



Examples

‚ M “ R with flat connection ∇M
Bx
phpxq Bx q “ h1pxq Bx .

‚ E “ M ˆ RÑ M with global section e1pxq “ px , 1q P Ex and linear connection
∇E
Bx

: ΓpEq Ñ ΓpEq given by f P C8pMq s.t. ∇E
Bx
e1 “ f e1.

‚ The induced parallel transport along a geodesic from x to y is the isomorphism
τpy , xq : Ex Ñ Ey defined by τpy , xq ξ0 e1pxq “ ξpyq e1pyq solution of the ODE

∇E
Bx

`

ξpxq e1pxq
˘

“
`

ξ1pxq ` ξpxqf pxq
˘

e1pxq “ 0

with initial value ξpxq e1pxq “ ξ0 e1pxq. Set F pxq “
ş

´f pxqdx .
Then the direct connection on IsopEq is

τpy , xq : ExÑ Ey , e1pxq ÞÑ τpy , xq e1pxq “ eFpyq´Fpxq e1pyq

The associated direct connection is flat. For instance:

∇E
Bx
e1pxq “ ´2x e1pxq ñ τpy , xqe1pxq “ ey´x`y2´x2

e1pyq,

∇E
Bx
e1pxq “ ´3x2 e1pxq ñ τpy , xqe1pxq “ ey´x`y3´x3

e1pyq.

‚ Instead, the following direct connections are not parallel transports:

Γpy , xq “ ey´x`py´xq2 non natural (Γpx, yqΓpy , xq “ e2py´xq2
‰ 1x),

Γpy , xq “ ey´x`py´xq3 natural but non-flat.



Conclusion: there is a surjective functor

Gauge groupoids
with direct connections

ÝÑ
Principal bundles
with connections

which admits an inverse, but it is not an equivalence of categories.

Further results:

- Jet prolongation of direct connections to jet groupoids JnG Ñ M (existence, examples).

- Applications to geometric regularity structures for solving stochastic PDEs (cf. M.
Hairer and coll.).

Next:

- Look for more examples of direct connections which are not parallel displacements.

- Adapt to α-Hölder sections of bundles i.e. define distributional direct connections and
compare to usual propagators.

- Study the whole geometry of groupoids with direct connections and compare with
usual gauge theory.

Thank you for the attention!


